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) Combinatoire analytique:
Equations fonctionnelles,fonctionsrationnelles et algébriques

Résune: Cerappportfait partied’une série dediéea la présentatiorsynthetiquedesprincipales
méthodest desprincipauxmodelesde la combinatoireanalytique.Ony discuteendétail lesfonc-
tions rationnelleset algébriques Jeurs propriétes de cldture, la localisationdessingulariéset les
congquencegjui en découlentpour les denombrementsombinatoires.La théorie estappliquee
aux langagegégulierset context-free, aux mocklesd’ étatsfinis, ainsi qu’aux cheminementslans
lesgraphesauxpermutationsocalementontraintesauxmarchesléatoiresetauxcarteglanaires.
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gérératriceméthodesasymptotiques



ANALYTIC COMBINATORICS

Foreword

This reportis part of a serieswhoseaim is to presentin a syntheticway the major
methodsandmodelsin analyticcombinatorics Thewhole series after suitableediting, is
destinedo betransformednto abookwith thetitle

“Analytic Combinatorics”
Thepresenteportis
— ChapteB, FunctionalEquations—Rationand Algebraic Functions
It is partof thefollowing collectionof ResearchiReportsfrom INRIA:
— Chapterd-3,“CountingandGeneratindg-unctions”,RR 1888,116pages1993;
— Chaptergl-5,“Complex AsymptoticsandGenerating-unctions”,RR 2026,100
pages,1993;
— Chapter6, “SaddlePointAsymptotics”,RR 2376,55 pages;1994;
— Chapter7, “Mellin TransformAsymptotics”,RR 2956,93 pages,1996.
— Chapter9, “Multi variate Asymptoticsand Limit Distributions”, RR 3162,123
pagesMay 1997.
For historicalreasonsthe headingsof previous chaptersn the serieswere“The Average
CaseAnalysisof Algorithms”.
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CHAPTER 8

Functional Equations—Rational and Algebraic Functions

Mathematicss infinitely wide, while the languagéahatdescribest is finite. It follows from the
pigeonholeprinciple thatthereexist distinctconceptghatarereferredto by the samename.
Mathematicss alsoinfinitely deepandsometimentirely differentconceptsurn out to be
intimatelyandprofoundlyrelated.

— DoronZeilbeger[10]]

| wishto Godthesecalculationshadbeenexecutedby steam.

— CharlesBabbagg1792-1871)

This partof the book dealswith classe®of generatingunctionsimplicitly definedby
linear, polynomial, or differentialrelations,globally referredto asfunctional equations
Functionalequationsarisein well definedcombinatorialcontexts andthey lead system-
atically to well-definedclassesof functions. Onethenhasavailable a whole arsenalof
methodsand algorithmic proceduresn orderto simplify equationsjocatesingularities,
andeventuallydetermineasymptoticf coeficients. The correspondinglassesireasso-
ciatedwith algebraicclosurepropertiestogetherwith a strongform of analytic“regular
ity” thatconstrainghe locationandnatureof singularities.We shall detail herethe case
of rationalfunctions(thatarisefrom functionalequationghatarelinear andfrom associ-
atedfinite-statemodels)andalgebraicfunctions(that arisefrom polynomialsystemsand
“context-free” decompositions)A companiorchaptemwill treatholonomicfunctions(de-
fined by linear differentialequationswith coeficientsthemselespolynomialor rational
functionsthatarisefrom a diversity of contexts includingorderstatistics).

Rationalfunctionscomefirst in orderof simplicity. Linearsystemf equationsccur
systematicallyin all combinatorialproblemsthat are associatedvith finite statemodels
(themselescloselyrelatedto Markov chains) lik e pathsin graphsregularlanguagesnd
finite automatapatternsn strings,andtransfermatrix modelsof statisticalphysics.Singu-
laritiesareby naturealwayspoles Consequentlhtheasymptoticanalysisof coeficientsof
rationalfunctionsis normallyachievedvia localizationof poles.Althoughdifficultiesmay
ariseeitherin noncombinatoriatontects (nonpositve problems)r whendealingsimulta-
neouslywith aninfinite collectionof functions(for instance the generatingunctionsof
treesof boundecheightor width), thesituationis however oftentractable:for positive sys-
tems,generatheoremsierivedfrom the classicalPerron-Frobeniutheoryof nonngative
matricesguarantesimplicity of the dominantpositive pole.

Next in order of difficulty, therecomethe algebraic functionsdefinedas solutions
to polynomial equations. Suchfunctionsoccurin connectionwith the simplestnonlin-
ear combinatorialmodels,namelythe classof context-free models. Suchmodelscover
mary typesof combinatoriakrees(thatarerelatedto the theoryof branchingorocesse
probability theory) or walks (that are closeto the probabilistictheory of randomwalks).
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2 8. FUNCTIONAL EQUATIONS—RATIONAL AND ALGEBRAIC FUNCTIONS

Algebraicpropertiesncludethe possibility of performingeliminationby deviceslike re-
sultantsor Groebnerbasis:in this way, a systemof equationcanalwaysbereducedo a
singleequation.Singularitiesarein all case®of asimpleform—they arebrand pointscor-
respondindocally to fractionalpowerseries alsoknown asNewton—Puiseuxxpansions.
Accordingly, the asymptoticshapeof the coeficientsof ary given algebraicfunctionis
thenentirely predictableby singularity analysis.However, nonlinearalgebraicequations
admitseveral solutionsanda so-called‘ connectiorproblent hasto be solved by consid-
erationof the global geometryof the algebraiccurve definedby a polynomial equation.
Again, fortunately the situationsomevhat simplifies for positive algebraicsystemshat
capturemostof combinatorialapplications.

Last but not leastthere comethe holonomicfunctionsthat encompassational and
algebraicfunctions. They aredefinedassolutionsof linear differentialequationswith ra-
tional function coeficientsandthey arisein a numberof contexts, from orderstatisticsto
regular graphs. It hasbeenrealizedover the lasttwo decadesby Stanlgy, Lipshitz, and
Zeilbemgermostnotably thatthesefunctionsenjoy anextremelyrich setof nontrivial clo-
sureproperties.In particular they encapsulatenostof whatis known to admit of closed
form in combinatorialanalysis. Algebraically holonomicfunctionsare objectsthat can
be specifiedby a finite amountof informationso thatthe identitiesthey satisfyis decid-
able. For instance,even a restrictve consequencef this theoryleadsto an interesting
fact summarizecby Zeilbeger's aphorism“All binomial identitiesare trivial”. Analyt-
ically, the natureof singularitiesis againgovernedby simple laws, a fact that derives
from turn-of-the-twentieth-centyrstudiesof singularitiesof linear differentialequations
(by Schwartz, Fuchs Birkhoff, Poincag, andothers).The classificationnvolvesa funda-
mentaldichotomybetweerwhatis known asregular singularityandirr egular singularity.
Fromthere likein thealgebraiccase theasymptoticshapeof the coeficientsof any given
holonomicfunction is predictableby singularity analysis(regular singularity) or saddle
pointanalysigirregularsingularity). However, unlike in thealgebraiaccasetheconnection
problemis not known to be decidableanda priori quantitatve bounds(basedon combi-
natorialreasoningjnustsometimederesortedo in orderto prunesingularitiesandcom-
pletely solve an asymptoticquestionthat arisesfrom a combinatorialproblemexpressed
by aholonomicgeneratingunction.

Finally, we male a brief mentionhereof equationsof the compositiontype. There,
strongclosurepropertiestendto fadeaway. However, a nice setof techniqueghat have
beenput to usesuccessfullyin the analysisof someimportantcombinatorialproblems.
For instance the countingof balancedrees[72] andthe distributional analysisof height
in simplefamiliesof trees[41, 42] relateto analyticiterationtheory On anotherregister
metric propertiesof generalnumberrepresentatiosystemsandinformationsourceq97)
togethemwith the correspondingnalysef digital trees[24] canbe approacheduccess-
fully by meansof functionalanalyticmethodsespeciallytransferoperators.

The rational, algebraic,and holonomic classes

Exact combinatorial enumerationis best expressedin terms of generatingfunc-
tions, the recurrentthemeof this book. In this chapterandits companion(“Functional
Equations—Holonomi&unctions”),threemajor classesreidentified: the rationalclass,
thealgebraicclass,andthe holonomicclass.Eachclassis aworld of its own with specific
algebraigpropertiesandspecificanalyticproperties.

At thelevel of algebragverythingis expressedn termof formal power series since
no consideratiorof corvergenceenterghediscussiora priori. Givenadomaink, whatis



RATIONAL, ALGEBRAIC, HOLONOMIC CLASSES 3

denotedy K[z] is the setof formal power seriesn theindeterminate;, which meanghe
collectionof formal sums,

)= 2" fa€K
n=0

We sshallnormallytake K to beafield lik ethefield C of complex numberor thesubfieldQ

of rationalnumbers (We occasionallyspeakof N[z] or Z[z] but thesewill beregardedas
simply denotingparticularelementof Q[ 2] or C[z].) Wethenhave, in orderof increasing
structuralcompleity andrichnessthreemajor classe®f objects,

K2 [2] c K¥8[2] c K*!'[2] C K[z],
correspondingo therational,algebraicandholonomicsubsetof K[z].
— Rationalseriesdenotedby Kt [ 2] aredefinedassolutionof linearequations,

1) y € K®*[2] iff y € K[z] andas (2)y + ao(2) = 0,

for somepolynomialsag,a; € K[z].
— Algebraic seriesaredefinedassolutionsof polynomialequations,

2) y € K*[2] iff y € K[z] and) _ a;(2)y’ =0,
7=0
for afamily of polynomialsa; € K[z].
— Holonomicseriesaredefinedassolutionsof lineardifferentialequations,

hol H - dJ _

(3) y € K [2] iff y € K[2] and; a;(z) iV = 0,

for afamily of polynomialsa; € K[z].
It oftenprovescorvenientto extendringsinto fields. ThedomainK(z) is thequotientfield
of thering K[z], thatis thesetof fractionsa/b, with a,b € K[2] andit is asimpleexercise
to checkthatthe definitionsof (1), (2), (3) could have beenphrasedn anequialentway
by imposingthat coeficientslie in K (z) insteadof K[z]. The quotientfield of K[z] is
denotedby K((z)) andis calledthe field of formal Laurentseries. Fromits definition, a
Laurentseriescontainsafinite numberof negative powersof z, andaformalistmightenjoy
an‘identity” likeK((z)) = K[z][1/2]. Then,in analogyto (1), (2), (3), onecandefinethree
subsetof K((z)), namely K2t (2)), K¥8 (2)), Kr!' (2)) by looking at solutionsin K((z))
insteadof K[z].

The definitionswe have adoptedare by meansof a single equation. As it turn out,
every classcanbe alternatively definedin termsof system®f equations Theorygrants
usthefactthatsystemsarereducibleto singleequationsjn eachof the threecasesunder
consideration.The reductioncanbe seenas an elimination property: given a system¥
that definessimultaneouslya vector (y1, . . ., ym) Of solutions,eachcomponenty; say
is definableby a single equation. For linear systems this factis grantedby Gaussian
eliminationandby the theoryof determinantg'Cramersrule’). For polynomialsystems,
onemay appealkitherto Groebnembasiselimination—analgorithmicprocesseminiscent
of Gaussiarelimination—or to resultantghatarerelatedto determinantsFor differential
systemspnemay eitherappeako anextensionof Groebnebasego differentialoperators
or to amethodknown underthe nameof “cyclic vectors”;see[23].

Eachclasscarrieswith it a setof closureproperties somemoreobviousthanothers.
Apartfrom theusualarithmeticoperationsthereis alsointerestin closureunderHadamard



4 8. FUNCTIONAL EQUATIONS—RATIONAL AND ALGEBRAIC FUNCTIONS

1. Basicobjects.

Domain Notation Typical element (K is afield)

Polynomials Kz] > eid withe; € K Klz] isaring
j=0

Rationalfractions K(z) % with A, B € K[z] K(z) isafield

Formalpowerseries  K[z] > e K[] is aring
j=0

FormalLaurentseries K((z)) > K((2)) is afield
j=—e

2. Specialclasses(Coeficientsa; maybetakenin eitherK[z] orin K(z).)
Rationalseries ~ K'®[z] solutionof ai1(2)y + ao(z) = 0
Algebraicseries K*#[z] solutionof a.(2)y + - -- + ao(z) = 0

Holonomicseries K"*'[2] = solutionof ac(2)0%y + -+ -+ ao(2) =0 (0 = &

3. Closure properties.

Class Elimination(System— EQq.) + x + 0 0 [
Rat  Gaussiarelim.; determinants Y Y Y Y Y N
Alg Groebnebasesresultants Y Y Y N Y N
Hol diff. Groebnebasesgyclicvector Y Y N Y Y Y
4. Singularities and coefficientasymptotics(simplified forms).
Singularity Coeficientform
Rat (z=¢O)™™ (minteger) nmTi¢TM
Alg (z—¢)° (@=2€Q n¢"

Hol [regularsing.] (z — ¢)"?(log(z — ¢))* (B algebraic) n®~(logn)f¢™™

FIGURE 1. A summaryof the definitionsand major propertiesof the
threeclasseof functions: Rational(Rat), Algebraic (Alg), andHolo-
nomic(Hol).

products,that is, termwiseproductof series. Differentiationand integration of formal
power seriesaredefinedin the usualway;,

n\| _ n—1 n | _ f" n+1
8(;.)%2)—;”]%3 > /(;fnz>—;n+1z .
Themainclosurepropertiesof eachclassaresummarizedn Figurel.

Next comesanalysis. A major themeof this book is that asymptoticforms of co-
efficients are dictatedby the expansionsof functionsat singularities. In fact functions
associatedio seriesthatbelongto ary of the majorthreeclassesinderconsideratiorhave
afinite numberof singularitiesandthe natureof singularitieds predictable.

Rationalfunctionscanonly have polesfor which the theoryof Chapter4 appliesdi-
rectly. Algebraicfunctionsenjoy a richer singularstructure wherefractional exponents
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occur:the correspondingxpansionknown sinceNewton arecalledNewton—Puiseuex-
pansionsaandthe conditionsof singularity analysisare automaticallysatisfied. However,
the inherentlymultivaluedcharacterof algebraicfunctionsposesa specific“connection
problem”asoneneeddo selectheparticularbranchthatis associatetb any givencombi-
natorialproblem.Holonomicfunctionshave well-classifiedsingularitiesthatfall into two
catgyoriescalledregularandirregular (alsodiverselyknown asfirst kind andsecondkind,
or Fuchsianandnon-Fuchsian).The simplesttype, the regular type, introduceselements
with exponentghatmaybe arbitraryalgebraicnumbersogethemith integral powersof a
logarithm.Again, locally the conditionsof singularityanalysisareautomaticallysatisfied,
but againa connectiorproblemarises—hw do coeficientsin the expansionat the singu-
larity relateto theinitial conditionsgiven at the origin? Typical elementsf coeficients
asymptoticghatareencountereth this bookare

CER LI N
2

andthey reflectthenatureof singularitiepresentn eachcase.In effect, thefirst elemenis
typical of rationalasymptoticghere,a simplepole)andit arisesn monomesdimertilings
of theinterval. Thesecondnecorrespondo theasymptotidorm of Catalamumbersand
its origin is a singularelementof analgebraicfunctionwith exponentl/2. Thethird one
correspondso searchcostin quadtreegndthe algebraicnumberpresenin the exponent
is indicative of aholonomicelement.

Finally, positive functions, that s, solutionsof positive systemsare the onesmost
likely to shov up in elementarycombinatorialapplications. They are structurallymore
constrainedandthis factis reflectedto someextentby specificsingularityandcoeficient
asymptoticsFor instance Perron-Frobeniutheorysaysthat, undercertainnaturalcondi-
tionsof “irreducibility”, auniqguedominantpole (thatis simple)occursin rationalasymp-
totics. Similar conditionson positive algebraicsystemsonstrainthe singularexponentto
be equalto % hencethe characteristidactorn—3/2 presentin the asymptoticform of so
mary enumeratre problems.

In this report,we considertherationalandalgebraicclassesn turn. First, atanalge-
braiclevel, we statean eliminationtheoremandestablishmajor closureproperties.Next
comesanalysiswith its batchof singularasymptoticandmatchingcoeficientforms. Ap-
plications(including regular and contet-free specifications)llustrate the generaltheory
in someimportantcombinatoriakituations.

mns

1. Algebra of rational functions

Rationalfunctionsarethe simplestof all objectsconsideredn this chapter They are
naturally definedas quotientsof polynomials(Definition 8.1) or alternatvely ascompo-
nentsof solutionsof linear systems(Theorem8.1) a form that is especiallycorvenient
for combinatoriaknumerationCoeficientsof rationalfunctionssatisfylinearrecurrences
with constantcoeficientsandthey alsoadmitan explicit form, called“exponentialpoly-
nomial” (Theorem8.1) thatis directly relatedto the locationandmultiplicity of polesand
to the correspondingisymptotichehaviour of coeficients(Theorem8.4). Closureproper
ties arestatedas Theorem8.2 while easycombinatoriaformsfor coeficientsof rational
functionsaregivenin TheorenB.3 Theasymptoticsideof rationalfunctionsis the subject
of Section2. An importantclassof positive systemshaspoleswhoselocationandnature
canbe predictedusing an extensionof the Perron-Frobeniusheory of positive matrices
(Theorems3.5and8.6).
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DEFINITION 8.1. A powerseriesf(z) € C[#] is saidto berational if there existtwo
polynomialsP(z), Q(z), with Q(0) # 0, suhthatQ(z) f(z) — P(z) = 0, i.e,,

Clearly, we mayalwaysassumehat P and() arerelatively prime:if f = P;/Q; and
0(z) = ged(Pr,Q1), thentherepresentatiorf = P/Q with P = P1/§, Q = Q1/d is
irreducible.In addition,it is alwayspossibleto normalize( in suchaway thatits constant
termis 1, thatis, Q(0) = 1. Also, Euclideandivision, providesthe form

P(2)
Q)

whereR is a polynomialanddeg (13) < deg(@Q). Thistransformatiorfrom P/Q to 13/Q
only modifiesfinitely mary initial valuesof the coeficientsof f.
Obsere that,with thenormalizationQ(0) = 1, we have

f(z) = R(z) +

f(2) =Y P()(1 - Q)"
k=0

wherethe sumis well-definedin the senseof formal power series.By simplemajorization
arguments(Q(0) = 1 impliesthat1l — Q(z) is smallfor z near0), a rational seriesas
definedin the formal senseof Definition 8.1 alwaysdeterminesa functionanalyticat the
origin.

1.1. Characterizations and elimination. A rational seriesin one variable can be
characterizedn a numberof equivalentways, by refinementof the definition, as a so-
lution to a linear system,by the linear recurrencesatisfiedby its coeficient, or by the
“exponential-polynomialform of its coeficients.

THEOREM 8.1 (Rational function characterizations) For a power series f(z) =
> fnz™ inC[z], thefollowing conditionsare equivalento rationality: (i) Normalform:
there exist polynomialsP(z), Q(z) € C[z] sudt that

f(z) = 22

Q(2)’
with @ (0) = 1, and P, ) arerelativelyprime
(4¢) Elimination: there exist a vectorof formal powerseriesv, anda matrix T with
polynomialentriesandwith det(I — T(0)) # 0, suc thatthesolutiong to the system

g=v+Tg,

hasg; = f.
(#41) Coeficientrecurrencethere existconstants: , cs, . . . , ¢, sud that

fotr = fntr—1 +C2fnpr—a+-+crfn =0,

for all n greaterthana fixednumberN,.
(iv) Coeficientsasexponentialpolynomials:there exist a finite setof constants{w; }5_,,

anda finite setof polynomials{ ;(n) }$_, , sud that

k
f" = Z RJ (n)w;”,
j=1

for all n greaterthana fixednumberN; .
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Thematrix T thatdefinesarationalfunctionvia alinearsystemis oftencalledatransition
matrix or a transfermatrix. ~ The form (4v) for coeficientsis called an exponential-
polynomial Naturally, onemayalwaysassumehatthew; are“sorted”, |w; | > |wa| > -- -,
whichis thekey to asymptoticapproximations.
Proof. (i) is equivalentto thedefinitionof arationalpower series by thecommentsabove.
(1) = (#4) resultsfrom thefactthat f satisfieshe 1-dimensionabystemf = P +
(1 — Q)f. Thecorverseproperty(i1) = (i) resultsfrom Cramers solution of linear
systemsdn termsof determinants.This providesa rationalform for f with denominator
det(I — T(2)) thatis locally nonzerosince,by assumptiondet(I — T(0)) # 0. (Note
thatthis conditionis in particularautomaticallysatisfiednn the frequentcasewhereT(0)
is nilpotent.)
(1) = (i4i) arisesrom theidentity

0=Q(2)f(2) — P(2),
uponextractingthe coeficient of z™. Thecornverseimplication (ii1) = (¢) resultsfrom
translatingthe recurrencaénto an OGF equationin the standardvay (multiply by 2™ and
sum).
(i) = (iv) is obtainedby partial fraction expansionfollowed by coeficient extrac-
tion by meansf standarddentity

1 (n +r— 1) nn
L __-¥ W
(1—-w2)r Se\ e 1
wherethe binomial coeficientis a polynomialin n of exactdegreer — 1. The corverse
implication (iv) = (4) resultsfrom the sameidentity usedin the oppositedirectionto
synthesizahe functionfrom its coeficients,

n+r—1\ . . 1
Z( r—1 )wz (1 —w2)”’

n>0

wherethe binomial coeficients ("j:l) (r > 1) form a basisof the setof polynomials

Cln]. O

We have optedfor the useof determinantgasanapproacho eliminationin linearsys-
tems. An alternatve is Gaussiarelimination. The principleis well known: the algorithm
takesa systemof linearformsandcombineghemlinearly, soasto eliminateall variables
in successionyntil a normalform, z; = «; is attained. Whenwe discusseliminationin
polynomialsystemdaterin this chapter(Section4), we shallencountesimilarly two ap-
proachesone,basedon resultantsmakesextensive useof determinantsvhile the other,
relying on Groebnetbasesis somavhatreminiscenbf Gaussiarelimination.

1.2. Closure propertiesand coefficients. Rationalfunctionssatisfyseveral closure
propertiesthat derive ratherdirectly from their definition or from the characterizations
grantedby Theorem8.1.

THEOREM 8.2 (Rationalseriesclosure) ThesetC?t[z] of rational seriesis closed
underthe opemtions of sum(f + g), product(f x g), quasi-irverse (definedby f
(1— f)~1, conditionedupon f, = 0), differentiation(.), composition(f o g, conditioned
uponge = 0), andHadamad (termwise)product,

f(z) ©@g(2) = <Z fnzn> © (Zgnzn) = Z(fn “gn)2".

n
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Proof. Only theHadamardlosuredeseresacomment:t resultsfrom thecharacterization
of coeficientsof rationalgeneratingunctionsasexponentialpolynomialswhoseclassis
obviously closedunderproduct. O

Exercisel. Let{F,} = (0,1,1,2,3,5,...) betheFibonaccisequenceEx-
aminepropertiesof thegeneratingunctions

(oo}

F(2) =" (F)™ 2"

n=0

EXERCISE 2. Developa proofof closureunderHadamargroductsthatis based
ontheHadamardntegral formulaof p. 55

Closedform for coefficients.A combinatorialsumexpressiorfor coeficientsof rational
functionsresultsfrom theexpansionof 1/Q(z) asy_, (1 — Q(z))*.

THEOREM 8.3 (Rationalfunction coeficients) Let f(z) bea rational functionwith
f(2) = P(2)/Q(z) andQ normalizedby )(0) = 1. Set

s
P(z):ZPjZ]} 1-Q(2) =mz 412+ + 2™
=0

anddefinethe combinatorialsums:
ki +---+Fk
o= X (AR,
. _ ki,.oo km
1+2ke+--4+mkm=n

Thecoeficientsof f are expressiblan finite termsfromthe S,
P(z) Z

= ijn—j-
Q) =

Proof. Themultinomialexpansiongives
1 1
Q(z)  1-(1-Q(2)
_ Z (k,‘1 4+ .o+ km) (T’fl 7‘§2 - -T‘fn’")zk1+2k2+m+mkm,
k

[2"]

kiy.o o km

ki,k2,...,km

andit sufficesto multiply this expansionby the numeratorP(z). U

As a consequencehe coeficientsof P/Q are expressibleas multinomial sumsof
multiplicity atmostm — 1 (in factonly the numberof nonzeromonomialsin P matters).
(Multiplicity is alsocalled“index” in Comtets book[26] that providesmary interesting
examplesof nontrivial expansions.Notethat,by “Fatou’s Lemma”,if all the coeficients
[2"] f (2) areintegers thenthep; andr; arethemselesintegers.(Seethediscussionn [87,
p. 264].)

ExampPLE 1. Fibonaccinumbes andbinomial coeficients. The generatingunction of
Fibonaccinumberswhenexpandedaccordingto Theorem8.3leadsto

1 n—j
Fn = n__—_ - — i s
a=b -2 (")

j=20
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sothatFibonaccinumbersaresumsof ascendingliagonal=f Pascals triangle.Naturally,
infinitely mary variantsexist whenexpandinga rationalfunction. For instance one has

also
1 1 1 1 1 1

1-(z+22) l—21- 7 - 1-221- %5 - 1— 2=’
leadingto atrivial variety of binomial forms. More generally compositionswith largest
summand&k m have anOGFthatis
1 1 1—2

1—(z+z2—|—---zm) = l—Zlf_Z: = 1— 2z + zm+l’

andcorrespondingxpansiondeadto sumsthatareof index (m—1), 2,and2, respectiely.
O

EXERCISE 3. The OGF of an ascendingline in Pascals triangle, G,, =
3, (*5%), is arationalfunction.

It is acommonbut oftenfruitlessexercisein combinatoriabnalysigo show “directly”
equivalencebetweensuchcombinatorialsums. In fact, asthe exampleabove illustrates,
elementarycombinatorialidentitiesare often nothingbut theimage(in a world with little
transparendlgebraicstructureof simplealgebraiadentitiesbetweergeneratingunctions
(thatlive in aworld with a strongstructure).

2. Analysis of rational functions

In principle, the asymptoticanalysisof coeficientsof a rationalfunctionis “easy”
giventheexponential-polynomiaiorm. However, in mostapplicationsof interest rational
functionsareonly givenimplicitly assolutionsto linearsystemsThis confersagreatvalue
to criteria that ensureunicity and/orsimplicity of the dominantpole. Accordingly, the
bulk of this sectionis devotedto a brief expositionof Perron-Frobeniutheorythatcovers
adequatelyhe caseof positive linearsystems.

2.1. Generalrational functions. Thefactthat coeficientsof rationalseriesareex-
pressibleas exponential polynomialsyields an asymptoticequivalent. The w; satisfy
w;j = (a;)7!, wherear,as,... arethe polesof f(z), thatis to say the zerosof the
denominatoof f. Theformulasimplifiesassoonasthereis auniquenumbetin {w; }, say
w1, thatdominateghe otheronesin absolutevalue.

THEOREM 8.4 (Rationalfunctionasymptotics) Let f = P/Q bea rational function
whee ged(P, Q) = 1. Assumehat f hasa uniquedominantpole, thatis, the zeos {a;}
of thedenominatompolynomialQ(z) satisfy|a1| < |a2] < |as| < ---, then(e > 0 being
arbitrary)

[2"]1£(2) = Ri(n)ay™ + O((Joz| — )77,
whee R; (n) is a polynomial.

If f(2) hasseveral dominantpoles,|a;| = |a2| = -+ = |ar| < |ap41| < ---, then
(e > 0 beingarbitrary)

fn= ZRj(”)a,-_" + O((|lars1| = €)7"),

whetee the R;(n) are polynomials. The degree of ead R; equalsthe order of the pole
of f(z) at @; minusone
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Proof. Immediatefrom Theorenm8.1 O

Obsere that,if f(z) hasnonngative coeficients, f(z) € R>o[z], thena; mustat
leastbe realandpositive by Pringsheims theorem.Unicity of a zeroof smallestmodulus
for Q(z) is equivalentto unicity of dominantsingularityfor f(z) andthisis the simplest
casefor analysis.The prototypicalapplicationis providedby the FibonaccinumbersFy =
0, F1 =1, Fn+2 = Fn+1 + F, with OGF

z
f(Z) - 1 — - 22 -
Thepolesareat1/¢ and1/¢, where
1++/5 — 1-+5
¢ = 2 ) d’ = 2 )

andonehasF,, ~ ¢"//5.

EXAMPLE 2. Compositionsnto finite summands.The OGF of integer compositions
having summandsn thefinite setS = {s1,...,sn} with gcd({s;}) = 11is

o =1l =5

The characteristipolynomialg(z) = > 2% haspositive coeficients,sothatthereexists
auniquepositive p satisfyingg(p) = 1 andadditionallyonehasq’(p) > 0. Also all other
rootsof ¢ areof modulusstrictly largerthanp (by positiity of ¢ or Pringsheimétheorem
combinedwith the gcdassumption)Thereresultsthat

" i 1 N 1 I -
e = =@ " v -2 " e’
sincethe dominantpoleat p is simple. d
The casewhereseveraldominantsingularitiesarepresentanalsobetreatedeasilyas
soonasoneof themhasa highermultiplicity, asthis singlesoutalargercontributionin the
coeficients’ asymptotics.

ExAMPLE 3. Denumeants. The OGF of integer partitionswith summandsn the set
S ={s1,...,5m } Whereged({s;}) =1is

D(z) =] : _lzsj :
Jj=

=1
This GF haspolesat z = 1 andat roots of unity, but only the pole at = = 1 attains
multiplicity m, with

D(z) 11 = Iml <
z z:l;(l—z)m, 0'—' SJ.

