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ANALYTIC COMBINATORICS

Foreword

This report is part of a serieswhoseaim is to presentin a syntheticway the major
methodsandmodelsin analyticcombinatorics.Thewholeseries,aftersuitableediting,is
destinedto betransformedinto abookwith thetitle

“Analytic Combinatorics”

Thepresentreportis

— Chapter8, FunctionalEquations—RationalandAlgebraic Functions.

It is partof thefollowing collectionof ResearchReportsfrom INRIA:

— Chapters1–3,“CountingandGeneratingFunctions”,RR1888,116pages,1993;
— Chapters4–5,“Complex AsymptoticsandGeneratingFunctions”,RR2026,100

pages,1993;
— Chapter6, “SaddlePointAsymptotics”,RR2376,55pages,1994;
— Chapter7, “Mellin TransformAsymptotics”,RR 2956,93 pages,1996.
— Chapter9, “Multi variateAsymptoticsandLimit Distributions”, RR 3162,123

pages,May 1997.

For historicalreasons,theheadingsof previouschaptersin theserieswere“The Average
CaseAnalysisof Algorithms”.
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CHAPTER 8

Functional Equations—Rationaland Algebraic Functions

Mathematicsis infinitely wide,while thelanguagethatdescribesit is finite. It follows from the
pigeonholeprinciplethatthereexist distinctconceptsthatarereferredto by thesamename.
Mathematicsis alsoinfinitely deepandsometimesentirelydifferentconceptsturnout to be

intimatelyandprofoundlyrelated.

— DoronZeilberger[101]

I wish to Godthesecalculationshadbeenexecutedby steam.

— CharlesBabbage(1792-1871)

This partof thebookdealswith classesof generatingfunctionsimplicitly definedby
linear, polynomial,or differential relations,globally referredto as functionalequations.
Functionalequationsarisein well definedcombinatorialcontexts and they leadsystem-
atically to well-definedclassesof functions. One thenhasavailablea whole arsenalof
methodsandalgorithmicproceduresin order to simplify equations,locatesingularities,
andeventuallydetermineasymptoticsof coefficients.Thecorrespondingclassesareasso-
ciatedwith algebraicclosurepropertiestogetherwith a strongform of analytic“regular-
ity” that constrainsthe locationandnatureof singularities.We shall detail herethe case
of rationalfunctions(thatarisefrom functionalequationsthatarelinearandfrom associ-
atedfinite-statemodels)andalgebraicfunctions(thatarisefrom polynomialsystemsand
“context-free” decompositions).A companionchapterwill treatholonomicfunctions(de-
fined by linear differentialequationswith coefficientsthemselvespolynomialor rational
functionsthatarisefrom adiversityof contexts includingorderstatistics).

Rationalfunctionscomefirst in orderof simplicity. Linearsystemsof equationsoccur
systematicallyin all combinatorialproblemsthat areassociatedwith finite statemodels
(themselvescloselyrelatedto Markov chains),like pathsin graphs,regularlanguagesand
finite automata,patternsin strings,andtransfermatrixmodelsof statisticalphysics.Singu-
laritiesareby naturealwayspoles. Consequently, theasymptoticanalysisof coefficientsof
rationalfunctionsis normallyachievedvia localizationof poles.Althoughdifficultiesmay
ariseeitherin noncombinatorialcontexts (nonpositiveproblems)or whendealingsimulta-
neouslywith an infinite collectionof functions(for instance,the generatingfunctionsof
treesof boundedheightor width), thesituationis howeveroftentractable:for positivesys-
tems,generaltheoremsderivedfrom theclassicalPerron-Frobeniustheoryof nonnegative
matricesguaranteesimplicity of thedominantpositivepole.

Next in order of difficulty, therecomethe algebraic functionsdefinedas solutions
to polynomial equations.Suchfunctionsoccur in connectionwith the simplestnonlin-
earcombinatorialmodels,namelythe classof context-free models. Suchmodelscover
many typesof combinatorialtrees(thatarerelatedto thetheoryof branchingprocessesin
probability theory)or walks (that arecloseto the probabilistictheoryof randomwalks).
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2 8. FUNCTIONAL EQUATIONS—RATIONAL AND ALGEBRAIC FUNCTIONS

Algebraicpropertiesincludethe possibilityof performingeliminationby deviceslike re-
sultantsor Groebnerbasis:in this way, a systemof equationscanalwaysbereducedto a
singleequation.Singularitiesarein all casesof asimpleform—they arebranch pointscor-
respondinglocally to fractionalpowerseries, alsoknown asNewton–Puiseuxexpansions.
Accordingly, the asymptoticshapeof the coefficientsof any given algebraicfunction is
thenentirelypredictableby singularityanalysis.However, nonlinearalgebraicequations
admitseveralsolutionsanda so-called“connectionproblem” hasto besolvedby consid-
erationof the global geometryof the algebraiccurve definedby a polynomialequation.
Again, fortunately, the situationsomewhat simplifies for positive algebraicsystemsthat
capturemostof combinatorialapplications.

Last but not leasttherecomethe holonomicfunctionsthat encompassrational and
algebraicfunctions.They aredefinedassolutionsof lineardifferentialequationswith ra-
tional functioncoefficientsandthey arisein a numberof contexts, from orderstatisticsto
regular graphs. It hasbeenrealizedover the last two decades,by Stanley, Lipshitz, and
Zeilbergermostnotably, thatthesefunctionsenjoy anextremelyrich setof nontrivial clo-
sureproperties.In particular, they encapsulatemostof what is known to admitof closed
form in combinatorialanalysis. Algebraically, holonomicfunctionsareobjectsthat can
be specifiedby a finite amountof informationso that the identitiesthey satisfyis decid-
able. For instance,even a restrictive consequenceof this theory leadsto an interesting
fact summarizedby Zeilberger’s aphorism“All binomial identitiesare trivial ”. Analyt-
ically, the natureof singularitiesis againgovernedby simple laws, a fact that derives
from turn-of-the-twentieth-century studiesof singularitiesof linear differentialequations
(by Schwartz,Fuchs,Birkhoff, Poincaŕe,andothers).Theclassificationinvolvesa funda-
mentaldichotomybetweenwhatis known asregular singularityandirregular singularity.
Fromthere,like in thealgebraiccase,theasymptoticshapeof thecoefficientsof any given
holonomicfunction is predictableby singularityanalysis(regular singularity) or saddle
pointanalysis(irregularsingularity).However, unlikein thealgebraiccase,theconnection
problemis not known to be decidableanda priori quantitative bounds(basedon combi-
natorialreasoning)mustsometimesberesortedto in orderto prunesingularitiesandcom-
pletely solve an asymptoticquestionthat arisesfrom a combinatorialproblemexpressed
by aholonomicgeneratingfunction.

Finally, we make a brief mentionhereof equationsof the compositiontype. There,
strongclosurepropertiestendto fadeaway. However, a nice setof techniquesthat have
beenput to usesuccessfullyin the analysisof someimportantcombinatorialproblems.
For instance,the countingof balancedtrees[72] andthe distributionalanalysisof height
in simplefamiliesof trees[41, 42] relateto analyticiterationtheory. On anotherregister,
metricpropertiesof generalnumberrepresentationsystemsandinformationsources[97]
togetherwith thecorrespondinganalysesof digital trees[24] canbeapproachedsuccess-
fully by meansof functionalanalyticmethods,especiallytransferoperators.

The rational, algebraic,and holonomicclasses

Exact combinatorialenumerationis best expressedin terms of generatingfunc-
tions, the recurrentthemeof this book. In this chapterand its companion(“Functional
Equations—HolonomicFunctions”),threemajorclassesareidentified: therationalclass,
thealgebraicclass,andtheholonomicclass.Eachclassis aworld of its own with specific
algebraicpropertiesandspecificanalyticproperties.

At the level of algebra,everythingis expressedin termof formal power series,since
noconsiderationof convergenceentersthediscussiona priori . Givenadomain~ , whatis



RATIONAL, ALGEBRAIC, HOLONOMIC CLASSES 3

denotedby ~l� � �Z� � is thesetof formalpowerseriesin theindeterminate� , which meansthe
collectionof formal sums, � p � t&�����Z��� � � � ��� � ��� ~D�
Weshallnormallytake ~ to beafield likethefield � of complex numbersor thesubfield�
of rationalnumbers.(Weoccasionallyspeakof �
� � �Z� � or �U� � �Z� � but thesewill beregardedas
simplydenotingparticularelementsof �D� � �Z� � or �
� � ��� � .) Wethenhave,in orderof increasing
structuralcomplexity andrichness,threemajorclassesof objects,~����s�P� � �Z� ����~
�=� ��� � ��� ���%~
�B�s��� � ��� ����~:� � ��� � �
correspondingto therational,algebraic,andholonomicsubsetsof ~:� � ��� � .

— Rationalseriesdenotedby ~ ���=� � � �Z� � aredefinedassolutionof linearequations,

(1) � � ~����=�P� � ��� � if f � � ~:� � ��� � and  L¡ p � t �<¢£  � p � t'�¤b ,
for somepolynomials  � �  4¡ � ~D� ��� .

— Algebraic seriesaredefinedassolutionsof polynomialequations,

(2) � � ~ �s� � � � �Z� � if f � � ~:� � �Z� � and ¥�¦ ���   ¦ p � t � ¦ �¤b ,
for a family of polynomials  ¦ � ~l� �Z� .

— Holonomicseriesaredefinedassolutionsof lineardifferentialequations,

(3) � � ~��N�=��� � �Z� � if f � � ~D� � ��� � and ¥�¦ ���   ¦ p � tl§
¦

§ � ¦ � �¤b ,
for a family of polynomials  ¦ � ~l� �Z� .

It oftenprovesconvenientto extendringsinto fields.Thedomain~ p � t is thequotientfield
of thering ~D� ��� , thatis thesetof fractions 4¨Z© , with   � © � ~l� ��� andit is asimpleexercise
to checkthat thedefinitionsof (1), (2), (3) couldhave beenphrasedin anequivalentway
by imposingthat coefficientslie in ª p � t insteadof ~:� �Z� . The quotientfield of ~:� � ��� � is
denotedby ~ p p � t t andis calledthe field of formal Laurentseries.From its definition, a
Laurentseriescontainsafinite numberof negativepowersof � , andaformalistmightenjoy
an“identity” like ~ p p � t tH� ~D� � ��� ��� ` ¨Z�Z� . Then,in analogyto (1), (2), (3),onecandefinethree
subsetsof ~ p p � t t , namely, ~ ���«� p p � t t � ~ �s� � p p � t t � ~ �N�=� p p � t t by looking at solutionsin ~ p p � t t
insteadof ~D� � ��� � .

The definitionswe have adoptedareby meansof a singleequation. As it turn out,
every classcanbe alternatively definedin termsof systemsof equations. Theorygrants
usthefact thatsystemsarereducibleto singleequations,in eachof thethreecasesunder
consideration.The reductioncanbe seenasan eliminationproperty: given a system ¬
that definessimultaneouslya vector p �]¡ � �B�N� � ��­ t of solutions,eachcomponent,�]¡ say,
is definableby a single equation. For linear systems,this fact is grantedby Gaussian
eliminationandby thetheoryof determinants(‘Cramer’s rule’). For polynomialsystems,
onemayappealeitherto Groebnerbasiselimination—analgorithmicprocessreminiscent
of Gaussianelimination—or to resultantsthatarerelatedto determinants.For differential
systems,onemayeitherappealto anextensionof Groebnerbasesto differentialoperators
or to a methodknown underthenameof “cyclic vectors”;see[23].

Eachclasscarrieswith it a setof closureproperties,somemoreobviousthanothers.
Apartfrom theusualarithmeticoperations,thereis alsointerestin closureunderHadamard
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1. Basicobjects.

Domain Notation Typicalelement ( ® is a field)

Polynomials ®�¯ °B± ²³´sµ4¶L· ´ ° ´ , with · ´l¸ ® ®�¯ °B± is a ring

Rationalfractions ®�¹�°fº »¼ with »H½ ¼ ¸ ®�¯ °N± ®�¹�°fº is a field

Formalpower series ®�¯ ¯ °N± ± ¾³´sµ4¶ · ´ ° ´ ®�¯ ¯ °N± ± is a ring

FormalLaurentseries ®�¹ ¹�°uº º ¾³´=µ�¿ ² ·
´ ° ´ ®�¹ ¹�°uº º is a field

2. Specialclasses.(Coefficients À ´ maybetakenin either ®
¯ °N± or in ®
¹�°fº .)
Rationalseries ®�ÁÃÂ�Äu¯ ¯ °B± ± solutionof ÀLÅ�¹�°fº�Æ
ÇÈÀ ¶ ¹�°uº�ÉËÊ
Algebraicseries ® ÂÍÌ Î ¯ ¯ °N± ± solutionof À ² ¹�°fº�Æ ² ÇÐÏ�ÏAÏ�ÇÈÀ ¶ ¹�°fº�ÉËÊ
Holonomicseries ®�ÑAÒÍÌ=¯ ¯ °N± ± solutionof À ² ¹�°fº�Ó ² Æ�ÇÐÏAÏ�Ï�ÇÈÀ ¶ ¹�°fº�ÉËÊ ( Ó{ÔÖÕÕ=× )

3. Closureproperties.

Class Elimination(SystemØ Eq.) Ù Ú Û Ü Ó Ý
Rat Gaussianelim.; determinants Y Y Y Y Y N

Alg Groebnerbases;resultants Y Y Y N Y N

Hol diff. Groebnerbases;cyclic vector Y Y N Y Y Y

4. Singularities and coefficientasymptotics(simplified forms).

Singularity Coefficient form

Rat ¹�°
Þàßuº ¿Lá ( â integer) ã á�¿ Å ß ¿\ä
Alg ¹�°
Þàßuº ¿\å ( ævÉèçé ¸{ê ) ã å\¿ Å ß ¿Lä
Hol [regularsing.] ¹�°
Þàßuº ¿\ë ¹íìïîNðL¹�°
Þ+ßfºÍºÍñ ( ò algebraic) ã ë�¿ Å ¹íìóîNð�ãôºÍñNß ¿\ä

FIGURE 1. A summaryof the definitionsandmajor propertiesof the
threeclassesof functions: Rational(Rat), Algebraic (Alg), andHolo-
nomic(Hol).

products,that is, termwiseproductof series. Differentiationand integration of formal
powerseriesaredefinedin theusualway,õËö � � � � � �\÷ � � �ùø � � � �Lú ¡ � û ö � � � � � �\÷ � � � � �

ø ¢ ` � �Zü ¡ �
Themainclosurepropertiesof eachclassaresummarizedin Figure1.

Next comesanalysis. A major themeof this book is that asymptoticforms of co-
efficients are dictatedby the expansionsof functionsat singularities. In fact functions
associatedto seriesthatbelongto any of themajorthreeclassesunderconsiderationhave
afinite numberof singularitiesandthenatureof singularitiesis predictable.

Rationalfunctionscanonly have polesfor which the theoryof Chapter4 appliesdi-
rectly. Algebraic functionsenjoy a richer singularstructure,wherefractionalexponents
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occur:thecorrespondingexpansionsknown sinceNewton arecalledNewton–Puiseuxex-
pansionsandthe conditionsof singularityanalysisareautomaticallysatisfied.However,
the inherentlymultivaluedcharacterof algebraicfunctionsposesa specific“connection
problem”asoneneedsto selecttheparticularbranchthatis associatedto any givencombi-
natorialproblem.Holonomicfunctionshavewell-classifiedsingularitiesthat fall into two
categoriescalledregularandirregular(alsodiverselyknown asfirst kind andsecondkind,
or Fuchsianandnon-Fuchsian).Thesimplesttype, the regular type, introduceselements
with exponentsthatmaybearbitraryalgebraicnumberstogetherwith integralpowersof a
logarithm.Again, locally theconditionsof singularityanalysisareautomaticallysatisfied,
but againa connectionproblemarises—how do coefficientsin theexpansionat thesingu-
larity relateto the initial conditionsgivenat the origin? Typical elementsof coefficients
asymptoticsthatareencounteredin this bookarep ` ¢%ý c/ t � � þ �ý ÿ ø�� � ø ��� ¡�� ú � �	��
 �
andthey reflectthenatureof singularitiespresentin eachcase.In effect,thefirst elementis
typicalof rationalasymptotics(here,asimplepole)andit arisesin monomer-dimertilings
of theinterval. Thesecondonecorrespondsto theasymptoticform of Catalannumbersand
its origin is a singularelementof analgebraicfunctionwith exponent ` ¨ / . Thethird one
correspondsto searchcostin quadtreesandthealgebraicnumberpresentin theexponent
is indicativeof aholonomicelement.

Finally, positive functions,that is, solutionsof positive systems,are the onesmost
likely to show up in elementarycombinatorialapplications.They arestructurallymore
constrainedandthis fact is reflectedto someextentby specificsingularityandcoefficient
asymptotics.For instance,Perron-Frobeniustheorysaysthat,undercertainnaturalcondi-
tionsof “irreducibility”, a uniquedominantpole(thatis simple)occursin rationalasymp-
totics. Similar conditionson positive algebraicsystemsconstrainthesingularexponentto
be equalto ¡
 , hencethe characteristicfactor ø ú � ��
 presentin the asymptoticform of so
many enumerativeproblems.

In this report,we considertherationalandalgebraicclassesin turn. First, at analge-
braic level, we stateaneliminationtheoremandestablishmajorclosureproperties.Next
comesanalysis,with its batchof singularasymptoticsandmatchingcoefficientforms.Ap-
plications(including regular andcontext-free specifications)illustratethe generaltheory
in someimportantcombinatorialsituations.

1. Algebra of rational functions

Rationalfunctionsarethesimplestof all objectsconsideredin this chapter. They are
naturallydefinedasquotientsof polynomials(Definition 8.1) or alternatively ascompo-
nentsof solutionsof linear systems(Theorem8.1) a form that is especiallyconvenient
for combinatorialenumeration.Coefficientsof rationalfunctionssatisfylinearrecurrences
with constantcoefficientsandthey alsoadmitanexplicit form, called“exponentialpoly-
nomial” (Theorem8.1) thatis directly relatedto thelocationandmultiplicity of polesand
to thecorrespondingasymptoticbehaviour of coefficients(Theorem8.4). Closureproper-
tiesarestatedasTheorem8.2 while easycombinatorialforms for coefficientsof rational
functionsaregivenin Theorem8.3Theasymptoticsideof rationalfunctionsis thesubject
of Section2. An importantclassof positive systemshaspoleswhoselocationandnature
canbe predictedusingan extensionof the Perron-Frobeniustheoryof positive matrices
(Theorems8.5and8.6).
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DEFINITION 8.1. A powerseries
� p � t � �
� � �Z� � is saidto berational if there exist two

polynomials� p � t ��
 p � t , with

 prb]t��� b , such that


 p � t � p � t�� � p � t'�¤b , i.e.,� p � t�� � p � t
 p � t �
Clearly, we mayalwaysassumethat � and



arerelatively prime: if

� � ��¡N¨ 
 ¡ and� p � t ���]>B9�p ��¡ ��
 ¡ t , thenthe representation
� � �H¨ 
 with � � �&¡B¨ � , 
 � 
 ¡Y¨ � is

irreducible.In addition,it is alwayspossibleto normalize



in suchaway thatits constant
termis 1, thatis,


 prb]t'� ` . Also, Euclideandivision,providestheform� p � t&���"p � t ¢ �� p � t
 p � t �
where � is a polynomialanddeg p �� t�� deg p 
 t . This transformationfrom �H¨ 
 to

��U¨ 

only modifiesfinitely many initial valuesof thecoefficientsof

�
.

Observethat,with thenormalization

 prb]t'� ` , we have� p � t&� ��� ��� � p � tBpF`�� 
 p � t«t � �

wherethesumis well-definedin thesenseof formalpowerseries.By simplemajorization
arguments(


 p�bPt�� ` implies that `�� 
 p � t is small for � near0), a rationalseriesas
definedin theformal senseof Definition 8.1 alwaysdeterminesa functionanalyticat the
origin.

1.1. Characterizations and elimination. A rational seriesin one variablecan be
characterizedin a numberof equivalentways, by refinementof the definition, as a so-
lution to a linear system,by the linear recurrencesatisfiedby its coefficient, or by the
“exponential-polynomial”form of its coefficients.

THEOREM 8.1 (Rational function characterizations). For a power series
� p � t��� � � � � � in �
� � �Z� � , thefollowingconditionsareequivalentto rationality: p��Ft Normalform:

thereexist polynomials� p � t ��
 p � t � ��� ��� such that� p � t�� � p � t
 p � t �
with


 prb]t&�J` , and � ��
 are relativelyprime.p����Ft Elimination: there exist a vectorof formal powerseries , anda matrix ! with
polynomialentriesandwith 9L8 5 p	"�� ! prbPt=t#��¤b , such that thesolution $ to thesystem$ �  v¢%!&$ �
has $�¡ � �

.p������Ft Coefficient recurrence:thereexist constants'N¡ � ' 
 � �N�B� � ')( such that� �Zü ( � 'N¡ � �Zü ( ú ¡&¢*' 
 � ��ü ( ú 
 ¢,+-+.+f¢%')( � � �¤b �
for all ø greaterthana fixednumber/ � .p���0\t Coefficientsasexponentialpolynomials:there exist a finite setof constants,1.2 ¦4365¦ � ¡ ,
anda finite setof polynomials,1 � ¦ p ø t 345¦ � ¡ , such that� � � ��¦ � ¡ � ¦ p ø t 2 �¦ �
for all ø greaterthana fixednumber/ ¡ .
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Thematrix ! thatdefinesarationalfunctionvia a linearsystemis oftencalleda transition
matrix or a transfermatrix. The form p���0\t for coefficients is called an exponential-
polynomial. Naturally, onemayalwaysassumethatthe 2 ¦ are“sorted”, 7 2&¡87:9;7 2 
 7<9�+-+.+ ,
which is thekey to asymptoticapproximations.
Proof. p	�Ít is equivalentto thedefinitionof arationalpowerseries,by thecommentsabove.p��FtH��=�p����Ft resultsfrom thefact that

�
satisfiesthe1-dimensionalsystem

� � �è¢pF`�� 
 t � . The converseproperty p����Ft"��= p��Ft resultsfrom Cramer’s solutionof linear
systemsin termsof determinants.This providesa rationalform for

�
with denominator9L8 5 p	">� ! p � t=t that is locally nonzerosince,by assumption,948 5 p?"@� ! p�bPt=tA�� b . (Note

thatthis conditionis in particularautomaticallysatisfiedinn thefrequentcasewhereB prbPt
is nilpotent.)p��Ft���= p	���C�Ft arisesfrom theidentitybU� 
 p � t � p � tD� � p � t �
uponextractingthecoefficient of � � . Theconverseimplication p������Ft
��= p	�Ft resultsfrom
translatingthe recurrenceinto anOGFequationin thestandardway (multiply by � � and
sum).p��FtH��= p���0\t is obtainedby partial fractionexpansionfollowedby coefficient extrac-
tion by meansof standardidentity`pF`�� 2�� t ( � ��<Eô� F ø ¢%G ��`G ��`IH 2 � � � �
wherethebinomial coefficient is a polynomialin ø of exactdegree G �¤` . Theconverse
implication p���0Lti��= p	�Ft resultsfrom the sameidentity usedin the oppositedirectionto
synthesizethefunctionfrom its coefficients,��:E�� F ø ¢JG ��`G ��`IH 2 � � � � `pF`�� 2�� t ( �
wherethe binomial coefficients K �Zü ( ú ¡( ú ¡ML ( GN9 ` ) form a basisof the setof polynomials�
� ø � . O

We haveoptedfor theuseof determinantsasanapproachto eliminationin linearsys-
tems.An alternative is Gaussianelimination. Theprinciple is well known: thealgorithm
takesa systemof linearformsandcombinesthemlinearly, soasto eliminateall variables
in succession,until a normalform, PRQ �TS Q is attained.Whenwe discusseliminationin
polynomialsystemslater in this chapter(Section4), we shallencountersimilarly two ap-
proaches:one,basedon resultants,makesextensive useof determinantswhile the other,
relyingon Groebnerbases,is somewhatreminiscentof Gaussianelimination.

1.2. Closure propertiesand coefficients. Rationalfunctionssatisfyseveralclosure
propertiesthat derive ratherdirectly from their definition or from the characterizations
grantedby Theorem8.1.

THEOREM 8.2 (Rationalseriesclosure). Theset � ���=� � � ��� � of rational seriesis closed
under the operationsof sum p � ¢VU t , product (

�,W U ), quasi-inverse(definedby
�YXZpF`[� � t ú ¡ , conditionedupon

� � �kb ), differentiation(
õ:\

), composition(
�^] U , conditioned

upon U � �kb ), andHadamard (termwise)product,� p � t�_ U p � t'� ö � � � � � � ÷ _ ö � � U � � � ÷ � � � p � � +`U � t � � �
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Proof. Only theHadamardclosuredeservesacomment:it resultsfrom thecharacterization
of coefficientsof rationalgeneratingfunctionsasexponentialpolynomialswhoseclassis
obviouslyclosedunderproduct. O

EXERCISE 1. Let a.b ä:c Éa¹�Ê ½`d?½�d?½feZ½hg�½fiZ½�j`jkj º betheFibonaccisequence.Ex-
aminepropertiesof thegeneratingfunctionsb#l ánm ¹�°fº�É ¾³äuµ4¶ ¹�b ä º á ° ä j
EXERCISE 2. Developaproofof closureunderHadamardproductsthatis based
on theHadamardintegral formulaof p. 55

Closedform for coefficients.A combinatorialsumexpressionfor coefficientsof rational
functionsresultsfrom theexpansionof ` ¨ 
 p � t as

� � p«`�� 
 p � t«t � .
THEOREM 8.3 (Rationalfunctioncoefficients). Let

� p � t bea rational functionwith� p � t&� � p � t ¨ 
 p � t and



normalizedby

 prb]t'�J` . Set� p � t'� o�¦ ���<p ¦ � ¦ � `�� 
 p � t'� G ¡ �l¢JG 
 � 
 ¢,+-+.+f¢JG ­ � ­ �

anddefinethecombinatorialsums:q � xó� �¡ �)r ü 
 �ks üntutut ü ­ �kv ��� Fxw ¡'¢,+-+.+f¢ w ­w ¡ � �N�B� � w ­ H p G � r¡ G � s
 +-+.+fG �kv­ t �
Thecoefficientsof

�
areexpressiblein finite termsfromthe

q � :

� � � � � p � t
 p � t � o�¦ ���<p ¦ q �\ú ¦ �
Proof. Themultinomialexpansiongives`
 p � t � ``���pF`y� 
 p � t=t� ��)r`z �ks.zu{u{u{ z �kv FRw ¡ ¢|+.+.+f¢ w ­w ¡ � �N�B� � w ­ H p G �)r¡ G �ks
 +.+-+}G � v­ t � � r ü 
 � s üntutut ü ­ � v �
andit sufficesto multiply this expansionby thenumerator� p � t . O

As a consequence,the coefficientsof �H¨ 
 areexpressibleasmultinomial sumsof
multiplicity at most ~ ��` (in factonly thenumberof nonzeromonomialsin � matters).
(Multiplicity is alsocalled“index” in Comtet’s book [26] thatprovidesmany interesting
examplesof nontrivial expansions.)Notethat,by “Fatou’sLemma”,if all thecoefficients� � � � � p � t areintegers,thenthep ¦ andG ¦ arethemselvesintegers.(Seethediscussionin [87,
p. 264].)