Jj=1
Thereresultsthe estimateof the numberof denumerant§:"|D(z) ~ a—l(”jnrle), that

IS,
-1
nmfl

[2"]D(2) ~ 1:[131' m;

whichis dueto Schur O
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In thecasewhenthereexist severaldominantsingularitiegpossessinghe samemulti-
plicity, thenfluctuationsappearyeferto thediscussiorof Chapter4. For a generalinear
recurrencever Q, equivalentlyfor aGFin Q(z2), it is for instanceonly known thatthe set
Qf ={n | fn = 0} is afinite unionof (finite or infinite) arithmeticprogressions—this
constitutesheSkolem-MahlerLechtheorem However, €2 ¢ is notknown to becomputable
andit is notevenknown whetherthe property€2; = § is decidable Thefunction

1

— 5 = 1+1.202+ 0.442% — 0.672° — 1.242" — 0.822° + 0.252° + - - -,
1— g2+ 22

thatis built onthe Pythagoreatriple (3,4, 5) illustratessomeof the hardshipsWe have

I = sin(n + 1)p

3
= arccos —
singp ' p=ar 5’

and,for instancetheway f,, approachegts extremesi% = isiiq, depend®n how well
multiplesof ¢ approximatemultiplesof r, thatis, on deeparithmeticpropertiesof /.
Suchpathologicalsituations thoughpossiblypresentamongsigeneralrationalfunctions,
hardlyeveroccurin analyticcombinatorics.

EXERCISE 4. Examineempiricallythe signpatternof coeficientsof therational
functions

0@ =1 (1) (3 - 19) ieagen =1-wC = fo).

2.2. Positive rational functions and Perron-Frobeniustheory. For rationalfunc-
tions, positivity coupledwith someancillary conditionsentailsa hostof importantproper
ties, like unicity of the dominantsingularity Suchfactsresultfrom the classicalPerron-
Frobeniugheoryof nonneyative matriceshatwe now summarize.

Consideffirst rationalfunctionsof the specialform

ﬂz)z%ﬂz)’

for S(z) apolynomial. It is assumedhat S hasno constanterm(S(0) = 0), sothat f(z)

is properlydefinedasaformal power series Assumenext nonnejatiity of thecoeficients
of S; this entailsexistenceof a dominantreal pole thatis simple. If additionally S(z) is

not a polynomialin z¢ for somed > 2, then,asis easyto see,thereis uniquenesgand
simplicity) of dominantsingularity As we shov now, similar propertieshold for systems:
the conditionsare thoseof propernessnd positivity coupledwith a nev combinatorial
notionof “irreducibility”. Grantedtheseconditionstheanalysissuitablyextendswhatwe

justsaw of thescalarcase.

2.2.1. Perron-Frobeniustheory of nonngative matrices. The propertiesof positive
and of nonn@ative matriceshave beensuperblyelicited by Perron[77] in 1907 and by
Frobeniug43] in 1908-1912.The correspondindheoryhasfarreachingimplications: it
lies atthe basisof thetheoryof finite Markov chainsandit extendsto positive operatorsn
infinite-dimensionakpaceg60].

For asquarematrix M € R™>*™  the spectrumis the setof its eigervalues thatis,
the setof A suchthat A\ — M is notinvertible (i.e., not of full rank),whereI is the unit
matrix with theappropriatadimension.A dominanteigervalueis oneof largestmodulus.

For M a scalarmatrix of dimensionm x m with nonngative entries,a crucial
role is playedby the dependencygraph; this is the (directed)graphthat hasvertex set
V = {1..m} andedgesetcontainingthe directededge(a — b) iff M,; # 0. The
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FIGURE 2. Theirreducibility conditionsof Perron-Frobeniugheory
Left: a stronglyconnectedligraph. Right: a weakly connectedligraph
thatis not stronglyconnecteds a collectionof stronglyconnectedom-
ponentgelatedby a directedagyclic graph.

reasonfor this terminologyis the following: Let M representhe linear transformation
{y;‘ =2 M,-,jyj} , then,anonzeroentry M; ; meanghaty; dependeffectively ony;,

afacttranslatedy tfwedirectededge(i = 7).

Two notionsareessentialirreducibility andaperiodicity(thetermsareborrovedfrom
Markov chaintheoryandmatrix theory).

Irreducibility The matrix M is calledirreducibleif its dependeng graphis strongly
connectedi.e.,arny two pointsareconnectedy apath).By consideringonly simplepaths,
it is thenseenthatirreducibility is equivalentto the conditionthat (I + M)™ hasall its
entriesthatarestrictly positive. SeeFigure2 for agraphicalrenderingof irreducibility and
for the generaktructureof a (weakly connectedyligraph.

Periodicity. A stronglyconnectedligraphG is periodicwith parameted iff all its cy-
cleshave alengththatis amultiple of d. In thatcasethegraphdecomposemto cyclically
arrangedayers: thevertex setV canbepartitionedinto d classesy = Vo U --- U V1,
in suchaway thatthe edgesetE satisfies

d—1

4) E C (J (Vi X Viit1) mod a)-
=0

The maximalpossibled is calledthe period (For instancea directed10-cycle is periodic
with parameted = 1, 2, 5, 10 andthe periodis 10.) If nodecompositiorxistswith d > 2,
sothatthe periodhasthetrivial valuel, thenthe graphandall the matriceshatadmitit as
their dependenggrapharecalledaperiodic SeeFigure3.

THEOREM 8.5 (Perron-Frobeniutheory). Let M bea matrix that is assumedo be
irreduciblei.e., its dependencygraphis strongly connected.
(7) If M has(strictly) positive elementsthenits eigervaluescanbeorderedin suc a
waythat
A > A > Ag >,

and M hasa uniquedominanteigenvalue;this eigervalueis positiveandsimple
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FIGURE 3. The aperiodicity conditionsof Perron-Frobeniusheory
Top: anaperiodicdigraph(left) anda periodicdigraph(right). Bottom:
A digraphof periodd = 4 (left) correspondindo a matrix M (right).
For irreducible matrices,the (combinatorial)property of the graphto
have period d is equivalentto the (analytic) property of the existence
of d dominanteigervaluesandit implies a rotationalinvarianceof the
spectrumHere,the characteristipolynomialis 2°(2® — 42* + 2). (The
spectrumconsistsof (2 + 21/2)1/4 andtheir four conjugatesas well
as0.)

(4¢) If M hasnonnegative elementsthenits eigervaluescanbeorderedin suc a way
that

)\1=|)\2|==|)\d|>|)\d+1|2|)\d+2|2,

andead of thedominanteigervaluesis simplewith \; positive

Furthermoe, the quantityd is preciselyequalto the period of the dependencgraph.
If d = 1, in particular, thenthere s unicity of thedominanteigervalue If d > 2, thewhole
spectrumis invariantunderthe setof transformations

A A2/ i=0,1,...,d—1.

Periodicityalsomeanghatthe existenceof pathsof lengthn betweerary given pair
of nodes(i, j) is constrainedy the congruencelassn mod d. A contrario,aperiodicity
entailsthe existence,for all n sufiiciently large, of pathsof lengthn connecting(i, 5).
Fromthe definition, a matrix M with periodd has,up to simultaneoupermutationof its
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rows andcolumnsa cyclic block structure

0 Mo1] © 0
0 0 Mia| - 0
0 0 0 s [ Mg—2,4-1
My_1o] 0 0 0

wheretheblocksM; ;1 arereflexesof theconnectvity betweernV; andV;4 in (4).
For short,onesaysthata matrix is positive (resp.nonnejative)if all its elementsare
positive (resp.nonnegative). Herearetwo usefulturnkey results,Corollaries8.1and8.2.

COROLLARY 8.1. Anyoneof thefollowing conditionssuficesto guaranteethe exis-
tenceof a uniquedominanteigervalueof a nonngativematrix T':
(i) T has(strictly) positiveentries;
(#8) T is sudthat,somepowerT is (strictly) positive;
(7i1) T isirreducibleandatleastonediagonalelemenbf T is nonzeo;
(iv) T isirreducibleandthedependencgraphof T is suc that there exist at least
two pathsfrom the samesource to the samedestinationthat are of relatively

primelengths.

Proof. The proof makesanimplicit useof the correspondencbetweentermsin coefi-
cientsof matrix productsandpathsin graphs(seebelow, Section3.3for more).

Sufficiengy of condition(i) resultsdirectly from Case(z) of Theorem8.5.

Condition(47) immediatelyimpliesirreducibility. Unicity of thedominanteigervalue
(henceaperiodicity)resultsrom Perron-Frobeniugropertieof M2, by whichA§ > |Az|®.
(Also, by elementarygraphcombinatoricspnecanalwaystake theexponents to beatmost
thedimensionm.)

By basiccombinatoricsof pathsin graphs,Conditions(iii) and (iv) imply Condi-
tion (i4). O

2.2.2. Positiverational functions. Theimportanceof Perron-Frobeniutheoryandof
its immediateconsequence&orollary 8.1, stemsfrom thefactthatuniquenessf thedom-
inanteigervalueis usuallyrelatedto a hostof analyticpropertiesof generatingunctions
aswell asprobabilisticpropertiesof structures.In particular aswe shall seein the next
section,severalcombinatorialproblems(lik e automataor pathsin graphs)canbereduced
to thefollowing case.

COROLLARY 8.2. Considerthe matrix
F(z)=(-2T)",

wheee T, called the “tr ansition matrix”, is a scalar nonngative matrix. It is assumed
thatT is irreducible Thenead entry F; ;(z) of M(z) hasa radiusof convergencep that
coincideswith the smallestpositiveroot of the determinantakquation

A(z) :=det(I —2T) =0.

Furthermoe, thepoint p is a simplepoleof any F; ;(z).
In addition, if T" is aperiodicor if it satisfiesany of the conditionsof Corollary 8.1,
thenall singularitiesotherthan p are strictly dominatedn modulusby p.



2. ANALYSIS OF RATIONAL FUNCTIONS 15

Proof. Definefirst (asin the statementp = 1/A;, where)\; is the eigervalueof T' of
largestmodulusthat is guaranteedo be simple by assumptiorof irreducibility and by
Perron-FrobeniupropertiesNext, therelationsinducedby F' = I + 2T F, namely

Fij(z) =6ij + ZZTi,ka,j (2),
ke

togetherwith positiity andirreducibility entail thatthe F; ;(z) mustall have the same
radiusof corvergencer. Indeed,eachF;; dependgositively on all the otherones(by
irreducibility) sothatary infinite valueof anentryin the systemmustpropagateo all the
otherones.

Thecharacteristipolynomial

A(z) = det(I — 2T),

hasrootsthatareinversesof the eigervaluesof T andp = 1/}, is smallestin modulus.
Thus,sinceA is thecommondenominatoto all the F; ; (z), polesof ary F; ;(z) canonly
beincludedin the setof zerosof this determinantsothattheinequalityr > p holds.

It remainsto excludethe possibilityr > p, which meanghatno “cancellations’with
the numeratorcanoccurat z = p. Theargumentrelieson finding a positive combination
of someof the F; ; thatmustbe singularat p. We offer two proofs,eachof interestin its
own right: one(a) is corvenientlybasednthe Jacobitraceformula, theother(b) is based
on supplementarfPerron—Frobeniugroperties.

(a) Jacobistraceformula for matriceg48, p. 11],

(5) detoexp = expo Tr or logodet = Tr olog

generalizeshe scalaridentities e%e® = e*+* andlogab = loga + logb. Herewe have
(for z smallenough)

_ "
Trlog(I — 2T) ! Z Z M“n;

i n>1

= log(det(I — 2T)71,

wherethe first line resultsfrom expansionof the logarithmandthe secondine is anin-
stanceof the traceformula. Thus, by differentiation,the sum}", M; ;(z) is seento be
singularat p = 1/A; andwe have establishedhatr = p.

(b) Alternatively, letv, betheeigervectorof T correspondingo A;. Perron-Frobenius
theoryalsoteachesaus that, underthe irreducibility and aperiodicityconditions,the vec-
tor v, hasall its coordinateghatarenonzero.Thenthe quantity

1
= v
1—2)\1 !

is certainlysingularat1/\;. Butit is alsoalinearcombinationof the F; ;'s. Thusat least
one of the entriesof F' (henceall of them by the discussiorabose) mustbe singularat
p = 1/\1. Thereforewe have againr = p.

Finally, undertheadditionalassumptioithat?" is aperiodictherefollowsfrom Perron-
Frobeniustheorythatp = 1/; is well-separatedh modulusfrom all othersingularities
F. O

(1—2T) 'y

IThe Jacobitraceformula is readily verified when the matrix is diagonizable and from there, it canbe
extendedo all matricesby analgebraic‘density” agument.
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It is interestingto notethatseveral of theseargumentswill berecycledwhenwe dis-
cussthe harderproblemof analysingcoeficientsof positive algebraicfunctionsin Sec-
tion 5.2.

EXERCISE 5. ThedeBruijn matrixT" € R %" is essentiain problemsrelated
to occurrencesf patternsn randomstrings[39]. Its entriesaregivenby

%[[(j = 2i mod 2°) or (j = 2i 4+ 1 mod 29)].

Prove thatit hasa uniquedominanteigemvalue. [Hint: considera suitablegraph
with verticeslabelledby binarystringsof length£.]

L=

We next proceedo shav thatpropertiesof the Perron-Frobeniutype evenextendto
alarge classof linear systemsf equationghathave nonnajative polynomialcoeficients.
Sucha caseis importantbecausef its applicability to transfermatrices;seeSection3.3
below.

Somedefinitionsextendingthe onesof scalamatricesmustfirst be set. A polynomial

p(z) = Z ¢z, everyc; # 0,
J

is said to be primitive if the quantityé = ged({e;}) is equalto 1; it is imprimitive
otherwise. Equivalently, p(z) is imprimitive iff p(z) = q(z°) for somebonafide poly-
nomial g andsomed > 1. Thus,z,1 + 2,22 + 23,2z + 2* + 228 are primitive while
1,14+ 22, 2% + 28 1 4+ 228 + 522 arenot.

DEFINITION 8.2. Alinear systemwith polynomialentries,

(6) f(z) =v(2) + T(2)f(2)
wheeT € R[z]"*", v € R[z]", and f € R[z]" thevectorof unknowngs saidto be:
(a) rationally proper(r—proper)if T'(0) is nilpotent,meaningthat 7'(0)" is the null
matrix;
(b) rationallynonneative (r—nonngative)if each component; (z) andead matrix
entryT; ;(z) liesin R>q [2];
(¢) rationally irreducible (r—irreducible)if (I + T'(z))" hasall its entriesthat are
nonzeo polynomials.
(d) rationally aperiodic(r—periodic)if at leastone diagonal entry of somepower
T'(z)¢ is a primitive polynomial.

It is againpossibleo visualizethesepropertieof matricesdby drawing adirectedgraph
whoseverticesarelabelled1, 2, ..., r, with the edgeconnectingi to j thatis weighted
by the entry T; ;(2) of matrix T'(z). Propernessneansthat all suficiently long paths
(and all cycles) mustinvolve somepositive power of z— it is a condition satisfiedin
well-foundedcombinatorialproblems;irreducibility meansthat the dependeng graphis
stronglyconnectedy pathsinvolving edgeswith nonzergpolynomials.Periodicitymeans
thatall closedpathsinvolve weightsthatarepolynomialsin somez¢ for somee > 1.

For instance,if W is a matrix with positive entries, then zW is r—irreducible

3
and r—aperiodic, while z3W is r—periodic. The matrix T = ( = ) is r—
10

proper r—irreducible,and r—aperiodic,since T'? :( ) The matrix T =



2. ANALYSIS OF RATIONAL FUNCTIONS 17

210
0 0 2z |[Iisr—properbutitfailstober—aperiodicsince for instanceall cyclesonly
22 0 0

involve powersof 22, asis visible on theassociategraph:

73

72

By aluseof languagewe saythat f(z) is a solutionof alinearsystemif it coincides
with thefirst componentf a solutionvector, f = f;. Thefollowing theoremgeneralizes
Corollary8.2.

THEOREM 8.6 (Positive rationalsystems) (i) Assumehat a rational function f(z)
is a solutionof a system(6) that is r—positive r—proper r—irreducible and r—aperiodic.
Then, f(z) hasa uniqguedominantsingularity p thatis positive andis a simplepole; p is
the smallestpositivesolutionof

(7) det(I — T(2)) = 0.

(#4) Assumehat f(z) is a solutionof a systenthat is r—positive r—proper and r—

irreducible(but not necessarilyr—aperiodic). Then,the setof dominantsingularitiesof
f(z) is of theform {p; ?;5, wheee py € Rxq, p;/po = n is arootof unity, and p;n¢ is a
dominantsingularityfor all £ = 0,1,2,.... In addition,ead p; is a simplepole.
Proof. Considerfirst Case(i). For ary fixedz > 0, the matrix T'(z) satisfiesghe Perron
Frobeniusconditions,so thatit hasa maximal positive eigervalue \; (z) thatis simple.
More informationderivesfrom theintroductionof matrix normg. The spectraadiusof
anarbitrarymatrix A is definedas

® o(4) = max{1\; ]}

wherethe set{};} is the setof eigervaluesof A (alsocalledspectrum).Spectralradius
andmatrix normsareintimatelyrelatedsince
IERT nin1/n
o(4) = lim_(|l4"])"/".

In particular thisrelationentailsthatthe spectraradiusis anincreasingunctionof matrix
entries:for nonngatve matricesjf A < B in thesensahatA; ; < B; ; (for all 4, j), then
o0(A) < o(B); if A < BinthesensehatA4;; < B;; (for all 4, j), theno(A4) < o(B).
(To seethelastinequality notethe existenceof ¢ > 0 suchthat4 < (1 — €)B.)

Returningto thecaseathand,equation(8) andthesurroundingemarksmply thatthe
spectraradiuso (T'(x)), which alsoequalsh; (x) for positive z, satisfies

M(0)=0,  Xi(z)strictlyincreasing ~ A;(400) = +o0.

(Thefirst conditionreflectspropernessthe secondoneis a consequencef irreducibility,
andthelastonederivesfrom simplemajorizations.)in particular the equation\; (z) = 1
admitsa uniqueroot p on (0, +00). (Noticethat )\ (z) is a real branchof the algebraic

A matrix norm||.|| satisfies:||A|| = 0 impliesA = 0; ||cA|| = |c| - ||Al]; ||A + Bl < ||A| + ||B|l;
1A X Bl <[|A]l-1|B]].
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curvedet(AI — T'(z)) = 0 thatdominatesall otherbranchesn absolutevaluefor = > 0.
Thereresultsfrom the generaltheory of algebraicfunctions,seeSection5, that A (z) is
analyticatevery pointz > 0.)

Thereremainsto provethat: (a) p is atmosta simplepoleof f(z); (b) p is actuallya
pole; (¢) thereareno othersingularitiesof modulusequalto p.

Fact (a) amountsto the propertythat p is a simpleroot of the equation\(p) = 1,
thatis, M'(p) # 0. (To prove X'(p) # 0, we canargue a contrario. First derivatives
X (p), N (p), etc,cannotbezerotill someoddorderinclusively sincethiswould contradict
theincreasingcharacteof \(x) aroundp alongtherealline. Next, if derivativestill some
evenorder> 2 inclusively werezero,thenwe would have by thelocal analyticgeometry
of A(z) nearp somecomple value z; satisfying:|A(z1)] = 1 and|z1| < p; but for such
avaluez;, by irreducibility and aperiodicity for someexponente, the entriesof T'(z; )¢
would beall strictly dominatedn absolutevalueby thoseof T'(p)€, henceacontradiction.)
Then, X (p) # 0 holdsandby virtue of

det(I — T'(2))

det(I =T(2) = 1= X () [[A =252 = (1 = A=) =77

i1
thequantityp is only asimpleroot of det(I — T'(z)).
Fact(b) meanghatno “cancellation”’mayoccurat z = p betweerthe numeratoand
the denominatomgiven by Cramers rule. It derivesfrom an argumentsimilar to the one
employedfor Corollary 8.2. Fact(c) derivesfrom aperiodicityandthe Perron-Frobenius
properties. O

3. Combinatorial applications of rational functions

Rationalfunctionsoccuras generatingunctionsof well-recognizecclassef enu-
meratie problems.We examinebelow the caseof regular specificationsandregularlan-
guageqSubsection8.1 and 3.2) that are closely relatedto transfermatrix methodsand
finite statemodelsor automatg Subsectior8.3). Local constraintsn permutationsepre-
senta directapplicationof transfemmatrix methodqSubsectior8.4). Lattice pathsleadto
anextensionof the regularframework to infinite alphabetsandinfinite grammarsreveal-
ing interestingconnectionswvith the theory of continuedfractions(Subsectior3.5). For
instancethe classiccontinuedfractionsidentity (originally dueto Gaufd),

> 1

2n

s=0 1—
2. 22

1-—

expressesombinatoriallya very “regular’” decompositiorof involutive permutationsand
hasimplicationson the physicsof randominterconnectiometworks.

3.1. Regular specifications. A combinatorialspecifications saidto beregular if it
is nonrecursre (“iterative”, seeChapterl) andit involvesonly the construction®f Atom,
Union, ProductandSequenceWe considelhereunlabelledstructuresSincetheoperators
associatedo theseconstructionsare all rational, it follows that the correspondingd®GF
is rational. The OGF canbe then systematicallyobtainedfrom the specificationby the
symbolicmethodof Chapterl.
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For instancethe OGF of the classgG;, of generalCatalantreesof heightat mosth is
definedby therecurrence
Go = Z; Ghy1 = Z x 6{Gn}.
Accordingly, the OGF'sare

Go(z) =z, Gi(2) = 1

11—z
andGy(z) is noneotherthanthe hth corvergentin the continuedractionexpansiorof the
CatalanGF:

G-Vi-dg)= —2
{—e~

N | =

Theinterestingconnectionsvith Chebyshe polynomialsandMellin transformtechniques
—the expectedheightof atreeof sizen turnsoutto beasymptotico /7n— aredetailed
in Chapter7.

In asimilar vein, the classC!™ of integer compositionavhosesummandsreat most
his

CW = &{Z x &{Z,card< h}}  sothat CM(z) = ! .
’ 1l—z—22—...—zh

The interestingasymptoticsis againdiscussedn Chapter7 in connectionwith Mellin
transformasymptotics.The largestsummandn a randomcompositionof n turnsout to
have expectatiomaboutlog, n; see[49] for ageneraldiscussion.

EXERCISE 6. The OGF of integer compositionsand of integer partitionswith
summandgonstrainedo be eitherin numberat mostm or of sizeat mosts is
rational.

3.2. Regular languages. The name“regular specification’hasbeenchosenn order
to bein agreementvith thenotionsof regularexpressiorandregularlanguagdrom formal
languagdaheory Thesetwo conceptsarenow definedformally.

A languageis asetof wordsoversomefixedalphabetd. Thestructurallysimplest(yet
nontrivial) languagesiretheregular languagesthatcanbedefinedin avarietyof ways: by
regularexpressionandby finite automatagitherdeterministicor nondeterministic.

DEFINITION 8.3. Thecategory RegExp of regularexpressionss definedasthe cat-
egory of expressionghat containsall the letters of the alphabet(a € .A) aswell asthe
emptysymbok, andis sud that,if R, R € RegExp, thentheformalexpressions®, URs,
R; - R, and R} areregular expressions.

Regular expressionsremeantto specifylanguages Thelanguagel(R) denotedby
aregularexpressionR is definedinductively by therules: (i) L(R) = {a} if R istheletter
a € AandL(R) = {e} (with e theemptyword)if R isthesymbole; (it) L(R1 U Rp) =
L(R1) U L(Ry) (with U theset-theoretiainion); (iii) L(R; - R2) = L(Ry) - L(R2) (with
- the concatenatiorof words extendedto sets); (iv) L(R}) = {e} + L(Ry) + L(Ry) -
L(Ry) + ---. A languagss saidto be aregular language if it is specifiedby a regular
expression.

A languagss a setof words,but aword w € £(R) may be parsablen severalways
accordingo R. More precisely onedefineghe ambiguitycoeficient(or multiplicity) of w
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with respecto theregularexpressionk asthenumberof parsingswritten x(w) = kg(w).
In symbolswe have

KR,UR, () = KRy (W) + KRy (W), KRR, (W) = D KR, (W)kR,(V),
with naturalinitial conditions(k,(b) = dq,p, ke(w) = d,v), @andwith the definition of
KR~ (w) takenasinducedby the definitionof R* via unionsandproductsnamely

KR (W) = Oe, + Z K Ri (W).
j=1

As such,x(w) liesin the completedsetN U {+o0}. We shallonly considerhereregular
expressionsk thatare proper, in the sensethat kg(w) < +oo. It canbe checled that
this conditionis equivalentto requiringthatno S* with e € £(S) entersin theinductive
definition of the regular expressionR. (This conditionis substantiallyequivalentto the
notion of well-foundedspecificationin Chapterl.) A regularexpressionR is saidto be
unambiguousff for all w, we have k g(w) € {0,1}; it is saidto beambiguousotherwise.
Givenalanguagel = L(R), we areinterestedn two enumeratingequences

LR,n: Z KZR(’IU), L, = Z Lyer,

lw|=n lw|=n

correspondingo the countingof wordsin the language respectiely, with and without
multiplicities. The correspondind®GF’s will be denotedby Lg(z) andL(z). (Notethat,
for a givenlanguagethe definition of L is intrinsic, while thatof Ly is dependenbn the
particularexpressionR thatdescribeghelanguage.)Ve have thefollowing.

PropPosITION 8.1 (Regularexpressioncounting) Givena regular expressionR as-
sumedto be of finite ambiguity the ordinary geneiting function Lg(z) of the language
L(R), countingwith multiplicity, is givenby theinductiverules:

em1l, amz, Um+, - x, x> (1-()""
In particular, if R is unambiguousthentheordinary genemtingfunctionsatisfiesLz(z) =
L(z) andis givendirectlyby therulesabove
Proof. Formalrulesassociateo ary properregularexpressionR aspecificatioriR:

e — 1 (theemptyobject) a+— Z, (Z, anatom)
U+, x, x> 6{}

It is easilyrecognizedhatthis mappingis suchthat’R generategxactly the collectionof
all parsingsof wordsaccordingto R. The translationrules of Chapterl thenyield the
first part of the statement.The secondpart follows since L(z) = Lg(z) wheneer R is
unambiguous.

Thetechniquamplied by Propositior8.1 hasalreadybeenemployedsilentlyin earlier
chaptersFor instancetheregularexpression

W® = (e+a+aa)-(b- (e + a+ aa))*
generatesinambiguoushall binary wordsover {a, b} without 3-runsof the letter a; see
Chapterl. Thegeneratingunctionis then
1 142422 1-2°

w® () = (1 2 B . = .
(2) (+Z+Z)1—z(1+z+22) 1—2z—22—-23 1—2z+24




3. APPLICATIONS OF RATIONAL FUNCTIONS 21

FIGURE 4. A treeof height3, thecorrespondingarenthesigncoding
of nestingdepth3, andthelattice pathrepresentationf height3.

More generallythe OGFof binarywordswithout £ runs(of thelettera) is foundby similar

devicesto be
W (g = L=2
1— 2z 4 2k+1°

Considemext parenthesisystemswvherea playstherole of the openparenthesi’
andb is the closing parenthesis)’. The collection of wordswith parenthesismiestingat
most3 is describedinambiguousiyoy

P® = (a(a(ab)*b)*b)",
sothatthe OGFis

PO (z) =
1 _

122
Thegeneralversionwith parenthesigsiestingof depthat mostk correspondsijectively to
latticepathsin Nx N of height< k, andto generaltreesof height< k. Indeedtheclassical
correspondenchuilds a lattice paththatis thetrace(up or down) of edgetraversals;see
Figure4.

EXAMPLE 4. Patternoccurrencesn strings. Thisis a simpleexamplewherecounting
with ambiguityis used.Fix abinaryalphabet4 = {a, b} andconsidetherandomvariable
Q,, thatrepresentshe numberof occurrence®f a fixed patternu € A* in arandom
string of A™. (SeeChapter7 of [84] for relatedmaterial.) The regular expression(with
U= g Up)
Oy = A (u1 - ug - - - Uy ) A*
describesambiguouslythe languageof all the wordsthat containthe patternu. It is easy
to seethatawordw € A* hasanambiguitycoeficient (with respecto O,,) thatis exactly
equalto the numberof occurrence®f u in w. Clearly the OGF associatedo O,, (with
multiplicity counted)s
| 2™
O ==, 1=, ~ G=20
This givesimmediatelythe meannumberof occurrence®f u assuminga uniform distri-
bution over 4™, namely

E(Qu,n) = 2% [zn]ﬁ = (TL —m + 1)2—m.
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Themeanis asymptotido n2~™. In otherwords,thereis on averagea fractionabout2=—™
of positionsat which a patternof lengthm is to befoundin arandomtext of lengthn. A
ultimate consequences that naive string-matchinghasexpectedcompleity thatis < 2n
onrandomtexts of sizen; see[84]. a

EXERCISE 7. Analysethe momentof order2 of the numberof occurrencedy
relatingit to the“correlations"betweerthepatternandits shiftedversions[Hint:
relatethe problemto the Guibas-Odlyzk correlationpolynomialasdescribed
in [84].]

ExAMPLE 5. Order statistics. Consideran orderedalphabet4 = {a;,a2,...,amn},
whereit is assumedhata; < as < --- < a,,. Givenawordw = wy - - - w,, thejth letter
w; isarecordin w (respectiely aweakrecord)if it is strictly larger(resp.notsmaller)than
all thepreviousletterswy, . . . ,w;—1. Thestudyof recordss a classicakopicin statistical
theory[28], andwe are examiningrecordsin permutationf a multisetsincerepeated
lettersareallowedto composew.

Regular expressionsare well-suitedto the problem. Considerfirst (strong)records.
The collection of words suchthat the valuesof their recordsarea;, < --- < aj, is
describeddy theregularexpression

o . * . * ... . * . = .
Rj17~~~,j7= = aleSJ'la]zASJ'Q a]r <jn Where AS] = {al, - ,aJ}.

Ontheotherhand theproduct] ], (¢ + a;) generateall thewordsformedby anincreasing
sequencef distinctletters. Thesetwo obsenationscombine:theregularexpression

m

R= |J Rj,.5=]](cVaAL))

J1<<jm j=1

generatesll thewordsin A*, wherethe numberof recordsappearsasthe number(r) of
factorsdifferentfrom ¢ in thefull expansionof R.