EXAMPLE 1. Fibonaccinumbers andbinomial coefficients.Thegeneratingfunctionof
Fibonaccinumbers,whenexpandedaccordingto Theorem8.3leadsto� �Zü ¡ � � � � � ``�� � � � 
 � �¦ Eô� F ø �����H �
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sothatFibonaccinumbersaresumsof ascendingdiagonalsof Pascal’s triangle.Naturally,
infinitely many variantsexist whenexpandinga rationalfunction. For instance,onehas
also ``���p �l¢ � 
 t � ``�� � ``�� \ s¡ ú \ � ``�� � 
 ``�� \¡ ú \ s � ``�� � ¡ ú \ s¡ ú \ �
leadingto a trivial varietyof binomial forms. More generally, compositionswith largest
summand��~ haveanOGFthatis``���p �l¢ � 
 ¢|+.+-+=� ­ t � ``�� � ¡ ú \ v¡ ú \ � `�� �`�� / �l¢£� ­ ü ¡ �
andcorrespondingexpansionsleadto sumsthatareof index p ~ �|`ut , 2,and2, respectively.�

EXERCISE 3. The OGF of an ascendingline in Pascal’s triangle, � ä É� ´�� ä�¿ Õ ´´�� , is a rationalfunction.

It is acommonbut oftenfruitlessexercisein combinatorialanalysisto show “directly”
equivalencebetweensuchcombinatorialsums. In fact, asthe exampleabove illustrates,
elementarycombinatorialidentitiesareoftennothingbut theimage(in a world with little
transparentalgebraicstructure)of simplealgebraicidentitiesbetweengeneratingfunctions
(thatlive in a world with astrongstructure).

2. Analysis of rational functions

In principle, the asymptoticanalysisof coefficientsof a rational function is “easy”
giventheexponential–polynomialform. However, in mostapplicationsof interest,rational
functionsareonly givenimplicitly assolutionsto linearsystems.Thisconfersagreatvalue
to criteria that ensureunicity and/orsimplicity of the dominantpole. Accordingly, the
bulk of this sectionis devotedto a brief expositionof Perron-Frobeniustheorythatcovers
adequatelythecaseof positive linearsystems.

2.1. General rational functions. The fact thatcoefficientsof rationalseriesareex-
pressibleas exponentialpolynomialsyields an asymptoticequivalent. The 2 ¦ satisfy2 ¦ � p	S ¦ t ú ¡ , where S ¡ � S 
 � �N�B� are the polesof

� p � t , that is to say, the zerosof the
denominatorof

�
. Theformulasimplifiesassoonasthereis auniquenumberin 1.2 ¦ 3 , say2&¡ , thatdominatestheotheronesin absolutevalue.

THEOREM 8.4 (Rationalfunctionasymptotics). Let
� � �H¨ 
 bea rational function

where �]>B9�p � ��
 t
�ù` . Assumethat
�

hasa uniquedominantpole, that is, thezeros 1 S ¦43
of thedenominatorpolynomial


 p � t satisfy 7 S ¡�7 � 7 S 
 7���7 S � 7x��+.+.+ , then( �^� b being
arbitrary) � � � � � p � t&��� ¡ p ø t�S ú �¡ ¢*� p=p 7 S 
 7 � � t ú�� �
where � ¡ p ø t is a polynomial.

If
� p � t hasseveral dominantpoles, 7 S ¡�7 � 7 S 
 7 � +.+-+ � 7 S (�7 � 7 S ( ü ¡�7���+.+-+ , then

( ��� b beingarbitrary)� � � (�¦ � ¡ � ¦ p ø t�S ú �¦ ¢*� p=p 7 S ( ü ¡ 7 � � t ú�� t �
where the � ¦ p ø t are polynomials. Thedegreeof each � ¦ equalsthe order of the pole
of
� p � t at S Q minusone.
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Proof. Immediatefrom Theorem8.1 O
Observe that, if

� p � t hasnonnegative coefficients,
� p � t ��� E�� � � �Z� � , then S ¡ mustat

leastberealandpositive by Pringsheim’s theorem.Unicity of a zeroof smallestmodulus
for


 p � t is equivalentto unicity of dominantsingularityfor
� p � t andthis is thesimplest

casefor analysis.Theprototypicalapplicationis providedby theFibonaccinumbers
� � �b , � ¡ �J` , � �Zü 
 � � �Zü ¡'¢ � � with OGF� p � t'� �`�� � � � 
 �

Thepolesareat ` ¨8� and ` ¨ � , where� � ` ¢ ý c/ � � � `�� ý c/ �
andonehas

� �@� � � ¨Pý c .
EXAMPLE 2. Compositionsinto finite summands.The OGF of integer compositions
having summandsin thefinite set

q � 14� ¡ � �B�N� � � ­ 3 with �P>N9�p 16� ¦63 t'�J` is� p � t'� ­�¦ � ¡ ``�� � ¦ � oh� �
Thecharacteristicpolynomial � p � t2� � � o � haspositive coefficients,sothat thereexists
a uniquepositive � satisfying � p � t
� ` andadditionallyonehas �6  p � t � b . Also all other
rootsof � areof modulusstrictly largerthan � (by positivity of � or Pringsheim’s theorem
combinedwith thegcdassumption).Thereresultsthat� � � � � p � t'� � � � � `� p � tn� � p � t � `�   p � tBp � � � t � `�:�   p � t � ú � �
sincethedominantpoleat � is simple.

�
Thecasewhereseveraldominantsingularitiesarepresentcanalsobetreatedeasilyas

soonasoneof themhasahighermultiplicity, asthissinglesouta largercontributionin the
coefficients’asymptotics.

EXAMPLE 3. Denumerants. The OGF of integer partitionswith summandsin the setq � 16� ¡ � �N�B� � � ­ 3 where�]>B9�p 14� ¦63 t'� ` is¡ p � t'� ­�¦ � ¡ ``�� � o�� �
This GF haspolesat � � ` and at roots of unity, but only the pole at � � ` attains
multiplicity ~ , with ¡ p � t �\`¢ ¡ `£ `pF`�� � t ­ � £ � ­�¦ � ¡ � ¦ �
Thereresultstheestimateof the numberof denumerants� � � � ¡ p � t � £ ú ¡ K �Zü ­ ú ¡­ ú ¡¤L , that
is,

� � � � ¡ p � t �¦¥§ ­�¦ � ¡ � ¦.¨©
ú ¡ ø ­ ú ¡p ~ ��`?t)ª �

which is dueto Schur.
�
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In thecasewhenthereexist severaldominantsingularitiespossessingthesamemulti-
plicity, thenfluctuationsappear;refer to thediscussionof Chapter4. For a generallinear
recurrenceover � , equivalentlyfor aGF in � p � t , it is for instanceonly known thattheset«�¬ � 1 ø®­­ � � � b 3 is a finite unionof (finite or infinite) arithmeticprogressions—this
constitutestheSkolem-Mahler-Lechtheorem.However,

«�¬
is notknown to becomputable

andit is notevenknown whethertheproperty
«�¬ �|¯ is decidable.Thefunction``���°± �l¢£� 
 �J` ¢ ` � / b �2¢ b � þPþ � 
 ��b � z]d � � ��` � / þ ��² �Ðb � e / � ± ¢ b � / c � ° ¢|+.+-+ �

thatis built on thePythagoreantriple ³ g � þ � c8´ illustratessomeof thehardships.We have� � �¶µ 361 p ø ¢ `ut}·µ 3X1 · � ·Ð�¤TZ;A>B>YK µ g c �
and,for instance,theway

� � approachesits extremeş
±² � ¸ ¡¹�º »�¼ dependson how well

multiplesof · approximatemultiplesof ÿ , that is, on deeparithmeticpropertiesof · ¨ ÿ .
Suchpathologicalsituations,thoughpossiblypresentamongstgeneralrationalfunctions,
hardlyeveroccurin analyticcombinatorics.

EXERCISE 4. Examineempiricallythesignpatternof coefficientsof therational
functions½4¾ ¹�°fº�É dd Þà° Þ�¿P°ÁÀÀ °�Â ¾ ¿ iÃ ¹ d Þà°fº ÞAÄ�¹�°fº Â ½ i.e., ½4¾hÅ ä É d Þvã ¾ ¹ iÃ"ÞÆÄ ä º j

2.2. Positive rational functions and Perron-Frobeniustheory. For rational func-
tions,positivity coupledwith someancillaryconditionsentailsahostof importantproper-
ties, like unicity of thedominantsingularity. Suchfactsresultfrom the classicalPerron-
Frobeniustheoryof nonnegativematricesthatwe now summarize.

Considerfirst rationalfunctionsof thespecialform� p � t'� ``�� q p � t �
for
q p � t a polynomial.It is assumedthat

q
hasno constantterm(

q prb]t��èb ), sothat
� p � t

is properlydefinedasaformalpowerseries.Assumenext nonnegativity of thecoefficients
of
q

; this entailsexistenceof a dominantrealpole that is simple. If additionally
q p � t is

not a polynomial in �:Ç for some § 9 /
, then,asis easyto see,thereis uniqueness(and

simplicity) of dominantsingularity. As we show now, similar propertieshold for systems:
the conditionsare thoseof propernessandpositivity coupledwith a new combinatorial
notionof “irreducibility”. Grantedtheseconditions,theanalysissuitablyextendswhatwe
just saw of thescalarcase.

2.2.1. Perron-Frobeniustheoryof nonnegativematrices.The propertiesof positive
andof nonnegative matriceshave beensuperblyelicited by Perron[77] in 1907andby
Frobenius[43] in 1908–1912.Thecorrespondingtheoryhasfar-reachingimplications:it
liesat thebasisof thetheoryof finite Markov chainsandit extendsto positiveoperatorsin
infinite-dimensionalspaces[60].

For a squarematrix È ��� ­&ÉL­ , the spectrumis the setof its eigenvalues, that is,
thesetof Ê suchthat Ê "Ë� È is not invertible(i.e., not of full rank),where " is theunit
matrixwith theappropriatedimension.A dominanteigenvalueis oneof largestmodulus.

For È a scalarmatrix of dimension ~ W ~ with nonnegative entries,a crucial
rôle is playedby the dependencygraph; this is the (directed)graphthat hasvertex setÌ � 1 ` �B�f~ 3 andedgeset containingthe directededge p   Z © t if f È%Í z Î �� b . The
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FIGURE 2. The irreducibility conditionsof Perron-Frobeniustheory.
Left: a stronglyconnecteddigraph.Right: a weaklyconnecteddigraph
thatis not stronglyconnectedis a collectionof stronglyconnectedcom-
ponentsrelatedby a directedacyclic graph.

reasonfor this terminologyis the following: Let È representthe linear transformationÏ �:ÐQ � � ¦ È Q z ¦ � ¦:Ñ Q ; then,anonzeroentry È Q z ¦ meansthat �ÒÐQ dependseffectively on � ¦ ,
a facttranslatedby thedirectededgep	� Z �\t .

Two notionsareessential,irreducibility andaperiodicity(thetermsareborrowedfrom
Markov chaintheoryandmatrix theory).

Irreducibility. Thematrix È is calledirreducibleif its dependency graphis strongly
connected(i.e.,any two pointsareconnectedby apath).By consideringonly simplepaths,
it is thenseenthat irreducibility is equivalentto the conditionthat p?" ¢|È t ­ hasall its
entriesthatarestrictly positive. SeeFigure2 for agraphicalrenderingof irreducibility and
for thegeneralstructureof a (weaklyconnected)digraph.

Periodicity. A stronglyconnecteddigraphÓ is periodicwith parameter§ if f all its cy-
cleshavea lengththatis amultipleof § . In thatcase,thegraphdecomposesinto cyclically
arrangedlayers: thevertex set

Ì
canbepartitionedinto § classes,

Ì � Ì �ÕÔ +.+-+ Ô Ì Ç ú ¡ ,
in sucha way thattheedgeset Ö satisfies

(4) ÖY× Ç ú ¡ØQ ��� p Ì Q W Ì � Q ü ¡ �:Ù �`Ú Ç t �
Themaximalpossible§ is calledtheperiod. (For instancea directed `?b -cycle is periodic
with parameter§ � ` � / � c � `?b andtheperiodis 10.) If nodecompositionexistswith § 9 /

,
sothattheperiodhasthetrivial value1, thenthegraphandall thematricesthatadmitit as
their dependency grapharecalledaperiodic. SeeFigure3.

THEOREM 8.5 (Perron-Frobeniustheory). Let È be a matrix that is assumedto be
irreducible, i.e., its dependencygraphis stronglyconnected.p��Ft If È has(strictly) positiveelements, thenits eigenvaluescanbeorderedin such a
waythat Ê ¡ ��7 Ê 
 7:9Û7 Ê � 7<9V+-+.+ �and È hasa uniquedominanteigenvalue;this eigenvalueis positiveandsimple.
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FIGURE 3. The aperiodicityconditionsof Perron-Frobeniustheory.
Top: anaperiodicdigraph(left) anda periodicdigraph(right). Bottom:
A digraphof period § � þ (left) correspondingto a matrix È (right).
For irreduciblematrices,the (combinatorial)propertyof the graphto
have period § is equivalent to the (analytic) propertyof the existence
of § dominanteigenvaluesandit implies a rotationalinvarianceof the
spectrum.Here,thecharacteristicpolynomialis � ° p �Òê � þ �8²&¢ / t . (The
spectrumconsistsof p / ¸ / ¡ ��
 t ¡ � ² and their four conjugates,as well
as0.)

p����Ft If È hasnonnegativeelements, thenits eigenvaluescanbeorderedin such a way
that Ê ¡ � 7 Ê 
 7 � +-+.+ � 7 Ê Ç 7:�Û7 Ê Ç ü ¡�7<9�7 Ê Ç ü 
 7:9;+.+-+ �
andeach of thedominanteigenvaluesis simplewith Ê ¡ positive.

Furthermore, thequantity § is preciselyequalto theperiodof thedependencygraph.
If § � ` , in particular, thenthere is unicityof thedominanteigenvalue. If § 9 /

, thewhole
spectrumis invariantunderthesetof transformationsÊ XZ ÊRë 
 Q ¦fì � Ç � �{�kb � ` � �B�N� � § �%` �

Periodicityalsomeansthat theexistenceof pathsof length ø betweenany givenpair
of nodes³ � � �Ò´ is constrainedby thecongruenceclassø S{KL9 § . A contrario,aperiodicity
entailsthe existence,for all ø sufficiently large, of pathsof length ø connecting ³ � � �:´ .
Fromthedefinition,a matrix È with period § has,up to simultaneouspermutationof its



14 8. FUNCTIONAL EQUATIONS—RATIONAL AND ALGEBRAIC FUNCTIONS

rowsandcolumns,a cyclic blockstructure¥íííííííííí§
b È � z ¡ b +-+.+ bb b È ¡ z 
 +-+.+ b
...

...
...

. . .
...b b b +-+.+ È Ç ú 
 z Ç ú ¡È Ç ú ¡ z � b b +-+.+ b

¨.îîîîîîîîîî©
wheretheblocks È Q z Q ü ¡ arereflexesof theconnectivity between

Ì Q and
Ì Q ü ¡ in (4).

For short,onesaysthata matrix is positive (resp.nonnegative) if all its elementsare
positive(resp.nonnegative). Herearetwo usefulturnkey results,Corollaries8.1and8.2.

COROLLARY 8.1. Anyoneof thefollowing conditionssufficesto guaranteetheexis-
tenceof a uniquedominanteigenvalueof a nonnegativematrix B :p��Ft B has(strictly) positiveentries;p	�C�Ft B is such that,somepower B o is (strictly) positive;p	���C�Ft B is irreducibleandat leastonediagonalelementof B is nonzero;p	�C0Lt B is irreducibleandthedependencygraphof B is such that there exist at least

two pathsfrom the samesource to the samedestinationthat are of relatively
primelengths.

Proof. The proof makesan implicit useof the correspondencebetweentermsin coeffi-
cientsof matrix productsandpathsin graphs(seebelow, Section3.3for more).

Sufficiency of condition p��Ft resultsdirectly from Casep��Ft of Theorem8.5.
Condition p	���Ít immediatelyimpliesirreducibility. Unicity of thedominanteigenvalue

(henceaperiodicity)resultsfrom Perron-Frobeniuspropertiesof È o , by which Ê o ¡ ��7 Ê 
 7 o .
(Also,byelementarygraphcombinatorics,onecanalwaystaketheexponent� to beatmost
thedimension~ .)

By basiccombinatoricsof pathsin graphs,Conditions p������Ft and p���0Lt imply Condi-
tion p����Ft . O

2.2.2. Positiverational functions.Theimportanceof Perron-Frobeniustheoryandof
its immediateconsequence,Corollary8.1,stemsfrom thefactthatuniquenessof thedom-
inanteigenvalueis usuallyrelatedto a hostof analyticpropertiesof generatingfunctions
aswell asprobabilisticpropertiesof structures.In particular, aswe shall seein the next
section,severalcombinatorialproblems(like automataor pathsin graphs)canbereduced
to thefollowing case.

COROLLARY 8.2. Considerthematrix� p � t'� p	"å� ��B t ú ¡ �
where B , called the “tr ansition matrix”, is a scalar nonnegativematrix. It is assumed
that B is irreducible. Theneach entry

� Q z ¦ p � t of È p � t hasa radiusof convergence� that
coincideswith thesmallestpositiveroot of thedeterminantalequationï p � t
xó�¤9L8 5 p	"&� ��B t&�kb �
Furthermore, thepoint � is a simplepoleof any

� Q z ¦ p � t .
In addition, if B is aperiodicor if it satisfiesany of the conditionsof Corollary 8.1,

thenall singularitiesotherthan � arestrictly dominatedin modulusby � .
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Proof. Definefirst (as in the statement)� �Ö` ¨8Ê�¡ , where Ê�¡ is the eigenvalueof B of
largestmodulusthat is guaranteedto be simple by assumptionof irreducibility and by
Perron-Frobeniusproperties.Next, therelationsinducedby

� ��" ¢ �8B � , namely,� Q z ¦ p � t'� � Q z ¦ ¢%� � � B Q z � � �ðz ¦ p � t �
togetherwith positivity and irreducibility entail that the

� Q z ¦ p � t mustall have the same
radiusof convergenceG . Indeed,each

� Q ¦ dependspositively on all the otherones(by
irreducibility) sothatany infinite valueof anentryin thesystemmustpropagateto all the
otherones.

Thecharacteristicpolynomialï p � t'�¤9L8 5 p	"&� ��B t �
hasrootsthatareinversesof the eigenvaluesof B and � � ` ¨�Ê ¡ is smallestin modulus.
Thus,since

ï
is thecommondenominatorto all the

� Q z ¦ p � t , polesof any
� Q z ¦ p � t canonly

beincludedin thesetof zerosof this determinant,sothattheinequality Gâ9�� holds.
It remainsto excludethepossibility G@�,� , which meansthatno “cancellations”with

thenumeratorcanoccurat � � � . Theargumentrelieson finding a positive combination
of someof the

� Q z ¦ thatmustbesingularat � . We offer two proofs,eachof interestin its
own right: one p   t is convenientlybasedontheJacobitraceformula,theother p © t is based
on supplementaryPerron–Frobeniusproperties.p   t Jacobi’s traceformula for matrices[48, p. 11],

(5) 9L8 5 ] 8Bo\w�� 8YoLw ] Tr or WXK8� ] 948 5 � Tr
] WXK8�

generalizesthe scalaridentities1 ë Í ë Î � ë Í ü Î and W6K��  L© �ùWXK8�   ¢ WXK8� © . Herewe have
(for � smallenough)

Tr WXK8��p	"å� ��B t ú ¡ � � Q ��:E ¡ È%Q z Q z � � �ø� W6K��ôp�9L8 5 p	"å� ��B t ú ¡ �
wherethe first line resultsfrom expansionof the logarithmandthe secondline is an in-
stanceof the traceformula. Thus,by differentiation,the sum

� Q ÈJQ z Q p � t is seento be
singularat � � ` ¨�Ê ¡ andwe haveestablishedthat G � � .p © t Alternatively, let 0 ¡ betheeigenvectorof B correspondingto Ê ¡ . Perron-Frobenius
theoryalsoteachesus that, underthe irreducibility andaperiodicityconditions,the vec-
tor 0 ¡ hasall its coordinatesthatarenonzero.Thenthequantityp«`ñ� ��B t ú ¡ 0 ¡ � ``�� �:Ê ¡ 0 ¡
is certainlysingularat ` ¨�Ê ¡ . But it is alsoa linearcombinationof the

� Q z ¦ ’s. Thusat least
oneof the entriesof

�
(henceall of themby the discussionabove) mustbe singularat� �J` ¨�Ê ¡ . Therefore,we haveagainG � � .

Finally, undertheadditionalassumptionthat B isaperiodic,therefollowsfrom Perron-
Frobeniustheorythat � � ` ¨�Ê ¡ is well-separatedin modulusfrom all othersingularities�

. O
1The Jacobitraceformula is readily verified whenthe matrix is diagonizable,and from there,it canbe

extendedto all matricesby analgebraic“density” argument.
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It is interestingto notethatseveralof theseargumentswill berecycledwhenwe dis-
cussthe harderproblemof analysingcoefficientsof positive algebraicfunctionsin Sec-
tion 5.2.

EXERCISE 5. ThedeBruijn matrix ò ¸ÁónôCõðöÒôCõ is essentialin problemsrelated
to occurrencesof patternsin randomstrings[39]. Its entriesaregivenbyòx÷ Å ´ É de ¯ ¯ó¹ùølÉ e)ú�û î�ü e`ý º or ¹ùølÉ e.ú Ç dþû î�ü e)ý º�± ± j
Prove thatit hasa uniquedominanteigenvalue.[Hint: considera suitablegraph
with verticeslabelledby binarystringsof length ÿ .]

We next proceedto show thatpropertiesof thePerron-Frobeniustypeevenextendto
a largeclassof linearsystemsof equationsthathavenonnegativepolynomialcoefficients.
Sucha caseis importantbecauseof its applicability to transfermatrices;seeSection3.3
below.

Somedefinitionsextendingtheonesof scalarmatricesmustfirst beset.A polynomial

p p � t'� � ¦ ' ¦ � ¥ � � every ' ¦ ��kb �
is said to be primitive if the quantity

� �I�P>B9�p 1ðë ¦�3 t is equal to 1; it is imprimitive
otherwise. Equivalently, p p � t is imprimitive if f p p � t�� � p ��� t for somebonafide poly-
nomial � andsome

� � ` . Thus, � � ` ¢a� � � 
 ¢a� � � �"¢a� ² ¢ / � ê are primitive while` � ` ¢£� 
 � � � ¢ � ° � ` ¢ / � ê ¢ c � ¡ 
 arenot.

DEFINITION 8.2. A linear systemwith polynomialentries,

(6)
� p � t'� 0 p � t ¢JB p � t � p � t

where B �A� � �Z� (6É<( , 0 ��� � ��� ( , and
� ��� � �Z� ( thevectorof unknownsis saidto be:p   t rationallyproper(r–proper)if B prb]t is nilpotent,meaningthat B p�bPt ( is thenull

matrix;p © t rationallynonnegative(r–nonnegative)if each component0 ¦ p � t andeach matrix
entry B Q z ¦ p � t lies in ��Eô� � �Z� ;p ' ) rationally irreducible(r–irreducible)if p	" ¢�B p � t«t ( hasall its entriesthat are
nonzero polynomials.p § t rationally aperiodic(r–periodic) if at least one diagonal entry of somepowerB p � t ¥ is a primitivepolynomial.

It isagainpossibleto visualizethesepropertiesof matricesbydrawingadirectedgraph
whoseverticesare labelled ` � / � �N�B� � G , with the edgeconnecting� to � that is weighted
by the entry B Q z ¦ p � t of matrix B p � t . Propernessmeansthat all sufficiently long paths
(and all cycles) must involve somepositive power of � — it is a condition satisfiedin
well-foundedcombinatorialproblems;irreducibility meansthat the dependency graphis
stronglyconnectedby pathsinvolving edgeswith nonzeropolynomials.Periodicitymeans
thatall closedpathsinvolveweightsthatarepolynomialsin some� ¥ for someëå� ` .