Consequentlyby the principlesof Chapter3, the multivariateOGF of words R (u; x),
with w markingthe numberof records anabbreiationfor z1, ..., 2, andz; thevari-
ablethatmarksthe numberof occurrencesf lettera;, is givenby

uTry uTo UTm
R(u: =11 1 - (1 .
(’LL,."L') ( +1—$1>( +1—.’L‘1—.’L’2> ( +1_371_"'_xm)

Onechecksthat R(1; x1,...,2m) = (1 — 21 — --- — z,,) ! asshouldbe. The generat-
ing function R is a hugemultivariateextensionof the Stirling cycle polynomialsand,for
instancepnehas

[u"] [z122 - - 2] R(u, ) = [%]

Assumethateachlettera; of awordin A" hasprobabilityp; andlettersoccurinde-
pendentlyin words. This modelis treatecby thesubstitutionz; — p;z. Themeannumber
of recordss thenfoundasthe coeficientof 2™ in 0/0uR(u; z) takenatz; = zp;,u = 1.
Theasymptoticestimateresultsfrom straightsingularityanalysisof thepoleatz = 1: The
meannumberof recordsin a randomword of lengthn with letter j chosenindependently
with probability p; is asymptotido

D1 + D2 . DPm

-+ .
1 1-p; l1-p1——Pm1
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The analysisas z tendsto 1, keepingu as a parameter shovs also that the limit of
[2"|R(u, z) exists. By the continuity theoremfor probability generatingfunctions de-
scribedin Chapter9, thisimplies: Thedistribution of the numberof recodswhenn tends
to co corvergesto the (finite) law with probability generting function

(1+ o )(1+7“p2 )---<1+ “Pm1 )upm.
I-p 1—p1—p2 I—p1—-=Pma

Similarly, the multivariateGF

ﬁ(u;m): 1+ U 1+$ {14 UTm )
1—ux; 1—21 —uxs l—zy—---—uxy,

countswordsby their numberof weakrecords.This time, thereis adoublepoleat z = 1:
Thenumberof (weak)recoids hasa meanasymptotido ¢ - n (¢ a computableconstant)
anda limit Gaussiaraw. O

Permutationgndcombination®f multisetsarea classicatopicin combinatoriabnal-
ysis;seefor instanceMacMahonsbook[68]. Thecorrespondingtatisticsareof interesto
computerscientistssincethey relateto searchingn the context of setsandmultisetsobey-
ing nonuniformdatadistributions. This lasttopic is for instanceconsideredy Knuth [59,
1.2.10.18Janddevelopedby Burge[17] in a pre-symboliccontext. Suchtechniquesave
beensuccessfullyemployedto analysedatastructuresik e theternarysearchries of Bent-
ley and Sedgeavick [9]; see[24]. Prodingerhasalso developeda collection of studies
concerningvordswhoseletter probabilitiesaregeometricallydistributed,p; = (1 — g)¢’:
seefor instanceg55]. In thelatter case onemay legitimately let the cardinality of the al-
phabetbecomeinfinite. This approachthen providesinterestingg-analogue®f classical
combinatorialquantitiessincethey reduceto permutatiorstatisticsvheng — 1.

EXERCISE 8. Analyserecordsn randompermutation®f a multiset,which cor
respondso extractingcoeficients[z"* - - - 27" ] in R, (1, z) andR,, (1, z). De-
rivein thisway thefactthatthemeanmumberof recordsn arandompermutation
of n elementds the harmonicnumberH,,. [Hint. See[59, 1.2.10.18Jand[17].]

3.3. Paths in graphs, automata, and transfer matrices. A closely relatedset of
applicationsof regular functionsis to problemsthat are naturally describedas pathsin
digraphs,or equivalently asfinite automata. In physics,the correspondingreatmentis
alsocalledthe “transfermatrix method”. We startour expositionwith the enumeratiorof
pathsin graphsthatconstituteghe mostdirectintroductionto the subject.

3.3.1. Pathsin graphs. Let G be a directedgraphwith vertex set{1,...,m}, where
self-loopsareallowedandlabel eachedge(a, b) by the (formal or numeric)variableg; ;.
Considerthe matrix G suchthat

G = ga,p if theedge(a, b) € G, G,» = 0 otherwise.

Then,from the standarddefinition of matrix productsthe powersG" have elementghat
arepathpolynomials.More precisely onehasthe simplebut essentiatelation,

(G):,] = Z w,
weP(i,j;r)

whereP (i, j, r) is thesetof pathsin G thatconnect to j andhave lengthr, anda pathw
is assimilatedo themonomialin indeterminategg; ; } thatrepresentsnultiplicatively the
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successiorf its edgesfor instance:

(G)?,j = Z Imi,m29mo,mzGmsz,ma>

m1=1,M2,M3,Ms=]
In otherwords,powersof the matrix associatedo a graph“generate”all pathsin agraph.

One may thentreatsimultaneoushall lengthsof paths(andall powers of matrices)by
introducingthe variablez to recordlength.

ProOPOSITION 8.2. (i) LetG bea digraphandlet G bethe matrix associatedo G.
TheOGF F (9} (z) of thesetof all pathsfromi to j in adigraphG with z markinglength
andg,, markingthe occurrenceof ede (a, b) is theentryi, j of thematrix (I — 2G)~1,
namely

_ Alid) (z)
W~ TAR)
wher A(z) = det(I — 2zG) and A7) () is the determinanbf the minor of index i, j of
I-2G.
(#4) Thegenerting functionof nonemptyclosedpathsis givenby

iy _ A'(z2)
S (FEI(z)—1) = -2 A

Fld)(z) = (I - 2G)7!

Proof. Part (¢) resultsfrom the discussiorabove which implies

]

Flid) () = iz" (G™);,; = ((I - zG)*l) s
n=0

and from the cofactorformula of matrix inversion. Part (i7) resultsfrom Jacobis trace
formula. Introducethe quantityknown asthe zetafunction

i n=1 n=1

= exp(Trlog(I —2G)™") = det(I —2G)™",

wherethe lastline resultsfrom the Jacobitraceformula. Thus,{(z) = A(z)~. Onthe
otherhand,differentiationcombinedwith the definitionof {(z) yields

¢(z) _ A'(z)
) T AR
_ ZZFT(Li,i)zn,
i n=1
andPart (i4) follows. U

Exercise 9. Can the coeficients of A(z) be relatedto the polynomials
representingself-loops, 2—loops, triangles, quadranglesetc, in the graphG?
[See[19]]

ExERcCISE 10. Obsere that

C’(Z) _ n n _ Az
i~ 2T =

A

(thesumis over eigemvalues). Deducean algorithmthat determineghe charac-
teristicpolynomialof amatrix of dimensionm in ©(m?*) arithmeticoperations.
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[Hint: computingthe quantitiesTr G for j = 1,...,m requirespreciselym
matrix multiplications.]

In particular the numberof pathsof lengthn is obtainedby applyinga substitution
o : gap — 0,110 (I —2G)~! uponcoeficient extractionby the [z"] operation.In a
similar vein, it is possibleto considerweightedgraphs,wherethe g, ; areassignedeal
weights;with the weightof a pathbeingdefinedby the productof its edgesweights,one
findsthat[z"](I — 2G)~! equalsthe total weightof all pathsof lengthn. If furthermore
theassignmenis madein suchawaythat) ", g.,» = 1, thenthematrix G, whichis called
astochastianatrix, canbeinterpretedasthe transitionmatrix of a Markov chain.

Letusassumehatnonngativeweightsareassignedo theedgeof G. If theresulting
matrix is irreducible and aperiodic,then Perron-Frobeniusheory applies. There exists
p = 1/A1, with A; > 0 thedominanteigervalueof G, andthe OGF of weightedpaths
from i to j hasasimplepoleat p. In thatcasejt turnsoutthata random(weighted)path
of lengthn has,asymptoticallyasn — oo,

— an averagenumberof edgesof type (i.j) thatis ~ v, jn, for somenonzero
constanty; ; € RR;

— anaveragenumberof encountersvith vertex i thatis ~ g;n, for somenonzero
constant3; € R.

In otherwords,a long randompathtendsto spendasymptoticallya fixed (nonzero)frac-
tion of its time at ary givenvertex or alongary given edge. Theseobsenationsarethe
combinatoriakounterparbf theelementarytheoryof finite Markov chains.Thetreatment
of suchquestionglepend®n thefollowing lemma.

LEMMA 8.1(lterationof Perron-Frobeniumatrices) SetM (z) = (I —2G) ! whee
G hasnonngativeentries,is irreducible andis aperiodic.Let A; bethedominanteigen-
valueof G. Thenthe“r esidue”matrix R suc that

R
I- =_ 1
9) (I -2z2G) 1—z//\1+0( ) (z—=> M)
hasentriesgivenby ((z, y) representsa scalarproduct)
_ it
M ey

whee r and/ are right andleft eigervectors of G correspondingo theeigervaluel; .

Proof. Scalingz asz/A; reducesthe situationto the caseof a matrix with dominant
eigervalueequalto 1, sothatwe assumaiow \; = 1. Firstobsenethat
R = lim G".
n— o0
Thelimit exists for the following reason:geometrically G decomposeasG = P + S
whereP is the projectoronthe eigenspacgeneratedby the eigervectorr; onehasSP =
PS = 0andP? = P, sothatG™ = P™ + S™; ontheotherhand,S hasspectralradius
< 1; thuslim G™ existsandit equalsP (sothatR = P is aprojector).
Now, for any vectorw, by propertieof projectionspnehas

Rw = c¢(w)r,

for some coeficient c¢(w). Application of this to eachof the basevectorse; (i.e.,
ej = (0j1,...,0jq)) shavs thatthe matrix R haseachof its columnsproportionalto the
eigervectorr. A similar reasoningwith thetransposé:® of G' andthe associatedesidue
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matrix Rt shows thatthe matrix B haseachof its rowsproportionalto the eigervectore.
In otherwords,for someconstanty, onehas

R,',j = ’75‘7'7“,'.

Thenormalizationconstanty is itself finally determinedy applying R to r andonefinds
thaty = 1/(¢,r). U
EXERCISE 11. Relateexplicitly the edgetraversalandnodeencountefrequen-
ciesto the dominanteigemvectorsof a graphassumedo be strongly connected

andnotcyclically layered.Discusshestationaryprobabilitiesof aMarkov chain
in this context.

EXERCISE 12. Whathappensvhenthematrix G is symmetric(i.e.,thegraphG
is undirected)Discussformulaefor reversibleMarkov chains.

ExAMPLE 6. Locally constainedwords. Considera fixed alphabetd = {ay,...,an}
andasetF C A2 of forbiddentransitionsbetweenconsecuiie letters. The setof words
over 4 with no forbiddentransitionsis denotedby £ andis calleda locally constrained
language.Clearly, the wordsof £ arein bijective correspondencwith pathsin a graph
thatis constructedsfollows. Setupthecompletegraphk,, « ., wherethe j vertex of the
graphrepresentshe productionof thelettera;. Deletefrom the completegraphall edges
that correspondo forbiddentransitions. Then,aword of lengthn + 1 hasno forbidden
transitioniff it corresponds$o a pathof lengthn in the modifiedgraph.Consequentlythe
OGFof ary locally constrainedanguagas arationalfunction. Its OGFis givenby

1+2(1,1,...,1)(I - 2T)"1,1,...,1),

whereT;; is 0if (a;,a;) € F and1 otherwise. Variousspecializationsincluding multi-
variateGF’s andnonuniformlettermodelsareeasilytreatedby this method.
The particular casewhere F consistsof pairs of equal letters defines Smirnov

words[48, p. 69] andis amenableo a directandexplicit treatment.Let W (x4, ..., z)
be the multivariateGF of wordswith the variablez; markingthe numberof occurrences
of lettera; andS(z1,...,z,) be the correspondingsF for Smirnos words. A simple
substitution(alreadydiscussedn Chapter3) shovsthatWW andS arerelatedby
. I Im
W(ml,...,xm) = S(l_ml,..., l—wm) ,
whileW = (1 —x; — -+ — z,,) L. Thereresultsthat

m -1
Z1 Tm x;
10 ey X)) = = l—E J .
( ) S(a:l; )y L ) W(1+x17 ,1+$m> ( p 1+x]>

In particulay settingz; = z, onegetsthe univariateOGF

1+2
S(z) = 1—(m—1)2’
implying thatthe numberof wordsof lengthn is m(m — 1)» 1 (asit shouldbe). d

Locally constrainedanguageghus have rationalgeneratingunctions. The process
of proof canthenbe adaptedo the enumeratiorof mary typesof objectsprovided they
have a sufiiciently “sequential”structure.Carlitz compositiongdefinedbelow illustratea
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regycling of the notionof regularexpressiorto objectsthatarein factdefinedover infinite
alphabets.

ExXAMPLE 7. Carlitz compositions. A Carlitzcompositionof theintegern is acomposi-
tion of n suchthatno two adjacensummand$iave equalvalues.Consideffirst composi-
tionswith aboundm onthelargestallowablesummandThe OGFof Carlitzcompositions
is directly derived from the GF of Smirnos wordsby substitutingz; — z7. In this way,
the OGF of Carlitzcompositionsvith maximumsummandit mostm is foundto be

-1
m

J
clml(z) = 1_2 Z 7

14 27

j=1

and the OGF of all Carlitz compositionsis obtainedby letting m tendto infinity: the
precedingGF's corvergeto

-1

[00] () = N 7
(11) ey =1 ;sz

In particular we getSequencé0032420f EIS™:
Cl¥l(2) =14+ 2+22 +32° +42* + 725 + 142% + 2327 + 3928 + 712° + - - .

The asymptoticform of the numberof Carlitz compositionss theneasilyfound by
singularityanalysisof meromorphidunctions(seeChapterd). We find

Clol v C-a™, € =0.45638, a=1.75024.

There,1/« is determinedasthe smallestpositive root of thedenominatoin (11); see[57]
for details.In thisinfinite alphabetxample the OGFis nolongerrationalbut the essential
featureof having adominantpolarsingularityis presered. O

3.3.2. Finite automata. Finite automataare closely relatedto language®f pathsin
graphsandto regularexpressions.

DEFINITION 8.4 (Finite stateautomaton) A finite automaton4 over a finite alphabet
A andwith vertex set(@, calledthe setof statesjs a digraphwhoseedgesare labelledby
letters of the alphabet that is giventogetherwith a designatednitial stateq, € () anda
designatedsetof final states) y C Q.

A word w is saidto beacceptedy theautomatorif thereexistsa pathx in thegraph
connectingthe initial stateg, to oneof thefinal statesg € (¢, sothatthe successiomf
labelsof the pathw correspondso the sequencef letterscomposingw. (The pathr is
thencalledanacceptingpathfor w.) The setof acceptedvordsis denotecby £(A).

In all generality afinite automatoris, by its definition,a nondeterministiclevice: if a
wordw is acceptedpnemaynot“know” a priori which choicesof edgedo selectin order
to acceptt. A finite automatoris saidto be deterministidf givenary stateq € @ andary
letterxz € A, thereis at mostoneedgefrom vertex ¢ thatbearslabelz. In thatcaseone
decidesasily(in lineartime) whetheraword is acceptedy just following edgedictated
by thesequencef lettersin w.

3The EIS designatesSloanes On-Line Engyclopediaof Integer Sequence$85]; see[86] for an earlier
printedversion.
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The mainstructuralresultof thetheoryis thatthereis completeequivalencebetween
threedescriptve models:regularexpressionsgeterministidinite automataandnondeter
ministic finite automata.The correspondingheoremsaredueto Kleene(the equivalence
betweerregular expressiorandnondeterministidinite automatajandto Rabinand Scott
(the equivalencebetweennondeterministiand deterministicautomata). Thus, finite au-
tomatawhetherdeterministicor notaccept(“recognize”)theclassof all regularlanguages.

EXERCISE 13. Anylanguage definableby a regular expressionis acceptedy a

(non-deterministicfinite automaton.[Hint: Performan inductive construction
of anautomatorbasedn separateonstructiongor unions,products stars.]

EXERCISE 14. Kleenes theorem:Anylanguage acceptedy a finite automaton
is definableby a regular expression [Hint: Construct(inductively onincreasing

valuesof k) matricesof regularexpressionsmhereRf.’? is aregularexpression

thatdescribeghe setof pathsfrom state: to statej constrainechever to pass
througha stateof index > &.]

EXERCISE 15. RabinandScott’s theorem:Givenanyfinite automatonA, there

existsan equivalentdeterministicautomationB, i.e., L(A) = L£(B). [Hint: the

stateof B areall thesubset®f thestatef A andthetransitionsaredetermined
sothat B emulatesall possiblecomputation®of A.]

EXERCISE 16. Regularlanguagesreclosedunderintersectiorandcomplemen-
tation.

PropPosiITION 8.3(Finite stateautomatacounting) Anylanguageacceptedy a finite
automatoror describedby a regular expressionhasa rational geneiting function. If the
language is specifiedby an automatond = (@, Qy, o), that is deterministic,thenthe
correspondingordinary geneting function Ly (z) is definedas the componentZy(z) of
thelinear systenof equations

L](z) = ¢j + 2 Z L‘r(qj,a) (Z),
a€A
wheee ¢; equalslif ¢; € @ and0 otherwise andwhee 7(g;, a) is the statereacable
fromstateg; whentheletter a is read.

Proof. By the fundamentakquialenceof models,onemay freely assumehe automaton
to be deterministic. The quantity L; is nothingbut the OGF of the languageobtainedoby
changingthe initial stateof the automatornto ¢;. Eachequationexpresseghe fact that
aword acceptedstartingfrom ¢; may be the emptyword (if g; is final) or, else,it must
consistof a lettera followed by a continuationthatis itself acceptedvhenthe automaton
is startedfrom the“next” state thatis, the stateof index 7(g;, a).

Equivalently, one may reducethe proof to the enumeratiorof pathsin graphsasde-
tailedabove.

Givena problemthatis describedy aregularlanguageit is thena matterof choice
to enumeratédt usinga specificatiorby aregularexpressionprovidedit is unambiguous)
or by a finite automaton(providedit is deterministic). Eachproblemusuallyhasa more
naturalpresentationFromthestructuralstandpointjt shouldhoweverbekeptin mindthat
the corversionbetweera regular expressiorandan equivalentnondeterministi@automata
involvesa moderatgat worst polynomial) blow-up in size,while the transformatiorof a
nondeterministi@utomatorio anequivalentdeterministioonemayinvolve anexponential
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increasen the numberof states. (The constructionunderlyingthe equivalencetheorem
of Rabinand Scottinvolvesthe power-setof the setof states@) of the nondeterministic
automaton.) Note that the direct constructionof the generatingfunctionsassociatedo
finite automatanasbeenalreadyencountereth Chapterl whendiscussingparticularcases
of languagegontainingor excludingafixedpattern.

As the proof of the propositionshavs, the OGF of the languagedefinedby a deter
ministic finite automatoninvolvesa quasi-irverse(1 — 27)~! wherethe transitionma-
trix T is a directencodingof the automators transitions. Corollary 8.2 andLemma8.1
were preciselycustom-tailoredor this situation. Consequentlyquantifying probabilistic
phenomenassociatedo finite automatas invariablyreducibleto finding eigervectorsof
matrices.

ExXAMPLE 8. Wbrds with excludedpatterns. Fix a patternu = wjus - --u,,. Let E,
be the setof wordsthat do not containthe word v asa factor and F,, the setof words
thatdo not containu asa subsequenceThe languageF,, is definedby the (ambiguous)
regularexpressiond* \ (A*u.4*). A deterministidfinite automatorfor A*u.4* is readily
constructedrom u, from which a deterministicautomatonresultsfor the complement,, .
(It sufiicesto exchangefinal andnonfinalstates.)Thus,the generatingunctionof E, is
rational.

A similar agument,startingfrom the (ambiguousyegular expressionthat describes
F,, namely

A*ug A us A* - - - A*u A%,
alsoshaws (via the constructiorof thefinite automaton}hatthe OGFof F,, is rational.]

EXERCISE 17. Extendthe previousargumentto prove therationalityof the OGF
of wordsthat do not containary patternfrom a finite setS, where patternis
takeneitherin the senseof afactoror a subsequence.

EXERCISE 18. Calculateexplicitly the generatingfunction of F, for an arbi-
trary u in the caseof abinaryandof aternaryalphabet.

Determinethe meannumberof occurrence®f u assubsequenci aran-
domtext of sizen. Discussthe asymptoticform of the varianceof the number
of suchoccurrences.

EXAMPLE 9. Variable-lengthcodes A finite setof wordsS C A* is a(“variable-length”)
code[1]] if eachword in A* admit at most one decompositioras a concatenatiorof
words, eachof which belongingto S. Obviously, sucha codecanbe usedfor encoding
informations,adjustingformatsof datato a particulartransmissiorchannel gtc.

It is not cleara priori how to decidewhetherary givensetS is acode.Let S(z) =
> wes 2! betheOGFof S (apolynomial). Thens is acodeiff

1
1-5(2)

whereL(z) is the GF of all wordsthatadmita decompositiorasconcatenationef words
in S. Now, Aho and Corasickhave establishedn [3] that thereexists a deterministic
automatorof sizelinearin thetotal sizeof S (thetotal numberof letters)thatrecognizess™*

(furthermorethis automatorcanbeconstructedn lineartime). Thus,asystendetermining
L(z) is foundin lineartime.

= L(2),
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From the combinatorialconsiderationgsbove, thereresultsa decisionprocedurefor
codicity (basedon linearalgebra)hatis of polynomialtime complexity. d
EXERCISE 19. A finite stateautomatoris saidto be unambiguousf the setof
acceptingpathsof ary givenwordscomprisesat mostone element.Prove that
the translationinto generatingunction asdescribedabore alsoappliesto such

automataevenif they arenondeterministic.

3.3.3. Transfermatrix methods.The transfermatrix methodconstitutesa variantof
the modellingby deterministicautomataandthe encodingof combinatorialproblemsby
regular languages. The very generalstatementof Theorem8.6 applieshere with full
strength. Here, we shall simply illustrate the situationby an exampleinspired by the
insightful exposition of dominotilings and generatingunctionsin the book of Graham,
Knuth, andPatashnil{50].

ExAMPLE 10. Monomerdimertilings of a rectangle Supposeoneis given piecesthat
may be oneof thethreeforms: monomergm) thatarel x 1 squaresanddimersthatare
dominoesgithervertically (v) orientedl x 2, or horizontally(h) oriented2 x 1. In how
mary wayscanann x 3 rectanglebe coveredcompletelyandwithout overlap(‘tiled’) by

suchpieces?

The piecesarethusof thefollowing types,

m:D, =011

andhereis a particulartiling of a5 x 3 rectangle:

7

In orderto approactthis countingproblem,onedefinesa classC of combinatorialob-
jectscalledconfigurationsA configuratiorrelatveto ann x k rectanglds apartialtiling,
suchthatall thefirst n — 1 columnsareentirely coveredby dominoeswhile betweerzero
andthreeunit cells of the lastcolumnarecovered. Herearefor instance configurations
correspondingo theexampleabove.

[ L1 ] L1 1

Thesediagramssuggestheway configurationscanbe built by successie additionof
dominoes.Startingwith the emptyrectangled x 3, oneaddsat eachstagea collectionof
atmostthreedominoesn suchaway thatthereis no overlap. This createsa configuration
where likein theexampleabove,thedominoesnaynotbealignedin aflush-rightmanner
Continueto addsuccessiely dominoesvhoseleft borderis atabscissd, 2, 3, etc,in away
thatcreatesho internal“holes”.

Dependingon the stateof filling of their lastcolumn,configurationcanthusbe clas-
sified into 8 classeghat we may index in binary asCyqo, - - .,C111. For instanceCyo;
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representonfigurationssuchthat the first two cells (from top to bottom, by corvention)

arefree,while thethird oneis occupied.Then,a setof rulesdescribeshe new typeof con-

figurationobtained whenthe sweepline is moved onepositionto theright anddominoes
areadded.For instancewe have

Co1o © = Cio1-

In this way, one cansetup a grammar(resemblinga deterministicfinite automaton)
thatexpressesill the possibleconstruction®f longerrectanglesrom shorteronesaccord-
ing to thelastlayeradded.Thegrammarcomprisegroductiondike

Cooo = €+ mmmCooo + mvCooo + vmCooo

+ -mmCioo + m-mCoi0 + mm-Coor + v-Coo1 + -vCioo

+ m--Co11 + -m-Cio1 + -mCii0 + ::Ci11 -

In this grammar a “letter” like mwv representhe additionof dominoes,n top to bottom
order, of typesm, v respectiely; theletterm-m meansaddingtwo m-dominoenthetop
andon thebottom,etc.

The grammartransformsinto a linear systemof equationswith polynomial coefi-
cients.Thesubstitutionm — z, h, v — 22 thengivesthe generatingunctionsof configu-
rationswith z markingthe areacovered:

(1 =223 —25)(1 + 22 — 25)
(1+23)(1 — 523 — 926 4 929 4 212 — 215)
In particular the coeficient [2%"]Cygo (2) is thenumberof tilings of ann x 3 rectangle:

Cooo(2) = 1+ 32% + 2225 +1312° + 8232' + 50962'° + - - -

Thesequencgrowslikeca™ (forn = 0 (mod 3)) wherea = 1.83828 (« is thecuberoot
of analgebraimumberof degreeb). (Seg[20] for acomputerlgebrasession.Onaverage,
for largen, thereis a fixed proportionof monomersandthe distribution of monomersn
arandontiling of alargerectanglds asymptoticallynormally distributed,asresultsfrom
thedevelopmentf Chapter. O

As is typical of thetiling example,oneseekso enumeratea “special” setof configu-
rationsCy. (In theexampleabove, thisis Cooo representingompleterectanglecoverings.)
Onedeterminesmnextendedsetof configurationg (the partial coverings,in theexample)
suchthat: (¢) C is partitionedinto finitely mary classes{ii) thereis a finite setof “ac-
tions” that operateon the classes{iii) sizeis affectedin a well-definedadditive way by
theactions. The similarity with finite automatas apparentclasseplay the role of states
andactionstherole of letters.

EXERCISE 20. For ary fixedwidth w, the OGF of monomerdimer coveringsof
ann x w rectanglds rational.

The OGF of Hamiltoniantourson ann x w rectangleis rational (oneis
allowed to move from ary cell to ary othervertically or horizontally adjacent
cell). Thesameholdsfor king’s toursandknight’s tours.

Cooo(2) =

EXERCISE 21. The OGFof trees(binary general)of boundedvidth is arational
function.
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EXERCISE 22. Find combinatoriainterpretationof
F[w](z) = Z (F)Y 2",
n=0
for ary fixedintegerw, wherethenumbersF;, arethe Fibonaccnumbers[Hint:
seg[50].]

EXERCISE 23. GivenafixeddigraphG assumedo be stronglyconnectedand
a designatedstart vertex, one travels at random, moving at eachtime to ary
neighbourof the currentvertex chosenwith equallikelihood. Shav thatthe ex-
pectatiorof thetimeto visit all theverticesis arationalnumbetthatis effectively
(thoughperhapsot efficiently!) computable.

Often, the methodof transfermatricesis usedto approximatea hard combinatorial
problemthatis not known to decomposethe approximationbeingby meansof a family
of modelsof increasing“widths”. For instance,the enumeratiorof the numberT;, of
tilings of ann x n squaredby monomers&nddimersremainsafamousunsohedproblemof
statisticalphysics.Here transfematrix methodsnaybeusedto solve then x w versionof
themonomerdimercoverings,in principleatleast,for ary fixedwidth w. (The“diagonal”
sequencef then x w rectangulamodelscorrespondso the squaremodel.) It hasbeen
at leastdeterminedoy computersearchthat the diagonalsequencel’, startsas (this is
sequencé028420in Sloanes EIS[86)):

1, 7, 131, 10012, 2810694, 2989126727, 1194525705232, ... .

From this and other numerical data, one estimatesnumerically that (Tn)l/”2 —+

1.94021 .. ., but no expressiorfor the constanis known to exist*. The difficulty of coping
with the finite-width modelsis that their complexity (asmeasured e.g.,by the number
of states)olows up exponentiallywith w—suchmodelsare besttreatedby computeral-

gebra;see[102—and no law allowing to take a diagonalis visible. However, the finite

width modelshave the merit of providing atleastprovableupperandlower boundson the
exponentialgrowth rateof the hard“diagonalproblem”.

3.4. Permutations and local constraints. In this subsectionywe examineproblems
whoseorigin liesin nineteentltenturyrecreationamathematicskFor instancetheménage
problemsolved and popularizedby EdouardLucasin 1891, see[26], hasthe following
quaintformulation: Whatis the numberof possiblewaysonecanarrange n married cou-
ples (‘'ménageg around a table in suc a way that menand womenalternate but no
womansitsnext to her husband?

The ménageproblemis equialentto a permutationenumeratiorproblem. Sit first
corventionallythe menat placesnumbered, ..., n — 1, andlet o; bethe positionatthe
right of which the ith wife is placed. Then,a ménageplacemenimposesthe condition
o; # i ando; # i + 1 for eachi. We considetherea linearly arrangedable (seeremarks
at the endfor the other classicalformulation that considersa round table), so that the

4n contrastfor coveringsby dimersonly, a strongalgebraicstructures availableandthe numberof covers
T, satisfies

~ \1/(2n)? 1 (=)™ G
i = — ) =G/,
g () —exp (132 ) ot = o

whered is Catalarns constantsee[76] for contet onthis famousresult.
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conditions; # i + 1 becomewacuousvhen: = n. Hereis aménageplacemenfor n = 6
correspondingo the permutation

Clearly, this is a generalizatiorof the derangemenproblem (for which the wealer
conditiono; # i is imposed)wherethe cycle decompositiorof permutationsuficesto
provide adirectsolution(seeChapter2).

Givenapermutationo = oy - - - o, ary quantityo; — 4 is calledan exceedancef o.
Let 2 beafinite setof integersthatwe assumeo be nonngyative. Thena permutations
saidto be Q-avoiding if noneof its exceedanceBes in 2. The countingproblem,aswe
now demonstrateprovidesaninterestingcaseof applicationof thetransfematrix method.