For instance, if
�

is a matrix with positive entries, then � � is r–irreducible

and r–aperiodic, while � � � is r–periodic. The matrix B � ���� � � �` b
����	 is r–

proper, r–irreducible,and r–aperiodic,since B 
 � ���� � 
 ¢ � � � ²� � �
� ��	 . The matrix B �



2. ANALYSIS OF RATIONAL FUNCTIONS 17�������� � � ` bb b �� 
 b b
� ������	 is r–proper, but it fails to ber–aperiodicsince,for instance,all cyclesonly

involvepowersof � � , asis visibleon theassociatedgraph:

2z

3

1 z

z

By abuseof language,we saythat
� p � t is a solutionof a linearsystemif it coincides

with thefirst componentof a solutionvector,
��
 � ¡ . Thefollowing theoremgeneralizes

Corollary8.2.

THEOREM 8.6 (Positive rationalsystems). p	�Ft Assumethat a rational function
� p � t

is a solutionof a system(6) that is r–positive, r–proper, r–irreducible, and r–aperiodic.
Then,

� p � t hasa uniquedominantsingularity � that is positive, andis a simplepole; � is
thesmallestpositivesolutionof

(7) 9L8 5 p?"&� B p � t«t&�¤b �p����Ft Assumethat
� p � t is a solutionof a systemthat is r–positive, r–proper, and r–

irreducible(but not necessarilyr–aperiodic). Then,the setof dominantsingularitiesof� p � t is of theform 1-� ¦�3 Ç ú ¡¦ ��� , where � � � ��E�� , � ¦ ¨4� � �
� is a root of unity, and � ¦ ��� is a
dominantsingularityfor all � � b � ` � / � �B�B� . In addition,each � ¦ is a simplepole.

Proof. Considerfirst Casep��Ft . For any fixed P*� b , thematrix B p P t satisfiesthePerron
Frobeniusconditions,so that it hasa maximalpositive eigenvalue Ê�¡ p P t that is simple.
More informationderivesfrom theintroductionof matrix norms2. Thespectralradiusof
anarbitrarymatrix � is definedas

(8) £ p � t�� S"TZo¦ 1:7 Ê ¦ 7 3 �
wherethe set 14Ê ¦�3 is the setof eigenvaluesof � (alsocalledspectrum).Spectralradius
andmatrix normsareintimatelyrelatedsince£ p � t�� W 3 S� ¢ ü � p 7 7 � � 7 7 t ¡ � � �
In particular, this relationentailsthatthespectralradiusis anincreasingfunctionof matrix
entries:for nonnegativematrices,if ����� in thesensethat ��Q z ¦ ����Q z ¦ (for all � � � ), then£ p � t � £ p � t ; if � � � in thesensethat � Q z ¦ � � Q z ¦ (for all � � � ), then £ p � t&� £ p � t .
(To seethelastinequality, notetheexistenceof �y� b suchthat �Û� pF`�� � t � .)

Returningto thecaseathand,equation(8) andthesurroundingremarksimply thatthe
spectralradius£ p B p P t«t , which alsoequalsÊ ¡ p P t for positive P , satisfiesÊ ¡ prb]t'�kb � Ê ¡ p P t strictly increasing

� Ê ¡ p ¢�� t'� ¢�� �
(Thefirst conditionreflectsproperness,thesecondoneis a consequenceof irreducibility,
andthelastonederivesfrom simplemajorizations.)In particular, theequationÊ ¡ p P t
� `
admitsa uniqueroot � on prb � ¢�� t . (Notice that Ê ¡ p P t is a real branchof the algebraic

2A matrix norm ��� ����� satisfies: ��� ����� Ý á implies � Ý á ; ��� ������� Ý � ���! "��� ����� ; ��� �$#&%'���)(*��� ���+#,��� %'��� ;��� �.-/%'���0(1��� �����+ 2��� %'��� .
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curve 9L8 5 p Ê "â� B p P t«t
�ab thatdominatesall otherbranchesin absolutevaluefor PM� b .
Thereresultsfrom the generaltheoryof algebraicfunctions,seeSection5, that Ê ¡ p P t is
analyticat everypoint P � b .)

Thereremainsto provethat: p   t � is at mosta simplepoleof
� p � t ; p © t � is actuallya

pole; p ' t therearenoothersingularitiesof modulusequalto � .
Fact p   t amountsto the propertythat � is a simple root of the equationÊ p � t�� ` ,

that is, ÊR  p � t��� b . (To prove ÊR  p � t��� b , we can argue a contrario. First derivativesÊR  p � t � ÊR    p � t , etc,cannotbezerotill someoddorderinclusively sincethiswouldcontradict
theincreasingcharacterof Ê p P t around� alongthereal line. Next, if derivativestill some
evenorder 9 /

inclusively werezero,thenwe would have by thelocal analyticgeometry
of Ê p � t near � somecomplex value � ¡ satisfying: 7 Ê p � ¡ t 7 � ` and 7 � ¡ 7 � � ; but for such
a value � ¡ , by irreducibility andaperiodicity, for someexponentë , the entriesof B p � ¡ t ¥wouldbeall strictly dominatedin absolutevalueby thoseof B p � t ¥ , henceacontradiction.)
Then, ÊR  p � t���kb holdsandby virtue of9L8 5 p	"�� B p � t=t&� p«`�� Ê ¡ p � t=t �¦43� ¡ pF`�� Ê ¦ p � t=t'� p«`�� Ê ¡ p � t«t 9L8 5 p?"&� B p � t«t`�� Ê ¡ p � t �
thequantity � is only a simplerootof 948 5 p	"å� B p � t«t .

Fact p © t meansthatno “cancellation”mayoccurat � � � betweenthenumeratorand
the denominatorgiven by Cramer’s rule. It derivesfrom an argumentsimilar to the one
employedfor Corollary8.2. Fact p ' t derivesfrom aperiodicityandthe Perron-Frobenius
properties. O

3. Combinatorial applications of rational functions

Rationalfunctionsoccurasgeneratingfunctionsof well-recognizedclassesof enu-
merative problems.We examinebelow thecaseof regularspecificationsandregular lan-
guages(Subsections3.1 and3.2) that arecloselyrelatedto transfermatrix methodsand
finite statemodelsor automata(Subsection3.3). Local constraintsin permutationsrepre-
senta directapplicationof transfermatrix methods(Subsection3.4). Latticepathsleadto
anextensionof theregularframework to infinite alphabetsandinfinite grammars,reveal-
ing interestingconnectionswith the theoryof continuedfractions(Subsection3.5). For
instance,theclassiccontinuedfractionsidentity (originally dueto Gauß),�� o ��� p«` + g +.+.+ p / ø ��`?t«t � 
 � ``�� ` +N� 
`�� / +B� 


. . .

�

expressescombinatoriallya very “regular” decompositionof involutive permutationsand
hasimplicationson thephysicsof randominterconnectionnetworks.

3.1. Regular specifications. A combinatorialspecificationis saidto be regular if it
is nonrecursive(“iterative”, seeChapter1) andit involvesonly theconstructionsof Atom,
Union,Product,andSequence.Weconsiderhereunlabelledstructures.Sincetheoperators
associatedto theseconstructionsareall rational, it follows that the correspondingOGF
is rational. The OGF canbe thensystematicallyobtainedfrom the specificationby the
symbolicmethodsof Chapter1.
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For instance,theOGFof theclass576 of generalCatalantreesof heightat most 8 is
definedby therecurrence 5 � �
9�: 576 ü ¡ �
9 W,; 14576 3 �
Accordingly, theOGF’sareÓ � p � t'� � � Ó ¡ p � t'� �`�� � � Ó 
 p � t'� �`�� �`�� �

� �N�B� �
and Ó<6 p � t is noneotherthanthe 8 th convergentin thecontinuedfractionexpansionof the
CatalanGF: `/ÆK `�� ý `�� þ � L � �`�� �`�� �`�� �

.. .

�
Theinterestingconnectionswith Chebyshev polynomialsandMellin transformtechniques
—theexpectedheightof a treeof size ø turnsout to beasymptoticto ý ÿ ø — aredetailed
in Chapter7.

In a similar vein, theclass=?> 62@ of integercompositionswhosesummandsareat most8 is= > 62@ � ; 1 9 W.; 1 9 � card � 8 3�3 sothat
� > 62@ p � t'� ``�� � � � 
 � +.+-+ � � 6 �

The interestingasymptoticsis againdiscussedin Chapter7 in connectionwith Mellin
transformasymptotics.The largestsummandin a randomcompositionof ø turnsout to
haveexpectationaboutWXK8� 
 ø ; see[49] for a generaldiscussion.

EXERCISE 6. The OGF of integer compositionsandof integer partitionswith
summandsconstrainedto beeitherin numberat most â or of sizeat most A is
rational.

3.2. Regular languages.Thename“regularspecification”hasbeenchosenin order
to bein agreementwith thenotionsof regularexpressionandregularlanguagefrom formal
languagetheory. Thesetwo conceptsarenow definedformally.

A languageisasetof wordsoversomefixedalphabetB . Thestructurallysimplest(yet
nontrivial) languagesaretheregular languagesthatcanbedefinedin avarietyof ways:by
regularexpressionsandby finite automata,eitherdeterministicor nondeterministic.

DEFINITION 8.3. Thecategory RegExp of regularexpressionsis definedasthecat-
egory of expressionsthat containsall the letters of the alphabet p   � B t as well as the
emptysymbol� , andis such that,if � ¡ � � 
 �DCFE2GIHKJML , thentheformalexpressions� ¡ Ô � 
 ,� ¡Õ+ � 
 and � Ð ¡ are regular expressions.

Regularexpressionsaremeantto specifylanguages. The languageN p	�<t denotedby
aregularexpression� is definedinductively by therules: p��Ft N p	�<t'� 1u  3 if � is theletter  � B and N p	�<t
� 14� 3 (with � theemptyword) if � is thesymbol � ; p����Ft N p?� ¡ Ô � 
 t
�N p?� ¡ t Ô N p?� 
 t (with Ô theset-theoreticunion); p������Ft N p?� ¡ + � 
 t'� N p?� ¡ t +ON p	� 
 t (with+ the concatenationof wordsextendedto sets); p	��0\t N p	� Ð ¡ t�� 1ð� 3 ¢PN p?� ¡ t ¢QN p?� ¡ t +N p?� ¡ t ¢�+-+.+ . A languageis saidto be a regular language if it is specifiedby a regular
expression.

A languageis a setof words,but a word R � N p	�<t maybeparsablein severalways
accordingto � . Moreprecisely, onedefinestheambiguitycoefficient(or multiplicity) of R
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with respectto theregularexpression� asthenumberof parsings,written S p R t�� SUT p R t .
In symbols,we haveSIT rWV T s p R t
� SIT r p R t ¢XSIT s p R t � SUT r t T s p R t
� �Y�t Z��\[ SIT r p^]�t SIT s p	0\t �
with naturalinitial conditions( S Í p © t{� � Í z Î , SF_ p R t�� � _ z [ ), andwith the definition ofS T\` � [ � takenasinducedby thedefinitionof � Ð via unionsandproducts,namely,S T\` p R t�� � _ z [ ¢ ��¦ � ¡ S T � p R t �
As such, S p R t lies in thecompletedset � Ô 1f¢�� 3 . We shallonly considerhereregular
expressions� that areproper, in the sensethat SUT p R tA� ¢�� . It canbe checked that
this conditionis equivalentto requiringthatno

q Ð with � � N p q t entersin the inductive
definition of the regular expression� . (This condition is substantiallyequivalentto the
notion of well-foundedspecificationin Chapter1.) A regular expression� is saidto be
unambiguousif f for all R , we have SIT p R t � 1 b � ` 3 ; it is saidto beambiguous, otherwise.

Givena languagea � N p?�<t , weareinterestedin two enumeratingsequencesa T z � � �b [ b ��� S T p R t � a � � �b [ b ��� c [ed)f �
correspondingto the countingof words in the language,respectively, with andwithout
multiplicities. ThecorrespondingOGF’s will bedenotedby a T p � t and a p � t . (Notethat,
for a givenlanguage,thedefinitionof a is intrinsic,while thatof a T is dependenton the
particularexpression� thatdescribesthelanguage.)We have thefollowing.

PROPOSITION 8.1 (Regularexpressioncounting). Givena regular expressiong as-
sumedto be of finite ambiguity, the ordinary generating function hjilknmMo of the languagep kqg�o , countingwith multiplicity, is givenby theinductiverules:r�stvu)wyxzst m w|{Dst~}�w���st��'w���st k u�� kW��o�o!�����
In particular, if g is unambiguous,thentheordinarygeneratingfunctionsatisfiesh i knmMo��h�kqm�o andis givendirectlyby therulesabove.

Proof. Formalrulesassociateto any properregularexpressiong aspecification� :rlstvu (theemptyobject)wyx�st���� ( ��� anatom)w{Dst~}�w0��st��'w��zst~�$� ���
It is easilyrecognizedthat this mappingis suchthat � generatesexactly thecollectionof
all parsingsof wordsaccordingto g . The translationrulesof Chapter1 thenyield the
first part of the statement.The secondpart follows since h�knmMo<��h i knmMo whenever g is
unambiguous. �

Thetechniqueimpliedby Proposition8.1hasalreadybeenemployedsilently in earlier
chapters.For instance,theregularexpression���¡ +¢ �£k r?}Xx¤}XxMx o � kq¥ � k re}Xx�}*xMx o�oW¦
generatesunambiguouslyall binary wordsover �"xFw ¥4� without 3-runsof the letter x ; see
Chapter1. Thegeneratingfunctionis then���� §¢ knmMo��¨k u�} m } m�©2o uu'� mFk u�} m } m © o � u�} m } m ©u'� m � m © � m   � u'� m  u'�Dª m } mK« �
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FIGURE 4. A treeof height3, thecorrespondingparenthesisencoding
of nestingdepth3, andthelatticepathrepresentationof height3.

Moregenerally, theOGFof binarywordswithout ® runs(of theletter x ) is foundby similar
devicesto be � �¡¯!¢ knmMo�� u'� m ¯u'�Dª m } m ¯!° � �

Considernext parenthesissystemswhere x playsthe role of theopenparenthesis‘(’
and ¥ is the closingparenthesis‘)’. The collectionof wordswith parenthesisnestingat
most3 is describedunambiguouslyby± �� §¢ �³² x k x k x ¥�o ¦ ¥�o ¦ ¥�´ ¦ w
sothattheOGFis ± �� §¢ knmMo�� uu'� m ©u'� m ©u'� m ©

� u'�Dª m ©u'�¶µ m © } mK« �
Thegeneralversionwith parenthesisnestingof depthat most ® correspondsbijectively to
latticepathsin · � · of height ¸�® , andto generaltreesof height ¸¹® . Indeed,theclassical
correspondencebuilds a latticepaththat is the trace(up or down) of edgetraversals;see
Figure4.

EXAMPLE 4. Pattern occurrencesin strings. This is a simpleexamplewherecounting
with ambiguityis used.Fix abinaryalphabetº£� �"xFw ¥4� andconsidertherandomvariable»l¼K½ ¾

that representsthe numberof occurrencesof a fixed pattern ¿ÁÀÁº ¦ in a random
string of º ¾ . (SeeChapter7 of [84] for relatedmaterial.) The regularexpression(with¿Â�Q¿ � �0�2� ¿7Ã ) Ä ¼ �Pº ¦ k^¿ � � ¿ © �2�0� ¿7Ã�oWº ¦
describesambiguouslythe languageof all thewordsthatcontainthepattern¿ . It is easy
to seethataword ÅÁÀÆº ¦ hasanambiguitycoefficient (with respectto

Ä ¼
) thatis exactly

equalto the numberof occurrencesof ¿ in Å . Clearly, the OGF associatedto
Ä ¼

(with
multiplicity counted)is Ä ¼ knmMo�� uu'�Dª m m Ã uu'�¶ª m � m Ãk u'�Dª mMo © �
This givesimmediatelythe meannumberof occurrencesof ¿ assuminga uniform distri-
butionover º ¾ , namelyÇ k » ¼K½ ¾ o�� uª ¾ÉÈ m ¾�Ê m Ãk u'�Dª mMo © �¨k^Ë ��ÌÍ}¹u o ª � Ã �
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Themeanis asymptoticto Ë ª � Ã . In otherwords,thereis onaverageafractionaboutª � Ã
of positionsat which a patternof length Ì is to befoundin a randomtext of length Ë . A
ultimateconsequenceis thatnäıve string-matchinghasexpectedcomplexity that is ¸ ª Ë
on randomtextsof size Ë ; see[84]. Î

EXERCISE 7. Analysethemomentof order2 of thenumberof occurrencesby
relatingit to the“correlations”betweenthepatternanditsshiftedversions.[Hint:
relatethe problemto the Guibas-Odlyzko correlationpolynomialasdescribed
in [84].]

EXAMPLE 5. Order statistics. Consideran orderedalphabetºÏ� �"x � w§x © w �0�2� w+x Ã�� ,
whereit is assumedthat x �/Ð x © Ð �0�2� Ð x Ã . Givenaword ÅP�QÅ � �2�0� Å ¾ , the Ñ th letterÅ�Ò is arecordin Å (respectivelyaweakrecord)if it is strictly larger(resp.notsmaller)than
all thepreviouslettersÅ � w �2�2� w Å�Ò ��� . Thestudyof recordsis a classicaltopic in statistical
theory [28], andwe areexamining recordsin permutationsof a multiset sincerepeated
lettersareallowedto composeÅ .

Regular expressionsarewell-suitedto the problem. Considerfirst (strong)records.
The collection of words suchthat the valuesof their recordsare x ÒWÓ Ð �2�0� Ð x ÒÕÔ is
describedby theregularexpressiong ÒWÓ ½�Ö�Ö�Ö ½ Ò×Ô � x Ò�Ó º ¦ ØUÒWÓ x Ò×Ù º ¦ ØUÒÕÙ �0�2��x Ò×Ô º ¦ ØUÒÕÔ where º ØÚÒ � �4x � w �0�2� w+x Ò �K�
Ontheotherhand,theproductÛ Ò k re}Xx Ò"o generatesall thewordsformedby anincreasing
sequenceof distinctletters.Thesetwo observationscombine:theregularexpressiongÜ� ÝÒ Ó§Þàß�ß�ß�Þ Ò Ô g�Ò Ó ½�Ö�Ö�Ö ½ Ò Ô � ÃáÒ+â � ² rà{Éx Ò0º ¦ ØÚÒ ´
generatesall thewordsin º ¦ , wherethenumberof recordsappearsasthenumber( ã ) of
factorsdifferentfrom r in thefull expansionof g .

Consequently, by theprinciplesof Chapter3, themultivariateOGFof words g�kn¿àä+åFo ,
with ¿ markingthenumberof records,å anabbreviation for å � w �0�2� w åIÃ , and å Ò thevari-
ablethatmarksthenumberof occurrencesof letter x Ò , is givenbygzk^¿eä�åFo��çæ u�} ¿Få �u'� å �Mè æ u�} ¿Få ©u'� å � � å © è �2�0� æ u�} ¿IåFÃu'� å � ���2�2�)� å Ã è �
Onechecksthat gzk u ä+å � w �2�0� w åIÃ/o��ék u�� å � �¹�0�2��� åIÃ�o �\� asshouldbe. Thegenerat-
ing function g is a hugemultivariateextensionof theStirling cycle polynomialsand,for
instance,onehas È ¿7ê Ê È å � å © �2�2� åIÃ Ê gzk^¿ w å7o��ìë Ì ã�í �

Assumethateachletter x Ò of a word in º ¾ hasprobability î Ò andlettersoccurinde-
pendentlyin words.Thismodelis treatedby thesubstitutionå Ò st î Ò m . Themeannumber
of recordsis thenfoundasthecoefficientof m ¾ in ï\ð�ïI¿Ig�kn¿àä+åFo takenat å Ò �¹m0î Ò w ¿É� u .
Theasymptoticestimateresultsfrom straightsingularityanalysisof thepoleat mñ� u : The
meannumberof recordsin a randomword of length Ë with letter Ñ chosenindependently
with probability îòÒ is asymptotictoî �u } î ©u'� î � }Q�2�0�"} îFÃu'� î � �ó�0�2�)� îIÃ �\� �
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The analysisas m tendsto 1, keeping ¿ as a parameter, shows also that the limit ofÈ m ¾ Ê g�kn¿ w m�o exists. By the continuity theoremfor probability generatingfunctionsde-
scribedin Chapter9, this implies: Thedistribution of thenumberof recordswhenË tends
to ô convergesto the(finite) law with probabilitygenerating functionæ u�} ¿�î �u'� î �Mè æ u�} ¿Kî ©u'� î � � î © è �0�2� æ u�} ¿Kî Ã ���u'� î � ���2�0�)� îIÃ ���Mè ¿KîFÃñ�

Similarly, themultivariateGFõgzkn¿àä+åFoj�ìæ u�} ¿Iå �u'� ¿Få �Mè æ u�} ¿Få ©u'� å � � ¿Få © è �2�2� æ u�} ¿FåIÃu�� å � �ó�0�2��� ¿Få Ã è �
countswordsby their numberof weakrecords.This time, thereis a doublepoleat m�� u :
Thenumberof (weak)recordshasa meanasymptoticto ö � Ë ( ö a computableconstant)
anda limit Gaussianlaw. Î

Permutationsandcombinationsof multisetsareaclassicaltopicin combinatorialanal-
ysis;seefor instanceMacMahon’sbook[68]. Thecorrespondingstatisticsareof interestto
computerscientistssincethey relateto searchingin thecontext of setsandmultisetsobey-
ing nonuniformdatadistributions.This lasttopic is for instanceconsideredby Knuth [59,
1.2.10.18]anddevelopedby Burge[17] in a pre-symboliccontext. Suchtechniqueshave
beensuccessfullyemployedto analysedatastructuresliketheternarysearchtries of Bent-
ley and Sedgewick [9]; see[24]. Prodingerhasalso developeda collection of studies
concerningwordswhoseletterprobabilitiesaregeometricallydistributed,î Ò �£k u��,÷ o ÷ Ò :
seefor instance[55]. In the lattercase,onemay legitimately let thecardinalityof theal-
phabetbecomeinfinite. This approachthenprovidesinteresting÷ -analoguesof classical
combinatorialquantitiessincethey reduceto permutationstatisticswhen ÷�tvu .

EXERCISE 8. Analyserecordsin randompermutationsof a multiset,which cor-
respondsto extractingcoefficients ø ùMú ÓûÜüOüOü ù ú"ýþéÿ in ��������	��

� and ������������

� . De-
rivein thiswaythefactthatthemeannumberof recordsin arandompermutation
of � elementsis theharmonicnumber� ú . [Hint. See[59, 1.2.10.18]and[17].]

3.3. Paths in graphs, automata, and transfer matrices. A closely relatedset of
applicationsof regular functionsis to problemsthat are naturally describedas pathsin
digraphs,or equivalently asfinite automata. In physics,the correspondingtreatmentis
alsocalledthe“transfermatrix method”.We startour expositionwith theenumerationof
pathsin graphsthatconstitutesthemostdirectintroductionto thesubject.

3.3.1. Pathsin graphs. Let � bea directedgraphwith vertex set �KuKw �0�2� w�Ì � , where
self-loopsareallowedandlabeleachedge k xFw ¥�o by the(formal or numeric)variable��� ½ Ò .
Considerthematrix � suchthat� � ½ � ��� � ½ � if theedgek xIw ¥�o�À�� w � � ½ � ��� otherwise.

Then,from thestandarddefinitionof matrix products,thepowers � ê have elementsthat
arepathpolynomials.Moreprecisely, onehasthesimplebut essentialrelation,k��Æo�ê � ½ Ò � ��ed! � � ½ Ò#" ê ¢ Å w
where$&k&% w Ñ w ã o is thesetof pathsin � thatconnect% to Ñ andhave length ã , anda path Å
is assimilatedto themonomialin indeterminates� � � ½ Ò � thatrepresentsmultiplicatively the
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successionof its edges;for instance:k��Æo  � ½ Ò � �Ã Ó×â � ½ Ã Ù ½ Ã(' ½ Ã*) âFÒ � Ã Ó ½ Ã Ù � Ã Ù ½ Ã '#� Ã ' ½ Ã ) w
In otherwords,powersof thematrix associatedto a graph“generate”all pathsin a graph.
Onemay then treatsimultaneouslyall lengthsof paths(andall powersof matrices)by
introducingthevariablem to recordlength.

PROPOSITION 8.2. k&%Wo Let � bea digraphandlet � bethematrix associatedto � .
TheOGF +-, � ½ Ò/. knmMo of thesetof all pathsfrom % to Ñ in a digraph � with m markinglength
and � � ½ � markingtheoccurrenceof edge k xFw ¥�o is theentry % w Ñ of thematrix k10 � m2�Æo ��� ,
namely + , � ½ Ò/. kqm�o��çk10 � m��ÆoO�\�433 � ½ Ò �65 , � ½ Ò/. knmMo5 kqm�o w
where 5 kqm�o��87�9;: k10 � m��Æo and 5 , � ½ Ò/. kqm�o is thedeterminantof theminor of index % w Ñ of0 � m2� .k&%�%Wo Thegenerating functionof nonemptyclosedpathsis givenby� � k<+ , � ½ � . knmMo �óu o�� � m 5>= kqm�o5 kqm�o �
Proof. Part k&%Wo resultsfrom thediscussionabovewhich implies+ , � ½ Ò/. kqm�o��@?�¾ âBA m ¾ k�� ¾ o � ½ Ò �DC�k10 � m��Æo ���FE � ½ Ò w
and from the cofactor formula of matrix inversion. Part k&%�%Wo resultsfrom Jacobi’s trace
formula. Introducethequantityknown asthezetafunction,G knmMoIH�� 9;J�KMLB� � ?�¾ â � + , � ½ � .¾ m ¾ËON � 9;J�KML ?�¾ â � m ¾Ë Tr � ¾ N� 9;J�K ² Tr PRQ�SFk10 � m��Æo �\��´ � 7�9;: k10 � m��Æo ��� w
wherethe last line resultsfrom the Jacobitraceformula. Thus,

G kqm�o�� 5 knmMo �\� . On the
otherhand,differentiationcombinedwith thedefinitionof

G kqm�o yieldsm G = knmMoG kqm�o � � mT5>= knmMo5 knmMo� � � ?�¾ â � + , � ½ � .¾ m ¾ w
andPart k&%�%Wo follows. �

EXERCISE 9. Can the coefficients of UV�&

� be related to the polynomials
representingself-loops,2–loops,triangles,quadrangles,etc, in the graph W ?
[See[19]]

EXERCISE 10. Observe that
YX � �&

�X �&

�[Z�\ú�] û 
4ú Tr ^ñú Z_\�` a 
�cb a 
 �
(thesumis over eigenvalues).Deduceanalgorithmthatdeterminesthecharac-
teristicpolynomialof amatrix of dimensiond in eV�fd>g;� arithmeticoperations.
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[Hint: computingthe quantitiesTr Wih for j Z ���lk/k#k#�md requiresprecisely d
matrixmultiplications.]

In particular, the numberof pathsof length Ë is obtainedby applyinga substitutionn Ho� � ½ � st � w0u to k10 � m��Æo �\� uponcoefficient extractionby the È m ¾ Ê operation. In a
similar vein, it is possibleto considerweightedgraphs,wherethe � � ½ � areassignedreal
weights;with theweightof a pathbeingdefinedby theproductof its edgesweights,one
findsthat È m ¾ Ê k<0 � m��Æo �\� equalsthetotal weightof all pathsof length Ë . If furthermore
theassignmentis madein suchaway that p � � � ½ � � u , thenthematrix � , which is called
astochasticmatrix,canbeinterpretedasthetransitionmatrixof a Markov chain.

Let usassumethatnonnegativeweightsareassignedto theedgesof � . If theresulting
matrix is irreducibleandaperiodic,then Perron-Frobeniustheory applies. Thereexistsq � u ð�r � , with r �ts � the dominanteigenvalueof � , andthe OGF of weightedpaths
from % to Ñ hasa simplepoleat q . In thatcase,it turnsout thata random(weighted)path
of length Ë has,asymptoticallyas Ë t ô ,

— an averagenumberof edgesof type k&%O� ÑMo that is uwv�� ½ Ò Ë , for somenonzero
constantv�� ½ Ò Àtx ;

— anaveragenumberof encounterswith vertex % that is uzy{�qË , for somenonzero
constanty � À�x .

In otherwords,a long randompathtendsto spendasymptoticallya fixed(nonzero)frac-
tion of its time at any given vertex or alongany given edge. Theseobservationsarethe
combinatorialcounterpartof theelementarytheoryof finite Markov chains.Thetreatment
of suchquestionsdependson thefollowing lemma.

LEMMA 8.1(Iterationof Perron-Frobeniusmatrices). Set|ÍknmMo��Ák<0 � m4�<o �\� where� hasnonnegativeentries,is irreducible, andis aperiodic.Let r � bethedominanteigen-
valueof � . Thenthe“r esidue”matrix g such that

(9) k10 � m4�<o �\� � gu'� mMð�r � } Ä k u o kqm t r � o
hasentriesgivenby ( }^å w�~�� representsa scalarproduct)g�� Ò � ã��1� Ò}^ã w � � w
where ã and � are right andleft eigenvectorsof � correspondingto theeigenvalue r � .
Proof. Scaling m as mòð!r � reducesthe situationto the caseof a matrix with dominant
eigenvalueequalto 1, sothatweassumenow r � � u . First observe thatgÜ��PR���¾�� ? � ¾ �The limit exists for the following reason:geometrically, � decomposesas �ç� ± }��
where

±
is theprojectoron theeigenspacegeneratedby theeigenvector ã ; onehas � ± �± � ��� and

± © � ± , so that � ¾ � ± ¾ }�� ¾ ; on theotherhand, � hasspectralradiusÐ u ; thus PR�R��� ¾ existsandit equals
±

(sothat g8� ± is aprojector).
Now, for any vector Å , by propertiesof projections,onehasg¤ÅP�Qö)k^Å�oWã w

for some coefficient ö�knÅ�o . Application of this to each of the basevectors �2Ò (i.e.,�2Òz� k1�!Ò � w �2�0� w �!Ò/�4o ) shows that the matrix g haseachof its columnsproportionalto the
eigenvector ã . A similar reasoningwith thetranspose��� of � andtheassociatedresidue
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matrix g � shows that thematrix g haseachof its rowsproportionalto theeigenvector � .
In otherwords,for someconstantv , onehasg � ½ Ò���v{�OÒ�ã � �
Thenormalizationconstantv is itself finally determinedby applying g to ã andonefinds
that vÆ� u ð�}&� w ã � . �

EXERCISE 11. Relateexplicitly theedgetraversalandnodeencounterfrequen-
ciesto thedominanteigenvectorsof a graphassumedto bestronglyconnected
andnotcyclically layered.Discussthestationaryprobabilitiesof aMarkov chain
in thiscontext.

EXERCISE 12. Whathappenswhenthematrix ^ is symmetric(i.e., thegraph W
is undirected)?Discussformulæfor reversibleMarkov chains.

EXAMPLE 6. Locally constrainedwords. Considera fixed alphabetºç� �"x � w �2�2� w+x Ã �
anda set ���Üº © of forbiddentransitionsbetweenconsecutive letters.Thesetof words
over º with no forbiddentransitionsis denotedby

p
andis calleda locally constrained

language.Clearly, the wordsof
p

are in bijective correspondencewith pathsin a graph
thatis constructedasfollows. Setup thecompletegraph� Ã��ÚÃ , wherethe Ñ vertex of the
graphrepresentstheproductionof theletter x Ò . Deletefrom thecompletegraphall edges
that correspondto forbiddentransitions.Then,a word of length Ë }Áu hasno forbidden
transitionif f it correspondsto a pathof length Ë in themodifiedgraph.Consequently, the
OGFof any locally constrainedlanguageis a rationalfunction. Its OGFis givenbyu�} mIk u)w2uKw �0�2� w2u o�k<0 � m���o!���4k u)w2uKw �0�2� w0u o � w
where �B� Ò is 0 if k x � w+x Ò oñÀ_� and1 otherwise.Variousspecializations,includingmulti-
variateGF’s andnonuniformlettermodelsareeasilytreatedby this method.

The particular casewhere � consistsof pairs of equal letters definesSmirnov
words[48, p. 69] andis amenableto a directandexplicit treatment.Let

� k^å � w �2�2� w å Ã o
be themultivariateGF of wordswith thevariable åÚÒ markingthenumberof occurrences
of letter x Ò and � knå � w �2�0� w å Ã o be the correspondingGF for Smirnov words. A simple
substitution(alreadydiscussedin Chapter3) shows that

�
and � arerelatedby� k^å � w �2�0� w åFÃ/o�� � æ å �u'� å � w �2�0� w åIÃu'� å Ã è w

while
� �£k u'� å � �ó�0�2��� å Ã o ��� . Thereresultsthat

(10) � k^å � w �2�2� w åIÃ�o�� � æ å �uj} å � w �2�2� w åFÃu�} å Ã è ��L u'� Ã� � â � å Òu�} åÚÒ N ��� �
In particular, settingå Ò �¹m , onegetstheunivariateOGF� knmMo�� u�} mu'� k Ì��óu oWm w
implying thatthenumberof wordsof length Ë is Ì k Ì³��u o ¾ ��� (asit shouldbe). Î

Locally constrainedlanguagesthushave rationalgeneratingfunctions. The process
of proof canthenbe adaptedto the enumerationof many typesof objectsprovided they
have a sufficiently “sequential”structure.Carlitz compositionsdefinedbelow illustratea
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recycling of thenotionof regularexpressionto objectsthatarein factdefinedover infinite
alphabets.

EXAMPLE 7. Carlitz compositions.A Carlitz compositionof theinteger Ë is a composi-
tion of Ë suchthatno two adjacentsummandshave equalvalues.Considerfirst composi-
tionswith aboundÌ onthelargestallowablesummand.TheOGFof Carlitzcompositions
is directly derivedfrom the GF of Smirnov wordsby substitutingåòÒ st m Ò . In this way,
theOGFof Carlitzcompositionswith maximumsummandatmost Ì is foundto be��� Ã*� knmMo��w ¡ u'� Ã�Ò+â � m Òu�} m Ò�¢£ ��� w
and the OGF of all Carlitz compositionsis obtainedby letting Ì tend to infinity: the
precedingGF’sconvergeto

(11)
��� ? � knmMo��¤ ¡ u'� ?�Ò+â � m Òu�} m Ò�¢£ ��� �

In particular, we getSequenceA003242of EIS3:��� ? � knmMo�� u�} m } m © }Xµ m   }_¥ m « }�¦ m4§ }QuF¥ m�¨ }óª�µ m�© }Xµ�ª m4« }¬¦òu m4­ }¹�0�2� �
The asymptoticform of the numberof Carlitz compositionsis theneasily found by

singularityanalysisof meromorphicfunctions(seeChapter4). We find� � ? �¾ u � ��® ¾ w � ����Ú� ¥4¯!°Kµ�±Uw²® �� u � ¦!¯ � ª!¥ �
There, u ð ® is determinedasthesmallestpositiveroot of thedenominatorin (11); see[57]
for details.In this infinite alphabetexample,theOGFis no longerrationalbut theessential
featureof having a dominantpolarsingularityis preserved. Î

3.3.2. Finite automata.Finite automataarecloselyrelatedto languagesof pathsin
graphsandto regularexpressions.

DEFINITION 8.4(Finitestateautomaton). A finiteautomaton³ overa finitealphabetº andwith vertex set ´ , calledthesetof states,is a digraphwhoseedgesare labelledby
letters of thealphabet,that is giventogetherwith a designatedinitial state ÷ A Ào´ anda
designatedsetof final stateśVµ-��´ .

A word Å is saidto beacceptedby theautomatonif thereexistsa path ¶ in thegraph
connectingthe initial state÷ A to oneof the final states÷ À�´ µ , so that thesuccessionof
labelsof the path ¶ correspondsto the sequenceof letterscomposingÅ . (The path ¶ is
thencalledanacceptingpathfor Å .) Thesetof acceptedwordsis denotedby

p k1³¤o .
In all generality, afinite automatonis, by its definition,anondeterministicdevice: if a

word Å is accepted,onemaynot “know” a priori whichchoicesof edgesto selectin order
to acceptit. A finite automatonis saidto bedeterministicif givenany state÷ À·´ andany
letter å*ÀDº , thereis at mostoneedgefrom vertex ÷ thatbearslabel å . In thatcase,one
decideseasily(in lineartime)whethera word is acceptedby just following edgesdictated
by thesequenceof lettersin Å .

3The EIS designatesSloane’s On-Line Encyclopediaof Integer Sequences[85]; see[86] for an earlier
printedversion.
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Themainstructuralresultof thetheoryis that thereis completeequivalencebetween
threedescriptivemodels:regularexpressions,deterministicfinite automata,andnondeter-
ministic finite automata.Thecorrespondingtheoremsaredueto Kleene(theequivalence
betweenregularexpressionandnondeterministicfinite automata)andto RabinandScott
(the equivalencebetweennondeterministicanddeterministicautomata).Thus,finite au-
tomatawhetherdeterministicor notaccept(“recognize”)theclassof all regularlanguages.

EXERCISE 13. Anylanguage definableby a regular expressionis acceptedby a
(non-deterministic)finite automaton.[Hint: Performan inductive construction
of anautomatonbasedonseparateconstructionsfor unions,products,stars.]

EXERCISE 14. Kleene’s theorem:Anylanguage acceptedby a finite automaton
is definableby a regular expression.[Hint: Construct(inductively on increasing
valuesof ¸ ) matricesof regularexpressionswhere �º¹¼»#½¾f¿ h is a regularexpression
that describesthe setof pathsfrom state À to statej constrainednever to pass
througha stateof index ÁÂ¸ .]
EXERCISE 15. RabinandScott’s theorem:Givenanyfinite automatonÃ , there
existsan equivalentdeterministicautomationÄ , i.e., Å*�&Ã(� Z Å*�&Ä�� . [Hint: the
statesof Ä areall thesubsetsof thestatesof Ã andthetransitionsaredetermined
sothat Ä emulatesall possiblecomputationsof Ã .]

EXERCISE 16. Regularlanguagesareclosedunderintersectionandcomplemen-
tation.

PROPOSITION 8.3(Finitestateautomatacounting). Anylanguageacceptedbya finite
automatonor describedby a regular expressionhasa rational generating function. If the
language is specifiedby an automaton³ �w}<´ w ´ µ w§÷ A � , that is deterministic,then the
correspondingordinary generating function hcA)kqm�o is definedas the componenthÆAKkqm�o of
thelinear systemof equationsh ÒKknmMo���ÇÚÒ } m �� d�È hÆÉ �RÊ�Ë ½ � ¢ kqm�o w
where Ç Ò equals1 if ÷ Ò ÀÌ´Vµ and0 otherwise, andwhere Í\k ÷ Ò w§x o is thestatereachable
fromstate÷ Ò whentheletter x is read.

Proof. By thefundamentalequivalenceof models,onemayfreely assumetheautomaton
to bedeterministic.Thequantity h Ò is nothingbut theOGFof the languageobtainedby
changingthe initial stateof the automatonto ÷ Ò . Eachequationexpressesthe fact that
a word acceptedstartingfrom ÷ Ò may be the emptyword (if ÷ Ò is final) or, else,it must
consistof a letter x followedby a continuationthat is itself acceptedwhentheautomaton
is startedfrom the“next” state,thatis, thestateof index Í\k ÷ Ò w+x o .

Equivalently, onemay reducethe proof to the enumerationof pathsin graphsasde-
tailedabove. �

Givena problemthat is describedby a regular language,it is thena matterof choice
to enumerateit usinga specificationby a regularexpression(providedit is unambiguous)
or by a finite automaton(provided it is deterministic).Eachproblemusuallyhasa more
naturalpresentation.Fromthestructuralstandpoint,it shouldhoweverbekeptin mindthat
theconversionbetweena regularexpressionandanequivalentnondeterministicautomata
involvesa moderate(at worstpolynomial)blow-up in size,while the transformationof a
nondeterministicautomatonto anequivalentdeterministiconemayinvolveanexponential
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increasein the numberof states.(The constructionunderlyingthe equivalencetheorem
of RabinandScott involvesthe power-setof the setof stateś of the nondeterministic
automaton.) Note that the direct constructionof the generatingfunctionsassociatedto
finite automatahasbeenalreadyencounteredin Chapter1 whendiscussingparticularcases
of languagescontainingor excludingafixedpattern.

As the proof of the propositionshows, the OGF of the languagedefinedby a deter-
ministic finite automatoninvolvesa quasi-inverse k u<� m���o �\� wherethe transitionma-
trix � is a direct encodingof the automaton’s transitions.Corollary 8.2 andLemma8.1
werepreciselycustom-tailoredfor this situation. Consequently, quantifyingprobabilistic
phenomenaassociatedto finite automatais invariablyreducibleto finding eigenvectorsof
matrices.

EXAMPLE 8. Words with excludedpatterns. Fix a pattern ¿¨� ¿ � ¿ © �2�0� ¿7Ã . Let

Ç ¼
be the setof wordsthat do not containthe word ¿ asa factor, and + ¼ the setof words
thatdo not contain ¿ asa subsequence.The language

Ç ¼
is definedby the (ambiguous)

regularexpressionº ¦ÏÎ knº ¦ ¿7º ¦ o . A deterministicfinite automatonfor º ¦ ¿Fº ¦ is readily
constructedfrom ¿ , from whichadeterministicautomatonresultsfor thecomplement

Ç ¼
.

(It sufficesto exchangefinal andnonfinalstates.)Thus,thegeneratingfunctionof

Ç ¼
is

rational.
A similar argument,startingfrom the (ambiguous)regularexpressionthat describes+ ¼ , namely º ¦ ¿ � º ¦ ¿ © º ¦ �0�2� º ¦ ¿ Ã º ¦ w

alsoshows (via theconstructionof thefinite automaton)thattheOGFof + ¼ is rational. Î
EXERCISE 17. Extendthepreviousargumentto provetherationalityof theOGF
of words that do not containany patternfrom a finite set Ð , wherepatternis
takeneitherin thesenseof a factoror a subsequence.

EXERCISE 18. Calculateexplicitly the generatingfunction of Ñ � for an arbi-
trary Ò in thecaseof a binaryandof a ternaryalphabet.

Determinethemeannumberof occurrencesof Ò assubsequencein a ran-
domtext of size � . Discusstheasymptoticform of thevarianceof thenumber
of suchoccurrences.

EXAMPLE 9. Variable-lengthcodes.A finite setof words Ó�Ôóº ¦ is a (“variable-length”)
code [11] if eachword in º ¦ admit at most one decompositionas a concatenationof
words,eachof which belongingto Ó . Obviously, sucha codecanbe usedfor encoding
informations,adjustingformatsof datato aparticulartransmissionchannel,etc.

It is not cleara priori how to decidewhetherany givenset � is a code. Let � kqm�o¤�p �ed!Õ m×Ö � Ö betheOGFof Ó (a polynomial).Then Ó is acodeiffuu'�O� kqm�o �Ph�kqm�o w
where h�kqm�o is theGF of all wordsthatadmita decompositionasconcatenationsof words
in Ó . Now, Aho and Corasickhave establishedin [3] that thereexists a deterministic
automatonof sizelinearin thetotalsizeof � (thetotalnumberof letters)thatrecognizes� ¦
(furthermorethisautomatoncanbeconstructedin lineartime). Thus,asystemdeterminingh�kqm�o is foundin lineartime.
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From the combinatorialconsiderationsabove, thereresultsa decisionprocedurefor
codicity (basedon linearalgebra)thatis of polynomialtime complexity. Î

EXERCISE 19. A finite stateautomatonis saidto beunambiguousif thesetof
acceptingpathsof any given wordscomprisesat mostoneelement.Prove that
the translationinto generatingfunctionasdescribedabove alsoappliesto such
automata,evenif they arenondeterministic.

3.3.3. Transfermatrix methods.The transfermatrix methodconstitutesa variantof
the modellingby deterministicautomataandthe encodingof combinatorialproblemsby
regular languages. The very generalstatementof Theorem8.6 applieshere with full
strength. Here, we shall simply illustrate the situationby an example inspiredby the
insightful expositionof dominotilings andgeneratingfunctionsin the book of Graham,
Knuth,andPatashnik[50].

EXAMPLE 10. Monomer-dimer tilings of a rectangle. Supposeoneis given piecesthat
maybeoneof thethreeforms: monomers( Ì o thatare u<�¶u squares,anddimersthatare
dominoes,eithervertically k&Øòo oriented uñ�1ª , or horizontally( Ù ) orientedª �Du . In how
many wayscanan Ë �Æµ rectanglebecoveredcompletelyandwithout overlap(‘tiled’) by
suchpieces?

Thepiecesarethusof thefollowing types,Ì � w Ù&� w Ø�� w
andhereis a particulartiling of a ¯��Æµ rectangle:

In orderto approachthiscountingproblem,onedefinesaclassÚ of combinatorialob-
jectscalledconfigurations.A configurationrelativeto an Ë � ® rectangleis apartialtiling,
suchthatall thefirst Ë ��u columnsareentirelycoveredby dominoeswhile betweenzero
andthreeunit cells of the last columnarecovered. Herearefor instance,configurations
correspondingto theexampleabove.

Thesediagramssuggesttheway configurationscanbebuilt by successive additionof
dominoes.Startingwith theemptyrectangle� �Æµ , oneaddsat eachstagea collectionof
atmostthreedominoesin suchaway thatthereis nooverlap.Thiscreatesa configuration
where,like in theexampleabove,thedominoesmaynotbealignedin aflush-rightmanner.
Continueto addsuccessively dominoeswhoseleft borderis atabscissauKw§ªòw§µÚw etc,in away
thatcreatesno internal“holes”.

Dependingon thestateof filling of their lastcolumn,configurationcanthusbeclas-
sified into 8 classesthat we may index in binary as Ú�AÛA/A w �2�0� w Ú �§�+� . For instanceÚ�A/A �
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representconfigurationssuchthat the first two cells (from top to bottom,by convention)
arefree,while thethird oneis occupied.Then,asetof rulesdescribesthenew typeof con-
figurationobtained,whenthesweepline is movedonepositionto theright anddominoes
areadded.For instance,we haveÚ A � A Ü �ÞÝ Ú � A � �

In this way, onecansetup a grammar(resemblinga deterministicfinite automaton)
thatexpressesall thepossibleconstructionsof longerrectanglesfrom shorteronesaccord-
ing to thelastlayeradded.Thegrammarcomprisesproductionslike� A/AÛA � r?}DÌÉÌÂÌ � AÛA/A }*Ì Ø � AÛA/A } Ø Ì � AÛA/A}¹� ÌÉÌ � � AÛA }*Ì � Ì � A � A }*ÌÂÌ � � A/A � } Ø � � A/A � }¹� Ø � � A/A}DÌ �¡� � A �+� }Q� Ì�� � � A � }Q��� Ì � �§� A }¹�¡�¡� � �§�+� �
In this grammar, a “letter” like Ì Ø representthe additionof dominoes,in top to bottom
order, of typesÌ�w Ø respectively; theletter Ì�� Ì meansaddingtwo Ì -dominoesonthetop
andon thebottom,etc.

The grammartransformsinto a linear systemof equationswith polynomial coeffi-
cients.ThesubstitutionÌ st m , Ù w Ø st m © thengivesthegeneratingfunctionsof configu-
rationswith m markingtheareacovered:� A/AÛA knmMo�� k u'�Dª m   � m ¨ o�k u�} m   � m ¨ ok u�} m   o2k u'�o¯ m   �Âª m ¨ }Ìª m ­ } m � © � m �m§ o �¡�
In particular, thecoefficient È m   ¾ Ê � AÛA/A�kqm�o is thenumberof tilings of an Ë �Éµ rectangle:� A/A/A kqm�o�� u�}*µ m   }óª)ª m ¨ }Qu0µÚu m ­ }Ì±Kª)µ m � © }Ì¯ � ª�° m �m§ }¹�0�2� �
Thesequencegrowslike ö ® ¾ (for Ë·�ß�ók1�>Q�7 µ o ) where® �� u � ±)µ�±Kª!± ( ® is thecuberoot
of analgebraicnumberof degree5). (See[20] for acomputeralgebrasession.)Onaverage,
for large Ë , thereis a fixedproportionof monomersandthe distribution of monomersin
a randomtiling of a largerectangleis asymptoticallynormallydistributed,asresultsfrom
thedevelopmentsof Chapter9. Î

As is typical of thetiling example,oneseeksto enumeratea “special” setof configu-
rationsÚ µ . (In theexampleabove,this is Ú�A/AÛA representingcompleterectanglecoverings.)
Onedeterminesanextendedsetof configurationsÚ (thepartialcoverings,in theexample)
suchthat: k1%×o*Ú is partitionedinto finitely many classes;k1%�%×o thereis a finite setof “ac-
tions” thatoperateon the classes;k&%�%�%Wo sizeis affectedin a well-definedadditive way by
theactions.Thesimilarity with finite automatais apparent:classesplay therôle of states
andactionstherôleof letters.

EXERCISE 20. For any fixedwidth à , theOGFof monomer-dimercoveringsof
an �[á>à rectangleis rational.

The OGF of Hamiltoniantourson an �Âáâà rectangleis rational (one is
allowed to move from any cell to any othervertically or horizontallyadjacent
cell). Thesameholdsfor king’s toursandknight’s tours.

EXERCISE 21. TheOGFof trees(binary, general)of boundedwidth is arational
function.



32 8. FUNCTIONAL EQUATIONS—RATIONAL AND ALGEBRAIC FUNCTIONS

EXERCISE 22. Find combinatorialinterpretationsofÑ�ã ä2å<�&
æ�Tç Zéè\úæê�ë �&Ñ ú ��ä�
"ú��
for any fixedinteger à , wherethenumbersÑ ú aretheFibonaccinumbers.[Hint:
see[50].]

EXERCISE 23. Givena fixeddigraph W assumedto bestronglyconnected,and
a designatedstart vertex, one travels at random,moving at eachtime to any
neighbourof thecurrentvertex chosenwith equallikelihood.Show thattheex-
pectationof thetimeto visit all theverticesis arationalnumberthatis effectively
(thoughperhapsnotefficiently!) computable.

Often, the methodof transfermatricesis usedto approximatea hardcombinatorial
problemthat is not known to decompose,the approximationbeingby meansof a family
of modelsof increasing“widths”. For instance,the enumerationof the number � ¾ of
tilings of an Ë � Ë squareby monomersanddimersremainsafamousunsolvedproblemof
statisticalphysics.Here,transfermatrixmethodsmaybeusedto solvethe Ë � Å versionof
themonomer–dimercoverings,in principleat least,for any fixedwidth Å . (The“diagonal”
sequenceof the Ë � Å rectangularmodelscorrespondsto thesquaremodel.) It hasbeen
at leastdeterminedby computersearchthat the diagonalsequence� ¾ startsas (this is
sequenceA028420in Sloane’sEIS [86]):u)wT¦òwju"µÚu)w�u ��� u"ªÚw ª!±Uu � °�ª!¥Iw�ª�ª�±�ªÚu"ª�°4¦)ª�¦Mweu)u�ª!¥2¯)ª�¯4¦ � ¯)ª�µ�ªMu)w �2�0���
From this and other numerical data, one estimatesnumerically that k1� ¾ o �Ûì ¾ Ù tu � ª!¥ � ªÚu �2�0� , but no expressionfor theconstantis known to exist4. Thedifficulty of coping
with the finite-width modelsis that their complexity (asmeasured, e.g.,by the number
of states)blows up exponentiallywith Å —suchmodelsarebesttreatedby computeral-
gebra;see[102]—and no law allowing to take a diagonalis visible. However, the finite
width modelshave themerit of providing at leastprovableupperandlowerboundson the
exponentialgrowth rateof thehard“diagonalproblem”.