The set) beingfixed, considerfirst for all j the classof augmentecermutations
Pn,; thatarepermutationf sizen suchthat j of the positionsaredistinguishedandthe
correspondingxceedancele in , the remainingpositionshaving arbitraryvalues(but
with the permutatiorpropertybeingsatisfied!).Looselyspeakingthe objectsin P,, ; can
beregardedaspermutationsvith “at least”; exceedanceis 2. Forinstancewith Q = {1}
and

1 23 456 7 89
23 486 7159

thereare5 exceedancethatlie in § (at positionsl, 2, 3, 5, 6) andwith 3 of thesedistin-
guished(sayby enclosinghemin abox), oneobtainsanelementicountedby P 3 like

2[3][4]86[7]1509.

Let P, ; bethe cardinalityof P, ;. We claim thatthe numberQ,, = Q$} of Q-avoiding
permutation®f sizen satisfies

n

(12) Qn =) (-1)P,;.

7=0
Equation(12) is typically aninclusion-eclusionrelation. To prove it formally, definethe

numberR,, ; of permutationghat have exactly k& exceedancei 2 andthe generating
polynomials

Pn(w) = Z-Pn,jwja Rn(w) = ZRn,kwk-
J k

The GF's arerelatedby
P, (w) = Ry(w+1) or  Ru(w)=P,(w-1).

(Therelation P,(w) = R,(w + 1) simply expressesymbolicallythe fact that eachQ-
exceedancen R may or may not be taken in when composingan elementof P.) In
particulat we have P,,(—1) = R,,(0) = R, 0 = @, aswasto beproved.
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FIGURE 5. A graphicalrenderingof the legal template20?02?7117?
relatveto Q = {0,1,2}.

Theprecedingliscussiorshavsthateverythingreliesontheenumeratior®,, ; of per
mutationswith distinguishedexceedances Q. Introducethe alphabetd = Q U {'?'},
wherethe symbol‘?’ is calledthe ‘don’t-caresymbol’. A word on A, aninstancewith
Q = {0,1,2} being20?02?117%s calleda template To anaugmentegermutationone
associates templateasfollows: eachexceedancehatis not distinguisheds represented
by adon’t caresymbol;eachdistinguishedexceedancétherebyanexceedancevith value
in Q) isrepresentety its value.A templatds saidto belegalif it arisefrom anaugmented
permutation.For instanceatemplate2 1 - - - cannotbelegal sincethe correspondingon-
straints,namelyo; — 1 = 2, 05 — 2 = 1, areincompatiblewith the permutatiorstructure
(oneshouldhave o1 = o2 = 3). In contrastthetemplate20?02?114s seento belegal.
Figure5 is a graphicalrendering;ithere,lettersof templatesarerepresentety dominoes,
with a crossat the positionof a numericvaluein €2, andwith the dominobeingblankin
thecaseof adon’t-caresymbol.

Let T}, ; bethe setof legal templategelative to €2 thathave lengthn andcomprisej
don't caresymbols.Any suchlegaltemplateis associatetb exactly j! permutationssince
n — j position-aluepairsarefixedin the permutationwhile the ; remainingpositionsand
valuescanbetakenarbitrarily. Thereresultsthat

n
(13) Ponj=j'To; and  Qun=) (-1)"7jIT,;
7j=0
by (12). Thus,the enumeratiorof avoiding permutationsestsentirelyonthe enumeration
of legaltemplates.

The enumeratiorof legal templatess finally effectedby meansof a transfermatrix
method or equivalently, by afinite automatonlf atemplater = 7, - - - 7, is legal, thenthe
following conditionis met,

(14) Ti+i AT+,

for all pairs(i, j) suchthati < j andneitherof 7;, 7; is thedon't-caresymbol. (Thereare
additionalconditionsto characterizéemplatedully, but theseonly concerrafew lettersat
theendof templatesandwe mayignorethemin this discussion.)n otherwords,a r; with
anumericalvaluepreemptshevaluer; + i. Figure5 exemplifiesthe situationin the case
2 = {0,1,2}. Thedominoesareshiftedone positioneachtime (sinceit is the value of
o —1i thatis representeddndthe compatibilityconstrain{14) is thatno two crosseshould
bevertically aligned.More preciselythe constraintg14) arerecognizedy a deterministic
finite automatorwhosestatesareindexedby subset®f {0, ...,b — 1} wherethe“span”b
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is definedasb = max,cq w. Theinitial stateis the oneassociatedavith the emptyset(no
constrainis preseninitially), thetransitionsareof theform

(¢s,4) = asr whereS' = ((S-1)U{j -1} N{0,....b—-1}, j #'?
(gs,?) — qsr whereS’ = (S —1)n{0,...,b—1};

thefinal stateis equalto theinitial state(this translateshe factthatno dominocanpro-
trudefrom theright, andis implied by the linear characteof the ménageproblemunder
consideration)In essencethe automatoronly needsa finite memorysincethe dominoes
slidealongthe diagonaland,accordingly constraintolderthanthe spancanbeforgotten.
Noticethatthe complexity of the automatonasmeasuredy its numberof statesijs 2°.
Herearethe automatacorrespondingo 2 = {0} (derangementgindto @ = {0,1}

(ménages).
()o E@ " =
/N
\\JQ
. ]

For the ménageproblem,therearetwo statesdependingon whetheror not the currently
examinedvaluehasheenpreemptedtthe precedingstep.

Fromthe automatorconstructionthe bivariateGF T (2, u) of legal templatesith
u markingthe positionof don't caresymbols,is arationalfunctionthatcanbedetermined
in anautomatidashionfrom Q. For the derangemerdndménageproblemspnefinds

1 1-2
- T{Oal} — .
1—2(14+w)’ (2 u) 1—2(2 4 u) + 22

In generalthis givesaccesgo the OGF of the correspondingpermutations Considerthe
partialexpansionof T(z, u) with respecto u, takenundertheform

(15) T, = 3 2

1— uup(z)’

T (2,u) =

r

assumingor convenienceonly simplepoles. Therethe sumis finite andit involvesalge-
braicfunctionsc; andu; of thevariablez. Finally, the OGF of Q-avoiding permutations

is obtainedirom T by thetransformation
2 = (=2)"R,

whichis thetranscriptionof (13). Definethe (divergent)OGF of all permutations,
n=0

in theterminologyof hypeigeometridunctions.Then,by theremarksabose and(15), we
find
Q%(2) =Y er(—2)F(—uj(=2)).

In otherwords,the OGF of Q-avoidingpermutationgs a combinationof compositionsf
the OGF of thefactorial serieswith algebraic functions.
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The expressionsimplify muchin the caseof ménagesand derangementasherethe

denominator®f T" areof degreel in 4. Onehas
1 z
y=—""F
Q) = 5P

for derangementsyhencea new derivationof theknown formula,

QY = i(—l)’“ (’;) (n— k).

k=0

) =14 22 +22° + 92* + 442° + 2652° + 185427 + - - -,

Similarly, for (linear) ménageplacementspnefinds
1 z

{Oal} = — F(—
QONE) = TSP

whichis EIS-A000271landcorrespondso theformula

) =14 234324 +162° +962% + 67527 + - - -,

- 2n — k
ot =30t (" F) -
k=0

Finally, the sametechniquesadaptsto constraintsthat “wrap around”, thatis, con-
straintstaken modulon. (This corresponds$o a roundtablein the ménageproblem.) In
that case what shouldbe considereds the loopsin the automatorrecognizingtemplates
(seealsothe previousdiscussiorof the zetafunction of graphs).Onefindsin this way the
OGFof thecircular(i.e., classicallménageproblemto be (EIS-A000179)
~ 1—2 z

0,1 — — 3 4 5 6 7
Qo (z) = mF(m)wz =1+4242%4+2214132° +8025 457927+ ---,
whichyieldsthe classicakolutionof the (circular) ménageproblem,
~ ~ 2n 2n — k
{0,1} _ 1)k 20 — k)
AP =0t g (M e

aformulathatis dueto Touchardse€[26, p. 185]for pointersto thevastclassicaliterature
onthesubject.Thealgebraigartof thetreatmentiboveis closeto theinspiringdiscussion
offeredin Stanlg’sbook[87]. An applicationto robustnes®f interconnectiong random
graphss presentedn [38].

For asymptoticanalysigpurposesthefollowing generapropertyprovesuseful: Let F’
be the OGF of factorial numbes and assumehat y(z) is analytic at the origin whee it
satisfiegy(z) = z — Az2 + O(2®); thenit is true that

(16) ") F(y(2)) ~ "} F(2(1 = A2)) ~ nle™.

(The proofresultsfrom simple manipulationsf divergentseriesin the styleof [8].) This
givesatsightthe estimates

QLY ~ net, QY < ne2,
More generallyfor any setf2 containing\ elementspnehas
Qibg} ~ne .

Furthermorethe numberRﬁ}ﬂk of permutationsaving exactly & occurrencesk fixed) of
anexceedancén (2 is asymptotico

/\Ic
e M

{9} o
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In otherwords,therareeventthatanexceedancéelongdgo €2 obeys of Poissordistribution
with A = |Q2]. Theselasttwo resultsareestablishedy meansof probabilistictechniques
in thebook[7, Sec.4.3]. Therelation(16) pointsto away of arriving at suchestimatedy
purelyanalytic-combinatorialechniques.

EXERCISE 24. Givena permutations = o1 - - - 0, @ Successiorgap is de-

finedasary differences;+1 — o;. Discussthe countingof permutationsvhose

successioigapsareconstrainedo lie outsideof afinite set).

In how mary ways cana kangaroopassthroughall points of the integer
intenval [1, n] startingat 1 and endingat » while making hopsthat belongto
{_2: _1, ]-a 2}?

3.5. Lattice paths and walks on the line. In this section,we considenattice paths
thatarefundamentabbjectsof combinatorics.Indeed,they relateto trees,permutations,
andsetpartitions,to namea few. They alsocorrespondo walks on theinteger half-line
andassuchthey relateto classicarandomwalksandto birth-and-deatiprocessesf prob-
ability theory The lattice pathsdiscussederehave stepsthat correspondo movements
eitherimmediatelyto the left or to theright. Combinatorially suchpathsarethe limit of
pathsof boundecdheight,themselesdefinableasnestedsequencesis aconsequencéhe
OGF's obtainedareof the continuedfractiontype.

DEFINITION 8.5(Latticepath) A (lattice)pathv = (Uyp, Uy, ..., U,) isasequencef
pointsin thelatticeN x N sudthatif U; = (z;,y;), thenz; = j and|y;41 —y;| < 1. An
edee (U;,Uj41) iscalledanascen(a) if y;j+1 —y; = +1,adescen(b) if y; 11 —y; = —1,
andalevel step(c) if y;41 —y; = 0.

Thequantityn is thelengthof the path, o(v) := yo is theinitial altitude h(v) = y,
is thefinal altitude Theextremalquantitiessup{v} := max; y; andinf{v} := min; y;
are calledthe heightand depthof the path.

It is assumedhatpathsarenormalizedby the conditionzy = 0. With this normaliza-
tion, apathof lengthn is encodedy awordwith a, b, ¢ representingiscentsgescentsand
level stepsyespectiely. Whatwe call the standad encodings suchawordin whicheach
stepa, b, ¢ is (redundantly)subscriptedy the value of the y-coordinateof its associated
point. For instance,

w:coa0a1a2b30202a2b3b2b1a0c1
encodes paththatconnectgheinitial point (0, 0) to thepoint (13, 1).

Let# bethesetof all latticepaths.Givenageometriccondition(Q), it is thenpossible
to associatdo it a “language”#[Q] that compriseshe collectionof all pathencodings
satisfyingthe condition@. Thislanguagecanbeviewedeitherasa setor asaformal sum,

HQl= ) w,
{w | Q}
in which caseit becomeghe generatingunctionin infinitely mary indeterminatesf the
correspondingondition.

The generalsubclassof pathsof interestin this subsections definedby arbitrary
combinationf flooring (m), ceiling (h), aswell asfixing initial (k) andfinal ({) altitudes:

H,E?lm’<h] = {we€ H:o(w) =k, h(w) =1, inf{w} > m, sup{w} < h}.
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FIGURE 6. The threemajor decomposition®f lattice paths: the arch
decompositior{top), the lastpassagedecompositior{bottomleft), and
thefirst passagelecompositior{bottomright).

We also needthe specializationsH,Ljh] = H,E?lo’<h], H,E,Zlm] = H,%m’@o], Hyy =
H,E,Zlo‘“’] . Threesimple combinatorialdecomposition®f pathsthen suffice to derive
all thebasicformulee.

Arch decomposition An excursionfrom andto level O consistsof a sequenceof
“arches”,eachmadeof eitheracg or aaoﬂ[ﬁl]bl, sothat

Hoo = (e U aofﬂg?”bl)*,

whichrelativizesto height< h.
Lastpass@esdecompositionRecordinghetimesat which eachlevel 0,. . ., k is last
traversedgives

(17) How = HENagHZ ay - ap 1 HEH

Fir stpass@e decompositionThequantitiesH}, ; with k£ < [ areimplicitly determined
by thefirst passagéhroughk in apathconnectindevel 0 to [, sothat

(18) Hoy = H([fkk_lakflr}{k,l (k <1,

A dualdecompositiorholdswhenk > .

Thebasicresultsexpresshegeneratingunctionsin termsof afundamentatontinued
fraction and its associatectornvergent polynomials. They involve the “numerator” and
“denominator”polynomials,denotedby P, and @, that are definedas solutionsto the
seconddrder(or “three-term”)recurrenceequation

(19) Yh+1 = (]. - Ch)Yh - ah_lthh_l, h Z ].,

togethemwith theinitial conditions(P_1,Q-1) = (1,0), (P, Qo) = (0, 1), andwith the
corventiona_1bg = 1.
ProPosITION 8.4 (Path continuedfractions[35]). (i) Thegenemting function Hy o
of all basicexcursionsis representedy the fundamentatontinuedfraction:
1

ag b1

(20) Hoo =

)

].—Co—

arb
1—e — 1b2
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(#4) Thegenerting function of ceiled excursionsH([)flh] is givenby a corvergent of the
fundamentafraction:

1
(21) Higy! =
’ 1 — o — agby
’ 1—c — a1b
! e asbs
ey —
1—cp1

Py
22 = —.
(22) o)

(747) Thegenemting functionof flooredexcursionsis givenby the truncationof the funda-
mentalfraction:

1
(23) BN = ;
1 —en— anbhi1
1= epey — apt+1bp42
* On42bh43
1—cppo — —
(24) _ 1 QrHop — Py

b)
an—1bn Qrn—1Ho,o — Prh—1

Proof. Repeatediseof the arch decompositiorprovides a form of H([foh] with nested
quasi-irverses(1 — f)~! thatis the finite fraction representatiorf21). The continued
fraction representatioffor basicpaths(namely Hg () is thenobtainedby letting A — oo
in (21). Finally, the continuedfraction form (23) for ceiled excursionsis nothing but
the fundamentaform (20), when the indicesare shifted. The three continuedfraction
expressiong20), (21), (23) arethenceestablished.

Findingexplicit expressiongor thefractlonsH([ﬁ]h andH " hext requiredetermin-
ing the polynomialsthatappeain thecon/ergentsof the baS|cfract|on(20) By definition,
the corvergentpolynomialsP, and@;, arethe numeratolanddenominatoof thefraction

Héf]h]. For the computationof H0<h] and Py, 1, oneclassicallyintroducesthe linear
fractionaltransformations

1

gj(y) = 1— ¢ — ajbj-i-ly,

sothat
(25) H[<]:!]0°91°g2° Ogh—l(o)andHo,o=go°91°g2°"',-

Now, linearfractionaltransformationgrerepresentablby 2 x 2-matrices

b a b
ay+l_>

26
(26) cy+d c d
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Type Spec. Formula
1. Excursion Ho,o : _100 N 1aib;
2. Ceiledexcursions H %

. 1 Hpo— P
3.  Flooredexcursions HZM p— Qh?};szz — P:—l
4. Transitionsrom 0 Hy, B% (QiHo o — P)
5.  Transitionso 0 Hy o Aik(QkHO,O — Py)
6. Upcrossingsrom 0 H([f,fﬂl A(S:
7. Downcrossinggo 0 HIR BCS:
8. Transitiongk < 1) Hy, ﬁ@k (QiHoo — P)
9. Transitiongk > 1) Hy, ﬁ@l (QrHo,0 — Px)
10. Upwardexcursions HEZm-<H - 11b DDm,lhh
m—1bm D1,

11. Downwardexcursions H[H Q?Ji1
12. Transitionsn strip (k < [) H,E,Zlm‘h] A:Bl %
13. Transitionsin strip( < k) H,[flm‘h] ! Dm-1iDet

AgBi Dpm_1
TaBLE 1. Generatingfunctionsassociatedo somemajor path con-
ditions. The basiccontinuedfractionis Hy in Entry 1, with corver-
gentpolynomialsP;, Q. Abbreviationsusedare: A,, = ag--- G 1,
B, =bi---b,, andDi,j = QZP] — PzQ]

in sucha way thatcompositioncorresponds$o matrix product. By inductionon the com-
positionsthatbuild up H([)’f)h], therefollows the equality

Py — Pp_1ap_1bpy
27 o oQgy O0-++--0 _ = y
(27) go©91°92 gr-1(y) Qn — Qn_1an_1bny
whereP,, and@}, areseeno satisfytherecurrencg19). Settingy = 0in (27) proves(22).
Finally, H,E?hh] is determinedmplicitly astherooty of theequationggo- - -ogp_1(y) =
H,, anequatiorthat,whensolvedusing(27), yieldstheform (24). U

A large numberof generatingfunctionscan be derived by similar techniques.See
Figure 1 for a summaryof whatis known. We referto the paper[35], wherethis theory
was first systematicallydevelopedandto the exposition given in [48, Chapter5]. Our
presentatiorheredraws uponthe paper[37] wherethe theorywasput to usein orderto
developaformal algebraicheoryof the generabirth-and-deatiprocess.

We examinenext afew specializationsf theverygeneraformuleeprovidedby Propo-
sition8.4andTablel.
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ExaMPLE 11. Standad lattice paths. In orderto countlattice paths,it suficesto effect
oneof the substitutions,

oM : aj— 2z, b z,c5 = 2; op: aj—z,bj—z,c;—0.

In thelattercasdevel stepsaredisalloved,andoneobtainsso-called'Dyck paths”;in the
former case all threesteptypesaretakeninto accountgiving riseto so-called‘Motzkin
paths”.We restrictattentionbelow to the caseof Dyck paths.

The continuedfractionexpressingHy o is thenpurely periodicandhencea quadratic
function:

Hoo(z) = ;2= L (1 — m),

since Hy, satisfiesy = (1 — z%y)~!. The familiesof polynomialsP;, Q. arein this
casedefinedby arecurrencewith constantoeficientsandthey coincide,up to a shift of
indices.Defineclassicallythe Fibonaccipolynomialsby therecurrence

Frio(2) = Fry1(2) — 2Fi(2), Fo(z) =0, Fi(z)=1.

Onefinds @, = Fy(2%) andP, = F,_1(2?). (The Fibonaccipolynomialsareessentially
reciprocalsof Chebyshe polynomials.) The GF of pathsof height< A is thengiven by
Propositior8.4 as

(<h],  _ Fu(z%)
HOO (Z)— Fh+1(z2)‘

In otherwords,thegeneraresultsspecializeo provide thealgebraigartof theanalysisof
Catalantreeheight,a topic dealtwith in Chapter7. We getmore:for instanceghe number
of waysof crossinga strip of width A — 1 is

h
h z
(@) = =

Fr(22)’
In thecaseof Dyck paths explicit expressionsesultfrom theexplicit generatingunctions
andfrom the Lagrange-Birmanninversiontheorem;seeChapter7 for details. O

ExAMPLE 12. AreaunderDydk path and coin fountains. Considerthe caseof Dyck
pathandthe parameteequalto the areabelow the path. Areaundera lattice pathcanbe
definedasthe sumof theindices(i.e., the startingaltitudes)of all the variablesthatenter
the standardencodingof the path. Thus,the BGF D(z, ¢q) of Dyck pathwith z marking
half-lengthandg markingareais obtainedby the substitution

a; ¢z, b — ¢, cj — 0.
It provescornvenientto operatewith the continuedfraction

1
29) Flzq) = ————,
1— q

z
124
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sothatD(z,q) = F(q~'2,4¢?%). SinceF andD satisfydifferenceequationsfor instance,
1

1 - 2qF(qz,9)’

momentf areacanbedeterminedy differentiatingandsettingg = 1 (seeChapter3 for

adirectapproach).

A generaltrick is effective to derive an alternatve expressionof F. Attemptto ex-
pressthe continuedfraction F' of (28) asa quotientF(z,q) = A(z)/B(z). Then,the
relation(29) implies

A(z) 1

B(z) 1- nggg ’

wheregq is treatedas a parameter The differenceequationsatisfiedby B(z) is readily
solvedby indeterminateoeficients: this classicatechniquewvasintroducedn the theory
of integerpartitionsby Euler. With B(z) = 3 b, 2™, the coeficient satisfytherecurrence

bo = 1, b, = qnbn - qznilbn—l

Thisis afirst orderrecurrenceon b,, thatunwindsto give

2

_( 1\n q"
=) Ty a )

In otherwords,introducingthe“ g-exponentialfunction”,

(29) F(z,q) =

henceA(z) = B(qz), B(z) = B(qz) — ¢zB(¢*2),

G0 Eea=3 ToL where (@), = (1-0)(1- ) (-0
n=0 n

onefinds
E(gz,q)
E(z,q)

Giventheimportanceof thefunctionsunderdiscussiorin variousbranche®f mathe-
matics,we cannotresista quick digression.Thenameof the g-exponentialcomesorm the
obviouspropertythat E(z(q—1), ¢) reducesoe* asq — 1~. Theexplicit form (30) con-
stitutesin factthe “easyhalf” of the proof of the celebratedRogers-Ramanujadentities,
namely

(31) F(z,q) =

o] qn2 o] . B B B
1q=2—( = J[a-F" -t
(32) "= "%
q" (nt+1) _ 1 — P2y —1(1 _ ,5n+3)-1
E = J[a-¢") - )
n=0 n=0

thatrelatetheq—exponent|alto modularforms. SeeAndrews’ book[4, Ch. 7] for context.

Hereis finally a cuteapplicationof theseideasto asymptoticenumeration.Odlyzko
andWilf definein [74, 73] an(n,m) coinfountainasan arrangemenof n coinsin rows
in sucha way thattherearem coinsin the bottomrow, andthat eachcoin in a higher
row touchesexactly two coinsin the next lower row. Let C,, ,,, bethe numberof (n,m)
fountainsandC'(q, z) bethe correspondind3GF with ¢ markingn andz markingm. Set
C(q) = C(g,1). Thequestionis to determinethetotal numberof coin fountainsof arean,
[¢"]C(q). Theseriesstartsas(this is Sequencé&0051690f the EIS)

Clq) =14 q+¢>+2¢° +3¢" +5¢° +9¢° + 15¢" + 26¢° + - - -,
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asresultsfrom inspectionof thefirst few cases.

SORIOCIE ¥co ®®@ 5 B @

ThefunctionC(q) is a priori meromorphmn lg| < 1. Fromthe bijectionwith Dyck
pathsandareaonefinds

1
Clq) =
1-—7
q
1- 3
14
Theidentity (31) implies
E(q,q)
C(q) = .
9=ZE0.g

An exponentialower boundof theform 1.6™ holdson[¢"]C/(g), since(1—q) /(1 —q—q?)
is dominatedby C(q) for ¢ > 0. At the sametime, the number[g"”]C(q) is majorizedby
thenumberof compositionswhichis 271, Thus,theradiusof cornvergenceof C(g) hasto
lie somavherebetweer).5 and0.61803 ... .. It is theneasyto checkby numericalanalysis
the existenceof a simple zeroof the denominatorE(—1, ¢), nearp = 0.57614. Routine
computationdasedon Roucle’s theorem(seeChapter4) thenmalesit possibleto verify
formally that p is the only simplepolein |¢| < 3/5, andthe processs detailedin [73].
Thus,singularityanalysisof meromorphidunctionsapplies:Thenumberof coinfountains
madeof n coinssatisfiesasymptotically

[¢"]C(q) = cA™ + O((5/3)™), ¢=0.31236, A=p ! =1.73566.

This exampleillustratesthe power of modelling by continuedfractions as well asthe
smootharticulationwith meromorphidunctionasymptotics. a

Thesystematicheoryof lattice pathenumerationsindcontinuedractionswasdevel-
opedinitially becausef the needto countweightedlattice paths,notablyin the context
of the analysisof dynamicdatastructuresn computerscience[36]. In this framework,
a systemof multiplicative weightsa;, 3;,; is associatedvith the stepsa;, b;, ¢;, each
weightbeingan integerthat represents numberof “possibilities” for the corresponding
steptype. A systenof weightedattice pathshascountinggeneratingunctionsgivenby an
easyspecializatiorof the correspondingnultivariateexpressionsve have just developed,
namely

(33) a;j = oz, bj— Bz, ¢z,

wherez marksthelengthof paths.Onecanthensometimesolve anenumeratiomproblem
expressibldn thisway by reverse-engineerinthe known collectionof continuedractions
asfoundin areferencebooklike Wall’s treatise{99]. Next, for generakreasonsthe poly-
nomials P, () arealwayselementaryariantsof a family of orthogonalpolynomialsthat
is determinedby the weights[21, 35, 90]. Whenthe multiplicities have enoughstructural
regularity, the weightedlattice pathsarelikely to correspondo classicalcombinatorial
objectsandto classicalfamilies of orthogonalpolynomials;see[35, 36, 46, 48] and Ta-
ble 7 for anoutline. We illustratethis by a simpleexampledueto LagariasOdlyzko, and
Zagier[62].



44 8. FUNCTIONAL EQUATIONS—RATIONAL AND ALGEBRAIC FUNCTIONS

Objects Weights(«;, B;7v;) Counting Orth. pol.
Simplepaths 1,1,0 Catalar# Chebyshe
Permutations ji+1,5,25+1 Factorial# Laguerre
Alternatingperm. ji+1,50 Secan# Meixner
Involutions 1,7,0 Oddfactorial# Hermite
Setpartition 1,7,7+1 Bell # Poisson-Charlier
Nonoverlap.setpart. 1,1,5+1 Bessel# Lommel

FIGURE 7. Somespecialfamilies of combinatorialobjectstogether
with correspondingveights,momentsandorthogonalpolynomials.

e

FIGURE 8. An interconnectiometwork on2n = 12 points.

ExXAMPLE 13. Interconnectiometworksandinvolutions. The problemconsideredere
wasintroducedby Lagarias,Odlyzko, andZagierin [62]: Ther are 2n pointson a line,
with n point-to-pointconnectiondbetweerpairs of points. Whatis the probablebehaviour
of the width of sud an interconnectiometwork? Imaginethe pointsto be1, ..., 2n, the
connectiongscirculararcsbetweerpoints,andlet averticalline sweepfrom left to right;
width is definedasthe maximumnumberof edgesencounteredby suchaline. Onemay
freelyimagineatunnelof fixed capacity(this correspondso thewidth) insidewhich wires
canbeplacedto connectpointspairwise.SeeFigure8.

Let 7,,, bethe classof all interconnectiometworks on 2n points,which is precisely
the collectionof waysof grouping2n elementsnto n pairs,or, equivalently, the classof
all involutions(i.e., permutationsvith cyclesof length2 only). Thenumberls,, equalsthe
“odd factorial”,

Lp=1-3-5---(2n—1),

WhoseEGFis e*”/2 (seeChapter2). The problemcallsfor determiningthe quantitngT‘b]
thatis the numberof networkscorrespondingo awidth < h.

Therelationto lattice pathsis asfollows. First, whensweepinga verticalline acrossa
network, defineanactive arcat anabscissasonethatstraddleghatabscissaThenbuild
thesequencef active arcscountsat half-integerpositionss, 2,...,2n — 1, 2n + 1. This
constitutesa sequencef integerswhereeachmemberis +1 the previous one, thatis, a
lattice pathwithout level steps. In otherwords,thereis an ascentin the lattice pathfor
eachelementhatis smallerin its cycle anda descenbtherwise.Onemayview ascent&s
associatedo situationswherea node“opens”a new cycle, while descentgorrespondo
“closing” acycle.

Involutions are much more numerousthan lattice paths,so that the correspondence
from involutionsto lattice pathsis mary-to-one. However, one can easily enrich lattice
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paths sothatthe enrichedbbjectsarein one-to-onecorrespondenceith involutions.Con-
sideragaina scanningpositionat a half-integerwherethe verticalline crosse¥ (active)
arcs. If the next nodeis of the closingtype, thereare £ possibilitiesto choosefrom. If
the next nodeis of the openingtype, thenthereis only one possibility, namely to start
a new cycle. A completeencodingof a network is obtainedby recordingadditionally
thesequencef then possiblechoicescorrespondingo descentén thelattice path(some
canonicabrderis fixed,for instancepldestfirst). If we write thesechoicesassuperscripts,
this meansthatthe setof all enrichedencodingsof networks is obtainedfrom the setof
standardattice pathencodingdy effectingthe substitutions

J
b > b
k=1

The OGF of all involutionsis obtainedfrom the genericcontinuedfraction of Propo-
sition 8.4 by the substitution
aj =z, bjrjz,

wherez recordsthe numberof stepsin the enrichedattice path,or equivalently, the num-
ber of nodesin the network. In otherwords, we have obtainedcombinatoriallya formal
continuedfractionrepresentation,

> 1
> (-3 2n—1))"" = —
— 1-z
n=0 1—
. 2-22
3. 22
1-—

whichwasoriginally discoveredby Gauf3[99]. PropositiorB.4thengivesimmediatelythe
OGFof involutionsof width atmosth asa quotientof polynomials.Define

il () := Z Ig:l]z%.

n>0
Onehas
1 Py(z)
7R () = __h
=) 2 G
1 —
2. 22
]_ —
1—h-22

whereP, and@);, satisfytherecurrence
Yh+1 = Yh — hZQYh_l.