3.4. Permutations and local constraints. In this subsection,we examineproblems
whoseorigin lies in nineteenthcenturyrecreationalmathematics.For instance,theménage
problemsolved andpopularizedby ÉdouardLucasin 1891,see[26], hasthe following
quaintformulation:Whatis thenumberof possiblewaysonecanarrange Ë marriedcou-
ples (‘ménages’) around a table in such a way that menand womenalternate, but no
womansitsnext to herhusband?

The ménageproblemis equivalent to a permutationenumerationproblem. Sit first
conventionallythemenat placesnumbered� w �0�2� w Ë �¹u , andlet n � bethepositionat the
right of which the % th wife is placed. Then,a ménageplacementimposesthe conditionn �îí��% and n �ïí��% }Qu for each% . We considerherea linearly arrangedtable(seeremarks
at the end for the other classicalformulation that considersa round table), so that the

4In contrast,for coveringsby dimersonly, astrongalgebraicstructureis availableandthenumberof coversðñ ú satisfies òôóôõö ú�÷îø è¬ù ðñ ö ú�ú û<û ¹ ö ú ½ Ù*üâý�þ�ÿ����� è�úæê�ë��	� ��
 ú�
����� ��
 ö��
ü���� û����ü � � ������� � �����! 

where " is Catalan’s constant;see[76] for context on this famousresult.
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condition n � í��% } u becomesvacuouswhen %e�QË . Hereis aménageplacementfor Ë.� °
correspondingto thepermutationn �$#% u ª µ ¥ ¯ °¥ ¯ ° ª u µ &'

61 2 3 4 5

Clearly, this is a generalizationof the derangementproblem(for which the weaker
condition n ��í� % is imposed),wherethe cycle decompositionof permutationssufficesto
providea directsolution(seeChapter2).

Givena permutationn � n � �0�2�Ûn ¾ , any quantity n � � % is calledanexceedanceof n .
Let

»
bea finite setof integersthatwe assumeto benonnegative. Thena permutationis

saidto be
»

-avoiding if noneof its exceedanceslies in
»

. The countingproblem,aswe
now demonstrate,providesaninterestingcaseof applicationof thetransfermatrixmethod.

The set
»

being fixed, considerfirst for all Ñ the classof augmentedpermutations$ ¾M½ Ò thatarepermutationsof size Ë suchthat Ñ of thepositionsaredistinguishedandthe
correspondingexceedanceslie in

»
, the remainingpositionshaving arbitraryvalues(but

with thepermutationpropertybeingsatisfied!).Looselyspeaking,theobjectsin $ ¾M½ Ò can
beregardedaspermutationswith “at least” Ñ exceedancesin

»
. For instance,with

» � �Ku �
and n �  ¡ u ª µ ¥ ¯ ° ¦ ± ªª µ ¥ ± ° ¦ u ¯ ª ¢£ w
thereare5 exceedancesthat lie in

»
(at positions u)wOªòw+µUw/¯ÚwÛ° ) andwith µ of thesedistin-

guished(sayby enclosingthemin abox),oneobtainsanelementcountedby $ ­ ½   likeª 3 4 ±î° 7 u(¯îª �
Let

± ¾M½ Ò be the cardinalityof $ ¾ò½ Ò . We claim that the number ´ ¾ � ´)(¾ of
»

-avoiding
permutationsof size Ë satisfies

(12) ´ ¾ � ¾�Ò+âBA k ��u o Ò ± ¾M½ Ò �
Equation(12) is typically an inclusion-exclusionrelation. To prove it formally, definethe
number g ¾ò½ ¯ of permutationsthat have exactly ® exceedancesin

»
and the generating

polynomials ± ¾ k^Å�o��ß� Ò ± ¾M½ Ò2Å Ò w g ¾ knÅ�oj�8� ¯ g ¾M½ ¯ Å ¯ �
TheGF’sarerelatedby± ¾ knÅ�oj�Pg ¾ knÅ }¹u o or g ¾ k^Å¤oj� ± ¾ k^Å �óu o!�¡�
(The relation

± ¾ k^Å�oz��g ¾ knÅ }Áu o simply expressessymbolically the fact that each
»

-
exceedancein � may or may not be taken in when composingan elementof $ .) In
particular, we have

± ¾ k ��u o��Qg ¾ k<�Koj�Qg ¾M½ A���´ ¾ aswasto beproved.
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FIGURE 5. A graphicalrenderingof the legal template20?02?11?
relative to

» � � � w2uKw§ª � .
Theprecedingdiscussionshowsthateverythingreliesontheenumeration

± ¾M½ Ò of per-
mutationswith distinguishedexceedancesin

»
. Introducethe alphabetºç� » {*� ‘?’ � ,

wherethe symbol ‘?’ is calledthe ‘don’t-caresymbol’. A word on º , an instancewith» � � � w2uKw§ª � being20?02?11?,is calleda template. To an augmentedpermutation,one
associatesa templateasfollows: eachexceedancethat is not distinguishedis represented
by a don’t caresymbol;eachdistinguishedexceedance(therebyanexceedancewith value
in
»

) is representedby itsvalue.A templateis saidto belegalif it arisesfromanaugmented
permutation.For instancea templateªlu��0�2� cannotbelegal sincethecorrespondingcon-
straints,namely n � ��u � ª , n © �*ª � u , areincompatiblewith thepermutationstructure
(oneshouldhave n � � n © � µ ). In contrast,thetemplate20?02?11?is seento be legal.
Figure5 is a graphicalrendering;there,lettersof templatesarerepresentedby dominoes,
with a crossat thepositionof a numericvaluein

»
, andwith thedominobeingblank in

thecaseof adon’t-caresymbol.
Let � ¾ò½ Ò bethesetof legal templatesrelative to

»
thathave length Ë andcompriseÑ

don’t caresymbols.Any suchlegal templateis associatedto exactly Ñ+* permutations,sinceË � Ñ position-valuepairsarefixedin thepermutation,while the Ñ remainingpositionsand
valuescanbetakenarbitrarily. Thereresultsthat

(13)
± ¾M½ ¾ � Ò �óÑ+*Û� ¾M½ Ò and ´ ¾ � ¾�Ò+âBA k ��u o ¾ � Ò Ñ,*�� ¾M½ Ò w

by (12). Thus,theenumerationof avoidingpermutationsrestsentirelyon theenumeration
of legal templates.

The enumerationof legal templatesis finally effectedby meansof a transfermatrix
method,or equivalently, by afinite automaton.If a templateÍ&��Í � �2�0� Í ¾ is legal,thenthe
following conditionis met,

(14) ÍOÒ } Ñ í��Í � } % w
for all pairs k&% w Ñ�o suchthat % Ð Ñ andneitherof ÍF� w Í Ò is thedon’t-caresymbol.(Thereare
additionalconditionsto characterizetemplatesfully, but theseonly concernafew lettersat
theendof templatesandwemayignorethemin thisdiscussion.)In otherwords,a Í � with
a numericalvaluepreemptsthevalue Í � } % . Figure5 exemplifiesthesituationin thecase» � � � w2uKw§ª � . The dominoesareshiftedonepositioneachtime (sinceit is the valueofn/� % thatis represented)andthecompatibilityconstraint(14) is thatnotwo crossesshould
beverticallyaligned.Morepreciselytheconstraints(14)arerecognizedby adeterministic
finite automatonwhosestatesareindexedby subsetsof � � w �0�2� w ¥ �óu � wherethe“span” ¥
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is definedas ¥��ß�.-
J0/ d (21 . Theinitial stateis theoneassociatedwith theemptyset(no
constraintis presentinitially), thetransitionsareof theform34 5 k ÷76àw ÑMo st ÷86�9 where � = �Ák+k � ��u o {1� Ñ �óu �4o;: � � w �2�0� w ¥ ��u � w Ñ í� ‘?’k ÷76àw=< o st ÷76�9 where � = �Ák � �óu o;: � � w �2�2� w ¥ �óu �Kä
the final stateis equalto the initial state(this translatesthe fact that no dominocanpro-
trudefrom theright, andis implied by the linearcharacterof the ménageproblemunder
consideration).In essence,theautomatononly needsa finite memorysincethedominoes
slidealongthediagonaland,accordingly, constraintsolderthanthespancanbeforgotten.
Noticethatthecomplexity of theautomaton,asmeasuredby its numberof states,is ª � .

Herearetheautomatacorrespondingto
» � � �ò� (derangements)andto

» � � � w2u �
(ménages).

{0} { } { }

For the ménageproblem,therearetwo statesdependingon whetheror not the currently
examinedvaluehasbeenpreemptedat theprecedingstep.

Fromtheautomatonconstruction,thebivariateGF ��(�kqm w ¿7o of legal templates,with¿ markingthepositionof don’t caresymbols,is a rationalfunctionthatcanbedetermined
in anautomaticfashionfrom

»
. For thederangementandménageproblems,onefinds�?> AA@ kqm w ¿7o � uu'� mFk u�} ¿�o w �?> A ½ � @ knm w ¿�o�� u'� mu'� mFk ª�} ¿7o } m © �

In general,this givesaccessto theOGFof thecorrespondingpermutations.Considerthe
partialexpansionof ��( knm w ¿�o with respectto ¿ , takenundertheform

(15) � ( knm w ¿�o ��� ê ö ê knmMoul� ¿I¿ ê knmMo w
assumingfor convenienceonly simplepoles.Therethesumis finite andit involvesalge-
braic functions ö Ò and ¿ Ò of thevariable m . Finally, theOGFof

»
-avoiding permutations

is obtainedfrom ��( by thetransformationm ¾ ¿ ¯ st k � mMo ¾ ®;* w
which is thetranscriptionof (13). Definethe(divergent)OGFof all permutations,+ k ~ o�� ?�¾ âBA ËB* ~ ¾ � © + A È uKw2u ä ~ Ê w
in theterminologyof hypergeometricfunctions.Then,by theremarksaboveand(15),we
find ´ ( knmMo ��� ê ö ê k � mMom+ k � ¿ Ò k � mMo�o��
In otherwords,theOGF of

»
-avoidingpermutationsis a combinationof compositionsof

theOGFof thefactorial serieswith algebraic functions.
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The expressionssimplify muchin the caseof ménagesandderangementswherethe
denominatorsof � areof degree1 in ¿ . Onehas´ > A�@ knmMo�� uu�} m + k mu�} m oj� u�} m�© }Xª m   }Ìª m « }o¥�¥ m § }óª!°4¯ m ¨ }¹u�±�¯
¥ m © }Q�2�2��w
for derangements,whencea new derivationof theknown formula,´C> AA@¾ � ¾�¯ âBA k ��u o ¯ æ Ë ® è k^Ë � ®Uo�*¡�
Similarly, for (linear)ménageplacements,onefinds´ > A ½ � @ kqm�o�� uu�} m + k mk u�} m�o © oj� u�} m   }*µ m « }Qu	° m § }Ìª�° m ¨ }_°2¦!¯ m © }¹�0�2�\w
which is EIS–A000271andcorrespondsto theformulaD > A ½ � @¾ � ¾�¯ âBA k ��u o ¯ æ ª Ë � ®® è k^Ë � ®Uo�*¡�

Finally, the sametechniquesadaptsto constraintsthat “wrap around”, that is, con-
straintstaken modulo Ë . (This correspondsto a roundtablein the ménageproblem.) In
thatcase,whatshouldbeconsideredis the loopsin theautomatonrecognizingtemplates
(seealsothepreviousdiscussionof thezetafunctionof graphs).Onefindsin this way the
OGFof thecircular(i.e.,classical)ménageproblemto be(EIS–A000179)õ´ > A ½ � @ knmMo � u'� mu�} m + k mk u�} m�o © o }¶ª m<� ue} m } m   } ª m « }óu"µ m § } ± �)m ¨ }Â¯�¦
ª m © }X�0�2�\w
whichyieldstheclassicalsolutionof the(circular)ménageproblem,õ´C> A ½ � @¾ � ¾�¯ âBA k ��u o ¯ ª Ëª Ë � ® æ ª Ë � ®® è k^Ë � ®Uo�* w
aformulathatis dueto Touchard;see[26, p.185]for pointersto thevastclassicalliterature
onthesubject.Thealgebraicpartof thetreatmentaboveis closeto theinspiringdiscussion
offeredin Stanley’sbook[87]. An applicationto robustnessof interconnectionsin random
graphsis presentedin [38].

For asymptoticanalysispurposes,thefollowing generalpropertyprovesuseful:Let +
be the OGF of factorial numbers and assumethat ~ kqm�o is analytic at the origin where it
satisfies~ knmMo?�Pm � rUm © } Ä knm   o ; thenit is true that

(16) È m ¾KÊ + k ~ knmMo�oÆu È m ¾�Ê + knmFk u'� rUmMo�ocu¹ËB* �K�FEU�
(Theproof resultsfrom simplemanipulationsof divergentseriesin thestyleof [8].) This
givesatsighttheestimates´�> AA@¾ u�Ë �K�\� w ´�> A ½ � @¾ u�Ë �K� © �
Moregenerally, for any set

»
containingr elements,onehas´�> ( @¾ uQË �K�FEU�

Furthermore,thenumberg?(¾ò½ ¯ of permutationshaving exactly ® occurrences( ® fixed)of
anexceedancein

»
is asymptoticto´ > ( @¾ uQË � �FE r ¯®F* �
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In otherwords,therareeventthatanexceedancebelongsto
»

obeysof Poissondistribution
with r1�HG » G . Theselast two resultsareestablishedby meansof probabilistictechniques
in thebook[7, Sec.4.3]. Therelation(16)pointsto awayof arriving atsuchestimatesby
purelyanalytic-combinatorialtechniques.

EXERCISE 24. Given a permutationI Z I û üOüOü I ú , a successiongap is de-
finedasany differenceI ¾ ø û bJI ¾ . Discussthecountingof permutationswhose
successiongapsareconstrainedto lie outsideof a finite set K .

In how many wayscana kangaroopassthroughall pointsof the integer
interval ø �	��� ÿ startingat � andendingat � while makinghopsthat belongtoL bNM!�#bÏ�	�l����M8O ?

3.5. Lattice paths and walks on the line. In this section,we considerlattice paths
thatarefundamentalobjectsof combinatorics.Indeed,they relateto trees,permutations,
andsetpartitions,to namea few. They alsocorrespondto walkson the integerhalf-line
andassuchthey relateto classicalrandomwalksandto birth-and-deathprocessesof prob-
ability theory. The lattice pathsdiscussedherehave stepsthat correspondto movements
eitherimmediatelyto the left or to the right. Combinatorially, suchpathsarethe limit of
pathsof boundedheight,themselvesdefinableasnestedsequences.As aconsequence,the
OGF’sobtainedareof thecontinuedfractiontype.

DEFINITION 8.5(Latticepath). A (lattice)pathPÆ�£kRQTA w Q � w �2�0� w Q ¾ o is a sequenceof
pointsin thelattice · � · such that if QeÒ��£k^åÚÒ w�~ Ò0o , then åÚÒ��XÑ and G ~ Ò ° � � ~ ÒSGM¸ u . An
edge }TQeÒ w QàÒ ° � � is calledanascent( x ) if ~ Ò ° � �>~ Ò�� }�u , a descent( ¥ ) if ~ Ò ° � ��~ Ò�� ��u ,
anda level step( ö ) if ~ Ò ° � �M~ Ò���� .

Thequantity Ë is the lengthof thepath, UòkVP�oîH � ~ A is the initial altitude, ÙàkVP�oºH�� ~ ¾
is thefinal altitude. TheextremalquantitiesW�X�K � Pà� H�� �.-
J Ò ~ Ò and �
Y0Z � Pà�[H�� �-�
Y Ò ~ Ò
arecalledtheheightanddepthof thepath.

It is assumedthatpathsarenormalizedby thecondition å{A¤��� . With this normaliza-
tion,apathof length Ë is encodedby awordwith xFw ¥ w ö representingascents,descents,and
level steps,respectively. Whatwecall thestandard encodingis suchaword in whicheach
step xFw ¥ w ö is (redundantly)subscriptedby the valueof the ~ -coordinateof its associated
point. For instance,

Å
�Qö;A x A x � x © ¥   ö © ö © x © ¥   ¥ © ¥ � x A�ö �
encodesa paththatconnectstheinitial point k1� w �Ko to thepoint k u0µUw2u o .

Let [ bethesetof all latticepaths.Givenageometriccondition( ´ ), it is thenpossible
to associateto it a “language” [ È ´ Ê that comprisesthe collectionof all pathencodings
satisfyingthecondition ´ . This languagecanbeviewedeitherasasetor asaformalsum,\ È ´ Ê � �> � Ö�] @ Å w
in which caseit becomesthegeneratingfunction in infinitely many indeterminatesof the
correspondingcondition.

The generalsubclassof pathsof interestin this subsectionis definedby arbitrary
combinationsof flooring( Ì ), ceiling( Ù ), aswell asfixing initial kq® ) andfinal ( ^ ) altitudes:\ � _ Ã ½ ÞF` �¯ ½ a � � ÅÜÀ \ HbUòknÅ�oj�
® w Ù knÅ�oj�c^ w �
Y0Z � Å��ed Ì w W�X K � Å�� Ð Ù����
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FIGURE 6. The threemajor decompositionsof lattice paths: the arch
decomposition(top), the lastpassagesdecomposition(bottomleft), and
thefirst passagedecomposition(bottomright).

We also needthe specializations,
\ � ÞF` �¯ ½ a � \ � _ A ½ Þ;` �¯ ½ a ,

\ � _ Ã*�¯ ½ a � \ � _ Ã ½ Þ ? �¯ ½ a ,
\ ¯ ½ a �\ � _ A ½ Þ ? �¯ ½ a . Threesimplecombinatorialdecompositionsof pathsthensuffice to derive

all thebasicformulæ.
Arch decomposition: An excursion from and to level 0 consistsof a sequenceof

“arches”,eachmadeof eithera ö A or a x A [ � _ � �� ½ � ¥ � , sothat[ A ½ A�� C"ölA {Éx AA[ � _ � �� ½ � ¥ � E ¦ w
which relativizesto height Ð Ù .

Lastpassagesdecomposition.Recordingthetimesat whicheachlevel � w �2�0� w ® is last
traversedgives

(17) [ A ½ ¯ �f[ � _ A �A ½ A x Ag[ � _ � �� ½ � x � �0�2�+x ¯ �\� [ � _ ¯ �¯ ½ ¯
Firstpassagedecomposition.Thequantities

\ ¯ ½ a with ®Â¸h^ areimplicitly determined
by thefirst passagethrough ® in apathconnectinglevel 0 to ^ , sothat

(18) [ A ½ a � [ � Þ ¯ �A ½ ¯ �\� x ¯ ��� [ ¯ ½ a kq®Â¸i^qo w
A dualdecompositionholdswhen ®�d�^ .

Thebasicresultsexpressthegeneratingfunctionsin termsof afundamentalcontinued
fraction and its associatedconvergentpolynomials. They involve the “numerator” and
“denominator”polynomials,denotedby

± ` and ´ ` that aredefinedassolutionsto the
secondorder(or “three-term”)recurrenceequation

(19) j ` ° � �¨k u'� ö ` o�j ` � x ` ��� ¥ ` j ` ��� w ÙJd uKw
togetherwith the initial conditions k ± ��� w ´ �\� o��³k u)w �Ko , k ± A w ´ A o��³k1� w0u o , andwith the
convention x ��� ¥#A�� u .

PROPOSITION 8.4 (Pathcontinuedfractions[35]) . k&%Wo Thegenerating function
\ A ½ A

of all basicexcursionsis representedby thefundamentalcontinuedfraction:\ A ½ A � uu'� ö A � x A ¥ �u'� ö � � x � ¥ ©u'� ö © � x © ¥  . . .

�(20)



3. APPLICATIONS OF RATIONAL FUNCTIONS 39k&%�%Wo Thegenerating functionof ceiledexcursions
\ � ÞF` �A ½ A is givenby a convergent of the

fundamentalfraction:\ � ÞF` �A ½ A � uu'� ö;A � x A ¥ �u'� ö � � x � ¥ ©u'� ö © � x © ¥  
. . .u'� ö ` ���

(21)

� ± `´ ` �(22)k&%�%�%Wo Thegenerating functionof flooredexcursionsis givenby thetruncationof thefunda-
mentalfraction:\ � _ ` �` ½ ` � uu'� ö ` � x ` ¥ ` ° �u'� ö ` ° � � x ` ° � ¥ ` ° ©u'� ö ` ° © � x ` ° © ¥ ` °  . . .

(23)

� ux ` �\� ¥ ` ´ ` \ A ½ A � ± `´ ` �\� \ A ½ A � ± ` ��� w(24)

Proof. Repeateduseof the arch decompositionprovidesa form of
\ � ÞF` �A ½ A with nested

quasi-inverses k uz�lk o ��� that is the finite fraction representation(21). The continued
fraction representationfor basicpaths(namely

\ A ½ A ) is thenobtainedby letting Ù t ô
in (21). Finally, the continuedfraction form (23) for ceiled excursionsis nothing but
the fundamentalform (20), when the indicesare shifted. The threecontinuedfraction
expressions(20), (21), (23)arethenceestablished.

Findingexplicit expressionsfor thefractions
\ � ÞF` �A ½ A and

\ � _ ` �` ½ ` next requiresdetermin-
ing thepolynomialsthatappearin theconvergentsof thebasicfraction(20). By definition,
theconvergentpolynomials

± ` and ´ ` arethenumeratoranddenominatorof thefraction\ � ÞF` �A ½ A . For the computationof
\ � ÞF` �A ½ A and

± ` w ´ ` , oneclassicallyintroducesthe linear
fractionaltransformations �4Ò)k ~ oj� uu'� ö Ò �¶x Ò ¥ Ò ° � ~ w
sothat

(25)
\ � Þ;` �A ½ A ���!ANmÆ� � mÆ� © m �0�2� mÆ� ` ��� k1��o and

\ A ½ A����!A�mÆ� � mÆ� © m �0�2��w �
Now, linearfractionaltransformationsarerepresentableby ª��.ª -matrices

(26)
x4~/} ¥ö ~�}on st  ¡ x ¥ö n ¢£ w
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Type Spec. Formula

1. Excursion � ë ¿ ë ��ib�p ë�q r ë=s û�cb�p û q ü§üOü
2. Ceiledexcursions � ã tvu#åë ¿ ë w ux u
3. Flooredexcursions � ã ]vu#åu ¿ u �r u8y û s u

x u � ë ¿ ë b w ux uzy û � ë ¿ ë b w u8y û4. Transitionsfrom 0 � ë ¿ { �Ä { � x { � ë ¿ ë b w { �
5. Transitionsto 0 � » ¿ ë �Ã » � x » � ë ¿ ë b w » �
6. Upcrossingsfrom 0 � ã tvu#åë ¿ u8y û Ã uzy ûx u
7. Downcrossingsto 0 � ã tvu#åuzy û ¿ ë Ä uzy ûx u
8. Transitions( ¸�|~} ) � » ¿ { �Ã » Ä { x » � x { � ë ¿ ë b w { �
9. Transitions( ¸VÁ~} ) � » ¿ { �Ã » Ä { x { � x » � ë ¿ ë b w » �
10. Upwardexcursions � ã ] þ ¿ tvu#åþ ¿ þ �r þ y û s þ�� þ ¿ u� þ y û ¿ u
11. Downwardexcursions � ã t { ø û å{R¿ { x {x { ø û
12. Transitionsin strip ( ¸�|�} ) � ã ] þ ¿ tvu#å» ¿ { �Ã » Ä { � þ y û ¿ » � {R¿ u� þ y û ¿ u
13. Transitionsin strip ( }�|Â¸ ) � ã ] þ ¿ tvu#å» ¿ { �Ã » Ä { � þ y û ¿ { � » ¿ u� þ y û ¿ uTABLE 1. Generatingfunctionsassociatedto somemajor pathcon-

ditions. The basiccontinuedfraction is
\ A ½ A in Entry 1, with conver-

gentpolynomials
± ` w ´ ` . Abbreviationsusedare: ³�Ã � x A �0�2�+x Ã ��� ,� ÃÜ�Q¥ � �0�2� ¥!Ã , and �-� ½ Ò ��´ � ± Ò � ± ��´ Ò .

in sucha way thatcompositioncorrespondsto matrix product.By inductionon thecom-
positionsthatbuild up

\ � ÞF` �A ½ A , therefollows theequality

(27) �!ANmÆ� � mÆ� © m �0�2� mÆ� ` ��� k ~ o�� ± ` � ± ` ��� x ` �\� ¥ ` ~´ ` � ´ ` ��� x ` ��� ¥ ` ~ w
where

± ` and ´ ` areseento satisfytherecurrence(19). Setting~ ��� in (27)proves(22).
Finally,

\ � _ ` �` ½ ` isdeterminedimplicitly astheroot ~ of theequation� A m �2�0� m!� ` ��� k ~ o��\ A ½ A , anequationthat,whensolvedusing(27), yieldstheform (24). �
A large numberof generatingfunctionscanbe derived by similar techniques.See

Figure1 for a summaryof what is known. We refer to thepaper[35], wherethis theory
was first systematicallydevelopedand to the exposition given in [48, Chapter5]. Our
presentationheredraws uponthe paper[37] wherethe theorywasput to usein orderto
developa formalalgebraictheoryof thegeneralbirth-and-deathprocess.

Weexaminenext afew specializationsof theverygeneralformulæprovidedby Propo-
sition8.4andTable1.
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EXAMPLE 11. Standard lattice paths. In orderto countlatticepaths,it sufficesto effect
oneof thesubstitutions,n,� H x Ò st m w ¥§Ò st m w öOÒ st mIä n,� H x Ò st m w ¥§Ò st m w öOÒ st �U�
In thelattercaselevel stepsaredisallowed,andoneobtainsso-called“Dyck paths”;in the
formercase,all threesteptypesaretaken into account,giving rise to so-called“Motzkin
paths”.We restrictattentionbelow to thecaseof Dyck paths.

Thecontinuedfractionexpressing
\ A ½ A is thenpurelyperiodicandhencea quadratic

function: \ A ½ A knmMo�� uu'� m ©u'� m ©u'� . . .

� uª m © C u'�i� u'�Â¥ m © E w
since

\ A ½ A satisfies~ �vk u�� m © ~ o ��� . The familiesof polynomials
± ` w ´ ` are in this

casedefinedby a recurrencewith constantcoefficientsandthey coincide,up to a shift of
indices.DefineclassicallytheFibonaccipolynomialsby therecurrence+ ` ° © kqm�o��ß+ ` ° � knmMo � m�+ ` kqm�o w + A knmMo���� w + � knmMo�� u �
Onefinds ´ ` ��+ ` kqm © o and

± ` ��+ ` �\� kqm © o . (TheFibonaccipolynomialsareessentially
reciprocalsof Chebyshev polynomials.)TheGF of pathsof height ¸ Ù is thengivenby
Proposition8.4as \ � ÞF` �A/A kqm�o�� + ` kqm © o+ ` ° � knm © o �
In otherwords,thegeneralresultsspecializeto providethealgebraicpartof theanalysisof
Catalantreeheight,a topic dealtwith in Chapter7. We getmore: for instancethenumber
of waysof crossingastrip of width Ù ��u is\ � ÞF` �A ½ ` ��� knmMo�� m `+ ` knm © o �
In thecaseof Dyck paths,explicit expressionsresultfrom theexplicit generatingfunctions
andfrom theLagrange-B̈urmanninversiontheorem;seeChapter7 for details. Î
EXAMPLE 12. Area underDyck path and coin fountains. Considerthe caseof Dyck
pathandtheparameterequalto theareabelow thepath. Areaundera latticepathcanbe
definedasthesumof the indices(i.e., thestartingaltitudes)of all thevariablesthatenter
the standardencodingof the path. Thus,the BGF �,kqm w§÷ o of Dyck pathwith m marking
half-lengthand ÷ markingareais obtainedby thesubstitutionx Ò st ÷ Ò m w ¥§Ò st ÷ Ò w öOÒ st �U�
It provesconvenientto operatewith thecontinuedfraction

(28) + knm w+÷ o�� uu'� m ÷u'� m ÷ ©
. . .

w
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sothat �,kqm w§÷ o���+ k ÷ �\� m w+÷ © o . Since+ and � satisfydifferenceequations,for instance,

(29) + kqm w§÷ o�� uu'� m ÷ + k ÷ m w§÷ o w
momentsof areacanbedeterminedby differentiatingandsetting÷ � u (seeChapter3 for
adirectapproach).

A generaltrick is effective to derive an alternative expressionof + . Attempt to ex-
pressthe continuedfraction + of (28) asa quotient + knm w+÷ oÉ��³ñkqm�o§ð � kqm�o . Then, the
relation(29) implies³ñkqm�o� knmMo � uu'�¶÷ m�� �RÊ��O¢� �RÊ��§¢ w hence³ñknmMo�� � k ÷ mMo w � kqm�o�� � k ÷ m�o �¶÷ m � k ÷ © m�o w
where ÷ is treatedasa parameter. The differenceequationsatisfiedby

� knmMo is readily
solvedby indeterminatecoefficients:this classicaltechniquewasintroducedin thetheory
of integerpartitionsby Euler. With

� knmMo�� p ¥ ¾ m ¾ , thecoefficientsatisfytherecurrence¥ A � u)w ¥ ¾ � ÷ ¾ ¥ ¾ �¶÷ © ¾ ���2¥ ¾ ��� �
This is a first orderrecurrenceon ¥ ¾ thatunwindsto give¥ ¾ �£k ��u o ¾ ÷ ¾ Ùk u'� ÷ o2k u'�¶÷ © o �2�2� k u��¶÷ ¾ o �
In otherwords,introducingthe“ ÷ -exponentialfunction”,

(30)

Ç knm w+÷ o�� ?�¾ âBA k � m�o ¾ ÷ ¾ Ùk ÷ o ¾ w where k ÷ o ¾ �£k u'� ÷ o2k u��¶÷ © o �2�2� k u'�¶÷ ¾ o w
onefinds

(31) + knm w+÷ o�� Ç k ÷ m w+÷ oÇ knm w+÷ o �
Giventheimportanceof thefunctionsunderdiscussionin variousbranchesof mathe-

matics,wecannotresistaquickdigression.Thenameof the ÷ -exponentialcomesform the
obviouspropertythat

Ç knmFk ÷F�zu o w+÷ o reducesto � � � as÷<tvu � . Theexplicit form (30)con-
stitutesin factthe“easyhalf” of theproof of thecelebratedRogers-Ramanujanidentities,
namely,

(32)

Ç k ��uKw+÷ o��@?�¾ âBA ÷ ¾ Ùk ÷ o ¾ � ?á¾ âBA k u��¶÷ § ¾ ° ��o!���)k u'�¶÷ § ¾ ° « oO�\�Ç k ��÷Mw§÷ o�� ?�¾ âBA ÷ ¾ � ¾ ° � ¢k ÷ o ¾ � ?á¾ âBA k u��¶÷ § ¾ ° ©0o ��� k u'�¶÷ § ¾ °   o �\� w
thatrelatethe ÷ -exponentialto modularforms.SeeAndrews’ book[4, Ch.7] for context.

Hereis finally a cuteapplicationof theseideasto asymptoticenumeration.Odlyzko
andWilf definein [74, 73] an k^Ë w+Ì o coin fountainasanarrangementof Ë coinsin rows
in sucha way that thereare Ì coins in the bottomrow, and that eachcoin in a higher
row touchesexactly two coinsin the next lower row. Let

� ¾M½ Ã be the numberof k^Ë w+Ì o
fountainsand

� k ÷Mw mMo bethecorrespondingBGF with ÷ marking Ë and m marking Ì . Set� k ÷ o�� � k ÷Mw0u o . Thequestionis to determinethetotalnumberof coin fountainsof areaË ,È ÷ ¾ Ê � k ÷ o . Theseriesstartsas(this is SequenceA005169of theEIS)� k ÷ oj� u�}X÷'}*÷ © }óª�÷   }Xµ)÷ « }Ì¯)÷ § }_ªK÷ ¨ }¹uæ¯�÷ © }óª!°)÷ « }Q�2�0��w
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asresultsfrom inspectionof thefirst few cases.

Thefunction
� k ÷ o is a priori meromorphicin G ÷ G Ð u . Fromthebijectionwith Dyck

pathsandarea,onefinds � k ÷ oj� uu'� ÷ul� ÷ ©u'� ÷  
. . .

�
Theidentity (31) implies � k ÷ oj� Ç k ÷Mw§÷ oÇ k uKw+÷ o �
An exponentiallowerboundof theform u � ° ¾ holdson È ÷ ¾ Ê � k ÷ o , since k u���÷ o§ðòk u��z÷à��÷ © o
is dominatedby

� k ÷ o for ÷ s � . At thesametime, thenumber È ÷ ¾ Ê � k ÷ o is majorizedby
thenumberof compositions,whichis ª ¾ �\� . Thus,theradiusof convergenceof

� k ÷ o hasto
lie somewherebetween�Ú� ¯ and �U� °Uu	± � µ �0�2� . It is theneasyto checkby numericalanalysis
theexistenceof a simplezeroof thedenominator,

Ç k ��u)w+÷ o , near q �� �U� ¯4¦
°UuF¥ . Routine
computationsbasedon Rouch́e’s theorem(seeChapter4) thenmakesit possibleto verify
formally that q is the only simplepole in G ÷ G Ð µ ð ¯ , andthe processis detailedin [73].
Thus,singularityanalysisof meromorphicfunctionsapplies:Thenumberof coinfountains
madeof Ë coinssatisfiesasymptoticallyÈ ÷ ¾�Ê � k ÷ o��Qö;³ ¾ } Ä k+k ¯ ð µ o ¾ o w ö ����U� µUu"ª)µ�°Úw ³P� q ��� �� u � ¦ µ4¯!°�° �
This example illustratesthe power of modelling by continuedfractionsas well as the
smootharticulationwith meromorphicfunctionasymptotics. Î

Thesystematictheoryof latticepathenumerationsandcontinuedfractionswasdevel-
opedinitially becauseof the needto countweightedlattice paths,notablyin the context
of the analysisof dynamicdatastructuresin computerscience[36]. In this framework,
a systemof multiplicative weights ® Ò w yÚÒ w vKÒ is associatedwith the stepsx Ò w ¥+Ò w ö§Ò , each
weightbeingan integer that representsa numberof “possibilities” for the corresponding
steptype.A systemof weightedlatticepathshascountinggeneratingfunctionsgivenby an
easyspecializationof thecorrespondingmultivariateexpressionswe have just developed,
namely,

(33) x Ò st ® Ò4m w ¥+Ò st yòÒ2m w ö§Ò st v)Ò0m w
wherem marksthelengthof paths.Onecanthensometimessolveanenumerationproblem
expressiblein thiswayby reverse-engineeringtheknown collectionof continuedfractions
asfoundin a referencebooklike Wall’s treatise[99]. Next, for generalreasons,thepoly-
nomials

± w ´ arealwayselementaryvariantsof a family of orthogonalpolynomialsthat
is determinedby theweights[21, 35, 90]. Whenthemultiplicities have enoughstructural
regularity, the weightedlattice pathsare likely to correspondto classicalcombinatorial
objectsandto classicalfamiliesof orthogonalpolynomials;see[35, 36, 46, 48] andTa-
ble 7 for anoutline. We illustratethis by a simpleexampledueto Lagarias,Odlyzko, and
Zagier[62].
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Objects Weights ��� h �R� h��	h � Counting Orth. pol.

Simplepaths ���l����� Catalan# Chebyshev

Permutations j q ���1j���M/j q � Factorial# Laguerre

Alternatingperm. j q ���1j���� Secant# Meixner

Involutions ���<j���� Oddfactorial# Hermite

Setpartition ���<j��1j q � Bell # Poisson-Charlier

Nonoverlap.setpart. ���l���&j q � Bessel# Lommel

FIGURE 7. Somespecialfamilies of combinatorialobjectstogether
with correspondingweights,moments,andorthogonalpolynomials.

FIGURE 8. An interconnectionnetwork on ª Ë,� u"ª points.

EXAMPLE 13. Interconnectionnetworksandinvolutions. Theproblemconsideredhere
wasintroducedby Lagarias,Odlyzko, andZagierin [62]: There are ª Ë pointson a line,
with Ë point-to-pointconnectionsbetweenpairsof points.Whatis theprobablebehaviour
of thewidth of such an interconnectionnetwork? Imaginethepointsto be u)w �2�2� w§ª Ë , the
connectionsascirculararcsbetweenpoints,andlet averticalline sweepfrom left to right;
width is definedasthemaximumnumberof edgesencounteredby sucha line. Onemay
freely imagineatunnelof fixedcapacity(thiscorrespondsto thewidth) insidewhichwires
canbeplacedto connectpointspairwise.SeeFigure8.

Let � © ¾ be theclassof all interconnectionnetworkson ª Ë points,which is precisely
thecollectionof waysof grouping ª Ë elementsinto Ë pairs,or, equivalently, theclassof
all involutions(i.e.,permutationswith cyclesof length ª only). Thenumber0 © ¾ equalsthe
“odd factorial”, 0 © ¾ � u'�"µ/�	¯l�2�0� k ª Ë �óu o w
whoseEGFis � � Ù ì © (seeChapter2). Theproblemcalls for determiningthequantity 0 � ` �© ¾thatis thenumberof networkscorrespondingto a width ¸�Ù .

Therelationto latticepathsis asfollows. First,whensweepingaverticalline acrossa
network, defineanactive arcat anabscissaasonethatstraddlesthatabscissa.Thenbuild
thesequenceof activearcscountsathalf-integerpositions �© w  © w �0�2� w§ª Ë � �© wOª Ë } �© . This
constitutesa sequenceof integerswhereeachmemberis � u the previous one,that is, a
lattice pathwithout level steps. In otherwords, thereis an ascentin the lattice pathfor
eachelementthatis smallerin its cycleandadescentotherwise.Onemayview ascentsas
associatedto situationswherea node“opens”a new cycle, while descentscorrespondto
“closing” a cycle.

Involutionsaremuchmorenumerousthan lattice paths,so that the correspondence
from involutionsto lattice pathsis many-to-one. However, onecaneasilyenrich lattice
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paths,sothattheenrichedobjectsarein one-to-onecorrespondencewith involutions.Con-
sideragaina scanningpositionat a half-integerwherethe vertical line crosses� (active)
arcs. If the next nodeis of the closingtype, thereare � possibilitiesto choosefrom. If
the next nodeis of the openingtype, then thereis only onepossibility, namely, to start
a new cycle. A completeencodingof a network is obtainedby recordingadditionally
thesequenceof the Ë possiblechoicescorrespondingto descentsin thelatticepath(some
canonicalorderis fixed,for instance,oldestfirst). If wewrite thesechoicesassuperscripts,
this meansthat the setof all enrichedencodingsof networks is obtainedfrom the setof
standardlatticepathencodingsby effectingthesubstitutions¥+Ò st Ò�¯ â � ¥ � ¯!¢Ò �

TheOGFof all involutionsis obtainedfrom thegenericcontinuedfractionof Propo-
sition8.4by thesubstitution x Ò st m w ¥ Ò st Ñ�m w
where m recordsthenumberof stepsin theenrichedlatticepath,or equivalently, thenum-
ber of nodesin the network. In otherwords,we have obtainedcombinatoriallya formal
continuedfractionrepresentation,?�¾ âBA k u'�"µ'�2�0� k ª Ë ��u o+oWm © ¾ � uu'� u'� m ©u'� ª¤� m ©u'� µ/� m ©

. . .

w
whichwasoriginally discoveredby Gauß[99]. Proposition8.4thengivesimmediatelythe
OGFof involutionsof width atmost Ù asa quotientof polynomials.Define0 � ` � kqm�o�H � �¾ _ A 0 � ` �© ¾ m © ¾ �
Onehas 0 � ` � kqm�o�� uu'� u'� m ©u'� ª¤� m ©

. . .ul� Ù � m ©
� ± ` knmMo´ ` knmMo

where
± ` and ´ ` satisfytherecurrencej ` ° � ��j ` � ÙIm © j ` ��� �

Thepolynomialsarereadilydeterminedby their generatingfunctionsthatsatisfiesa first-
orderlineardifferentialequationreflectingtherecurrence.For instance,thedenominator
polynomialsareidentifiedto reciprocalsof theHermitepolynomials,´ ` kqm�o��£knmòð ª o ` \ ` k uª m o w
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FIGURE 9. Threesimulationsof randomnetworks with ª Ë£� u �����
illustratethetendency of theprofile to conformto aparabolawith height
closeto Ëàð ª � ª�¯ � .

themselves definedclassically [2, Ch. 22] as orthogonalwith respectto the measure� ��� Ù n å on k � ô w ôóo andexpressibleas\ Ã k^å7oj� Ì *�� Ã ì ©���Ã â A k ��u o ÒÑ,* k Ì��¶ª Ñ�oA* k ª åFo Ã � © Ò �
In particular, onefinds0 � A � � uKw 0 � � � � uu'� m © w 0 � © � � u'�¶ª m ©u'� µ m © w 0 �   � � u'�o¯ m ©u'�O° m © }*µ m)« w�� ö �

The interestinganalysisof the dominantpolesof the rationalGF’s, for any fixed Ù ,
is discussedin the paper[62]. Simulationssuggeststrongly that the width of a random
interconnectionnetwork on ª Ë nodesis tightly concentratedaround Ëàð ª ; seeFigure9.
Louchard[67] succeededin proving this factandagooddealmore:With highprobability,
theprofile(theprofile is definedhereasthenumberof activearcsastimeevolves)of aran-
domnetwork conformsasymptoticallyto adeterministicparabolaåàk ue� å�ð4Ë o (in thescale
of Ë ) to whicharesuperimposedwell-characterizedrandomfluctuationsof amplitudeonlyÄ kT� Ë o . In particular, thewidthof a randomnetworkof ª Ë nodesconvergesin probability
to
¾ © . Î

4. Algebra of algebraic functions

Algebraic seriesandalgebraicfunctionsare simply definedas solutionsof a poly-
nomialequation(Definition 8.6). It is a nontrivial fact establishedby eliminationtheory
(which can itself be implementedby way of resultantsor Groebnerbases)that they are
equivalently definedas componentsof solutionsof polynomial systems(Theorem8.7).
Like rationalfunctions,they form a differentialfield but arenot closedunderintegration;
unlikerationalfunctions,they arenot closedunderHadamardproducts(Theorem8.8).

Thestartingpoint is thefollowing definitionof analgebraicseries.

DEFINITION 8.6. A powerseries k À�� È È m Ê Ê is said to be algebraicif there existsa
(nonzero) polynomial

± knm w�~ o�À�� È m w�~ Ê , such that± knm w=k o ���U�
Thesetof all algebraic powerseriesis denotedby � a

a � È È m Ê Ê .
Rationalfunctionscorrespondto theparticularcasewheredeg ¡ ± knm w�~ o�� u ; conse-

quently, we have � r
� � È È m Ê Ê Ô¢� a

a � È È m Ê Ê . Thedegreeof analgebraicseriesk is by definition
the minimal valueof deg ¡ ± kqm wÛ~ o<� u over all polynomialsthat arecancelledby k (so
that rationalseriesarealgebraicof degree1). Note thatonecanalwaysassume

±
to be

irreducible(thatis
± ��´�g impliesthatoneof ´ or g is ascalar)andof minimaldegree.

In effect, assumethat
± knm w=k kqm�o+o<�D� where

±
factorizes:

± kqm wÛ~ o�� ± � kqm wÛ~ o ± © knm w�~ o .
We musthaveat leastoneof theequalities

± � kqm w�k o?�ß� or
± © kqm w�k o ��� , sinceotherwise,
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onewould have two nonzeroformal power series� � � ± � kqm w�k o , � © � ± © knm w=k o suchthat� � � � © ��� , which is absurd.
Wedonotaddressatthisstagethequestionof decidingwhetherabivariatepolynomial

definesone,or several algebraicseries,or none. The questionis completelysettledby
meansof theNewtonpolygonalgorithmdiscussedin thenext section.

EXERCISE 25. �fÀ�� Prove thatthereis, up to constantmultiples,auniquepolyno-
mial of minimal degreethatis cancelledby analgebraicseries£¥¤.¦,§�¨ ©òø ø 
 ÿ ÿ .�fÀ&À<� Prove furthermorethat if £ lies in ª�ø ø 
 ÿ ÿ , thentheminimal polynomial
maybechosenin ªjø 
��A« ÿ . (Thus,for enumerative problems,factorizationover
thefield ª is all that is ever required;thereis no needfor “absolute”factoriza-
tion, thatis, factorizationover thecomplex numbers.)

[Hint. Point �fÀ<� is relatedto gcd’sandprincipalidealdomains.Point �fÀ&À<� is
a classicallemmaof Eisenstein;see[13].]

4.1. Characterization and elimination. A polynomialsystemis by definitiona set
of equations

(34)

3¬¬¬4 ¬¬¬5 ± � kqm wÛ~ � w �0�2� w�~ Ã/o � �
...± Ã�kqm wÛ~ � w �2�2� w�~ Ã¤o � � w

whereeach
± Ò is apolynomial.A solutionover � È È m Ê Ê of (34) is an Ì -tuple k k � w �0�2� w�k Ã/o�À� È È m Ê Ê Ã thatcancelseach

± Ò , thatis,
± Ò knm w=k � w �0�2� w�k Ã/o���� . Any of the k Ò is calledacom-

ponentsolution.A basicresultis thatany componentsolutionof a(nontrivial) polynomial
systemis an algebraicseries. In otherwords,onecaneliminatethe auxiliary variables~ © w �2�0� w�~ Ã andconstructa singlebivariatepolynomial ´ suchthat ´ knm w�~ � o�� � . This
resultis a famousonein thetheoryof polynomialsystems.

Thestudyof polynomialsystemsandalgebraicvarieties(i.e., the point setof all so-
lutions of a polynomial system) involvessomesubtlemathematics.Although generic
instances(including well-posedcombinatorialproblems)arenormally well-behaved, all
sortsof degeneraciesmight occurin principle,andthesehave to beaccountedfor or dis-
posedof in statementsof theorems.For instance,the number ¶ is known to be a tran-
scendentalnumber, i.e., it doesnot satisfiesany polynomial equationwith coefficients
in
D

. However, the triple k uKw2uKw ¶ o is a solution of the following polynomial systemink ~ � w�~ © w�~   o :
(35) ~ � ��u ��� wÞ~ © }_~ ©� �¶ª ��� w k ~ � �Â~ © o ~   ���Ú�
The intuitive reasonis that thesystemis pathological:it doesnot specifya finite number
of valuessincetheequationbinding ~   is algebraically“equivalent” to � ~   ��� .

As this example(35) suggests,in orderto avoid degeneracies,we shall restrictatten-
tion to systemsof polynomialsthathaveafinite setof solutions(in thealgebraicclosureof
thecoefficientfield). Technically, suchsystemsarecalledzero-dimensional5. It is anonob-
vious fact that thepropertyfor a systemto bezero-dimensionalis algorithmicallycheck-
able(by meansof Groebnerbases).In thestatementthat follows, zero-dimensionalityis
meantfor thefield of coefficients �lknmMo andfor algebraicvarietiesdefinedin thealgebraic
closureof �lk knmMo o .

5For thegeneralnotionof dimensionalitybasedonHilbert polynomials,consultfor instance[27, ­ 9.3].
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THEOREM 8.7 (Algebraic function characterizationand elimination). For a power
seriesk knmMo�� p ¾ k ¾ m ¾ in

� È È m Ê Ê , thefollowing conditionsare equivalentto algebraicity:k&%Wo Normalform: thereexistsan irreduciblepolynomial
± kqm wÛ~ o�ÀJ� È m w�~ Ê such that± knm w=k kqm�o+o?�ß�Ú�k1%�%Wo Elimination: there exists a zero-dimensional system of polynomials� ± ÒKknm w�® o!� ÃÒ+â � such thata solution ® knmMo�À�� È È m Ê Ê Ã to thesystem

(36) � ± Ò kqm wÛ~ � w�~ © w �0�2� w�~ Ã/o����Ú� w Ñ�� u �2� Ì w
has ~ � � k .

Proof. That k1%×o�� Ý k1%�%×o is immediate,sincea singleequationis a particularsystemof
dimensionÌ � u andasinglepolynomialof degreen hasatmost n rootsin any extension
field so that the variety it definesis � -dimensional.The converseproperty k1%�%Wo � Ý k&%Wo
expressesthefactthatauxiliaryvariablescanalwaysbeeliminatedfrom asystemof poly-
nomialequations.We sketchbelow anabstractalgebraicargumentexcerptedfrom [27].

A basicprinciplein thetheoryof equationsconsistsin examiningthecollectionof all
the “consequences”of a given systemof equations.This is formalizedby the notion of
ideal. Givena field ¯ , an idealof thepolynomialring g �°¯ È ~ � w �2�2� w�~ Ã Ê is a set 0 that
is closedundersums( xFw ¥&À�0 implies x�} ¥$À�0 ) andundermultiplication by arbitrary
elementsof g ( x ÀO0 and ö�À g imply ö x ÀÂ0 ). Theideal }<Ù � w �2�2� w Ù�± � generatedby theÙ Ò ÀÆg is by definitionthesetof all combinationsp ö Ò Ù Ò for arbitrary ö Ò ÀÉg .

Considerasystemof ² polynomialequationskT³lo � Ù Ò k ~ � w �0�2� wÛ~ Ã¤o��ß�ò� ±Ò+â � �
Set ´~ � k ~ � w �0�2� w�~ Ã/o . Clearly if it happensthat someparticularvalueof ´~ satisfiesthe
system³ ,, thenthis valuealsocancelsany polynomial � in the ideal }�Ù � w �2�0� w Ù ± � . Now
theintersection 0 � �c¯ È ~ � Ê :M}�Ù � w �0�2� w Ù ± ��w
is anideal(by elementaryalgebra,theintersectionof two idealsis anideal). Theideal 0 �
consistsof a collectionof univariatepolynomialswhich vanishat any ~ � that is a compo-
nentof asolutionof ³ . In ¯ È ~ � Ê , all idealsareprincipal,meaningthatfor somepolynomial� , onehas 0 � � }&� � . (Thelast fact reliessimply on theexistenceof a Euclideandivision,
henceof gcd’s in ¯ È ~ � Ê .) Thus, thereexists a polynomial � suchthat ��k ~ � o.� � . (In
passing,oneneedsto arguethat � is not the null polynomial. However, if this was the
case,it would contradicttheassumptionof zero-dimensionality.) Finally, specializingthe
discussionto thecoefficient field ¯Á���lkqm�o , i.e., treating m asa parameter, thenyieldsthe
eliminationstatement. �

Notethatby thefamousHilbert basistheorem[27, p. 74], everypolynomialidealhas
afinite generatingset(“basis”). As aconsequence,theintersectionconstructionusedin the
proof of Theorem8.7canbeextendedto obtaina triangularsystem� � Ò ���ò� , whereeach�4Ò dependson ~ � w �2�0� w�~ Ò alone.Thismakesit possibleto obtaineventuallyall components
of all solutionvectorsby successively solvingfor ~ � , then ~ © , etc.

Techniquesto performeliminationscanbe made“effective” (i.e., algorithmic), two
major methodsbeingresultantsandGroebnerbases.A completeexpośe of elimination
theoryis however beyondthescopeof thebook. We shall thuslimit ourselvesto sketch-
ing a strategy basedon resultantsthat is conceptuallysimple. We shall next illustrate
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informally thefundamentalprinciplesof Groebnerbasesby way of example.For a com-
prehensivediscussionof theseissues,we referto theexcellentintroductiongivenby Cox,
Little, andO’Shea[27].