The polynomialsarereadily determinedy their generatindunctionsthat satisfiesa first-
orderlinear differentialequationreflectingthe recurrence For instance the denominator
polynomialsareidentifiedto reciprocalof the Hermitepolynomials,

Qu) = (2/2) Hi()
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FIGURE 9. Threesimulationsof randomnetworks with 2n = 1000
illustratethetendeny of the profile to conformto a parabolawith height
closeton/2 = 250.

themseles defined classically[2, Ch. 22] as orthogonalwith respectto the measure
e~®" dz on (—o0, 00) andexpressibleas

H,, (z) =m! T ———— 2x m—2j.
In particular onefinds
1 1—222 1—522
or—q M=_- = Mm=_-—° .
’ 1— 22 1— 322’ =62 4340 &

The interestinganalysisof the dominantpolesof the rational GF’s, for ary fixed h,
is discussedn the paper[62]. Simulationssuggesstronglythat the width of a random
interconnectiometwork on 2n nodesis tightly concentratediroundn/2; seeFigure9.
Louchard[67] succeedeth proving thisfactanda gooddealmore: With high probability,
theprofile (the profileis definedhereasthe numberof active arcsastime evolves)of aran-
domnetwork conformsasymptoticallyto a deterministigparabolaz(1 — z/n) (in thescale
of n) to which aresuperimposewell-characterizedandomfluctuationsof amplitudeonly
O(+/n). In particular thewidth of a randomnetworkof 2n nodescorvergesin probability
to 3. O

4. Algebra of algebraicfunctions

Algebraic seriesand algebraicfunctionsare simply definedas solutionsof a poly-
nomial equation(Definition 8.6). It is a nontrivial fact establishedy eliminationtheory
(which canitself be implementedby way of resultantsor Groebnerhases}hat they are
equialently definedas componentf solutionsof polynomial systems(Theorem8.7).
Lik e rationalfunctions,they form a differentialfield but arenot closedunderintegration;
unlike rationalfunctions,they arenot closedunderHadamardgroductgTheorem3.8).

Thestartingpointis thefollowing definitionof analgebraicseries.

DEerINITION 8.6. A powerseriesf € C[z] is saidto be algebraicif there existsa
(nonzeo) polynomialP(z,y) € C[z,y], sud that

P(Za f) =0.
Thesetof all algebraic powerseriesis denotedoy C39[2].

Rationalfunctionscorrespondo the particularcasewheredey, P(z,y) = 1; conse-
quently we have C'**[z] ¢ C¥[z]. The degreeof analgebraicseriesf is by definition
the minimal value of deg, P(z,y) = 1 over all polynomialsthatare cancelledby f (so
thatrationalseriesarealgebraicof degreel). Note thatonecanalwaysassumeP to be
irreducible(thatis P = QR impliesthatoneof @) or R is ascalar)andof minimal degree.
In effect, assumehat P(z, f(z)) = 0 whereP factorizes:P(z,y) = Pi(z,y)P(z,y).
We musthave atleastoneof theequalitiesP, (z, f) = 0 or P»(z, f) = 0, sinceotherwise,
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onewould have two nonzercoformal power seriesg; = Pi(z, f), g2 = Pa(z, f) suchthat
g1 - g2 = 0, whichis absurd.

We donotaddresatthis stagethequestiorof decidingwhetherabivariatepolynomial
definesone, or several algebraicseries,or none. The questionis completelysettledby
meanf the Newton polygonalgorithmdiscussedn the next section.

ExERCISE 25. () Prove thatthereis, up to constanmultiples,a uniquepolyno-
mial of minimal degreethatis cancelledby analgebraicseriesf € C*¢[z].

(i1) Prove furthermorethatif f liesin Q[z], thenthe minimal polynomial
may be chosenin Q[z, y]. (Thus,for enumeratie problems factorizationover

thefield Q is all thatis ever required;thereis no needfor “absolute”factoriza-
tion, thatis, factorizationover the complex numbers.)

[Hint. Point(z) is relatedto gcd's andprincipalidealdomains.Point(é¢) is
aclassicalemmaof Eisensteinsee[13].]

4.1. Characterization and elimination. A polynomialsystemis by definitiona set
of equations

Pl(z;yl;---;ym) =0
(34)
Pm(zayla"'aym) = 07
whereeachP; is apolynomial. A solutionover C[z] of (34)is anm-tuple (fi,..., fm) €

C[z]™ thatcancelseachP;, thatis, P;(z, f1, ..., fm) = 0. Any of the f; is calledacom-
ponentsolution.A basicresultis thatany componensolutionof a (nontrivial) polynomial
systemis an algebraicseries. In otherwords, one can eliminatethe auxiliary variables
Y2, - - -, Ym andconstructa single bivariatepolynomial Q suchthat@(z,y1) = 0. This
resultis afamousonein thetheoryof polynomialsystems.

The study of polynomialsystemsandalgebraicvarieties(i.e., the point setof all so-
lutions of a polynomial system) involves somesubtle mathematics. Although generic
instancegincluding well-posedcombinatorialproblems)are normally well-behaved, all
sortsof degeneraciesight occurin principle,andthesehave to be accountedor or dis-
posedof in statement®f theorems. For instance the numberr is known to be a tran-
scendentahumber i.e., it doesnot satisfiesary polynomial equationwith coeficients
in Q. However, the triple (1,1, 7) is a solution of the following polynomial systemin

(ylay2ay3):
(35) y1—1=0,92+y; —2=0, (y1 — y2)y3 = 0.

The intuitive reasonis thatthe systemis pathological:it doesnot specifya finite number
of valuessincethe equationbindingys is algebraically‘equivalent”to Oy3 = 0.

As this example(35) suggestsin orderto avoid degeneraciesye shallrestrictatten-
tion to system®f polynomialsthathave afinite setof solutions(in thealgebraiaclosureof
thecoeficientfield). Technically suchsystemsarecalledzen-dimensional It isanonob-
viousfactthatthe propertyfor a systemto be zero-dimensionaik algorithmicallycheck-
able (by meansof Groebnemases).In the statementhat follows, zero-dimensionalitys
meantfor thefield of coeficientsC(z) andfor algebraicvarietiesdefinedin thealgebraic
closureof C((z)).

SFor thegenerahotionof dimensionalitybasedon Hilbert polynomials consultfor instancg 27, §9.3].
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THEOREM 8.7 (Algebraic function characterizatiorand elimination) For a power
seriesf(z) =), fnz™ in C[z], thefollowing conditionsare equivalento algebraicity:

(¢) Normalform: there existsanirreduciblepolynomialP(z,y) € C|[z,y] sud that
P(z,f(z)) = 0.

(74) Elimination: there exists a zeo-dimensional system of polynomials
{P;(z,y)}72, suhthata solutiony(z) € C[=]™ to thesystem

(36) {Pj(z7y17y27aym):0}; J:].m,
hasy, = f.

Proof. That (i) = (i7) is immediate,sincea single equationis a particularsystemof
dimensionn = 1 andasinglepolynomialof degreed hasat mostd rootsin arny extension
field so thatthe variety it definesis 0-dimensional. The corverseproperty (ii) = (%)
expresseshefactthatauxiliary variablescanalwaysbe eliminatedfrom a systemof poly-
nomialequationsWe sketchbelowv anabstractalgebraicargumentexcerptedrom [27].

A basicprinciplein thetheoryof equationconsistsn examiningthe collectionof all
the “consequencesdf a given systemof equations.This is formalizedby the notion of
ideal. Givenafield K, anideal of the polynomialring R = Ky, ..., yn] is asetI that
is closedundersums(a,b € I impliesa + b € I) andundermultiplication by arbitrary
elementof R (a € I andc € R imply ca € I). Theideal{hy, ..., hs) generatedy the
h; € R is by definitionthesetof all combinationsy " c; h; for arbitraryc; € R.

Considera systemof s polynomialequations

() {hily, - ym) =0F_, .

Sety = (y1,...,ym). Clearlyif it happenghat someparticularvalue of i satisfiesthe
systemyX,, thenthis valuealsocancelsary polynomialg in theideal (hy, ..., hs). Now
theintersection

.[1 = K[yl] N <h1,...,h3),

is anideal (by elementanalgebratheintersectiorof two idealsis anideal). Theideal I
consistof a collectionof univariatepolynomialswhich vanishat ary y, thatis a compo-
nentof asolutionof X. In K[y, ], all idealsareprincipal, meaninghatfor somepolynomial
g, onehasl; = (g). (Thelastfactreliessimply on the existenceof a Euclideandivision,
henceof ged's in K[y;].) Thus, thereexists a polynomial g suchthatg(y1) = 0. (In
passing,one needsto arguethat g is not the null polynomial. However, if this wasthe
casejt would contradictthe assumptiorof zero-dimensionality Finally, specializingthe
discussiorto the coeficientfield K = C(z), i.e., treatingz asa parameterthenyieldsthe
eliminationstatement. U

Notethatby the famousHilbert basistheorem[27, p. 74], every polynomialidealhas
afinite generatinget(“basis”). As aconsequencéeheintersectiorconstructiorusedn the
proof of TheoremB.7 canbe extendedto obtainatriangularsystem{g; = 0}, whereeach
g; depend®nys, .. .,y; alone.Thismakesit possibleto obtaineventuallyall components
of all solutionvectorsby successiely solvingfor y,, thenys,, etc.

Techniquego performeliminationscan be made“effective” (i.e., algorithmic), two
major methodsbeing resultantsand Groebnerbases. A completeexpo< of elimination
theoryis however beyondthe scopeof the book. We shallthuslimit oursehesto sketch-
ing a stratgy basedon resultantsthat is conceptuallysimple. We shall next illustrate
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informally the fundamentaprinciplesof Groebnebasedy way of example. For acom-
prehenste discussiorof theseissueswe referto the excellentintroductiongivenby Cox,
Little, andO’Shea[27].

Resultants. Consider a field of coeficients K which may be specialized as

Q,C,C(2),C((#)), asthe needarises. A polynomial of degreed in K[z] hasat mostd
rootsin K andexactly d rootsin thealgebraicclosureK of K. First,we set:

DEFINITION 8.7. Giventwo polynomials,
£ ' m
Pz)=Y az'™, Q@)= bn_sat,
j=0 k=0

their resultantwith respecto thevariable ) is thedeterminanof order (£ + m):

ag ai; ap st 0 0
0 a a1 --- 0 0
0O 0 O Qo a
(37) R(P,Q, ) = det e
bo b1 by --- 0 0
0 by by --- 0 0
0O 0 0 --- bp1 bm

The matrix itself is often calledthe Sylvestermatrix andthe resultantis alsoknown
asthe Sylvesterdeterminant.By its definition, the resultantis a polynomialform in the
coeficientsof P and@. Themainpropertyof resultantss thefollowing.

_ LEmmA 8.2 (i) If P(z),Q(z) € K[z] havea commorrootin the algebraic closue
K of K, then
R(P(z),Q(z),z) =0.
(i4) Corversely if R(P(z),Q(x),z) = 0 holds,theneitherap = 0 or by = 0 or else
P(z),Q(z) havea commorrootin K.
Proof. We referglobally to [64, V§10] for a presentatiornf resultants.
() If P and@ have 0 asa commonroot, thenby constructionthe resultants equal

to 0 sincethedeterminantasits lastcolumnequalto the O-vector Let S bethe Sylvester
matrix of P, Q. If P and@ haveacommonroot¢ with £ # 0 then,thelinearsystem

Wo 0
w1 0
(38) S _ =1 . |
Wogm—1 0
admitsa nontrivial solution, (wo, .. ., Werm—1) With w; = £&+m~1=4. This canbeseen

sincethe Sylvestermatrix is by constructiorthe matrix of coeficientsof the collectionof
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polynomials

™ P(z),...,zP(z), P(z); 7'Q(2), ..., 2Q(z), Q(z).
(In fact, the agumentabove provides the rationalefor the definition (37).) Now, by
Cramersrule®, the existenceof a nontrivial solutionto thelinear system(38) impliesthat
the Sylvesterdeterminanhasto be0.
(ii) Corverselylet ay,...,ap andfy, .. ., B, berespectiely the rootsof P and@
in thealgebraicclosureK. It is aknown fact[64] thattheresultantR of P, Q satisfies

(39) R = aghy [ [ (i = B)) = a5’ [T @(ei) = (=166 [T P(8)).
i, i j

Thus,thefactthat P, ) have acommonrootimpliesR =0 . O
EXERCISE 26. Let f(z) beapolynomialof degreef with leadingcoeficientag
andm distinctrootsas, . . ., ag. Then
R(f(il?), fl(x)u .fl}) = (lé H(al - Olj).
i#]

Let g(z) have possiblymultiple roots. Develop analgorithmbasedon gcdcom-
putationsandresultantso producea lower boundon the distancebetweenary
two distinctrootsof g (a“separatiordistance”).

Theresultantthusprovidesa suficient conditionfor the existenceof commonroots,
but not alwaysa necessarpne. This hasimplicationsin situationswherethe coeficients
a;, b, dependnoneor severalparametersin thatcasetheconditionR(P, @, z) = 0 will
certainly captureall the situationswhere P and () have a commonroot, but it may also
include somesituationswherethereis a reductionin degree,althoughthe polynomials
have nocommonroot. For instancetaking P = tz — 1, Q = tz? — 1 (with ¢ aparameter),
theresultantwith respecto z is foundto be

R=t1-1).

IndeedtheconditionR = 0 correspond#o eitheracommonroot (¢ = 1 implying P(1) =
Q(1) = 0) or to somedegenerayg in degree(t = 0). (Note for this discussiorthat the
resultantappliesin particularwhenthe basefield is Q(¢) or C(t) andthe algebraically
closedfield containsQ((t)) or C((¢)), whichis the caseof interestwhatfollows.)

Givenasystem(36), we canthenproceedasfollowsin orderto extractasingleequa-
tion satisfiedby one of the indeterminates.By taking resultantswith P,,, eliminateall
occurrence®f the variabley,, from thefirst m — 1 equationstherebyobtaininga new
systemof m — 1 equationsn m — 1 variableg(andz keptasa parametersothatthebase
field is C(z)). Repeathe processandsuccessiely eliminatey,, 1, ---,y2. Thestratgy
(in the simplercasewherevariablesareeliminatedin successiomxactly oneatatime)is
summarizedn the procedureeliminateR of Figure10.

ThealgorithmeliminateR of Figure10 will, by virtue of the sufiiciency of resultant
conditions alwaysprovide a correctpolynomialconditionsatisfiedby y1 , althoughthere-
sultingpolynomialthatcancelsgy; neednotbeminimal. In short,eliminationby resultants
producesvalid but not necessarilyninimal results.

Alternatively, one can appealto the theory of Groebnerbasesin orderto develop
a completealgorithm. The Groebnerbasedalgorithmis summarizedas the procedure
eliminateG in Figure10 andwe referto thealreadycitedbook[27] for precisedefinitions
andcompletedetail. SeealsoExamplel6 below for a presentatioiy way of example.

5This reasonings valid in ary field of characteristi® sinceonly rationaloperationsareusedin the proof.
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procedureeliminateR (Py, ..., Pm, Y1,Y2, - - - Ym);
{Eliminationofys,, ...,y byresultant$
(Ala"'aAm) = (Plaapm)!
for jfromm by —1to2do
for kfromj —1by —1toldo
Ak = R(Ak7Aj7yk+1);
return(4;).

procedureeliminateG (P, ..., Py y1,Y2, - - - Ym);
{Eliminationofys,, ..., y, by Groebnerbase$
Fix thevariable orderingy,, > ym—1 > y2 > y1;
Choosehe pure lexicographic orderingon monomials;
Operatewith the coeficientfield C(z);
Constructa GroebnerbasisG of theideal (P, .. ., Py,).
return(G N C(2)[y1])

FIGURE 10. Resultantelimination (top) and Groebnerbasiselimina-
tion (bottom).

Computeralgebrasystemsusually provide implementationsof both resultantsand
Groebnebases.The compleity of eliminationis however exponentialin the worst-case.
Degreesessentiallymultiply; thisis somavhatintrinsic sinceyg in the system

Yo—2z2—yk =0,y —Yp1=0, ... ,41 —y3 =0,

defineswith k£ equationghe GF of regulartreesof degree2”, while it representsinalge-
braicfunctionof degree2* andno less.

The example of coloured trees. We illustrate the previous discussionby meansof a

combinatoriaproblemthatis treatedn successiotby a“pencil-and-paperapproachthat

makesuseof a simplecombinatoriapropertyandhigh-schooklgebra) thenby resultants
and finally by Groebnerbasesof which the last casesenesto demonstratehe modus
operandiof Groebnebases.

ExaMPLE 14. Three-coloued trees—pencil-and-papespproach. Consider(plane,
rooted)binary treeswith nodescolouredby ary of threecolours,a, b, c. We imposethat
the externalnodesare colouredby the a-colour. The colouringhasto be perfectin the
sensehatno two adjacennodesareassignedhe samecolour We let A, B, C denotethe
setof perfectlycolouredtreeswith root of thea, b, ¢ typerespectiely. Let A, B, C bethe
correspondin@GF's wheresizeis takento bethe numberof externalnodes.Thedefining
equationsarethus:

A = a+(B+C)? A—z+(B+0C)? = 0
(40) B = (C+A? B — (C+ A)? =0
C = (A+B)? C — (A + B)? = 0.

Thepencil-and-papeapproachmaystartby observinghat8 andC areisomorphicas
combinatoriaklassesasaresultof the bijectionthatexchangesheb andc colours. Thus
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B = C. Thenequation(40) simplifiesinto a systemof 2 equationsn 2 unknonvnswith z
aparameter:

A—2—-4B? = 0
B-B?-24B- 42 = 0.

SinceB is to beeliminated we may combinelinearly the equationf (41) in orderto get
rid of B2 (thehighestpowerin B),

(41)

A—2—4B2 = 0
A—2—4B+4A2+84AB = 0

The secondequationis linearin B andthe value canthenbe pluggedbackinto the first
equationyesultingin afourth degreepolynomialthatcancelsA,

(43) R(z,A)=16A"—8A3 + (17+82) A2 — (44+182)A+ 2>+ 4z%.
andthe polynomialis easilychecledto beirreducible. O

(42)

ExAMPLE 15. Three-colouedtrees—esultantapproac. Startagainwith thesystem(40)
andtake mechanicallyresultantsvith respecto C of thethird equationtogethewith the
first and secondequations. This eliminatesC' and providestwo polynomialscancelled

by A andB:
44) B—A%2_2A% _ A* _4A°B-6A’B? -4A’B - 4AB®> -2B%A - B*
A—z—B?>—2A’B— A*—4A°B—-6A’B?>-4B*A—4AB®> - 2B?— B,

A furtherresultantwith respecto B will thenyield a polynomialinvolving A aloneand
cancelledoy A:

256 A® + 256 A7 + (256 z + 352) AS — (64 2z — 304) A®
+ (96 2° — 112z + 161) A* — (802” + 108 2 — 26) A® + (16 2° — 262> — 222 —7) A®
— (1222 +102° +22+4) A+ 92" +62° +42 +2*

This time, the polynomialof degree8 in A. (From (43), we know it cannotbe minimal.)
In factit factorsas

(45)  (4A%+3A+1+42)2 (16A* +--- +42) = (442 + 34+ 1+ 2)® R(z, A),
with R(z, A) asin (43).
The seriesexpansiorfor the combinatorialgeneratingunction A startswith
A(2) = z + 42" +162° + 562° + 25627 + 12362° 4 58082° + - - -,

sothatthefirst quadraticfactoris disqualifiedasa candidat€for minimal polynomial. We
have thusfound againtheresultof (43). Note thatthe completefactorizationof (45) over
Q guaranteeatthesametimethat R(z, A) is theminimal polynomialsothat A is of exact
degree4. (Seetheexerciseprecedingrheorem8.7.) |

ExAMPLE 16. Three-colouedtrees—Goebnerbasisapproad. In accordancevith the
proceduresliminateG wefirstfix anorderingonvariables For thecaseathand we choose

C>B>A,

with the intentthat variablesshouldbe eliminatedin that order, first C, next B, then A.
Several orderingsmay be definedon monomials but for our purposeswe chosethe pure
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lexicographicorderingthatis the usualalphabeticorderingof wordsin a dictionary (with
C precedingB precedingA, though!). For instancewith this ordering,we have (think of
C = u, B = v, A = w andthelexicographicorderin the Latin script)

C>C?>C°">CB>CB?>B>B®>BA> BA*.

The leadingterm of a polynomialwith the chosenorderingis denotedby LT(p). For
instanceLT(24% + 3B + 4BA + 5CB?) = 5CB?.

The basicoperationof Groebneibasistheoryis the “division” operationof a polyno-
mial f by a sequencef polynomialsF = (fi,..., fs) producinga remainderdenoted

by ff. The ideais to “reduce” the polynomial f by an operationthatis reminiscentof
Gaussiarelimination(for multivariatelinear polynomials)andof the Euclideanalgorithm
(for univariatenonlinearpolynomials).

Theprincipleof divisionis asfollows. Firsttransformeachpolynomialin f; of F into
arewrite rule:

(W) - LT(fi) = —fi +L7(f2)-
(arulethusreplacesamonomialby a combinationof smallermonomialsunderthe mono-
mial order) Userepeatediyivy,..., W, (in thatorder, say for determinag) to reduce

the leadingterm of f (thatchangest eachstage). Whenthe leadingterm no longerre-
ducesthenproceedsimilarly with the secondeadingterm,thethird one,andsoon. The
algorithmis specifiedn full in [27, p. 62]. On our example thethreerulesare
W) C* — —z24+A—B2—2BC
(Ws) C? —» 20A+ A?
(W) C +— A?+2AB+ B?
An instanceof areductionwill be:
¢ ) cA—CB? —2BC? - 2C
) CA+3CB% - Cz—2AB + 2B + 2B

(In suchasimplecasethe effect of therulesis easyto describethey eventuallyclearout
all occurrence®f C, with W; useda numberof timesand W3 usedonceat the endto
disposeof thelastlineartermin C'.)

Next comesthe notion of Groebnerbasis The principle is to build a “good” setof
generator$or theideal definedby F, thatis, the setof all polynomials

I = Z a]-f]-,
J
where the coeficients a; are polynomials. (On the example, we would have a; €
C(2)[4, B,C])

DEFINITION 8.8. A Groebnerbasisfor anideal I is a setG of polynomialssud that
forall f € I, thedivisionby G yieldsa completereduction,

W .

=0
In particular suchabasisshould“self-reduce”in the sensehatfor all g, h € G:
(46) zeg — 2P0 = 0.

(Herez® andz” represenarbitrarymonomials,n accordancevith standardmulti-index
notation.)
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Buchbegers’ algorithm constructsGroebnerbasesby enrichinga given baseF till
the self-reductionproperty(46) is ensured.Definethe S-polynomialof two monic poly-
nomialsp, ¢ asz®p — ¢, with a andj choserto bethesmallesimonomialshatachiere
cancellationof the leadingtermsof p andq. (S-polynomialsarein a sensethe simplest

nontrivial polynomialsthatshouldreduce.)Onemusthave S(g, h)g =0, forallg,h € G.
Then, the constructionof a Groebnerasisfrom a sequenceF proceedsncrementally:
we startwith # = F andsuccessiely addto # all pairsp, g with p,q € H suchthat

S(p, q)H # 0. Theprocesss stoppedncesaturationis reached(Thealgorithmis speci-
fiedin full in [27, p. 97].)

For instanceconsiderthe system(40), thatis, F = (f1, fo, f3). Setinitially H = F.
The S-polynomialof fi, f- is obtainedby taking1f, — 1 f, (themonomialsC? disappear),
giving

—~A+B*+2BC+2+ B —2CA— A%,
whichreducesnodulo? (by way of (13)) into
fi=B—A? - A+ B>+ 2—-2A2B +2AB? + 2B — A3,

Then,thetwo otherpairsprovide f5 = mﬂ #0,andfs = HH # 0. At this stage,
thenew-comersfy, f5, f¢ areadjoinedto 7, giving thenew value{ = (f1,..., fs). The
completionprocessontinuedill H eventuallystabilizes We thentake the Groebnebasis
to be G := H, afterremaving redundantpolynomials[27, Sec.2.9]. Here,a setof 4
polynomialsis obtained.In accordancevith theory the Groebnerbasiscontainsa single
polynomialthatdepend®nthevariableA alone;this polynomialthatis of degree6 factors
as

(4A4% + 3A + 2z + 1)R(z, A).

The minimal polynomialis oncemorerecovered: Groebnereliminationhasfaithfully ac-
complishedts task. a

4.2. Closure properties and coefficients. By definition, algebraicfunctionssatisfy
strongalgebraicclosureproperties. The proofs now fall asripe fruits asa benefitof our
investmenbn elimination. Fromthis pointon, eliminate will designateitherof theelim-
inateR or eliminateG procedure.

THEOREM 8.8 (Algebraicfunction closure(1)). ThesetC¥9[z] of algebraic series
is closedunderthe opemtions of sum(f + g), product(f x g), quasi-inverse (defined
by f — (1 — f)~1, conditionedupon f, = 0), differentiation (8.), composition(f o g,
conditionedupongg = 0).

Proof. Let v andw be definedby P(z,u) = 0 andQ(z,v) = 0. For sum, product,
guasi-irverse andcompositionjust appeako

y=u-+uv : eliminate([ly — u — v, P(z,u), Q(z,v)], ¥, u,v);
y=uv : eliminate([y — uv, P(z,u), Q(z,v)], ¥, u,v);
y=(1—-uw™ : eliminate(ly —uy — 1, P(z,u)], y,u);
y=wuowv(z) : eliminate([P(v,y),Q(z,v)], y,v).

An immediateconsequencés thatif U(z,y) is a rationalfunctionanda € C¥8[z] is
algebraicthenU (z, a) is algebraic.Next, if « satisfiesP(z,a) = 0, thenthe derivative
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o' with respecto z satisfies
_ Pi(z,q)
Pj(z,a)’
aDndis thereforearationalfractionin «. Thus,by the previousobsenation,a’ is algebraic.

P(z,a) + a'Py(z,a) =0 or o =

Theseresultsshawv thatC¥18 [ 2] is aring. They extendtransparentlyo C¥8 ((z)) which
is afield.
Algebraicseriesarenot closedunderHadamardgproduct. To seeit, consider

1 1 =1 (2n\? ,
h(z)"mcam‘;uﬁ(n) &

Thecoeficient[z"]h(z) is asymptoticto 1/(7wn). Consequentlyby anAbeliantheorem,

h(z) ~ 1 log , z—1".
m

1-2
Sucha singularity is incompatiblewith algebraicity whereonly fractional power series
may occur;seethe next section.Onthe positive side,we have thefollowing.

THEOREM 8.9 (Algebraicfunctionclosure(2)). (i) If f isrationalandg is algebraic,
thentheHadamad product f ® g is algebraic.
(1) Definethediagonalof a bivariate seriesF’ € C[z, y],

Aw,yF(may) = ZFn,nzn;

Then,the diagonalof a rational bivariate seriesis an algebraic series.

Proof. (i) Take f € C"**[z] andg € C*#[z] andconsidetheHadamarcroducth = f®
g. TheHadamardoroductdistributesover sums sothatis is enoughto shav algebraicity
when f is asimplefractionelement,f = (1 — az)~™. Thisis settledby simplealgebra,
since

m—1
(1—az) ™og(z)=(1-2)""06g(az) = % (z™ ' g(a2)) -

An alternatve, more analytic, derivation can be basedon Hadamard formula for
Hadamardroducts.Thisimportantformulavalid for all functionsanalyticatO is

1 z. dt
47 = — t —-) —.
(@) F096) = 5 [ £
If f andg areanalyticin |z| < R and|z| < S respectiely, theny canbeary loop around
zerowhoseelementg satisfy|t| < R and|z/t| < S, thatis,
|2|S < |t| < R,

andtheconditionsarecompatibleprovidedz is of smallenoughmodulus.(Theverification
by directseriesexpansionsgs immediate.)For the original problemof C™¢ [2] ® C¥# 2],
anevaluationof (47) by residueghenprovidestheresult.

(7¢) Our proofwill startfrom anotherof Hadamards formulae,

(48) BewPlo) = 5 [ F6. 5T
Y

2 t
thatis provedby the samedevicesas(47). If F(z,y) is analyticin |z| < R and|y| < S,
thent shouldbe taken suchthat |2|S < |t| < R, andthe domainof possiblevaluesis

z
t
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nonemptyaslong as|z| is smallenough.(The verificationis againby straightexpansion.)
Thisformulageneralizeg47) sincef © g(z) = Az, (f(2)9(y)).

Now, for |z| small,we canevaluatetheintegral by residuesnsidez/t < S. See[88]
for details.Assumez smallenoughandlet F(z,y) = A(z,y)/B(z,y). Considetheroots
a1(2),...,a.(z) of thecharacteristiequation,B(«, z/a) = 0 thattendto O asz — 0.
Then,for z smallenoughand~ encirclingthe “small” rootsa; (2), - . ., a(2), aresidue
computatiorgives

- z
Apy= ,; Res(F(t, ?))t:aj(z) :

Thus,thediagonalis arationalfunctionof (some)branche®f analgebraidunctionandit
is thereforerational. O

Closedform for coefficients. Coeficients of algebraicfunctionssatisfy interestingre-
lations, startingwith recurrencef finite order In addition, they can be presentedas
combinatorialsums.

First, we shav that algebraicfunctions satisfy differential equations. Take a €
C*'8 [»] analgebraicseriesof degreed, with minimal polynomial P(z, y); andlet U(z, y)
beabivariaterationalfunction. We have seerbeforethatU (z, «) is alsoalgebraic.In fact,
we aregoingto shav thatU canberewrittenas

Ulz,a) =) qi(z)o?,  4j(2) € Clz).

In otherwords, a quantity C(z, «) with « algebraicis representabléy a polynomial of
C(z)[a]. Thesituationgeneralizesvhatis known aboutalgebraicnumbersandreduction
to polynomialform, for instance,

1 1l 1o 1, 1, 1
\tyi+\/§_3\/2_ 6\/2_x/§+6\/§ Gx/ix/ﬁ+3.

Write U(z,y) = V(z,y)/W(z,y). Clearly, it sufficesto prove that1/W(z, a) re-
ducego polynomialform. We mayfreely assumehatW is nota multiple of P, andsince
P is irreducible,we have gcd(P, W) = 1, wherethe gcdis takenin C(z)[y]. Then,by
Bézoutstheoremthereexistsa(z, y), b(z,y) € C(z)[y] suchthataW —bP = 1. In other
words,a is theinverseof W modulo P. We thushave, at the expenseof a singlegcdand
simplepolynomialreduction:

U(z,a) = [a(z,y)V(z,y) mod P(z,y)],_, -

This givesthe following basicresult: Everyrational fractionin z and « livesin the set
C[z](a) <4 of polynomialswith a-degreeboundedromaboveby d.

Considemow C(z)[y]<q asa C(z)—vectorspaceof dimensiond. The (d + 1) first
derivatives

az), o' (2), ..., a'D(z)

lie in thatspaceandthusthey mustbebound.As a consequencehereexist coeficientsc;
(in C(2)) suchthat
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This relation can be obtainedconstructvely by cancellinga minor of maximal rank of
the determinanexpressinghelinear dependeny’ Extractingcoeficientsthenproducesa
recurrencef theform

Z dj (n)an-i-j = 05
=0

for asequencef coeficientsd;(n) € C(n). (Denominatorsanalwaysbe eliminatedso
thatthe coeficientscanbetakento be polynomialsof C[n].)

This discussiorbringsusto a generalstatementiboutcoeficientsof algebraicfunc-
tions.

THEOREM 8.10(Algebraiccoeficients) (i) Thecoeficientsof anyalgebraic power
seriesy(z) satisfya linear recurrencewith polynomialcoeficients,namely

> dj(n)yny; =0,
j=0

whery,, = [2"]y(z) andc;(n) € C[n].

(ii)Let @(z,y) be a bivariate polynomialsuc that ¢(0,0) = 0, ®;(0,0) = 0 and
®(2,0) # 0. Considerthe algebraic functionimplicitly definedby f(z) = ®(z, f(z)).
Then,the Taylor coeficientsof f(z) admitexpressionsscombinatorialsums,

(49) 1) = Y [y e ()

m>1

Proof. Part (4) is establishedy the discussiorabove. Part (i7) is basedon a yet unpub-
lishedmemoof FlajoletandSoria,from which thediscussiorthatfollows is extracted.

First,avariantform of the coeficientsis available,andEq. (49) is elementarilyequiv-
alentto

(50) 1) = Sl (7 ) (1 - 8 e)),

m

asresultsfrom the obserationthat(m + 1)g'(y) g™ (y) = %gm‘H(y).

The startingpoint of the analytic part of the proof is an integral formula giving the
rootof anequationp(y) = 0 insideasimpledomain.Let ¢(y) beanalyticandassumehat
insidethe domaindefinedby a closedcurve v, the equationg(y) = 0 hasa uniqueroot.

Then,we have

1) RootOt4(y) = 0,) = 1 [ v
Y

'(y)
b(y) -

Thatformulacanbe seenasa modifiedform of the“principle of theargument”([51]), but
it canalsobechecleddirectly via aresiduecomputation.

Thealgebraicfunction f(z) underconsiderations arootof y — ®(z,y) = 0. There-
fore, if we proceedormally andapplyformula(51)to ¢(y) =y — ®(z,y), weget

o = L [yimen,

2 y—®(z,y)

1 [1-2,(z2,9)
(52) = —/ — " dy

Ty 1= 28(2,y)

"This resultis oftenreferredto in the combinatoricditeratureas“Comtets theorem”;see[25)].
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Still proceedingormally, we expandtheintegrandusing

1 _ 2 3
(53) m—1+u+u +u” + )
whichleadsto
d
(54 =Y [ (-2 )en) 2.
m>0""7 y
Now Cauchys coeficientformula,
_ 1 dy
m—1 —— hat
™ lgly) = — /0+ 9(y) g
whenappliedto theintegralin Eq. (54) provides
(55) FR) =Y ™ (1= & (2,9) 2™ (,y),

m>0
whichis theform givenin (50).

Thereonly remainsto completethe analytic part of the agument. First, by the as-
sumptionsmaderegarding®, the point (0, 0) is an ordinarypoint of the algebraiccurve
y — ®(z,y) = 0. Thusall brancheof the curve are “well separatedfrom the branch
correspondindo f(z). We canthusfind p; > 0 andr; > 0 sothat,whenz liesin the
domain|z| < p1, we have|f(z)| < r while |f;(2)| > r for all the conjugatebranches
fi(z) # f(z). In otherwords,the useof the integral formula (52) is justified provided
we take |z| < p; togethemwith the contoury = {y / |y| = r} for ary » < r,. We shall
hencefortrassumehatsucha choicehasbeenmade.

Thenext conditionto be satisfieds thevalidity of expansion(53) usedto derive (54).
This requiresthe inequality [u| < 1 whenu = 1 &(z,y). shouldhave [u| < 1. But
the conditionson &(z,y) at (0, 0) imply thatin a sufficiently smallneighbourhooaf the
origin, i.e. |z| < p2 and|y| < r2, thebound,

19(2,9)] < K(l2] + |2y] + [y°]),
holds for somepositive constantX. Thus, for |z] < p2 and|y| < ra, the condition
|®(2,y)| < |y| is grantedf
1 -yl
1+ 1yl

We cannow concludetheargument.Chooseascontoury acircle centeredattheorigin
with radiusr = min(ry,r2). To guaranteeondition(56),imposethatz be suchthat

(56) 2| <yl

1-—7r
< where = mi , P25 .
2| < p p = min (pl p2 r1+r>

Therefore Equation(55) holdstrue. O

Part (ii) of thetheoremgeneralizeshe Lagrangeinversionformulathatcorresponds
to the“separable’cased(z,y) = z¢(y). As anexample the coeficientsof

f(2) =242 (2) + 22 F2(2),
admitthe“nice” form
m-—1
I _7nz>1 (n—m+1,5m—3n—2,2n—3m+1>'

In generaljf ® comprise® monomialstheformulaobtaineds a (p — 2)-fold summation.
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5. Analysis of algebraic functions

Algebraic functionscanonly have a type of singularity constrainedo be a branch
point. The local expansionat sucha singularityis a fractional power seriesknown asa
Newton—Puisewexpansion.Singularityanalysisis systematicallyapplicableto algebraic
functions—hencehe characteristidorm of asymptoticexpansionshat involve termsof
the form w”n?/4 (for somealgebraicnumberw andsomerationalexponentp/q). In this
section,we develop suchbasicstructuralresults(Subsectiorb.1). However, comingup
with effective solutions(i.e., decisionprocedures)s not obvious in the algebraiccase.
Hence anumberof nontrivial algorithmsarealsodescribedbuilt ontop of eliminationby
resultantsor Groebnetbases)n orderto locateandanalysesingularities(Newton’s poly-
gonmethod),andeventuallydeterminethe asymptoticform of coeficients. In particulay
themultivaluedcharacteof algebraicfunctionscreatesa needto solve “connectionprob-
lems”. Finally, like in the rational case,positive systemySubsectiorb.2) enjoy special
propertiesthat further constrainwhat can be obsened as regardsasymptoticbehaiours
andpropertiesof randomstructures.Our presentatiorof positive systemss basedon an
essentiatesultof thetheory the Drmota—Lalley—Woodstheorem that playsfor algebraic
functionsardle quite similar to thatof Perron-Frobeniutheoryfor rationalfunctions.

5.1. General algebraic functions. Let P(z,y) be an irreducible polynomial of
Clz, ],
P(z,y) = po(2)y® + p1(2)y* " + - + pa(2).
The solutionsof the polynomialequationP(z,y) = 0 definea locusof points(z,y) in
C x C thatis known asa comple algebraiccurve. Let d bethey-degreeof P. Then,for

eachz thereareat mostd possiblevaluesof y. In fact, thereexist d valuesof y “almost
always”, thatis exceptfor afinite numberof cases:

— If 2 is suchthatpy(zo) = 0, thenthereis areductionin the degreein y and
henceareductionin thenumberof y-solutionsfor the particularvalueof z = z,.
Onecancorvenientlyregardthe pointsthatdisappeaas“points atinfinity”.

— If zg is suchthat P(zo,y) hasa multiple root, thensomeof the valuesof y will
coalesce.

Definethe exceptionalsetof P astheset(R is theresultant):
E[P]:= {2 | R(2) =0}, R(2) := R(P(2,9),0,P(2,9),y)-

(Thequantity R(z) is alsoknown asthediscriminantof P(z, y) takenasafunctionof y.)
If z ¢ E[p], thenwe have a guarante¢hatthereexist d distinctsolutionsto P(z,y) = 0,
sincepo(z) # 0 andd,P(z,y) # 0. Then, by the implicit function theorem,eachof
the solutionsy; lifts into alocally analyticfunctiony;(z). Whatwe call a brand of the
algebraiccurve P(z,y) = 0 is the choiceof suchan y;(z) togetherwith a connected
region of the complex planethroughoutwhich this particulary; (z) is analytic.

EXERCISE 27. Verify that,whenz approaches, with p(z0) = 0, thenanumber
atleastl of thevaluesof y satisfyingP(z,y) = 0 tendto infinity.

Singularitiesof analgebraicfunction canthusonly occurif z liesin the exceptional
setE[P]. At apoint zg suchthatpg(z9) = 0, someof the branchesscapeo infinity,
therebyceasingo beanalytic. At a point zo wheretheresultanipolynomial R(z) vanishes
but po(2) # 0, thentwo or more branche<ollide. This canbe eithera multiple point
(two or morebranche$iapperto assumeéhesamevalue,but eachoneexistsasananalytic
functionaroundzg) or a branchpoint (someof the branchesctuallyceasdo beanalytic).
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An exampleof an exceptionalpoint thatis not a branchpointis providedby the classical
lemniscateof Bernoulli: atthe origin, two branchesneetwhile eachoneis analyticthere
(seeFigurell).

FIGURE 11. Thelemniscateof Bernoulli definedby P(z,y) = (2% +
y%)? — (22 — y?) = 0: theorigin is a doublepoint wheretwo analytic
branchesneet.

A partialimpressionof the topologyof a comple< algebraiccurve may be gottenby
first looking at its restrictionto the reals. Considerthe polynomialequationP(z,y) = 0,
where

P(z,y) =y —1—zy?
which definesthe OGF of the Catalannumbers.A renderingof thereal partof the curve
is givenin Figure12. The complex aspecif the curve asgivenby $(y) asa function of
z is alsodisplayedthere. In accordancevith earlierobsenations,therearenormally two
sheetgbrancheshbove eacheachpoint. The exceptionalsetis givenby the rootsof the
discriminant,

R =2(1 — 42).

For z = 0, oneof the branchesscapest infinity, while for z = 1/4, the two branches
meetandthereis a branchpoint; seeFigure12.

In summanythe exceptionalsetprovidesa setof possiblecandidatedor the singular
ities of analgebraicfunction. This discussioris summarizedy the slightly moregeneral
lemmathatfollows.

LEMMA 8.3 (Locationof algebraicsingularities) LetY (z) € C*9 [z] satisfya poly-
nomialequationP(z,Y) = 0. Then,Y (z) is analyticat theorigin, i.e., it hasa nonzeo
radius of corvergence In addition, it can be analytically continuedalong any half-line
emanatingromthe origin that doesnot crossany point of the exceptionalset.

(The factthatan algebraicseriescannothave radiusof corvergenceequalto 0, i.e.,
be purely divergent,follows from the methodof majorizingserieg52, Il, p 94] aswell as
from thedetaileddiscussiorgivenbelow.)

Nature of singularities. We startthe discussiorwith an exceptionalpoint thatis placed
attheorigin (by atranslationz — z + 2p) andassumehatthe equationP(0,y) = 0 has
k equalrootsy;, . . ., yx wherey = 0 is this commonvalue(by atranslationy — y + yo

or aninversiony — 1/y, if pointsatinfinity areconsidered)Considera punctureddisk
|z| < r thatdoesnotincludeary otherexceptionalpointrelative to P. In the agument
thatfollows, welety, (2), ..., yr(2) beanalyticdetermination®f theroot thattendto 0

asz — 0.
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FIGURE 12. Therealsectionof the Catalancurve (top). The complec
Catalancurve with a plot of $(y) asa functionof z = (R(z), 3(2))
(bottomleft); ablowup of S(y) nearthebranchpointatz = 1 (bottom
right).

Startat at somearbitraryvalueinterior to the realinterval (0, r), wherethe quantity
y1(z) is locally an analytic function of z. By the implicit function theorem,y;(z) can
be continuedanalyticallyalonga circuit that startsfrom z andreturnsto z while simply
encircling the origin (and stayingwithin the punctureddisk). Then, by permanencef

analyticrelations,y, (z) will be taken into anotherroot, say y§1) (z). By repeatingthe
processwe seethat after a certainnumberof timesk with 1 < k < k, we will have
obtaineda collection of rootsy; (z) = y§°)(z), . .,yY“)(z) = y1(2) thatform a setof
k distinctvalues. Suchrootsare saidto form acycle In this casey, (¢*) is an analytic
functionof ¢ exceptpossiblyat 0 whereit is continuousandhasvalueO. Thus,by general

principles(regardingremovablesingularities)jt is in factanalyticatO. Thisin turnimplies
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the existenceof a corvergentexpansiomearO:

(57) y1(tF) = Z cnt™.
n=1

The parametett is often called the local uniformizing parameter asit reducesa mul-
tivaluedfunction to a single value one. This translatesackinto the world of z: each
determinatiorof z'/* yieldsoneof the branche®f the multivaluedanalyticfunctionas

oo
(58) yi1(z) = Z enz™".
n=1
Alternatively, with w = e"/# aroot of unity, the x determinationsreobtainedas
oo
ygj) — chwnzn/n7
n=1

eachbeingvalid in a sectorof opening< 2x. (Thecasex = 1 corresponds$o ananalytic
branch.)

If » = k, thenthe cycle accountsfor all the rootswhich tendto 0. Otherwise,we
repeatheproceswith anotherootand,in thisfashiongventuallyexhaustall roots. Thus,
all thek rootsthathavevalue0 atz = 0 aregroupednto cyclesof sizeky, . . ., k. Finally,
valuesof y atinfinity arebroughtto zeroby meansof the changeof variablesy = 1/u,
thenleadingto negative exponentdn the expansiornof y.

THEOREM 8.11(Newton—Puisewexpansionsatasingularity) Let f(z) beabranch
of an algebraic function P(z, f(z)) = 0. In a circular neighbourhoodf a singularity
¢ slit along a ray emanatingirom ¢, f(z) admitsa fractional seriesexpansion(Puiseux
expansion)hatis locally corvergentand of theform

f2) =Y alz—QM",
k>ko
for a fixeddeterminatiorof (z — ¢)1/*, where ko € Z and« is aninteger > 2, calledthe
“br anching type”.

Newton (1643-1727)iscoveredthe algebraicform of Theorem8.11, publishedit in
hisfamoudreatiseDe MethodisSerierumet Fluxionum(completedn 1671). This method
wassubsequentlylevelopedby Victor Puiseux(1820-1883)0 thatthe nameof Puiseux
seriesis customarilyattachedo fractional seriesexpansions.The argumentgiven above
is taken from the neatexpositionofferedby Hille in [52, Ch. 12, vol. Il]. It is known as
a “monodromyargument”, meaningthat it consistsin following the course(—dromy) of
valuesof a multivaluedanalyticfunctionalongpathsin the comple planetill it returnsto
its original (mono—)value.

Newton polygon. Newton alsodescribeda constructve approactto the determinatiorof
branchingtypesneara point(zq, yo), thatby meansof the previousdiscussiorcanalways
be taken to be (0,0). In orderto introducethe discussion/et us examinethe Catalan
generatingunctionnearzy = 1/4. Elementaryalgebragivesthe explicit form of thetwo
branches ) .
y1(2) = % (1 -1 —4z) , wya(z) = % (l—l—\/l —4z) ,
whoseformsareconsistentvith whatTheoren8.11predicts.If howeveronestartsdirectly
with the equation,
Plz,y)=y—1—2y>=0



5. ANALYSIS OF ALGEBRAIC FUNCTIONS 63

then, the translationz = 1/4 — Z (the minus sign is a mere notationalcorvenience),
y =2+Y yields

(59) Q(2,Y) = _EW +4Z +4ZY + ZY?2.

Look for solutionsof theformY = ¢Z(1 + o(1)) with ¢ # 0 (the existenceis granted
a priori by the Newton-Puiseuxrheorem).Eachof the monomialsin (59) givesriseto a
term of a well determinedasymptoticorder respectiely Z2*, Z1, zo+t z2e+1 |f the
equationis to be identically satisfied thenthe main asymptoticorderof Q(Z,Y") should
be0. Sincec # 0, this canonly happenif two or moreof the exponentsn the sequence
(2a,1,a + 1,2a + 1) coincideand the coeficients of the correspondingnonomialin
P(Z,Y) is zero,aconditionthatis analgebraicconstrainion the constant. Furthermore,
exponentsof all the remainingmonomialshave to be larger since by assumptiorthey
representermsof lower asymptoticorder

Examinationof all the possiblecombinationsof exponentdeadsoneto discover that
the only possiblecombinationarisesfrom the cancellationof the first two termsof @,
namely—1Y? + 4Z, which correspondso the setof constraints

1
2a =1, —Zc2+4:0,

with thesupplementargonditionsa+1 > 1 and2a+1 > 1 beingsatisfiedoy this choice
a= % We have thusdiscoveredthatQ(Z,Y") = 0 is consistenasymptoticallywith

Y ~4ZY2 Y ~ —42'2

The processanbeiterateduponsubtractingdominantterms. It invariably givesrise
to completeformal asymptoticexpansionshat satisfy @Q(Z,Y) = 0 (in the Catalanex-
ample,theseare seriesin +Z1/2). Furthermoreglementarymajorizationsestablishthat
suchformal asymptoticsolutionsrepresentndeedcorvergentseries. Thus, local expan-
sionsof branche$ave indeedbeendeterminedThisis Newton’s algorithmfor expanding
algebraidunctionsneara branchpoint.

An algorithmicrefinemen{alsodueto Newton) canbe superimposedn the previous
discussiorandis known asthemethodof Newtonpolygons Consideragenerapolynomial

QZY) =Y z2%Y",

=

andassociateo it thefinite setof points(a;,b;) in N x N, which is calledthe Newton
diagram. It is easily verified that the only asymptoticsolutionsof the formY « Z¢
correspondo valuesof ¢ thatareinverseslopes(i.e., Az/Ay) of linesconnectingwo or
morepointsof the Newton diagram(this expresseshe cancellatiorconditionbetweertwo
monomialsof Q) and suchthatall otherpointsof the diagramare on this line or to the
right of it. In otherwords:

Newton’s polygon method. Thepossibleexponentg sudithatY ~ cZt is a

solutionto a polynomialequationcorrespondo theinverseslopesof theleftmost
convex ervelopeof the Newtondiagram. For ead viable ¢, a polynomialequa-
tion constainsthe possiblevaluesof the correspondingcoeficientc. Complete
expansiongare obtainedby repeatinghe processwhich meandeflatingy” from

its mainterm by way of the substitutiony” — Y — ¢Z¢.
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FIGURE 13. Therealcurvedefinedby theequationP = (y —z?)(y? —
z)(y® — 2°) — 23y® near(0,0) (left) and the correspondingNewton
diagram(right).

Figurel3illustrateswhatgoesonin the caseof thecurve p = 0 where

P(z,y) = (y—2°)(° —2)(y* —2°) = 2%
= 5 By —yta? 4 y22% — 22893 4 2ty + 2By2 — 5,

considerechearthe origin. As the partly factoredform suggestsye expectthe curve to
resemblehe union of two orthogonalparabolasindof acurvey = +23/2 having a cusp,
i.e.,theunionof

y=2% y==%z, y==£*2

respectiely. It is visible on the Newton diagramof the expandedform that the possible
exponentsy o z! at the origin are the inverseslopesof the sggmentscomposingthe
ervelope thatis,
1 3
27 2

For computationapurposespncedeterminedhe branchingtype «, the value of kg
thatdictateswherethe expansionstarts,andthefirst coeficient, thefull expansioncanbe
recoveredby deflatingthe function from its first term andrepeatinghe Newton diagram
construction. In fact, after a few initial stagesof iteration, the methodof indeterminate
coeficients canalways be eventually applied. Computeralgebrasystemsusually have
this routineincludedasoneof the standardackagessee[82).

EXERCISE 28. Discussthe degreeof the algebraicnumbere in the expansion
Y ~ ¢Z! in relationto Newton’s diagram.

t=2,

8Bruno Salvy, privatecommunicationAugust2000
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Asymptotic form of coefficients. The Newton—Puiseuxheoremdescribegpreciselythe
local singularstructureof analgebraicfunction. The expansionsarevalid arounda singu-
larity exceptfor onedirection.In particularthey holdin indenteddisksof thetyperequired
in orderto applytheformaltranslatiormechanismsf singularityanalysisChapters).

THEOREM 8.12 (Algebraicasymptotics) Let f(z) = >_, fn2" bean algebraic se-
ries. Assumethat the brand definedby the seriesat the origin hasa uniquedominant
singularityat z = «a; onits circle of corvemgence Then,the coeficient f,, satisfiesthe
asymptotiexpansion,

NOél § dkn 1—k/k
k>ko

where kg € Z andk is aninteger > 2.
If f(2) hasseveral dominantsingularities|a:| = |as| = - - - = |a,|, thenthere exists
an asymptotiadecompositiorfwhere e is somesmallfixednumbeye > 0)

qu) )+ O((Jeu| + €)™,

whee

¢(.7) (n) ~ Oé;" Z dg)n_l_k/"f ,

k> k)
eat k(()j) isin Z,andead ; is aninteger > 2.
Proof. Thedirectionalexpansiongrantedby Theorem8.11areof theexacttyperequired
by singularityanalysis;seeChapters. Compositecontoursshouldbe usedin the caseof
multiple singularitieswhereeachg?) (n) is the contribution obtainecby translatiorof the
local singularelement. O

In the caseof multiple singularities arithmeticcancellationsnay occur: considerfor

instancethe caseof
1

[1_s
1—3z+22

andrefer to the correspondingliscussiorof rational coeficients, pagell. Fortunately
suchdelicatesituationstendnotto arisein combinatoriakituations.

=1+0.60z 4 0.042%2 — 0.362% — 0.4082* — - - -,

ExaMmPLE 17. Unary-binarytrees. the generatingfunction of unary binary treesis
definedby P(z, f) = 0 where

P(z,y) =y — 2z — 2y — 2°,
sothat

1—2-vV1-22—-322 1-—2z—+/(1+2)(1-32)
1(z) = 2z N 22 '

Thereexist only two branches:f andits conjugatef that form a cycle of size 2 at %

The singularitiesof all branchesareat 0, —1, % asis apparentfrom the explicit form of

f or from the defining equation. The branchrepresentingf(z) at the origin is analytic

there(by a generalargumentor by the combinatorialorigin of the problem). Thus, the

dominantsingularityof f(z) isat$ andit is uniquein its modulusclass. The“easy” caseof

Theorem8.13thenappliesoncef(z) hasbeenexpandeobar%. As arule,theorganization
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FIGURE 14. Non-crossinggraphs:(a) a randomconnectedyraphof
size 50; (b) the real algebraiccurve correspondingto non-crossing
forests.
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of computationss simplerif one makesuseof the local uniformizing parametemith a
choiceof signin accordanceo thedirectionalongwhich the singularityis approachedin
this casewe setz = 1 — 42 andfind

63 27 1

_ 2 2 U9z 4ly &97 5 _ 1/2
flz)=1 30+ 56 86+26 1285+ , 6_(3 2)/2.
Thistranslatesmmediatelyinto
3nt1/2 15 505 8085
n = [2" ~— ]l —t— — —————F--- ] .
Fo =) ~ Do ( 16n ' 512n®  81920° T )

The approximationprovided by the first threetermsis quite good: for n = 10 already it
estimatesf;p = 835. with anerrorlessthanl. O

EXERCISE 29. Estimatethe growth of the coeficientsin the asymptoticexpan-
sionof thenumberof unary-binaryrees.

ExamMPLE 18. Non-ciossingforests.Considertheregularn-gonwhoseverticesarenum-
beredl,...,n. A non-crossinggraph(connectedgraph,tree, forest, etc) is definedas
a graphhaving the propertythat no two edgesedgescross. Let F,, be the numberof
non-crossinggraphsof sizen thatareforests,i.e., agyclic graphs.It is shovn belov (Sec-
tion 6.1; seealso[40]) thatthe OGF F () satisfiesheequationP(z, F') = 0, where

P(z,y) =y° + (2> =2 =3)y> + (2 + 3)y — 1,
andthatthe combinatorialGF startsas
F(2) =1+2z+72%+332% + 1812* +10832° + - - - .

(Thisis sequenc@&0547270f EIS)) Theexceptionalsetis mechanicallycomputedasroots
of thediscriminant

R=—2%(52> — 82% — 322 + 4).
Newton'’s algorithmshaws thattwo of them,sayy, andy,, form a cycle of length2 with
Yo = 1—y/z2+0(2), y2 = 1+/z+0(2) while it isthe“middle branch’y; = 1+2+0(2?)
thatcorrespondso the combinatorialGF F'(z).
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The otherexceptionalpointsaretherootsof thecubicfactorof R, namely
Q= {-1.93028, 0.12158, 3.40869}.

Let¢ = 0.1258 betherootin (0, 1). By Pringsheimstheoremandthefactthatthe OGFof
aninfinite combinatoriaklassmusthave a positive dominantsingularityin [0, 1], theonly
possibility for the dominantsingularity of 4, (2) is £. (For amoregeneralagument,see
below.)

For z near¢, the three branchesof the cubic give rise to one branchthat is ana-
lytic with valueapproximately0.67816 anda cycle of two conjugatebrancheswith value
nearl.21429 at z = £. The expansionof the two conjugatebranchess of the singular

type,
atpy/1-—2z2/E,
where
43 18, 35, 1
= b o o2 212142 = —+/228 — 981¢ — 5290£2 = 0.14931.
« 37+37§ 745 9, B 37\/ 8 — 981¢ — 529062 = (.1493

The determinatiorwith a minussign mustbe adoptedfor representinghe combinatorial
GFwhenz — £~ sinceotherwiseonewould get negative asymptoticestimatedor the
nonnaative coeficients. Alternatively, onemay examinethe way the threereal branches
along(0, £) matchwith oneanotherat 0 andat £, thenconcludeaccordingly
Collectingpartialresultswe finally getby singularityanalysisthe estimate

B ( 1 ) 1.
F,=———uw"[14+0(=) ], w = — = 8.22469
2V mn3 (”) 3
wherethe cubicalgebraimmumber¢ andthesextic 5 areasabove. |

The exampleabove illustratesseveral importantpointsin the analysisof coeficients
of algebraicfunctionswhenthereareno simpleexplicit radicalforms. Firstof all agiven
combinatorialproblemdeterminesa unique branchof an algebraiccurve at the origin.
Next, the dominantsingularity hasto be identified by “connecting” the combinatorial
branchwith the branchest every possiblesingularityof the curve. Finally, computations
tendto take placeoveralgebraicnumbersandnot simply rationalnumbers.

So far, exampleshave illustrated the commonsituation where the exponentat the
dominantsingularityis % whichis reflectedby afactorof n—3/2 in theasymptoticform of
coeficients.Our lastexampleshowvs a casewherethe exponentassumes differentvalue,
namelys.

ExAMPLE 19. “Supertrees”. ConsidettheequationP(z, S) = 0 where

Pizy)=zy' —y® + 22+ 1)y> —y + 2.

Thegeneralaspecof thecurweis givenin Figure15 andthe asymptoticexpansionof
thebranchwith positive coeficients,y(z) = z + 2% + 323 + 82* + - - -, is sought.
Thediscriminantis foundto be
R = z(4z + 3) (42 — 1)3,
sothatthe dominantsingularityof the branchof combinatoriainterestis z = % whereits
valueequalsl. Thetranslationz = % — Z,y = 1+ Y transformsP into

P(Z,)Y) = (i —Z)Y* —42Y® —82Y? —8ZY —4Z.
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FIGURE 15. Supertreegleft) andtheir quarticgeneratingunction(right).

Themaincancellatiorarisedrom iY“ —47 = 0: thiscorrespond$o asggmentof inverse
slope1/4 in the Newton diagramand accordinglyto a cycle formed with 4 conjugate
branchesThus,onehas,asz — ()7,

1 1
2)=1-2¢{/=—2+--- sothat [2"]y(z ~74"n_5/4,
y(2) V2 [2"]y(2) VAT ()

asn — oo. This exhibits a nonstandareccurrenceof I'(2), of the singularexponent?
andof the coeficientexponent—2.
Hereis thecombinatoriabrigin of this GE Considerthe GF of completebinarytrees,

1—+/1—4z22
b(z):T.

(The functionis singularat + with valueb(1/2) = 1.) The compositionb(zb(z)) repre-
sentsthe GF of “supertrees’(or “treesor trees”)obtainedby grafting plantedbinarytrees
(2b(2)) at eachnodeof a completetree (b(z)). The original function S(z) satisfiesin
factS(z%) = b(zb(z)). (Naturally, the constructiorwas purposelydesignedo createan
interestingconfluenceof singularities.) O

Computable coefficient asymptotics. The previous discussioncontainsthe germof a

completealgorithmfor deriving an asymptoticexpansionof coeficientsof ary algebraic
function. We sketch herethe main principlesleaving someof the detailsto the reader

Obsenre that the problemis a connectionproblems the “shapes”of the varioussheets
aroundeachpoint (including the exceptionalpoints)areknown, but it remainsto connect
themtogetherandseewhich onesareencounteredirst whenstartingfrom a givenbranch
attheorigin.

Algorithm ACA: Algebraic CoeficientAsymptotics

Input: A polynomial P(z, y) with d = deg, P(z,y); aseriesY (z) suchthatP(z,Y) =
0 andassumedo be specifiedoy sufficiently mary initial termssoasto bedistinguished
from all otherbranches.

Output: The asymptoticexpansionof [2"]Y (z) whoseexistenceis grantedby Theo-
rem8.12.
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The algorithmconsistsof threemain steps:Prepaiation, Dominantsingularities and Transla-
tion.

. Prepasation: DefinethediscriminantR(z) = R(P, P, y).

(P1) Computethe exceptionalset=E = {z | R(z) = 0} andthe pointsof infinity Z¢ =
{z | po(z) = 0}, wherepo(z) is the leadingcoeficient of P(z,y) consideredasa
functionof 4.