Resultants. Consider a field of coefficients ¯ which may be specialized asD w � w ��kqm�o w ��k kqmMo o , as the needarises. A polynomialof degree n in ¯ È å Ê hasat most n
rootsin ¯ andexactly n rootsin thealgebraicclosure µ¯ of ¯ . First,we set:

DEFINITION 8.7. Giventwo polynomials,± knåFoj� ¶�Ò+âBA x Ò å ¶ � Ò w ´ knåFoj� Ã�¯ âBA ¥!Ã � ¯ å ¯ w
their resultant(with respectto thevariable å ) is thedeterminantof order k&� }*Ì o :
(37) R k ± w ´ w åFoj�ß7�9F:

333333333333333333333333

x A x � x © �0�2� � �� x A x � �0�2� � �
...

...
...

. . .
...

...� � � �0�2� x ¶ ��� x ¶¥ A ¥ � ¥ © �0�2� � �� ¥ A ¥ � �0�2� � �
...

...
...

. . .
...

...� � � �0�2� ¥!Ã ��� ¥!Ã

333333333333333333333333
�

The matrix itself is oftencalledthe Sylvestermatrix andthe resultantis alsoknown
asthe Sylvesterdeterminant.By its definition, the resultantis a polynomial form in the
coefficientsof

±
and ´ . Themainpropertyof resultantsis thefollowing.

LEMMA 8.2. k1%×o If
± knåFo w ´ k^å7o¤À�¯ È å Ê havea commonroot in thealgebraic closureµ¯ of ¯ , then

R k ± k^åFo w ´ knåFo w åFol���U�k&%�%Wo Conversely, if R k ± k^å7o w ´$k^åFo w å7oÂ� � holds, theneither x A � � or ¥ A � � or else± k^å7o w ´ k^å7o havea commonroot in µ¯ .

Proof. We referglobally to [64, V · 10] for apresentationof resultants.k&%Wo If
±

and ´ have � asa commonroot, thenby construction,the resultantis equal
to � sincethedeterminanthasits lastcolumnequalto the0-vector. Let � betheSylvester
matrixof

± w ´ . If
±

and ´ havea commonroot ¸ with ¸ í�ß� then,thelinearsystem

(38) �  ¹¹¹¹¹¹¡
Å(AÅ �
...Å ¶ ° Ã �\�

¢gºººººº£ �  ¹¹¹¹¹¹¡
��
...�
¢gºººººº£ w

admitsa nontrivial solution, knÅ(A w �2�2� w Å ¶ ° Ã �\� o with Å�Ò��»¸ a ° Ã �\�O� Ò . This canbeseen
sincetheSylvestermatrix is by constructionthematrix of coefficientsof thecollectionof
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polynomials å Ã ��� ± k^å7o w �0�2� w å ± knåFo w ± k^å7o!ä å ¶ �\� ´ knåFo w �2�0� w å×´ knåFo w ´ k^å7o!�
(In fact, the argumentabove provides the rationalefor the definition (37).) Now, by
Cramer’s rule6, theexistenceof a nontrivial solutionto thelinearsystem(38) impliesthat
theSylvesterdeterminanthasto be0.k&%�%Wo Conversely, let ® � w �0�2� w/® ¶ and y � w �2�0� w y Ã berespectively the rootsof

±
and ´

in thealgebraicclosure µ¯ . It is aknown fact[64] thattheresultant� of
± w ´ satisfies

(39) �³� x ¶ A ¥ ÃA á � ½ Ò k ® � � y Ò o�� x ÃA á � ´ k ® �qoj�£k ��u o ¶ Ã ¥ ¶ A á Ò ± k1y Ò o��
Thus,thefactthat

± w ´ haveacommonroot implies g ��� . �
EXERCISE 26. Let £×� ù�� bea polynomialof degree¼ with leadingcoefficient r ëand d distinctroots � û �#klk#k#���,½ . Then

R �	£×� ù��Û��£ � � ù��Û�Õù�� Z r ½ ë,¾¾T¿ê h ��� ¾ bÀ� h �Ûk
Let Á�� ù�� have possiblymultiple roots.Developanalgorithmbasedongcdcom-
putationsandresultantsto producea lower boundon thedistancebetweenany
two distinctrootsof Á (a “separationdistance”).

Theresultantthusprovidesa sufficientconditionfor the existenceof commonroots,
but not alwaysa necessaryone. This hasimplicationsin situationswherethecoefficientsx Ò w ¥ ¯ dependononeor severalparameters.In thatcase,theconditionR k ± w ´ w åFoj��� will
certainlycaptureall the situationswhere

±
and ´ have a commonroot, but it may also

include somesituationswherethereis a reductionin degree,althoughthe polynomials
havenocommonroot. For instance,taking

± �cÂ×å �¶u)w ´Ü�fÂ×å © � u (with Â aparameter),
theresultantwith respectto å is foundto be�³�fÂ�k u�� Â�o!�
Indeed,thecondition �³�ß� correspondsto eitheracommonroot( Â � u implying

± k u o��´ k u oz� � ) or to somedegeneracy in degree( Â�� � ). (Note for this discussionthat the
resultantappliesin particularwhen the basefield is

D kVÂ�o or �lkVÂ�o and the algebraically
closedfield contains

D k k	Â�o o or �lk kVÂ�o o , which is thecaseof interestwhatfollows.)
Givenasystem(36),we canthenproceedasfollows in orderto extractasingleequa-

tion satisfiedby oneof the indeterminates.By taking resultantswith
± Ã , eliminateall

occurrencesof the variable ~ Ã from the first Ìç�Üu equations,therebyobtaininga new
systemof Ì��óu equationsin Ì³��u variables(and m keptasa parameter, sothatthebase
field is �lknmMo ). Repeattheprocessandsuccessively eliminate ~ Ã �\� w �0�2� w�~ © . Thestrategy
(in thesimplercasewherevariablesareeliminatedin successionexactly oneat a time) is
summarizedin theprocedureeliminateR of Figure10.

ThealgorithmeliminateR of Figure10 will, by virtue of thesufficiency of resultant
conditions,alwaysprovideacorrectpolynomialconditionsatisfiedby ~ � , althoughthere-
sultingpolynomialthatcancels~ � neednotbeminimal. In short,eliminationby resultants
producesvalid but not necessarilyminimal results.

Alternatively, one can appealto the theory of Groebnerbasesin order to develop
a completealgorithm. The Groebnerbasedalgorithm is summarizedas the procedure
eliminateG in Figure10andwereferto thealreadycitedbook[27] for precisedefinitions
andcompletedetail.SeealsoExample16below for a presentationby way of example.

6This reasoningis valid in any field of characteristic0 sinceonly rationaloperationsareusedin theproof.
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procedureeliminateR (
± � w �0�2� w ± Ã , ~ � w�~ © w �0�2� ~ Ã );� Eliminationof ~ © w �2�2� w�~ Ã by resultants�k1³ � w �2�0� w ³ Ã ooH�� k ± � w �2�0� w ± Ã o ;

for Ñ fr om Ì by ��u to 2 do
for ® fr om Ñ �óu by ��u to 1 do³ ¯ H � R k1³ ¯ w ³ Ò wÛ~ ¯!° � o ;

return k<³ � o .
procedureeliminateG (

± � w �0�2� w ± Ã ; ~ � w�~ © w �2�0� ~ Ã );� Eliminationof ~ © w �2�2� w�~ Ã byGroebnerbases�
Fix thevariableordering ~ Ã s ~ Ã �\� s ~ © s ~ � ;

Choosethepure lexicographicorderingon monomials;
Operatewith thecoefficientfield �lknmMo ;

Constructa Groebnerbasis� of theideal } ± � w �0�2� w ± Ã � .
return k1�i:Ã�lk�m�o È ~ � Ê o

FIGURE 10. Resultantelimination(top) andGroebnerbasiselimina-
tion (bottom).

Computeralgebrasystemsusually provide implementationsof both resultantsand
Groebnerbases.Thecomplexity of eliminationis howeverexponentialin theworst-case.
Degreesessentiallymultiply; this is somewhatintrinsic since~ A in thesystem~ A � m �Â~ ¯ ��� wÞ~ ¯ �Â~ ©¯ ��� �ß� w �2�0� wÛ~ � �M~ ©A �ß� w
defineswith ® equationstheGF of regulartreesof degree ª ¯ , while it representsanalge-
braicfunctionof degree ª ¯ andno less.

The example of coloured tr ees. We illustrate the previous discussionby meansof a
combinatorialproblemthatis treatedin successionby a“pencil-and-paper”approach(that
makesuseof asimplecombinatorialpropertyandhigh-schoolalgebra),thenby resultants
and finally by Groebnerbasesof which the last caseserves to demonstratethe modus
operandiof Groebnerbases.

EXAMPLE 14. Three-coloured trees—pencil-and-paperapproach. Consider(plane,
rooted)binary treeswith nodescolouredby any of threecolours, xIw ¥ w ö . We imposethat
the externalnodesarecolouredby the x -colour. The colouringhasto be perfectin the
sensethatno two adjacentnodesareassignedthesamecolour. We let º w�Ä¤w Ú denotethe
setof perfectlycolouredtreeswith root of the xFw ¥ w ö typerespectively. Let ³ w � w � bethe
correspondingOGF’swheresizeis takento bethenumberof externalnodes.Thedefining
equationsarethus:

(40)

3¬¬¬4 ¬¬¬5 º � x¤} k Ä¶} Ú o ©Ä � kfÚ } º�o ©Ú � knº }oÄ o ©
3¬¬¬4 ¬¬¬5 ³ � m } k � } � o © � �� � k � } ³�o © � �� � k1³ } � o © � �Ú�

Thepencil-and-paperapproachmaystartby observingthat Ä and Ú areisomorphicas
combinatorialclasses,asa resultof thebijectionthatexchangesthe ¥ and ö colours.Thus



52 8. FUNCTIONAL EQUATIONS—RATIONAL AND ALGEBRAIC FUNCTIONS� � � . Thenequation(40) simplifiesinto a systemof 2 equationsin 2 unknownswith m
aparameter:

(41)

34 5 ³ � m �Â¥ � © � �� � � © �Dª ³ � � ³ © � �U�
Since

�
is to beeliminated,we maycombinelinearly theequationsof (41) in orderto get

rid of
� © (thehighestpower in

�
),

(42)

34 5 ³ � m �M¥ � © � �³ � m �M¥ � }o¥ ³ © }Ì± ³ � � �
The secondequationis linear in

�
andthe valuecanthenbe pluggedbackinto the first

equation,resultingin a fourthdegreepolynomialthatcancels³ ,

(43) gzknm w ³¤o�� u�° ³ « �O± ³   } k uæ¦'}Ì± m�o4³ © � k ¥�}Qu	± mMo4³ } m © }_¥ ml�
andthepolynomialis easilycheckedto beirreducible. Î
EXAMPLE 15. Three-colouredtrees—resultantapproach. Startagainwith thesystem(40)
andtake mechanicallyresultantswith respectto

�
of thethird equationtogetherwith the

first andsecondequations. This eliminates
�

and provides two polynomialscancelled
by ³ and

�
:

(44)
Ä¬bâÃ ö bJM Ã�ÅTb Ã g b�Æ ÃNÅ#Ä¬bÀÇ Ã ö Ä ö bÃÆ Ã ö ÄÌb�Æ Ã�Ä�ÅTbÀMÞÄ ö ÃÂb Ä gÃMbt
(b Ä ö bJMBÃ ö ÄÌb Ã�gTb�ÆÞÃ Å Ä¬b�ÇÞÃ ö Ä ö bÀÆÞÄ ö ÃMbÀÆÞÃ*Ä Å bJM Ä Å btÄîg	k

A furtherresultantwith respectto
�

will thenyield a polynomialinvolving ³ aloneand
cancelledby ³ :M7È7ÇÞÃ�É q M7È7ÇÞÃËÊ q �	M8È7ÇÞ
 qÍÌ È8M	�4Ã�ÎTbM�VÇ7ÆÞ
(b Ì �7Æ
��ÃËÏqfÐ	Ñ Ç 
 ö b ����MÞ
 q ��Ç!��ÒYÃ*gib Ð	Ó �Þ
 ö q ��� Ó 
(b�MgÇ8ÒYÃ Å qfÐ ��Ç 
 Å bJM7ÇÞ
 ö b�M7MÞ
(bJÔ7Ò{Ã öb Ð ��MÞ
8Å q ���Þ
 ö q M 
 q ÆzÒYÃ qÍÑ 
 ö q Ç 
zÅ q ÆÞ
 q 
 g
This time, thepolynomialof degree8 in ³ . (From(43),we know it cannotbeminimal.)
In factit factorsas

(45) k ¥ ³ © }*µ ³ }Qu�} mMo © k u	° ³ « }Q�2�2�4}o¥ m�o �¨k ¥ ³ © }*µ ³ }Qu�} mMo © gzknm w ³¤o w
with g�kqm w ³�o asin (43).

Theseriesexpansionfor thecombinatorialgeneratingfunction ³ startswith³ñkqm�o��Qm }o¥ m « }Qu	° m�§ }¬¯!° m�¨ }óª�¯!° m�© }Qu"ª�µ�° m4« }¬¯!± � ± m�­ }¹�0�2�\w
sothatthefirst quadraticfactoris disqualifiedasa candidatefor minimal polynomial.We
have thusfoundagaintheresultof (43). Notethat thecompletefactorizationof (45) overD

guaranteesat thesametimethat gzkqm w ³�o is theminimalpolynomialsothat ³ is of exact
degree4. (SeetheexerciseprecedingTheorem8.7.) Î
EXAMPLE 16. Three-colouredtrees—Groebnerbasisapproach. In accordancewith the
procedureeliminateG wefirst fix anorderingonvariables.For thecaseathand,wechoose� s � s ³ w
with the intent that variablesshouldbe eliminatedin that order, first

�
, next

�
, then ³ .

Severalorderingsmaybedefinedon monomials,but for our purposes,we chosethepure
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lexicographicordering thatis theusualalphabeticorderingof wordsin a dictionary(with�
preceding

�
preceding³ , though!).For instance,with this ordering,we have (think of� �¹¿ ,

� ��Ø , ³Ü��Å andthelexicographicorderin theLatin script)� s � © s �   s � � s � � © s � s � § s � ³ s � ³ « �
The leadingterm of a polynomial with the chosenordering is denotedby LT k î7o . For
instance:LT k ª ³ © }Xµ � © }o¥ � ³ }�¯ � � © o�� ¯ � � © .

Thebasicoperationof Groebnerbasistheoryis the“division” operationof a polyno-
mial k by a sequenceof polynomials ��� k k � w �2�2� w=k ±!o producinga remainderdenoted

by k�Õ . The ideais to “reduce” the polynomial k by an operationthat is reminiscentof
Gaussianelimination(for multivariatelinearpolynomials)andof theEuclideanalgorithm
(for univariatenonlinearpolynomials).

Theprincipleof divisionis asfollows.First transformeachpolynomialin k � of � into
a rewrite rule: k � � o(H LT k k � o st ��k � } LT k k � o��
(a rule thusreplacesamonomialby acombinationof smallermonomialsunderthemono-
mial order.) Use repeatedly

� � w �2�2� w � ± (in that order, say, for determinacy) to reduce
the leadingterm of k (that changesat eachstage).Whenthe leadingterm no longerre-
duces,thenproceedsimilarly with thesecondleadingterm,thethird one,andsoon. The
algorithmis specifiedin full in [27, p. 62]. Onourexample,thethreerulesarek � � o � © st � m } ³ � � © �Dª � �k � © o � © st ª � ³ } ³ ©k �   o � st ³ © }óª ³ � } � ©
An instanceof a reductionwill be:�   ��Ö Ó ¢st � ³ � � � © �Dª � � © � m ���Ö Ó ¢st � ³ }Xµ � � © � � m �Dª ³ � }Xª �ñ  }óª � m �×Ö ' ¢st �0�2� �
(In sucha simplecase,theeffect of therulesis easyto describe:they eventuallyclearout
all occurrencesof

�
, with

� � useda numberof timesand
�   usedonceat the endto

disposeof thelastlineartermin
�

.)
Next comesthe notion of Groebnerbasis. The principle is to build a “good” setof

generatorsfor the ideal definedby � , thatis, thesetof all polynomials0�� � Ò x Ò k Ò w
where the coefficients x Ò are polynomials. (On the example, we would have x Ò À�lknmMo È ³ w � w � Ê .)

DEFINITION 8.8. A Groebnerbasisfor an ideal 0 is a set Ø of polynomialssuch that
for all k À 0 , thedivisionby Ø yieldsa completereduction,k;Ù ���U�

In particular, sucha basisshould“self-reduce”in thesensethatfor all � w ÙÉÀ�Ø :

(46) å�Ú�� � å+Û{Ù Ù ���Ú�
(Here å Ú and å Û representarbitrarymonomials,in accordancewith standardmulti-index
notation.)
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Buchbergers’ algorithmconstructsGroebnerbasesby enrichinga given base� till
theself-reductionproperty(46) is ensured.Definethe � -polynomialof two monicpoly-
nomialsî w+÷ as å Ú î � å Û ÷ , with ® and y chosento bethesmallestmonomialsthatachieve
cancellationof the leadingtermsof î and ÷ . ( � -polynomialsarein a sensethe simplest

nontrivial polynomialsthatshouldreduce.)Onemusthave � kf� w ÙFo Ù �ß� , for all � w ÙÆÀÜØ .
Then, the constructionof a Groebnerbasisfrom a sequence� proceedsincrementally:
we startwith [ � � andsuccessively addto [ all pairs î w+÷ with î w§÷ À�[ suchthat� k�î w+÷ o�Ý í��� . Theprocessis stoppedoncesaturationis reached.(Thealgorithmis speci-
fied in full in [27, p. 97].)

For instanceconsiderthesystem(40), that is, ���Ík k � w�k © w�k   o . Setinitially [ç�8� .
The � -polynomialof k � w�k © is obtainedby taking u8k � �Æuzk © (themonomials

� © disappear),
giving � ³ } � © }Xª � � } m } � �Dª � ³ � ³ © w
which reducesmodulo [ (by way of k �   o ) intok « � � � ³ © � ³ } � © } m �Dª ³ © � }óª ³ � © }óª �   � ³   �
Then,thetwo otherpairsprovide k § � k © k   Ý í�z� , and k ¨ � k   k � Ý í� � . At this stage,
thenew-comersk « w�k § w�k ¨ areadjoinedto [ , giving thenew value [ ��k k � w �2�2� w=k ¨ o . The
completionprocesscontinuestill [ eventuallystabilizes.WethentaketheGroebnerbasis
to be Ø H �Þ[ , after removing redundantpolynomials[27, Sec.2.9]. Here, a set of 4
polynomialsis obtained.In accordancewith theory, theGroebnerbasiscontainsa single
polynomialthatdependsonthevariable³ alone;thispolynomialthatis of degree6 factors
as k ¥ ³ © }Xµ ³ } m }Qu oWgzkqm w ³�o!�
Theminimal polynomialis oncemorerecovered:Groebnereliminationhasfaithfully ac-
complishedits task. Î

4.2. Closure properties and coefficients. By definition,algebraicfunctionssatisfy
strongalgebraicclosureproperties.The proofsnow fall asripe fruits asa benefitof our
investmentonelimination.Fromthispointon,eliminate will designateeitherof theelim-
inateR or eliminateG procedure.

THEOREM 8.8 (Algebraic function closure(1)). Theset � alg È È m Ê Ê of algebraic series
is closedunder the operationsof sum k k,} �Úo , product ( kó� � ), quasi-inverse(defined
by k�st k u��ik o ��� , conditionedupon k AÉ�6� ), differentiation( ï � ), composition( k mï� ,
conditionedupon �!A���� ).
Proof. Let Ø and Å be definedby

± knm w ¿�oÆ� � and ´$knm w ØòoÆ� � . For sum, product,
quasi-inverse,andcomposition,just appealto~ �Q¿ } Ø H ß�à áãâ?áãäæå8ç�ß)k È ~ñ� ¿ � Ø w ± knm w ¿�o w ´ knm w Øòo Ê wÞ~7w ¿ w Øòo!ä~ �Q¿{Ø H ß�à áãâ?áãäæå8ç�ß)k È ~ñ� ¿×Ø w ± knm w ¿�o w ´$knm w Øòo Ê w ~7w ¿ w Øòo!ä~ �¨k u'� ¿7o ��� Hèß�à áãâ?áãäæå8ç�ß)k È ~ñ� ¿ ~ñ��u)w ± kqm w ¿7o Ê wÞ~Fw ¿7o�ä~ �Q¿¥m*Ø7knmMoÂH ß�à áãâ?áãäæå8ç�ß)k È ± k&Ø w�~ o w ´ kqm w ØMo Ê w ~Fw ØMo��
An immediateconsequenceis that if Qzkqm wÛ~ o is a rational function and ® À»�êé=ë ì È È m Ê Ê is
algebraic,then Qzknm wÛ® o is algebraic.Next, if ® satisfies

± knm wÛ® o/��� , thenthederivative



4. ALGEBRA OF ALGEBRAIC FUNCTIONS 55® = with respectto m satisfies± =� kqm w/® o }Ì® = ± =¡ knm wÛ® oj��� or ® = � � ± =� knm wÛ® o± =¡ knm wÛ® o w
andis thereforea rationalfractionin ® . Thus,by thepreviousobservation, ® = is algebraic.�

Theseresultsshow that � é=ë ì È È m Ê Ê is aring. They extendtransparentlyto � é�ë ì k kqm�o o which
is a field.

Algebraicseriesarenot closedunderHadamardproduct.To seeit, considerÙàknmMo�H�� u� u'� m Ü u� u'� m �@?�¾ âBA uu	° ¾ æ ª ËË è © m ¾ �
Thecoefficient È m ¾ Ê ÙàknmMo is asymptoticto u ðÚk&¶�Ë o . Consequently, by anAbeliantheorem,Ù kqm�ocu u¶ P�Q�S uu'� m w m tvu ���
Sucha singularity is incompatiblewith algebraicity, whereonly fractionalpower series
mayoccur;seethenext section.On thepositiveside,we havethefollowing.

THEOREM 8.9(Algebraicfunctionclosure(2)). k&%Wo If k is rationaland � is algebraic,
thentheHadamard product k Ü � is algebraic.k&%�%Wo Definethediagonalof a bivariateseries+¨À�� È å w�~ Ê ,5 � ½ ¡
+ knå wÛ~ o��8� ¾ + ¾ò½ ¾ m ¾ ä
Then,thediagonalof a rationalbivariateseriesis analgebraic series.

Proof. k1%×o Take k À��îíVé=ï È È m Ê Ê and �&ÀÀ�êé=ë ì È È m Ê Ê andconsidertheHadamardproductÙ&� k Ü� . TheHadamardproductdistributesover sums,sothat is is enoughto show algebraicity
when k is a simplefractionelement,k � k u��*x mMo � Ã . This is settledby simplealgebra,
since k u'� x mMo � Ã Ü ��knmMo��Ák u�� m�o � Ã Ü �7k x m�o � n Ã �\�n m Ã �\� ²�m Ã ��� �7k x mMo�´ �

An alternative, more analytic, derivation can be basedon Hadamard’s formula for
Hadamardproducts.This importantformulavalid for all functionsanalyticat0 is

(47) k Ü ��knmMo?� uª %�¶Üð�ñ k k	Â�o���k m Â o n ÂÂ �
If k and � areanalyticin G mFG Ð g and G m�G Ð � respectively, then v canbeany loop around
zerowhoseelementsÂ satisfy G ÂgG Ð g and G mòðzÂgG Ð � , thatis,G m�G � Ð G ÂgG Ð g w
andtheconditionsarecompatibleprovided m is of smallenoughmodulus.(Theverification
by directseriesexpansionsis immediate.)For theoriginal problemof � íVé�ï È È m Ê Ê Ü � é=ë ì È È m Ê Ê ,
anevaluationof (47)by residuesthenprovidestheresult.k&%�%Wo Our proofwill startfrom anotherof Hadamard’s formulæ,

(48) 5 � ½ ¡
+ knå w�~ o�� uª %�¶Üð ñ + k	Â w m Â o n ÂÂ �
that is provedby thesamedevicesas(47). If + knå w�~ o is analyticin G å�G Ð g and G ~ G Ð � ,
then Â shouldbe taken suchthat G mFG � Ð G ÂgG Ð g , andthe domainof possiblevaluesis
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nonemptyaslongas G m�G is smallenough.(Theverificationis againby straightexpansion.)
This formulageneralizes(47)since k Ü ��knmMo�� 5 � ½ ¡Mk k knåFo���k ~ o+o .Now, for G m�G small,we canevaluatetheintegral by residuesinside mòðzÂ Ð � . See[88]
for details.Assumem smallenoughandlet + knå wÛ~ o���³ñknå wÛ~ o§ð � k^å wÛ~ o . Considertheroots® � knmMo w �2�0� wÛ® ê kqm�o of thecharacteristicequation,

� k ®�w mòð ® o���� that tendto 0 as m t � .
Then,for m small enoughand v encirclingthe “small” roots ® � knmMo w �2�0� wÛ® ê kqm�o , a residue
computationgives 5 � ½ ¡/� ê�Ò+â � Res C + k	Â w m Â o E � â Ú Ë �ò�O¢ �
Thus,thediagonalis a rationalfunctionof (some)branchesof analgebraicfunctionandit
is thereforerational. �
Closed form for coefficients. Coefficientsof algebraicfunctionssatisfy interestingre-
lations, startingwith recurrencesof finite order. In addition, they can be presentedas
combinatorialsums.