(P2) Determinethe Puiseuxexpansionf all thed branchesat eachof the pointsof = U {0}
(by Newton diagramsand/orindeterminatecoeficients). This includesthe expansionof
analyticbranchesaswell. Let {yw(z)}f=1 be the collectionof all suchexpansionsat
somea € ZU {0}.

(P3) ldentify thebranchat O thatcorrespond$o Y (z).

II. Dominantsingularities(Controlledapproximatematchingof branches)LetZ;, Z,, .. . bea
partitionof the elementf E U {0} sortedaccordingto theincreasingvaluesof their modulus:it is
assumedhatthenumberings suchthatif « € Z; andg € Z;, then|a| < |3] is equivalenttos < j.
Geometricallythe elementof = have beengroupedn concentriccircles. First, a preparatiorstepis
needed.

(D1) Determinea nonzerolower boundd on the radiusof convergenceof ary local Puiseux
expansionof ary branchat ary point of £. Sucha boundcanbe constructedrom the
minimal distancebetweerelementf Z andfrom the degreed of theequation.

The setsZ; areto be examinedin sequenceuntil it is detectedhat one of them containsa singu-
larity. At stepj, letoy,0s,...,0, beanarbitrarylisting of the elementf Z;. The problemis to
determinewhetherary o}, is a singularityand,in thatevent, to find the right branchto which it is
associatedThis partof thealgorithmproceeddy controllednumericalapproximation®f branches
andconstructve boundson the minimum separatioristancebetweerdistinctbranches.

(D2) For eachcandidatesingularityoy, with & > 2, set(x, = ox(1 — §/2). By assumption,
each(;, is in thedomainof corvergenceof Y (z) andof ary y., ;.

(D3) Computea nonzerolower boundn, on the minimum distancebetweentwo roots of
P(¢k,y) = 0. This separatiorboundcanbe obtainedrom resultantcomputations.

(D4) EstimateY (¢x) andeachy,,,;({x) to anaccurag betterthann; /4. If two elements,
Y (z) andy., ,; () are(numerically)foundto beatadistancdessthann;, for z = (&, then
they arematched:oy, is a singularityandthe correspondingy,, ,; is the corresponding
singularelement.Otherwise o, is declaredo be aregularpointfor Y (z) anddiscarded
ascandidatesingularity

Themainlooponj is repeatedintil asingularityhasbeendetected.whenj = jo, say Theradiusof
convergencep is thenequalto the commonmodulusof elementf Z;, ; the correspondingingular
elementsareretained.

Ill. Coeficientexpansion Collectthe singularelementsat all the pointso determinedo bea
dominantsingularityat Phasdll. Translataermwiseusingthe singularityanalysisrule,

p/K p/K—n I'(=p/k+n)
/"o I'(—p/k)I'(n+1)’

andreomganizeinto descendingowersof n, if needed.

(0 —2)

This algorithmvindicatesthefollowing assertion:

PropPosITION 8.5 (Decidability of algebraicconnections.) The dominantsingular
ities of a brandh of an algebraic functioncan be determinedby the algorithm ACA in a
finite numberof operationsin the algebraic closute of the basefield, C or Q.
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5.2. Positive functions and positive systems. Thediscussiorof algebraicsingulari-
ties specializesnicely to the caseof positive functions. We first indicatea procedurehat
determinesheradiusof corvergenceof any algebraicserieswith positivecoeficients. The
procedureiakes advantageof Pringsheims theoremthat allows us to restrictattentionto
candidatesingularitieson the positive half-line. It represents shortcutthatis often suit-
ablefor humancalculationand,in fact,theit systematizesomeof thetechniqueslready
usedimplicitly in earlierexamples.

Algorithm ROCPAF: Radiusof Cornvemrgenceof Positive Algebraic Functions.

Input: A polynomial P(z, y) with d = deg, P(z,y); aseriesY (z) suchthatP(z,Y) =
0 thatis known to have only nonngative coeficients([z"]Y (z) > 0) andis assumedo
be specifiedby sufiiciently mary initial terms.

Output: Theradiusof convergencep of Y (z).

Plane-sweeplLet 2 bethesubsebf thoseelementsf theexceptionaket= which arepositive
real.

(R1) Sortthe subsebf thosebranchegyo ;} at0™ thathave totally real coeficients. This is
essentiallya lexicographicsort that only needsthe initial partsof eachexpansion. Set
initially &0 = 0 andU(z) = Y (2).

(R2) Sweepoverall ¢ € =7 in increasingorder To detectwhethera candidatet is the domi-
nantpositive singularity proceedasfollows:

— Sortthebrancheqy, ;} at¢~ thathave totally realcoeficients.

— usingtheordersatéy and¢ ™, matchthebranchl(z) with its correspondingranch
at¢™, sayV(z); this makesuseof the total orderingbetweenreal branchesat £;
and¢~. If thebranchV (z) is singular thenreturnp = ¢ astheradiusof corver
genceof Y (z) anduseV (z) asthe singularelementof Y (z) atz = p; otherwise
continuewith the next valueof ¢ € =% while replacinglU(z) by V() andéo by €.

This algorithmis a plane-sweephattakesadvantageof the factthattherealbranches
neara point canbetotally orderedfinding the orderingonly requiresinspectionof afinite
numberof coeficients. The plane-sweeglgorithmenablesus to traceat eachstagethe
original branchandkeepa recordof its orderamongstall branches.The methodworks
sinceno two real branchesan crossat a point otherthana multiple point, sucha point
beingcoveredasanelementof Z+.

We now turn to positive systems.Most of the combinatorialclassesknown to admit
algebraicgeneratingfunctionsinvolve singularexponentsthat are multiples of % This
empirical obsenation is supportedby the fact, to be proved below, that a wide classof
positive systemshave solutionswith a square-roosingularity Interestinglyenough,the
correspondingheoremis dueto independentesearchby several authors: Drmota[31]
developedaversionof thetheoremin the courseof studiesrelative to limit lawsin various
familiesof treesdefinedby context-free grammarsWoods[100], motivatedby questions
of Booleancomplexity andfinite modeltheory gave aform expressedn termsof colouring
rulesfor treesfinally, Lalley [63] cameacrossa similarly generaresultwhenquantifying
returnprobabilitiesfor randomwalksongroups.Thestatementhatfollowsis afundamen-
tal resultin the analysisof algebraicsystemsarising from combinatoricsandis (rightly)
calledthe“Drmota-Lalley-Woods"theorem Noticethattheauthorsof [31, 63, 100 prove
more: DrmotaandLalley shov how to pull outlimit Gaussiadaws for simpleparameters
(e.g.,asin [31] by a perturbatve analysis;seeChapter9); Woodsshowvs how to deduce
estimateof coeficientsevenin someperiodicor non-irreduciblecases(seedefinitions
below).
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In thetreatmenthatfollows we startfrom a polynomialsystemof equations,

{yj:@j(zayla"'aym)}a leaam

We shalldiscussin the next sectiona classof combinatorialspecificationsthe “context-
free” specificationsthat leadssystematicallyto suchfixed-pointsystems. The caseof
linear systemshasbeenalreadydealtwith, sothatwe limit ourseheshereto nonlinear
systemslefinedby the fact that at leastone polynomial ®; is nonlinearin someof the
indeterminategy, ..., ym.

First, for combinatoriakreasonsye defineseveral possibleattributesof a polynomial
system.

— Algebraic positivity (or a-positvity). A polynomial systemis said to be a-
positiveif all thecomponenpolynomials®; have nonneative coeficients.
Next, we wantto restrictconsideratiorio systemshatdeterminea uniquesolutionvector
(y1,---,ym) € (C[z])™. (This discussionis relatedto O-dimensionalityin the sense
alludedto earlier) Definethe z-valuationval(y) of avectory € C[z]™ asthe minimum
over all j’s of the individual valuations val(y;). The distancebetweentwo vectorsis
definedasusualby d(7, ") = 2~V*(@-7)_ Then,onehas:

— Algebraic propernesgqor a-properness)A polynomial systemis saidto be a-
properif it satisfiesa Lipschitzcondition

d(®(¥), ®(¥")) < Kd(y,y') forsomeK < 1.

In thatcase the transformation® is a contractionon the completemetric spaceof formal
power seriesand, by the generalfixed point theorem,the equationy = ®(y) admitsa
uniquesolution.In passingthis solutionmay be obtainedby theiterative scheme,

7O = (0,...,0)%, FM =a@EM), y= Jim_ y™).

The key notion is irreducibility. To a polynomial system,j7 = (), associatets
dependencygraph definedas a graphwhoseverticesarethe numbersi, ..., m andthe
edgesndingatavertex j arek — j, if y; figuresin amonomialof ®;(j). (This notionis
reminiscenbf theonealreadyintroducedfor linearsystemon page8.5.)

— Algebraic irreducibility (or a-irreducibility). A polynomialsystemis saidto be
a-irreducibleif its dependenggraphis stronglyconnected.

Finally, oneneedsatechnicalnotionof periodicityto disposeof casedike

1
:‘/(Z)=§(1—\/1—42)=,z—}—z3-}-2z5+...7

(the OGF of completebinarytrees)wherecoeficientsareonly nonzerdor certainresidue
classe®f theirindex.

— Algebraic aperiodicity(or a-aperiodicity).A power seriess saidto be aperiodic

if it containghreemonomialgwith nonzeracoeficients),zt, z¢2, 2¢3, suchthat

ey — e1 andes — e arerelatively prime. A properpolynomialsystemis saidto
beaperiodicif eachof its componensolutionsy; is aperiodic.

THEOREM 8.13(Positive polynomialsystems) Considera nonlinearpolynomialsys-
temy = ®(7) thatis a-proper a-positive and a-irreducible In that case all component

gLetf = Z;L“’:g fnz™ with fg # 0; thevaluationof f is by definitionval(f) = B.
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solutionsy; havethe sameradiusof corvemgencep < oo. Then,there exist functionsh;
analyticat the origin sud that

(60) yi=hi (Vi=2lp)  (z=p).

In addition, all otherdominantsingularitiesare of theform pw with w a root of unity.
If furthermoe the systenis a-aperiodic,all y; havep asuniquedominantsingularity. In
that case the coeficientsadmita completeasymptoticexpansionof theform

(61) [2"yj(z) ~ p~™ den_l_k/z
E>1

Proof. The proof consistsin gatheringby stagesconsequencesf the assumptionslt is
essentiallybasedon closeexaminationof “f ailures” of theimplicit function theoremand
theway theseleadto singularities.

(a) As a preliminary obsenation, we note that eachcomponentsolution y; is an
algebraicfunction that hasa nonzeroradius of corvergence. In particular singularities
are constrainedo be of the algebraictype with local expansionsn accordancavith the
Newton-Puiseutheorem(Theorem8.11).

(b) Propernessogetherwith the positvity of the systemimpliesthateachy;(z) has
nonne@ative coeficientsin its expansiorat0, sinceit is aformallimit of approximantshat
have nonngative coeficients. In particular eachpower seriesy; hasa certainnonzero
radiusof corvergencep;. Also, by positity, p; is asingularityof y; (by virtue of Pring-
sheimstheorem). Fromthenatureof singularitiesof algebraidunctions thereexistssome
orderR > 0 suchthateachRth derivative 8%y, (z) becomesnfinite asz — Py -

We establismow thatp, = - - - = p,,. In effect, differentiationof the equationsom-
posingthe systemimpliesthataderivative of arbitraryorderr, 87y;(z), is alinearformin
otherderivativesdZy;(z) of thesameorder(anda polynomialform in lower orderderiva-
tives);alsothelinearcombinationandthe polynomialform have nonngative coeficients.
Assumea contrariothattheradii werenotall equal,sayp; = - - - = ps, with theotherradii
Ps+1, - - - beingstrictly greater Considetthesystendifferentiateda sufficiently largenum-
berof times,R. Then,asz — p;, we musthave 8%y; tendingto infinity for j < s. Onthe
otherhand,the quantitiesy,+1, etc.,beinganalytic,their Rth derivativesthatareanalytic
aswell musttendto finite limits. In otherwords,becausef theirreducibility assumption
(andagainpositivity), infinity hasto propagateandwe have reachedcontradiction.Thus,
all they; have the sameradiusof corvergenceandwe let p denotethis commonvalue.

(c1) Thekey stepconsistsn establishinghe existenceof a square-roosingularityat
thecommonsingularity p. Consideffirst the scalarcasethatis

where¢ is assumedo dependnonlinearlyon y and have nonngative coeficients. The
requiremenf propernessneanghat z is a factorof all monomials,exceptthe constant
term¢(0,0).

Lety(z) betheuniquebranchof the algebraicfunctionthatis analyticat 0. Compar
ison of the asymptoticordersin y insidethe equalityy = ¢(z,y) shaws that (by nonlin-
earity) we cannothave y — oo whenz tendsto afinite limit. Let now p be the radiusof
convergenceof y(z). Thisagumenishavsthaty(z) is necessarilyinite atits singularityp.
We setr = y(p) andnotethat,by continuityr — ¢(p,7) = 0.
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By theimplicit functiontheorema solution(zo, yo) of (62) canbe continuedanalyti-
cally as(z,yo(2)) in thevicinity of z; aslongasthederivative with respecto y,

J(20,90) := 1 — ¢y (20,%0)
remainsnonzero. The quantity p being a singularity we musthave J(p,7) = 0. (In
passingthe system
T—= ¢(pa T) =0, J(pa T) =0,

determine®nly finitely mary candidatedor p.) Ontheotherhand,the secondderivative
—¢4, is nonzeraat (p, 7) (by positivity, sinceno cancellatiorcanoccur); thereresultsby
the classicalargumenton local failuresof the implicit function theoremthaty(z) hasa
singularity of the square-rootype (seealso Chapterst and5). More precisely the local
expansionof the definingequation(62) at (p, 7) binds(z, y) locally by

1
—(z = P8P, 7) = 5y =)y (0, 7) + -+ =0,
wherethe subsequerntermsarenegligible by Newton’s polygonmethod.Thus,we have
¢.(p, ) 1/2
Yy—T=—"r =2+
TS

the negative determinationof the square-roobeingchosento comply with the factthat
y(z) increasessz — p~ . Thisprovesthefirst partof theassertiorin thescalarcase.

(c2) In the multivariatecase,we graft an ingeniousargument[63] thatis basedon
a linearizedversionof the systemto which Perron-Frobeniutheoryis applicable. First,
irreducibility implies that ary componentsolutiony; dependshonlinearlyon itself (by
possiblyiterating®), sothata discrepang in asymptoticbehaiours would resultfor the
implicitly definedy; in theeventthatsomey; tendsto infinity.

Now, the multivariateversionof the implicit functiontheoremgrantslocally the ana-
lytic continuatiorof ary solutionyy, ya, - - . , ym atzo providedthereis novanishingof the
Jacobiardeterminant

0
J(Z(),yl,. .. ;ym) ;= det ((51'7]' — O—y-q)i(zo’yl" . ;ym)> y
J

whered; ; is Kronecler’'s symbol. Thus,we musthave
J(py 11,y Tm) =0 where 7; := y;(p).

The next argument(we follow Lalley [63]) usesPerron-Frobeniutheoryandlinear
algebra.Considerthe modifiedJacobiamatrix

0
K(z07y17---;ym) = (0—‘I>i(20,y1,---,ym)> )

Yj
which representshe “linear part” of ®. For 2,1, ...,y all nonngative, the matrix K
haspositive entries(by positvity of ®) sothatit is amenablgo Perron-Frobeniutheory
In particularit hasa positive eigervalue A(z, y1, - - -, ¥,) thatdominatesall the otherin

modulus.The quantity R
AMz) = My1(2), -+, ym(2))
is increasingasit is anincreasingfunction of the matrix entriesthatthemselesincrease
with z for z > 0. R R
We proposeto prove that A(p) = 1, In effect, A(p) < 1 is excludedsinceotherwise
(I — K) would beinvertibleat z = p andthis would imply J # 0, therebycontradicting
the singularcharactenf they,(z) at p. Assumea contrario X(p) > 1 in orderto exclude
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the other case. Then, by the increasingproperty therewould exists p; < p suchthat
X(pl) = 1. Letwv; bealeft eigervectorof K(p1,y1(p1),---,ym(p1)) correspondingo
the eigen/aluei(pl). Perron-Frobeniusheory grantsthat sucha vectorv; hasall its
coeficientsthatarepositive. Then,uponmultiplying on theleft by v; thecolumnvectors
correspondingo y and®(y) (which areequal),onegetsanidentity; this derivedidentity

uponexpandingnearp; gives
(63) A(z—p1) ==Y Bij(wi(2) — vi(p1)) (w5 (2) — y; (p1)) + -+,
i,J

where- - - hideslowerordertermsandthecoeficientsA, B; ; arenonngativewith A > 0.
Thereis a contradictionin the ordersof growth if eachy; is assumedo be analyticat p;
sincetheleft sideof (63)is of exactorder(z — p;) while theright sideis atleastassmall
asto (z — p1)2. Thus,we mustha/eX(p) =1 andX(:c) < 1forz € (0, p).

A calculationsimilarto (63) but with p; replacedoy p showsfinally that, if

yi(2) — yilp) ~ vilp — 2)%,
then consisteng of asymptoticexpansionamplies 2a = 1, thatis a = % (The argu-
menthereis similar to the first stageof a Newton polygonconstruction.) We have thus
provedthatthe componensolutionsy; (z) have a square-roosingularity (The existence
of a completeexpansionin powersof (p — z)'/? resultsfrom examinationof the Newton
diagram.)The proof of the generalcase(60) is atlastcompleted.

(d) In the aperiodiccase,we first obsene thateachy;(z) cannotassumean infinite
valueonits circle of corvergencez| = p, sincethis would contradictthe boundednessf
ly;(2)| in theopendisk |z| < p (wherey;(p) senesasanupperbound)Consequentlyby
singularity analysis the Taylor coeficientsof ary y;(z) areO(n=*~") for somen > 1
andthe seriegepresenting; attheorigin corvergeson |z| = p.

For the restof the agument,we obsene thatif y = ®(z,7), theny = &™) (2, %)
where the superscriptdenotesiteration of the transformation® in the variablesy =
(y1,--.,ym). By irreducibility, ®™ is suchthatead of its componenpolynomialsin-
volvesall thevariables.

Assumethattherewould existsasingularityp* of somey;(z) on|z| = p. Thetriangu-
lar inequalityyields|y; (p*)| < y;(p) wherestrictnesss relatedto thegenerabperiodicity
argumentencounteredt several other placesin this book. But then,the modified Jaco-
bianmatrix K (™ of (™ takenatthey; (p*) hasentriesdominatedstrictly by theentries
of K{™ taken at they;(p). Thereresults(seepagel?) thatthe dominanteigervalue of
K™ (2,7;(p*)) mustbestrictly lessthanl. Butthiswouldimply thatI — K™ (z, 7;(p*))
is intervertiblesothatthey; (z) wouldbeanalyticat p*. A contradictiorhasbeenreached:
p is thesoledominantsingularityof eachy; andthis concludeghe argument. O

We obsenethatthedominantsingularityis obtainedamongsthepositive solutionsof
thesystem
7=®(p,7), J(p,7)=0.
For the CatalanGF, thisyields
T—1-—pr’=0, 1-2p7=0,

giving back (asexpected)p = i, T = % For threecolouredtrees(with yq, y», y3 repre-
senting4, B, C), thesystemis formedof the specializatiorof the definingequationg40),
namely

m—p—(+7)’=0, n—(3+71)"=0, 73— (n+m)"=0.
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togethemwith the Jacobiarcondition

1 —27’2 —27’3 —27’3—27’2
det —27'1 — 27'3 1 —2’7’3 — 27'1 =0.
—27'1—27'2 —27’2—27’1 1

It is found (by elimination)that
1
p= Za(3a +1), where 40® +4a®>+a—1=0,

with o = 0.34681 andp = 0.177681 beingthe only feasiblesolutionto the constraints.
Thus,the numberof 3-colouredreesgrows roughlylike 5.62%n=3/2.
ExERcIsE 30. Matchthe computatiorof thedominantsingularityof 3-coloured

treesagainsthe determinatiorof the minimal polynomial R(z, A) of the previ-
oussection.

6. Combinatorial applications of algebraic functions

In this section,we first presentcontet-free specificationghat admita directtransla-
tion into polynomialsystemgSection6.1). Whenparticularizedo formal languagesthis
givesriseto context-freelanguagegSection6.2) that, provided an unambiguitycondition
is met,leadto algebraiageneratingunctions.An importantsubclassespeciallyasregards
computerscienceapplications,s that of simplefamiliesof treessuccinctlypresentedn
Section6.3.

Thenext two subsectionitroduceobjectswhoseconstructionstill leadto algebraic
functions,but in anon-obviousway. Thisincludes:walkswith afinite numberof allowed
basicjumps(Section6.4) andplanarmaps(Section6.5). In thatcase bivariatefunctional
equationsareinducedby the combinatoriadecompositionsThe commonform is

(64) ®(z,u, F(z,u), h(2), ..., he(2)) = 0,

where® is aknown polynomialandtheunknovnsare F andhy, . . ., h,.. Specificmethods
areto be appealedo in orderto attainsolutionsto suchfunctionalequationghat would
seematfirst glanceto be grosslyunderdeterminedRandonwalksleadto alinearversion
of (64) thatis treatedby the so-called'kernelmethod”. Mapsleadto nonlinearversions
thataresolvedby meansof Tutte's “quadraticmethod”.In bothcasesthestratey consists
in binding z andu by forcingthemto lie onanalgebraiacurve (suitablychoserin orderto
eliminatethe dependengon F(z,)), andthenpulling out the algebraicconsequencest
suchaspecialization.

6.1. Context-freespecifications. A contet-freesystenis a collectionof combinato-
rial equations,

C1 = q)1(67(:17"'7cm)
(65)
Cm = QM(a’acla"'acm)a

whered = (a1, .. .) is avectorof atomsandeachof the ®; only involvesthecombinatorial
constructionf disjoint unionandcartesiarproduct. A combinatorialclassC is saidto
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becontet-freeif it is definableasthefirst componen{C = C;) of awell-foundedcontext-
free system. The terminologycomesfrom linguisticsandit stresseshe factthat objects
canbe“freely” generatedby therulesin (65), this without any constraintsmposedby an
outsidecontext®®.

For instanceheclassof planebinarytreesdefinedby

B=e+ (ixBxB) (e,i atomg
is a context-freeclass.The classof generaplanetreesdefinedby
G = o x sequence(§) (o anatom)
is definableby the system
G=oxF, F=1+(FxQG),

with F definingforestsandsoit is alsocontext-free. (This exampleshovs moregenerally

thatsequencesanalwaysbereducedo polynomialform.)
Contet-freespecificationsnay be usedto describeall sortsof combinatorialbbjects.

For instancetheclassT of triangulationsof corvex polygonsis specifiedsymbolicallyby

(66) T=V+(VXxT)+(TxV)+(TxVxT),

whereV representa generictriangle.

The generalsymbolic rules given in Chapterl apply in all suchcases. Therefore
the Drmota-Lalley-Woodstheorem(TheorenB.13) providesthe asymptoticsolutionto an
importantcategory of problems.

ProPOSITION 8.6 (Context-free specifications) A contet-free classC admits an
OGF that satisfiesa polynomialsystenobtainedfrom the specificationby the translation
rules:

A+B— A+B, AxB~— A-B.

TheOGF C(z) is an algebraic functionto which algebraic asymptoticapplies.In partic-
ular, a context-freeclassC thatgivesrise to an algebraically aperiodicirr educiblesystem
hasan enumeation sequencesatisfying

Cp ~ Lw",

mn3
whele v, w are computablealgebraic numbes.

This last result explains the frequently encounterecdestimatesnvolving a factor of
n=3/2 (correspondindo a square-roosingularityof the OGF)thatcanbe found through-
outanalyticcombinatorics.

Exercise3L1. If A, B arecontet-freespecificationshen:(z) thesequencelass
C = sequence(.A) is contet-free; (i¢) thesubstitutionclassD = A[b — B] is
contet-free.

We detail below anexamplefrom combinatorialgeometry

1%0rmal languagetheory also definescontet-sensitve grammarswvhereeachrule (calleda production)
is appliedonly if it is enabledby someexternal context. Contet-sensitve grammarshave greaterexpressie
power than contet-free ones,but they departsignificantlyfrom decomposabilitysincethey are surroundedy
strongundecidabilityproperties;accordinglycontet-sensitve grammarscannotbe associatedvith any global
generatindgunctionformalism.
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ExAMPLE 20. Planar non-ciossingconfiguations. The enumeratiorof non-crossing
planarconfigurationds discussedereat somelevel of generality (An analyticproblem
in this orbit hasbeenalreadytreatedin Examplel8.) The purpossis to illustratethe fact
that context-free descriptionscanmodel naturally very diversesortsof objectsincluding
particulartopological-geometriconfigurationsThe problemsconsideredhave theirorigin
in combinatoriaimusingsof the Rev. T.P. Kirkman in 1857andwererevisitedin 1974by
Domb andBarett[30] for the purposeof investigatingcertainperturbatve expansionof
statisticalphysics.Our presentatioffiollows closelythe synthesiofferedin [40].

Considerfor eachvalue of n the regular n-gon built from verticestaken for corve-
nienceto be the n complex roots of unity and numbered),...,n — 1. A non-crossing
graphis a graphon this setof verticessuchthat no two of its edgescross. From there,
one definesnon-crossingconnectedyraphs,non-crossingorests(that are agyclic), and
non-crossingrees(that are agyclic and connected)seeFigure 16. Note thatthereis a
well-definedorientationof the complex planeandalsothatthe variousgraphsconsidered
canalwaysbe rootedin somecanonicalway (e.g.,on the vertex of smallestindex) since
the placemenbf verticesis rigidly fixed.

Trees A non-crossingreeis rootedat 0. To theroot vertex, is attachedan ordered
collection of vertices,eachof which hasan end-nodev thatis the commonroot of two
non-crossindrees,oneontheleft of theedge(0, ») theotherontheright of (0, »). Let T
denotethe classof treesandi/ denotethe classof treeswhoseroot hasbeensevered.With
o denotinga genericnode we thenhave

T =o0xU, U= sequence(ld XoxU),

which correspondgraphicallyto the “butterfly decomposition™:

0 AN

T-@ U=
U

In termsof OGF this givesthe system
(67) {T=20,U=(1-2U%)""} <= {T=20,U=1+UV,V =2U%},

wherethelatterform correspondto the expansiorof thesequenceperator Consequently

T satisfiesI' = T® — 2T + 22, which by LagrangenversiongivesT, = 5 (" ).

Forests.A (non-crossingjorestis a non-crossingyraphthatis agyclic. In the present
contet, it is not possibleto expressforestssimply assequenceastrees,becausef the
geometryof theproblem.

Startingcornventionallyfrom the root vertex 0 andfollowing all connectecedgesde-
finesa “backbone”tree. To the left of every vertex of the tree, a forestmay be placed.
Thereresultsthe decompositior{expressedlirectly in termsof OGF’s),

(68) F=1+T[zw 2F],

whereT is the OGF of treesand F' is the OGF of forests. In (68), thetermT'[z — zF]
denotesa functional composition. A context-free specificationin standardform results
mechanicallyfrom (67) uponreplacingz by zF', namely

(69) F=1+T,T=2FU,U=1+UV, V = 2FU>.
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FIGURE 16. (Top) Non-crossinggraphs:atree,aforest,a connected
graph,anda generalgraph. (Bottom) The enumeratiorof non-crossing
configurationgy algebraidunctions.
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This systemis irreducible and aperiodic, so that the asymptoticshapeof F,, is of the
form yw,n—3/2, aspredictedby Proposition8.6. This agreeswith the preciseformula
determinedn Examplel8.

Graphs. Similar constructiongsee[40]) give the OGF's of connectedgraphsand
generalgraphs.The resultsaresummarizedn Figure 16. Note the commonshapeof the
asymptoticestimatesand also the fact that binomial expressionsare always availablein
accordancevith Theorem8.10. d

Noteon “tr ee-like” structues.A contet-free specificatiorcanalwaysberegardedas
defininga classof trees.Indeediif the jth termin the construction®; is “coloured” with
the pair (4, 7), it is seenthata context-free systemyields a classof treeswhosenodesare
taggedby pairs (i, ) in away thatis consistenwith the systems rules(65). However,
despitethis correspondencsy, is often corvenientto presere the possibility of operating
directly with objects! whenthetreeaspecis unnatural By aterminologyborrovedfrom
thetheoryof syntaxanalysisn computeisciencesuchtreesarereferredto as“parsetrees”

or “syntaxtrees”.

EXERCISE 32. The parsetreesassociatednechanicallywith the specificatiorof
triangulationsabove arein bijective correspondenceith binary (rootedplane)
trees.

6.2. Context-freelanguages.Let A be a fixed finite alphabetwhoseelementsare
calledletters.A grammarG is a collectionof equations

‘Cl = II11((7:7‘617"'3‘£:Tl7,)
(70) e
Ly = V(@ L1,....Ln),

whereeach¥ ; involvesonly the operationsf union (U) andcatenatiorproduct( - ) with
a thevectorof lettersin A. For instance,

‘Pl(a,£1,£2,£3) =as-Lo-L3UazULs-as- L.
A solutionto (70) is anm-tuple of language®ver the alphabetA thatsatisfiegthesystem.
By corvention,onedeclareghatthegrammarG defineshefirst component/; .

To eachgrammar(70), one canassociatea contet-free specification(65) by trans-
forming unionsinto disjoint union, ‘U’ — ‘+’, and catenationinto cartesianproducts,
‘v ‘x’. Let G bethe specificationassociatedn this way to the grammarG. The
objectsdescribedy G appeaiin this perspectie to betrees(seethe discussiorabove re-
gardingparsetrees). Let h be the transformatiorfrom treesof G to language®f G that
lists lettersin infix (i.e., left-to-right) order: we call suchan h the erasingtransforma-
tion sinceit “forgets”all the structuralinformation containedin the parsetree and only
preseresthesuccessionf letters.Clearly, applicationof A to thecombinatoriakpecifica-
tionsdeterminedy G yieldslanguageshatobey thegrammarG. For agrammarG anda
wordw € A*, thenumberof parsetreest € G suchthath(t) = w is calledthe ambiguity
coeficientof w with respecto thegrammaiG; this quantityis denoteddy k¢ (w).

A grammarG is unambiguousf all the correspondingambiguity coeficientsareei-
ther 0 or 1. This meansthatthereis a bijection betweenparsetreesof G andwordsof

11someauthorshave even developeda notionof “objectgrammars”seefor instancq 32] itself inspiredby
technique®f polyominosumgeryin [29].
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thelanguagelescribedy G: eachword generateds uniquely“parsable”accordingto the
grammar FromProposition8.6, we haveimmediately:

PROPOSITION 8.7. Givena contet-freegrammarG, theordinary geneitingfunction
of the language L (z), countingwords with multiplicity, is an algebraic function. In
particular, a contet-free language that admitsan unambiguousggrammar specification
hasan ordinary genesting function L(z) thatis an algebraic function.

Thistheorenvoriginatedrom earlyworksof Chomslk andSchitzenbeger[22] which
have exerteda stronginfluenceon the philosophyof the presentook.
For exampleconsiderthet ukasiavicz language

L=(a-L-L-L)Ub.

This canbe interpretedasthe setof functionaltermsbuilt from the ternarysymbola and
thenullary symbolb:

L = {b, abbb, aabbbbb, ababbbb, ...}
~ {b, a(b,b,b), a(a(b,b,d),b,b), a(b,a(b,b,b),b),...},

where~ denotegombinatorialsomorphismlt is easilyseerthatthetermsarein bijective
correspondenceith their parsetrees,themselesisomorphicto ternarytrees. Thusthe
grammaiis unambiguoussothatthe OGF equationtranslateslirectly from thegrammayr

(71) L(z) = zL(2)* + 2.
As anotherexample,we revisit Dyck pathsthataredefinableby the grammayr
(72) D=1U(a-D-b-D),

wherea denotesascentandb denoteslescentsEachwordin thelanguagemuststartwith
a letter a thathasa uniquematchingletter b andthusit is uniquelyparsableaccordingto
thegrammar(72). Sincethegrammairis unambiguousthe OGFreadsoff:

D(z) = z + 2°D(2)>.

EXERCISE 33. Investigatethe relationsbetweenparsetreesof tukasiavicz
words(71) andof non-crossingrees.

EXERCISE 34. Extendthediscussiono treeswherenodedegreesareconstrained
to be multiplesof somed > 2. Relatecombinatoriallythis problemto d-ary
trees.

6.3. Simple families of tr ees. Meir andMoonin aclassicpaper] 69 werethefirst to
discover the possibility of generalasymptoticresultsconcerningsimplefamiliesof trees.
Recallthat a simplefamily of treesis definedasthe classof all rootedunlabelledplane
treessuchthatthe outdegreesof nodesareconstrainedo belongto afinite set2 € N. The
degreepolynomialis

o) = 3w,
weN
wherec,, is apositive “multiplicity coeficient” (in thecaseof puresets(?, onehasc,, = 1;
the situatione,, € N coverstreeswith ¢, allowed coloursfor a nodeof degreew). Then,
the OGFof all treesin the family satisfies

T(z) = 2¢(T(2))-

Thisis simply a scalarsystemto which the precedingheoryapplies.
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Assumef? to be aperiodic,in the sensethat the commongcd of the elementsof 2
equalsl. Thenthepair (p, 7) (Wherep is theradiusof convergenceof T'(z) andr = T'(p))
is a solutionto

T—pp(r) =0,  1—p¢'(r) =0
implying the “characteristicequation”,

(73) ¢(r) —7¢(1) = 0.
It canbe seenthatthereis a uniquepositive solutionto (73), which determines
T 1
o(r)  ¢'(7)

Then,onefindsin agreementvith Theorems3.12andand8.13,

= () ().

[T (2) ~ v o—
N
The resultextendsto finite weightedmultisetsof allowable nodedegrees(henceto the
nonplanatabelledcase).Periodicitiesarealsoeasilyreducedo the generakcase.Seethe
lastchapterof this bookfor asummary
EXERCISE 35. Examinethe enumeratiorof “semi-simple”familiesof treesthat
are binary treesdefinedby the fact that edgeshave size betweentwo bounds
¢ < d, binarynodeshave size0, andend-nodedave sizebetweentwo bounds
a < b. Suchtreesarerelevant to the enumeratiorof secondarystructuresof
nucleicsequencem biology [89].

EXERCISE 36. Examinethe enumeratiorof planetreesthat are colouredin r
differentways,wherethe coloursat eachnodeareconstrainedo satisfyafinite
setof compatibilityrules[104.

EXERCISE 37. A branchingprocessconditionedby fixing the sizen of its total
progely leadsto a simplefamily of trees.

EXERCISE 38. Shav that non-planetreeswith node degreesrestrictedto
somefinite Q yield generatingfunctionsthat are never algebraicbut that the
type of the dominantsingularityis still a square-root.[SeePblya and Otter’s
works[75, 79.]

6.4. Walks and the kernel method. Startwith aset( thatis afinite subsebf Z and
is calledthe setof jumps A walk (relative to ) is a sequencev = (wqg, w1, ..., Wwy,)
suchthatwg = 0 andw; 1 —w; € Q, forall ¢, 0 < ¢ < n. A nonngativewalk satisfies
w; > 0 andan excursion is a nonn@ative walk suchthat, additionally w,, = 0. The
guantityn is calledthe lengthof the walk or the excursion. For instance Dyck pathsand
Motzkin pathsanalysedn Section3.5 areexcursionsthat correspondo Q = {-1,+1}
and? = {-1,0,+1} respectiely. (Walks and excursionscan be viewed as particular
casef pathsin agraphin thesensef Section3.3, with thegraphtakento betheinfinite
setZ s of integers.)

We proposdo determinef,,, thenumberof excursionsof lengthn andtype(?, via the
correspondin@®GF

F(2) =) fn2".
n=0
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In fact,we shalldetermineghe moregeneraBGF

F(z,u) := Z Fapubzm,
n,k

where f,, , is the numberof walks of lengthn andfinal altitudek (i.e., thevalueof w, in
thedefinitionof awalk is constrainedo equalk). In particular onehasF(z) = F(z,0).

We let —c¢ denotethe smallest(negative) value of a jump, andd denotethe largest
(positive) jump. A fundamentaldle is playedin this discussionby the “characteristic
polynomial” of thewalk,

Sw) =Y v=>Y Sy’

wEeN j=—c

thatis a Laurentpolynomial®>. Obsenre thatthe bivariategeneratingunction of general-
izedwalkswhereintermediatevaluesareallowedto be negative,with z markingthelength
andu markingthefinal altitude,is rational:

1
(74) G(z,u) = 250"

Returningto nonnayative walks, the main resultto be proved below is the follow-
ing: For ead finite setQ € Z, the generting function of excursionsis an algebraic
functionthat is explicitly computablefrom 2. Thereare mary waysto view this result.
Theproblemis usuallytreatedwithin probability theoryby meansf WienerHopf factor
izations[81]. In contrast,LabelleandYeh[61] shav thatan unambiguousontext-free
specificationcan be systematicallyconstructeda fact thatis sufiicient to ensurethe al-
gebraicityof the GF F(z). (Their approachis basedimplicitly on the constructionof a
finite pushdevn automatoritself equivalent,by generabprinciples,to a context-freegram-
mar) ThelLabelle-Yehconstructiorreduceghe problemto alarge,but somavhat“blind”,
combinatorialpreprocessingand,for analystsit hasthe disadwantageof not extractinga
simpler(andnoncombinatorialstructureinherentin the problem. The methoddescribed
below is oftenknown asthe“kernel” method. It takesits inspirationfrom exercisesn the
1968 edition of Knuth’s book[58] (Ex. 2.2.1.4and2.2.1.11)wherea new approachwas
proposedo the enumeratiorof Catalanand Schroedenbjects. The techniquehassince
beenextendedandsystematizedby severalauthors;seefor instancg5, 6, 15, 33, 34].

Let fn(u) = [2"]F(z,u) be the generatingfunction of walks of lengthn with u
recordinghefinal altitude. Thereis asimplerecurrenceelating f,, +1 (u) to f, (u), namely

(75) fra1(u) = S(u) - fo(u) —ra(u),

wherer,(u) is a Laurent polynomial consistingof the sum of all the monomialsof
S(u) fn(u) thatinvolve negative powers™ of u:

—1

(76) ra(u) = Y w (W] S(u) fn(u)) = {u=0}S(u) fn(u).

j=—c

12 (1 is aset,thenthe coeficientsof S lie in {0, 1}. Thetreatmentbove appliesin all generalityto cases
wherethe coeficients arearbitrary positive real numbers. This accountdor probabilisticsituationsaswell as
multisetsof jumpvalues.

13The convenient notation {u<%} denotesthe singular part of a Laurentexpansion: {u<°}f(z) :=

Yo ([W1f(w) -ui.
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Theideabehindtheformulais to subtracthe effect of thosestepshatwould take thewalk
below the horizontalaxis. For instancepnehas

S(u) = % +0(1) :orp(u) = %fn(())
sw=32+2000) ¢ m= (5 +52) no+ 2200

andgenerally:
@) A = < hS ().

Thus,from (75) and(76) (multiply by 2"*! andsum),thegeneratingunction F'(z, u)
satisfieghefundamentafunctionalequation

(78) F(z,u) =14 zS(u)F(z,u) — 2{u=<°} (S(u)F(z,u)) .
Explicitly, onehas

c—1 6]
(79) F(z,u) =1+ 25w)F(z,u) — zjgo Aj(w) [WF(z,u)] )
for Laurentpolynomials);(u) thatdependon S(u) in aneffectiveway by (77).

The main equationg78) and (79) involve one unknown bivariateGF, F(z,u) andc
univariate GF's, the partial derivativesof F' specializedatu = 0. It is true, but not at
all obvious,thatthe singlefunctionalequation(79) fully determineshec + 1 unknowns.
Thebasictechniquds known as*“cancellingthe kernel” andit relieson stronganalyticity
propertiesseethe book by Fayolleetal. [34] for deepramifications.The form of (79) to
beemployedfor this purposestartsby groupingon onesidethe termsinvolving F(z, u),

c—1 8‘7
I Pl

If theright sidewasnot presentthenthesolutionwouldreduceo (74). In thecaseathand,
from the combinatorialorigin of the problemandimplied bounds,the quantity F'(z, u)
is bivariateanalyticat (z,u) = (0,0) (by elementaryexponentialmajorizationson the
coeficients). Themain principle of the kernelmethodconsistsn couplingthe valuesof z
andwu in suchawaythatl — 2S(u) = 0, sothat F(z,u) disappear$érom the picture. A
conditionis thatboth z andu shouldremainsmall (sothat F' remainsanalytic). Relations
betweenthe partial derivatives are then obtainedfrom sucha specializations(z,u)
(z,u(z)), which happerto bejustin theright quantity

Consequentlywe considerthe“k ernelequation”,
(81) 1—2S(u)=0,
whichis rewritten as

u® =z - (uS(u)).

Underthis form, it is clearthat the kernel equation(81) definesc + d branchesof an
algebraidunction. A localanalysigNewton’s polygonmethod)shavs that,amongsthese
c+d branchestherearec brancheshattendto 0 asz — 0 while theotherd tendto infinity

asz — 0. Letug(z),...,uc.—1(z) bethec brancheghattendto 0, thatwe call “small”
branchesln addition,wesingleoutuq(z), the“principal” solution,by thereality condition

uo(z) ~ ’yzl/c, 5= (Sc)l/c € Ryo (z = 0M).
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By local uniformization(57), the conjugatebranchesregivenlocally by
ug(z) = up(e#¥72) (z = 0%).

Couplingz andu by u = u,(z) producesnterestingspecialization®f Equation(80).
In thatcasez,u) is closeto (0, 0) whereF is bivariateanalyticsothatthe substitutions
admissible By substitutionwe get

u=0

82 1 c_l/\- 6jF =0 1
(82) -= L (o) o] L e=0c-d

This is now a linear systemof ¢ equationin ¢ unknowns (the partial derivatives) with
algebraiccoeficientsthat,in principle,determined’(z, 0).

A corvenientapproacho thesolutionof (82) is dueto Mireille Bousquet-Milou. The
argumentgoesasfollows. The quantity

c—1 -
c c 6]
(83) M(u) :==u® — zu JZ:O )\j(u)wF(z,O)
canberegardedasa polynomialin u. It is monicwhile it vanishedy constructiomatthec
smallbranchesyy, . .., u.—1. Consequentlyonehasthefactorization,
c—1
(84) M(u) = ] (u — ue(2)).
=0

Now, the constantermof M (u) is otherwiseknown to equal—zS_.F(z,0), by the def-
inition (83) of M (u) andby Equation(77) specializedo Ag(u). Thus,the comparison
of constantermsbhetween83) and (84) providesus with anexplicit form of the OGF of
excursions:

(;1): ﬁ ue(2).

£=0
Onecanthenfinally returnto the original functionalequationandpull the BGF F'(z, u).
We canthusstate:

PropPosITION 8.8 (Kernelmethodfor walks). Let Q be a finite stepof jumpsand

let S(u) be the characteristic polynomialof €2. In termsof the ¢ small branchesof the
“k ernel” equation,

F(z,0) =

1—2S(u) =0,
denotedoy ug(2), - - ., u._1(2), thegenerting functionof excursionsis expressibleas

Fzy = D H we(z) wheeS_, = [u=<]S(u)

is themultiplicity (or weight)of thesmallestelement-c¢ € Q.
More geneally the bivariate genemting function of nonnegative walksis bivariate
algebraic andgivenby

F(ew) = o roesay 1L 0= we(2).

ut — z (ucsS
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We give next afew examplesllustratingthis kerneltechnique.

Treesand Lukasiewicz codes.A particularclassof walksis of specialinterest;it corre-
spondgto casesvherec = 1, thatis, the largestjump in the negative directionhasampli-
tudel. Consequently2 + 1 = {0, s1, s2, - . ., sq4}. In thatsituation,combinatoriatheory
teachesus the existenceof fundamentalsomorphism$etweerwalks definedby steps(2
andtreeswhosedegreesareconstrainedo lie in 1 + Q. The correspondencis by way of
tukasiavicz codes* (‘also known as‘Polish” prefix codes,“Polish” prefix notation),and
from it we expectto find treeGF's in suchcases.

As regardsgeneratingunctions,therenow exists only onesmall branch,namelythe
solutionug (2) toug(2) = z¢(ue(z)) (Wheregp(u) = uS(u)) thatis analyticat the origin.
OnethenhasF(z) = F(z,0) = 1u,(z), sothatthewalk GF is determinecby

F(,0) = Tuo(2),  uo(2) = 20(u0(2)),  d(u) i= uS(u).

This form is consistenwith whatis alreadyknown regardingthe enumeratiorof simple
familiesof trees.In addition,onefinds

1—utug(z)  u—up(z)

1—2S(w)  u—z¢(u)
Classicakpecializationsirerederivedin this way:
— the Catalanwalk (Dyck path),definedby Q@ = {—1,+1} and¢(u) = 1 + u?,

has
ug(z) = 1 (1 -1 —422) ;

2z
— theMotzkin walk, definedby Q = {—1,0, +1} and¢(u) = 1 + u + u? has
— 1 2] .
ug(2) = % (1—z—\/1—2z—3z ),

— the modified Catalanwalk, definedby Q@ = {-1,0,0 + 1} (with two stepsof
type0) andé(u) = 1 + 2u + u?, has

1

uo(2) = % (1-22—-V1-4z2);

— thed-arytreewalk (theexcursionsencoded-ary trees)definedby Q = {—1,d —
1}, hasug(z) thatis definedimplicitly by

uo(2) = 2(1 +uo(2)?).

F(z,u) =

Examplesof the generalcase.Take now Q = {—2,—1,1, 2} sothat
Sw)=u?+u ' +u+u’
Then,up(2),u;1(2z) arethetwo brancheshatvanishasz — 0 of thecurve
v’ =z(1+y+y° +y*).
Thelinearsystemthatdetermines?'(z,0) and F'(z,0) is

Wi T w@ ) TP T wm

Z !

F'(2,0) 0
z z
1- (2 + -2 )F(z,0) - (2,0) = 0
14sychacode[66] is E#th(r?e)&)y aﬁl’é& raversalof the?ﬂfle(,?écordinéajump of r — 1 whenanodeof
outdgyreer is encounteredThe sequencef jumpsgivesriseto anexcursionfollowed by anextra—1 jump.
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(derivativesaretakenwith respecto the secondargument)andonefinds
1 1
F(2,0) = ——uo(z)ur(z),  F'(2,0) = —(uo(2) +u1(2) +uo(2)ua(2))-
This givesthe numberof walks, througha combinationof seriesexpansions,

F(2) = 1+22% +22% + 112* 4+ 242° + 9328 + 27227 + 97125 4+ 31942° + - - - .

A singlealgebraicequationfor F'(z) = F(z,0) is thenobtainedby elimination(e.g., via
Groebnebasesfrom the system:

ug —z(1+uo+ud +uj) = 0
w2 —z(14+u +ud+uf) = 0
zF +ugu; = 0

Eliminationshavsthat F'(z) is aroot of theequation
Ayt — 21+ 22)8 + 224+ 32) P — (1 +22)y+1=0.

For walks correspondingto @ = {-2,—1,0,1,2}, we find similarly F(z) =
—Lug(2)us(2), whereug, u; arethesmallbranchesf y? = z(1+y +y* +y° + y*), the
expansionstartsas

F(2) =14 2+ 3224+ 92° 4+ 322 + 1202° + 47325 + 192527 + 80342° + - - - |
andF'(z) is arootof theequation
2yt =221+ 2) + 22+ 2)y* — (L +2)y+1=0.

6.5. Maps and the quadratic method. A (planar)mapis a connecteglanargraph
togetherwith an embeddingnto the plane. In all, generality loops and multiple edges
areallowed. A planarmap thereforeseparateshe planeinto regions called faces(Fig-
ure17). Themapsconsiderederearein additionrooted,meaningthataface,anincident
edge,andanincidentvertex aredistinguished.In this section,only rootedmapsarecon-
sidered®. Whenrepresentingootedmaps,we shall agreeto draw the root edgewith an
arrowv pointingaway from theroot node,andto take the root faceasthatfacelying to the
left of thedirectededge(representeth grey on Figurel7).

Tuttelaunchedn the1960%salargecensu®f planamapswith theintentionof attack-
ing the four-colourproblemby enumeratie technique¥; see[16, 93, 94, 95, 96]. There
existsin factan entirezoo of mapsdefinedby variousdegreeor connectvity constraints.
In this chapterwe shalllimit ourselhesto corveying aflavour of this vasttheory with the
goalof shaving how algebraidunctionsarise. The presentatiotakesits inspirationfrom
thebookof GouldenandJacksor{48, Sec.2.9]

Let M bethe classof all mapswheresizeis takento be the numberof edges. Let
M (z,u) bethe BGF of mapswith « markingthe numberof edgeson the outsideface.
Thebasicsuigeryperformedon mapsdistinguisheswo casedbasediponthe natureof the

15Nothing is lost regardingasymptoticpropertiesof randomstructuresvhen a rooting is imposed. The
reasons thata maphas,with probability exponentiallycloseto 1, a trivial automorphisngroup;consequently
almostall mapsof m edgescanberootedin 2m ways(by choosinganedge andanorientationof this edge) and
thereis analmostuniform 2m-to-1 correspondenceetweerunrootedmapsandrootedones.

16Thefour-colourtheorento theeffect thatevery planargraphcanbe colouredusingonly four colourswas
eventuallypraovedby AppelandHakenin 1976,usingstructuralgraphtheorymethodssupplementetly extensve
computersearch.



6. APPLICATIONS OF ALGEBRAIC FUNCTIONS 87

FIGURE 17. A planarmap.

root edge. A rootedmapwill be declaredto beisthmicif theroot edger of mapu is an
“isthmus” whosedeletionwould disconnecthe graph.Clearly, onehas,

(85) M =0+ MD 4 M.

where M@ (resp. M) representhe classof isthmic (resp.non-isthmic)mapsand' o’
is the graphconsistingof a singlevertex andno edge. Thereareaccordinglytwo waysto
build mapsfrom smalleronesby addinga new edge.

(7) The classof all isthmic mapsis constructedby taking two arbitrary mapsand
joining themtogethetby a new root edge ,asshavn below:

The effect is to increasethe numberof edgesby 1 (the new root edge)andhave the root
facedegreebecome2 (the two sidesof the new root edge)plus the sumof theroot face
degreesof thecomponenmaps.The constructions clearlyrevertible. In otherwords,the
BGFof M is

(86) M (z,u) = zu>M(z,u)?.

(7¢) The classof non-isthmicmapsis obtainedby taking an alreadyexisting map
and addingan edgethat preseresits root nodeand “cuts across”its root facein some
unambiguougashion(so that the constructionshouldbe revertible). This operationwill
thereforeresultin a nev mapwith an essentiallysmallerroot-facedegree. For instance,
thereare5 waysto cutacrossarootfaceof degree4, namely

\
Y
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This correspondso thelineartransformation

ut e 2+ ozt + 2+ 2+ zdh

In generatheeffecton amapwith rootfaceof degreek is describedy thetransformation
ub — 2(1 — u*+1) /(1 — u); equivalently, eachmonomialg(u) = u* is transformednto
u(g(1) — ug(u))/(1 — u). Thus,the OGFof M (™ involvesadiscretedifferenceoperator:
M(z,1) —uM(z,u)

1—u '

(87) M™ (z,u) = 2u

Collectingthecontributionsfrom (86) and(87)in (85) thenyieldsthe basicfunctional
equation,
M(z,1) —uM(z,u)
1—=2 )
The functional equation(88) binds two unknawn functions, M (z,u) and M (z, 1).
Much like in the caseof walks, it would seemto be underdeterminedNow, a methoddue

to Tutteandknown asthe quadraticmethodprovidessolutions. Following Tutte andthe
accountin [48, p. 138], we considermomentarilythe moregenerakquation

(89) (91F (2,u) + g2)* = gs,

whereg; = G;(z,u, h(z)) andtheG; areexplicit functions—hereheunknavn functions
are F(z,u) andh(z) (cf. M(z,u) andM(z,1) in (88)). Bind u andz in suchaway that
theleft sideof (89) vanishesthatis, substituteu = u(z) (ayetunknavn function) sothat
g1 F + g2 = 0. Sincetheleft-handsideof (89) now hasa doublerootin u, somustthe
right-handside,whichimplies

(88) M(z,u) =1+ u’2M(z,u)* + uz

9gs

u=u(z)
The original equationhasbecomea systemof two equationsn two unknowns that de-
terminesimplicitly h(z) andu(z). Fromthere,eliminationprovidesindividual equations
for u(z) andfor h(z). (If neededF(z,u) canthenberecoreredby solving a quadratic
equation.)It will berecognizedhat,if the quantitiesq;, g2, g3 arepolynomials,thenthe
processnvariablyyields solutionsthatarealgebraicfunctions.

We now carryoutthis programmaen the caseof mapsandEquation(88). First,isolate
M (z,u) by completingthe squaregiving

11 —u+u?z
2 u?z(1 —u)

M(z,1)

2
) = Q(z,u) + w(l—u)’

(91) (M(z, u)

where
22ut — 2zu%(u — 1)(2u — 1) + (1 — u?)
Qzu) = dutz2(1 — u)? '
Next, the conditionexpressinghe existenceof a doublerootis
1 2u—1
— _M(z,1) = ! —
Q(z7u)+ U(].—u) (Z7 ) 07 Qu(z7u)+ U2(1—U)2

It is now easyto eliminateM (z, 1), sincethedependengin M is linear, anda straightfor
ward calculationshavsthatu = u(z) shouldsatisfy

(W2 + (u—1)) (u’z + (u—1)(2u — 3)) =0.

M(z,1) =0.
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Thefirst parametrizatiomvouldleadto M (z,1) = 1/z whichis notadmissible Thus,u(z)
is to be takenastheroot of the secondfactor with M (z, 1) beingdefinedparametrically
by

(1—u)(2u —3) 3u—4
=—"— " Mzl =-u——.
Thechangeof parameter, = 1 — 1/w reduceshis furtherto the“Lagrangearform”,
w 1— 4w
92 = M(z,1) = ———.

To thisthe Lagrangenversiontheoremcanbeapplied. The numberof mapswith n edges,
M,, = [z"]M(z,1) is thendeterminedas
(2n)!13"
nl(n + 2)V’
andoneobtainsSequenc@&000168of the EIS:
M(2,1) = 1+ 22 + 92% + 542° + 3782 + 29162° + 240572° + 20849427 + - - - .

We referto [48, Sec.2.9] for detailedcalculationgthatarenowadaysroutinely performed
with assistancef acomputeralgebrasystem).Currently thereexist mary applicationsof
the methodto mapssatisfyingall sortsof combinatorialconstraintge.g., multiconnectv-
ity); see[83] for arecentpanorama.

The derivation above haspurposelystressedh parametrizedipproachasthis consti-
tutesa widely applicableapproachn mary situations.In a simplecaselik e this, we may
alsoeliminateu andsolve explicitly for M (z,1), to wit,

1
5422
It is interestingto notethatthe singularexponenthereis % afactfurtherreflectedby the
somavhatatypicalfactorof n~%/2 in theasymptotidorm of coeficients:

M, =2

M(z) = M(z,1) = (1 —182— (1 - 122)3/2) .

2
M, ~ —12" n — 00).
e 2 o)
Accordingly, randomnesgropertiesof mapsare appreciablydifferentfrom whatis ob-
senedin treesandmary commonlyencounteredontet-freeobjects.

7. Notes

A very detaileddiscussiorof rationalfunctionsin combinatorialanalysisis givenin
Stanlg’sbook[87] thatfocusse®nalgebraicaspectsThemaincharacterizationandclo-
surepropertiesaredevelopedthereon afirm algebraidasis. The Perron-Frobeniutgheory
is coveredextensiely in Gantmaches referencebook on matrix theory[45, Ch. 13] as
well asin mostcourseson stochastiqprocessebecausef its relevanceto finite Markov
chains;seefor instancethe excellentappendixof Karlin and Taylor's course[54]. The
connectiondetweerrationalseriesandformal languagegorm the subjectof the book by
BerstelandReutenauefl2] thatalsodiscussesationalseriesn noncommutatieindeter
minates.Connectiondbetweergraphsmatricesandrationalfunctionsappeain reference
booksin algebraiccombinatoricslik e thoseby Biggs[14] or Godsil[46].

The intimate relationsbetweenfinite automataregular expressionsand languages
belongto the protohistoryof computersciencein the 1950s. The connectionwith gen-
erating functions evolved largely from joint researcH22] of the mathematiciarMarco
Schitzenbeger and the linguist Noam Chomsly in the secondhalf of the 1950s. The
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methodof transfermatricess closelyrelatedto finite automateandit belongsto thefolk-
lore of statisticalphysics;seeTemperlg’s monograpt91].

Lattice pathsarefundamentabbjectsof combinatoricsand several bookshave been
devotedalreadyto theirenumeratie aspectsse 71] for atreatmenthatoffersinsightson
motivationscomingfrom neighbouringareasof classicalstatisticsandprobability theory
Historically, the connectionbetweenlattice pathsand continuedfractions has surfaced
independentlyn works of Touchard(topologicalconfigurationd92)), 1.J. Good(random
walks[47]), Lenard(one-dimensionadtatisticaimechanic$65]), Szeleres(combinatorics
of someof Ramanujars identities), Flajolet (historiesand dynamic datastructureg 35,
36]), Jacksor(combinatoricof Ising models[53]), andRead(chorddiagramg80]). The
basicresultsare still rediscaveredand publishedperiodically Generalsynthesesappear
in [35, 37, 48] andtherelationto orthogonalpolynomialsis well developedin Godsil’'s
book[46]. The presentatiorgiven herebasesdtself on referencd37], a study motivated
morespecificallyby theformal theoryof birth-and-deatlprocesses.

Algebraic functionsare the moderncounterpartof the study of curves by classical
GreekmathematiciansThey areeitherapproachedby algebraicmethodgthis is the core
of algebraicgeometry)or by transcendentahethods. For our purposeshowever, only
rudimentsof the theory of curvesare needed. For this, thereexist several excellentin-
troductorybooks,of which we recommendhe onesby Abhyankar[1], Fulton[44], and
Kirwan[56]. On the algebraicside, we have strivento provide an introductionto alge-
braic functionsthatrequiresminimal apparatus At the sametime the emphasisasbeen
put somevhat on algorithmic aspectssince most algebraicmodelsare nowadayslikely
to be treatedwith the help of computeralgebra. As regardssymbolic computationahs-
pectswe recommendhetreatiseby von zur GatherandJirgenP§| for backgroundwhile
polynomialsystemsareexcellentlyreviewedin thebookby Cox, Little, andO’Shea[27].

In the combinatorialdomain,algebraicfunctionshave beenusedearly: in Eulerand
Sgyner’s enumeratiorof triangulationg1753)aswell asin Schivder'sfamous'vier com-
binatorische Problemé describedn [88, p. 177]. A major advancewasthe realization
by Chomsly and ScHitzenbeger that algebraicfunctionsare the “exact” counterpariof
contt-freegrammarsandlanguagegseeagainthehistoricpaperf22]). A masterfulsum-
mary of the earlytheoryappearsn the proceedinggditedby Berstel[10] while amodern
and preciseexposition forms the subjectof Chapter6 of Stanlg’s book [88]. On the
analytic-asymptotiside,mary researcherhave long beenawareof the power of Puiseux
expansionsn conjunctionwith someversionof singularityanalysis(oftenin the form of
the Darboux—Blya method:see[79] basedon Polya’s classicpaper[ 78] of 1937). How-
ever, thereappearedo bedifficultiesin copingwith thefully generalproblemof algebraic
coeficientasymptoticd18, 70]. We believe that Section5.1 sketchesthe first complete
theory In the caseof positive systemsthe “Drmota-Lalley-Woods”theoremis the key to
mostproblemsencountereth practice—itsmportanceshouldbe clearfrom the develop-
mentsof Section5.2.
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