First, we show that algebraicfunctions satisfy differential equations. Take ® À�êé�ë ì È È m Ê Ê analgebraicseriesof degreen , with minimal polynomial
± knm w�~ o ; andlet Qzkqm wÛ~ o

beabivariaterationalfunction.Wehaveseenbeforethat Qzkqm w/® o is alsoalgebraic.In fact,
wearegoingto show that Q canberewrittenasQzkqm w/® o�� � ����Ò+âBA ÷ Ò knmMo ® Ò w ÷ Ò knmMo�ÀJ��kqm�o��
In otherwords,a quantity

� knm wÛ® o with ® algebraicis representableby a polynomialof�lknmMo È ® Ê . Thesituationgeneralizeswhat is known aboutalgebraicnumbersandreduction
to polynomialform, for instance,u'� ª�} � µ � uµ '� ª © � u° '� ª © � µ�} u° '� ª¤� u° '� ª � µ�} uµ �

Write Qzkqm wÛ~ o��ôó&knm w�~ o+ð � knm w�~ o . Clearly, it sufficesto prove that u ð � knm wÛ® o re-
ducesto polynomialform. We mayfreelyassumethat

�
is notamultipleof

±
, andsince±

is irreducible,we have S�õF7\k ± w � o�� u , wherethe gcd is taken in �lknmMo È ~ Ê . Then,by
Bézout’s theorem,thereexists x knm w�~ o w ¥ kqm wÛ~ o�ÀJ�lknmMo È ~ Ê suchthat x � � ¥ ± � u . In other
words, x is theinverseof

�
modulo

±
. We thushave,at theexpenseof a singlegcdand

simplepolynomialreduction:Q knm wÛ® oc� È x knm w�~ o�ó kqm wÛ~ o �>Q�7 ± knm w�~ o Ê ¡ â Ú �
This givesthe following basicresult: Everyrational fraction in m and ® lives in the set� È m Ê k ® o Þ � of polynomialswith ® -degreeboundedfromaboveby n .

Considernow
� knmMo È ~ Ê Þ � asa

� knmMo –vectorspaceof dimensionn . The k n�}£u o first
derivatives ® knmMo wT® = knmMo w �2�0� wT® � � ¢ kqm�o
lie in thatspaceandthusthey mustbebound.As aconsequence,thereexist coefficients ö§Ò
(in ��kqm�o ) suchthat ��Ò+âBA ö§ÒKknmMo n Òn m Ò ® knmMoj���Ú�
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This relation can be obtainedconstructively by cancellinga minor of maximal rank of
thedeterminantexpressingthelineardependency7 Extractingcoefficientsthenproducesa
recurrenceof theform ö�Ò+âBA n ÒKk^Ë o ® ¾ ° Ò¤��� w
for a sequenceof coefficients n Ò k^Ë o�À~��knË o . (Denominatorscanalwaysbeeliminatedso
thatthecoefficientscanbetakento bepolynomialsof

� È Ë Ê .)
This discussionbringsus to a generalstatementaboutcoefficientsof algebraicfunc-

tions.

THEOREM 8.10(Algebraiccoefficients). k&%Wo Thecoefficientsof anyalgebraic power
series~ knmMo satisfya linear recurrencewith polynomialcoefficients,namely,ö�Ò+â A n Ò knË o ~ ¾ ° Ò ��� w
where ~ ¾ � È m ¾ Ê ~ knmMo and ö Ò k^Ë olÀJ� È Ë Ê .k&%�%Wo Let ÷¤knm w�~ o be a bivariate polynomialsuch that ÷¤k<� w ��oñ�6� , ÷ =¡ k1� w �Ko<�D� and÷¤knm w ��o í� � . Considerthe algebraic function implicitly definedby k knmMo��è÷¤knm w=k knmMo�o .
Then,theTaylor coefficientsof k kqm�o admitexpressionsascombinatorialsums,

(49) È m ¾�Ê k knmMo � �Ã _ � uÌ È m ¾ ~ Ã �\� Ê ÷ Ã kqm wÛ~ o��
Proof. Part k1%×o is establishedby thediscussionabove. Part k&%�%Wo is basedon a yet unpub-
lishedmemoof FlajoletandSoria,from which thediscussionthatfollows is extracted.

First,avariantform of thecoefficientsis available,andEq.(49) is elementarilyequiv-
alentto

(50) È m ¾ Ê k knmMo � � Ã È m ¾ ~ Ã ��� Ê æ ÷ Ã kqm wÛ~ o)² u'� ÷ =¡ knm w�~ o è w
asresultsfrom theobservationthat k ÌÍ}Qu o�� = k ~ o�� Ã k ~ o�� �� ¡ � Ã ° � k ~ o .

The startingpoint of the analyticpart of the proof is an integral formula giving the
rootof anequationÇek ~ o���� insideasimpledomain.Let Çek ~ o beanalyticandassumethat
insidethedomaindefinedby a closedcurve v , theequationÇek ~ o/��� hasa uniqueroot.
Then,we have

(51) RootOfk�Çàk ~ oj��� w v\o � u¶Íð ñ ~ Ç = k ~ oÇek ~ o n�~ �
Thatformulacanbeseenasamodifiedform of the“principle of theargument”([51]), but
it canalsobecheckeddirectly via a residuecomputation.

Thealgebraicfunction k knmMo underconsiderationis a root of ~�� ÷¤knm w�~ o��8� . There-
fore, if we proceedformally andapplyformula(51) to Çàk ~ oÆ� ~�� ÷¤kqm wÛ~ o , wegetk knmMo|� uª %�¶�ð�ñ ~ u�� ÷ =¡ knm w�~ o~�� ÷¤kqm wÛ~ o n�~� u¶Íð ñ u'� ÷ =¡ knm w�~ ou'� �¡ ÷¤kqm wÛ~ o n�~ �(52)

7This resultis oftenreferredto in thecombinatoricsliteratureas“Comtet’s theorem”;see[25].
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Still proceedingformally, weexpandtheintegrandusing

(53)
uu'� ¿ � u�} ¿ } ¿7© } ¿   }Q�2�2� w

which leadsto

(54) k kqm�o�� �Ã _ A ð ñ k u'� ÷ =¡ knm w�~ o+o�÷ Ã knm w�~ o n�~ G~ Ã �
Now Cauchy’scoefficient formula,È ~ Ã �\� Ê �7k ~ o�� u¶Íð A�ø �7k ~ o n�~~òÃ w
whenappliedto theintegral in Eq.(54)provides

(55) k knmMo � �Ã _ A È ~ Ã �\� Ê k u'� ÷ =¡ kqm wÛ~ o�o�÷ Ã knm w�~ o w
which is theform givenin (50).

Thereonly remainsto completethe analyticpart of the argument. First, by the as-
sumptionsmaderegarding ÷ , the point k1� w ��o is an ordinarypoint of the algebraiccurve~É� ÷¤kqm wÛ~ oz� � . Thusall branchesof the curve are“well separated”from the branch
correspondingto k kqm�o . We canthusfind q � s � and ã � s � so that,when m lies in the
domain G mFG�¸ q � , we have G k kqm�o7G�¸ ã � while G k Ò)kqm�o7G s ã � for all theconjugatebranchesk Ò)knmMo í� k knmMo . In otherwords, the useof the integral formula (52) is justified provided
we take G mFG Ð q � togetherwith thecontour vó� �	~ ðùG ~ G���ã�� for any ã1¸£ã � . We shall
henceforthassumethatsucha choicehasbeenmade.

Thenext conditionto besatisfiedis thevalidity of expansion(53)usedto derive(54).
This requiresthe inequality G ¿BG Ð u when ¿�� �¡ ÷¤knm w�~ o . shouldhave G ¿BG Ð u . But
theconditionson ÷¤knm w�~ o at k1� w �Ko imply that in a sufficiently smallneighbourhoodof the
origin, i.e. G mFG Ð q © and G ~ G Ð ã © , thebound,G ÷¤knm w�~ ogG�¸��Xk=G mFG } G m ~ G } G ~ © G o w
holds for somepositive constant� . Thus, for G mFG Ð q © and G ~ G Ð ã © , the conditionG ÷¤knm w�~ ogG Ð G ~ G is grantedif

(56) G mFG Ð G ~ G u'� G ~ Gu�} G ~ G �
Wecannow concludetheargument.Chooseascontourv acirclecenteredattheorigin

with radiusã<���-�
Yàknã � w ã © o . To guaranteecondition(56), imposethat m besuchthatG m�G Ð q where q ���-�
Y,æ q � w q © w ã u�� ãul} ã è �
Therefore,Equation(55)holdstrue. �

Part k1%�%Wo of thetheoremgeneralizestheLagrangeinversionformulathatcorresponds
to the“separable”case÷¤knm w�~ o �Qm2Çek ~ o . As anexample,thecoefficientsofk knmMo��¹m } m © k © kqm�o } m   k   knmMo w
admitthe“nice” formk ¾ � �Ã _ � æ Ì³�óuË � ÌÍ}Qu)w#¯ Ì �¶µ Ë �¶ªÚw§ª Ë �¶µ�Ì }Qu è �
In general,if ÷ comprisesî monomials,theformulaobtainedis a k î �Éª o -fold summation.
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5. Analysis of algebraic functions

Algebraic functionscan only have a type of singularity constrainedto be a branch
point. The local expansionat sucha singularity is a fractionalpower seriesknown asa
Newton–Puiseuxexpansion.Singularityanalysisis systematicallyapplicableto algebraic
functions—hencethe characteristicform of asymptoticexpansionsthat involve termsof
theform 1 ¾ Ë�ú ì Ê (for somealgebraicnumber1 andsomerationalexponentî7ð ÷ ). In this
section,we develop suchbasicstructuralresults(Subsection5.1). However, comingup
with effective solutions(i.e., decisionprocedures)is not obvious in the algebraiccase.
Hence,anumberof nontrivial algorithmsarealsodescribed(built on topof eliminationby
resultantsor Groebnerbases)in orderto locateandanalysesingularities(Newton’s poly-
gonmethod),andeventuallydeterminetheasymptoticform of coefficients. In particular,
themultivaluedcharacterof algebraicfunctionscreatesa needto solve “connectionprob-
lems”. Finally, like in the rationalcase,positive systems(Subsection5.2) enjoy special
propertiesthat further constrainwhat canbe observed asregardsasymptoticbehaviours
andpropertiesof randomstructures.Our presentationof positive systemsis basedon an
essentialresultof thetheory, theDrmota–Lalley–Woodstheorem,thatplaysfor algebraic
functionsa rôlequitesimilar to thatof Perron-Frobeniustheoryfor rationalfunctions.

5.1. General algebraic functions. Let
± knm w�~ o be an irreducible polynomial of� È m w�~ Ê , ± kqm wÛ~ o��Dî A knmMo ~ � } î � knmMo ~ � ��� }Q�2�0�"} î � kqm�o��

The solutionsof the polynomialequation
± knm w�~ o�� � definea locusof points knm w�~ o in� � � thatis known asa complex algebraiccurve. Let n bethe ~ -degreeof

±
. Then,for

eachm thereareat most n possiblevaluesof ~ . In fact, thereexist n valuesof ~ “almost
always”, thatis exceptfor a finite numberof cases:

— If m A is suchthat î A kqm A o � � , thenthereis a reductionin the degreein ~ and
henceareductionin thenumberof ~ -solutionsfor theparticularvalueof mñ�Qm A .
Onecanconvenientlyregardthepointsthatdisappearas“points at infinity”.

— If m A is suchthat
± kqm A w�~ o hasa multiple root, thensomeof thevaluesof ~ will

coalesce.

Definetheexceptionalsetof
±

astheset(R is theresultant):û È ± Ê H � � m 33 gzkqm�o����ò� w gzknmMoÆH � R k ± knm w�~ o w ï ¡ ± knm w�~ o wÛ~ o!�
(Thequantity gzknmMo is alsoknown asthediscriminantof

± kqm wÛ~ o takenasa functionof ~ .)
If m íÀ û È î Ê , thenwe have a guaranteethat thereexist n distinctsolutionsto

± knm w�~ o�� � ,
since î A�knmMo í��� and ï ¡ ± kqm wÛ~ o í��� . Then, by the implicit function theorem,eachof
thesolutions~ Ò lifts into a locally analyticfunction ~ ÒKkqm�o . Whatwe call a branch of the
algebraiccurve

± kqm wÛ~ oÂ� � is the choiceof suchan ~ ÒKknmMo togetherwith a connected
regionof thecomplex planethroughoutwhich this particular~ ÒKknmMo is analytic.

EXERCISE 27. Verify that,when 
 approaches
 ë with ü×�&
 ë � Z � , thenanumber
at least1 of thevaluesof « satisfyingw �&
���«�� Z � tendto infinity.

Singularitiesof analgebraicfunctioncanthusonly occurif m lies in theexceptional
set

û È ± Ê . At a point m�A suchthat î{AKkqm	A4o&� � , someof the branchesescapeto infinity,
therebyceasingto beanalytic.At apoint m�A wheretheresultantpolynomial gzknmMo vanishes
but î AKkqm�o í� � , then two or morebranchescollide. This canbe eithera multiple point
(two or morebrancheshappento assumethesamevalue,but eachoneexistsasananalytic
functionaroundm	A ) or a branchpoint (someof thebranchesactuallyceaseto beanalytic).
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An exampleof anexceptionalpoint that is not a branchpoint is providedby theclassical
lemniscateof Bernoulli: at theorigin, two branchesmeetwhile eachoneis analyticthere
(seeFigure11).

10-1

FIGURE 11. The lemniscateof Bernoulli definedby
± knm w�~ o��ìkqm © }~ © o © � kqm © �_~ © o/��� : theorigin is a doublepoint wheretwo analytic

branchesmeet.

A partial impressionof the topologyof a complex algebraiccurve maybegottenby
first looking at its restrictionto thereals.Considerthepolynomialequation

± knm w�~ o'� � ,
where ± kqm wÛ~ o � ~ñ��u'� m ~ © w
which definestheOGFof theCatalannumbers.A renderingof therealpartof thecurve
is givenin Figure12. Thecomplex aspectof thecurve asgivenby ý¤k ~ o asa functionofm is alsodisplayedthere. In accordancewith earlierobservations,therearenormally two
sheets(branches)above eacheachpoint. Theexceptionalsetis givenby the rootsof the
discriminant, ���¹mFk u'�Â¥ mMo!�
For m1� � , oneof the branchesescapesat infinity, while for m1� u ð ¥ , the two branches
meetandthereis a branchpoint; seeFigure12.

In summarytheexceptionalsetprovidesa setof possiblecandidatesfor thesingular-
ities of analgebraicfunction. This discussionis summarizedby theslightly moregeneral
lemmathatfollows.

LEMMA 8.3(Locationof algebraicsingularities). Let jÂknmMo�ÀÜ� � a � È È m Ê Ê satisfya poly-
nomialequation

± kqm w j<o'� � . Then, j$knmMo is analyticat theorigin, i.e., it hasa nonzero
radiusof convergence. In addition, it can be analytically continuedalong any half-line
emanatingfromtheorigin thatdoesnot crossanypointof theexceptionalset.

(The fact that an algebraicseriescannothave radiusof convergenceequalto 0, i.e.,
bepurelydivergent,follows from themethodof majorizingseries[52, II, p 94] aswell as
from thedetaileddiscussiongivenbelow.)

Nature of singularities. We startthe discussionwith anexceptionalpoint that is placed
at theorigin (by a translationm st m } m�A ) andassumethat theequation

± k<� wÛ~ o'�z� has® equalroots ~ � w �2�0� wÛ~ ¯ where ~ � � is this commonvalue(by a translation~Âst ~ñ}¬~ A
or an inversion ~1st|u ð ~ , if pointsat infinity areconsidered).Considera punctureddiskG m�G Ð ã that doesnot includeany otherexceptionalpoint relative to

±
. In the argument

thatfollows,we let ~ � w kqm�o w �2�0� w�~ ¯ knmMo beanalyticdeterminationsof theroot thattendto 0
as m t � .
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FIGURE 12. Therealsectionof theCatalancurve (top). Thecomplex
Catalancurve with a plot of ý¤k ~ o asa function of m��vkÿþ/kqm�o w ý¤kqm�o+o
(bottomleft); a blowup of ý¤k ~ o nearthebranchpoint at m$� �« (bottom
right).

Startat at somearbitraryvalueinterior to the real interval k<� w ã�o , wherethequantity~ � knmMo is locally an analytic function of m . By the implicit function theorem, ~ � kqm�o can
be continuedanalyticallyalonga circuit that startsfrom m andreturnsto m while simply
encircling the origin (and stayingwithin the punctureddisk). Then, by permanenceof
analytic relations, ~ � knmMo will be taken into anotherroot, say, ~ � � ¢� knmMo . By repeatingthe
process,we seethat after a certainnumberof times � with u ¸��Á¸ç® , we will have
obtaineda collectionof roots ~ � knmMo&� ~ � A ¢� knmMo w �0�2� wÛ~ ���"¢� knmMo&� ~ � knmMo that form a setof� distinct values.Suchrootsaresaidto form a cycle. In this case,~ � k	Â � o is an analytic
functionof Â exceptpossiblyat 0 whereit is continuousandhasvalue0. Thus,by general
principles(regardingremovablesingularities),it is in factanalyticat0. Thisin turnimplies
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theexistenceof a convergentexpansionnear0:

(57) ~ � kVÂ � oj� ?�¾ â � ö ¾ Â ¾ �
The parameterÂ is often called the local uniformizingparameter, as it reducesa mul-
tivaluedfunction to a single valueone. This translatesback into the world of m : each
determinationof m �Ûì � yieldsoneof thebranchesof themultivaluedanalyticfunctionas

(58) ~ � knmMo�� ?�¾ â � ö ¾ m ¾ ì � �
Alternatively, with 1 ��� © ��� ì � a root of unity, the � determinationsareobtainedas~ � Ò ¢� � ?�¾ â � ö ¾ 1 ¾ m ¾ ì � w
eachbeingvalid in a sectorof opening Ð ª ¶ . (Thecase�É� u correspondsto ananalytic
branch.)

If ã¶�ì® , thenthe cycle accountsfor all the rootswhich tendto 0. Otherwise,we
repeattheprocesswith anotherrootand,in this fashion,eventuallyexhaustall roots.Thus,
all the ® rootsthathavevalue � at mñ�ß� aregroupedinto cyclesof size � � w �2�0� w � ¶ . Finally,
valuesof ~ at infinity arebroughtto zeroby meansof the changeof variables~ � u ð4¿ ,
thenleadingto negativeexponentsin theexpansionof ~ .

THEOREM 8.11(Newton–Puiseuxexpansionsat a singularity). Let k kqm�o bea branch
of an algebraic function

± kqm w�k knmMo�oz� � . In a circular neighbourhoodof a singularityG
slit along a ray emanatingfrom

G
, k knmMo admitsa fractional seriesexpansion(Puiseux

expansion)that is locally convergentandof theformk knmMo��¤�¯ _ ¯�� ö ¯ kqm � G o ¯ ì � w
for a fixeddeterminationof kqm � G o �Ûì � , where ® A À � and � is an integer d ª , calledthe
“br anching type”.

Newton (1643-1727)discoveredthealgebraicform of Theorem8.11,publishedit in
his famoustreatiseDeMethodisSerierumetFluxionum(completedin 1671).Thismethod
wassubsequentlydevelopedby Victor Puiseux(1820–1883)so that thenameof Puiseux
seriesis customarilyattachedto fractionalseriesexpansions.The argumentgivenabove
is taken from the neatexpositionofferedby Hille in [52, Ch. 12, vol. II]. It is known as
a “monodromyargument”,meaningthat it consistsin following the course(–dromy)of
valuesof a multivaluedanalyticfunctionalongpathsin thecomplex planetill it returnsto
its original (mono–)value.

Newton polygon. Newton alsodescribeda constructiveapproachto thedeterminationof
branchingtypesneara point kqm A w�~ A o , thatby meansof thepreviousdiscussioncanalways
be taken to be k<� w ��o . In order to introducethe discussion,let us examinethe Catalan
generatingfunctionnear m A � u ð ¥ . Elementaryalgebragivestheexplicit form of thetwo
branches ~ � knmMo�� uª m ² u'� � u'�M¥ mK´ w ~ © kqm�o � uª m ² u�} � u'�Â¥ m�´ w
whoseformsareconsistentwith whatTheorem8.11predicts.If howeveronestartsdirectly
with theequation, ± kqm wÛ~ oi� ~ñ��u'� m ~ ©����
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then, the translation m
� u ð ¥É�Ü� (the minus sign is a merenotationalconvenience),~ � ª�} j yields

(59) ´ k ��w j�oc� � u¥ j © }o¥ò�*}_¥M� j }�� j © �
Look for solutionsof the form j � ö � Ú k u�} Uòk u o�o with ö í��� (theexistenceis granted
a priori by theNewton-PuiseuxTheorem).Eachof themonomialsin (59) givesriseto a
term of a well determinedasymptoticorder. respectively � © Ú w!� � wO� Ú ° � wO� © Ú ° � . If the
equationis to be identically satisfied,thenthe mainasymptoticorderof ´ k �'w j�o should
be0. Since ö í��� , this canonly happenif two or moreof theexponentsin thesequencek ª�®jw0u)w/®D}�uKw§ª�®¶} u o coincideand the coefficientsof the correspondingmonomialin± k ��w j�o is zero,aconditionthatis analgebraicconstrainton theconstantö . Furthermore,
exponentsof all the remainingmonomialshave to be larger sinceby assumptionthey
representtermsof lowerasymptoticorder.

Examinationof all thepossiblecombinationsof exponentsleadsoneto discover that
the only possiblecombinationarisesfrom the cancellationof the first two termsof ´ ,
namely � �« j © }_¥M� , whichcorrespondsto thesetof constraintsª�® � u)w�� u¥ ö © }_¥ ��� w
with thesupplementaryconditions®/}�u s u and ª�®/}�u s u beingsatisfiedby thischoice® � �© . We havethusdiscoveredthat ´ k �'w jñoj��� is consistentasymptoticallywithjzu ¥ò� �Ûì © w j u �Ï¥M� ��ì © �

Theprocesscanbe iterateduponsubtractingdominantterms.It invariablygivesrise
to completeformal asymptoticexpansionsthat satisfy ´$k ��w jñoz� � (in the Catalanex-
ample,theseareseriesin � � ��ì © ). Furthermore,elementarymajorizationsestablishthat
suchformal asymptoticsolutionsrepresentindeedconvergentseries.Thus,local expan-
sionsof brancheshave indeedbeendetermined.This is Newton’salgorithmfor expanding
algebraicfunctionsneara branchpoint.

An algorithmicrefinement(alsodueto Newton)canbesuperimposedon theprevious
discussionandis knownasthemethodof Newtonpolygons. Considerageneralpolynomial´$k ��w j�o��8�Ò d	� � � Ë j � Ë w
andassociateto it the finite setof points k x Ò w ¥ Ò o in · � · , which is calledthe Newton
diagram. It is easily verified that the only asymptoticsolutionsof the form j�
 � �
correspondto valuesof Â thatareinverseslopes(i.e., 5 å�ð 5 ~ ) of linesconnectingtwo or
morepointsof theNewtondiagram(thisexpressesthecancellationconditionbetweentwo
monomialsof ´ ) and suchthat all otherpointsof the diagramareon this line or to the
right of it. In otherwords:

Newton’s polygon method. ThepossibleexponentsÂ such that j uéö � � is a
solutionto a polynomialequationcorrespondto theinverseslopesof theleftmost
convex envelopeof theNewtondiagram. For each viable Â , a polynomialequa-
tion constrainsthepossiblevaluesof thecorrespondingcoefficient ö . Complete
expansionsareobtainedbyrepeatingtheprocess,which meansdeflatingj from
its maintermbywayof thesubstitutionj st j � ö � � .
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FIGURE 13. Therealcurvedefinedby theequation57698 ~;:=<?>A@ 8 ~B>#:<?@ 8 ~B>C:D<?EA@F:G<?EF~BE near 8IHKJLH @ (left) and the correspondingNewton
diagram(right).

Figure13 illustrateswhatgoeson in thecaseof thecurve MN6DH where5O8IPQJ ~R@ 6 8 ~S: P >T@ 8 ~U>V: P @ 8 ~U>W: P EA@X: P EF~UE6 ~ § :Â~BE P :Â~UY P >[Zo~B> P EW:]\ P E;~UE[Z P YF~^Z P § ~B>_: P ¨ J
considerednearthe origin. As the partly factoredform suggests,we expectthe curve to
resembletheunionof two orthogonalparabolasandof a curve ~ 67`FP E ì > having a cusp,
i.e., theunionof ~ 6aP > J ~ 6b` � PRJ ~ 6D`FP E ì > J
respectively. It is visible on the Newton diagramof the expandedform that the possible
exponents~ 
cP � at the origin are the inverseslopesof the segmentscomposingthe
envelope,thatis, Âd6 \ J e\ J f \hg

For computationalpurposes,oncedeterminedthe branchingtype � , the valueof i!A
thatdictateswheretheexpansionstarts,andthefirst coefficient, thefull expansioncanbe
recoveredby deflatingthe function from its first term andrepeatingthe Newton diagram
construction. In fact, after a few initial stagesof iteration, the methodof indeterminate
coefficientscanalways be eventuallyapplied8. Computeralgebrasystemsusuallyhave
this routineincludedasoneof thestandardpackages;see[82].

EXERCISE 28. Discussthe degreeof the algebraicnumber p in the expansionjlk p�m[n in relationto Newton’s diagram.

8BrunoSalvy, privatecommunication,August2000
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Asymptotic form of coefficients. The Newton–Puiseuxtheoremdescribespreciselythe
local singularstructureof analgebraicfunction.Theexpansionsarevalid arounda singu-
larity exceptfor onedirection.In particularthey hold in indenteddisksof thetyperequired
in orderto applytheformal translationmechanismsof singularityanalysis(Chapter5).

THEOREM 8.12(Algebraicasymptotics). Let k 8IP @ 6 pao k o P o bean algebraic se-
ries. Assumethat the branch definedby the seriesat the origin hasa uniquedominant
singularity at Pp6 ®rq on its circle of convergence. Then,the coefficient k o satisfiesthe
asymptoticexpansion, k o u ®[s oq  ¡utv _ v � n vxw s q s v ì � ¢£ J
where i�Azy � and � is an integer d \ .

If k 8{P @ hasseveral dominantsingularities G ®hq G|6°G ® > G	69}~}A}U6°G ®X� G , thenthere exists
an asymptoticdecomposition(where � is somesmallfixednumber, �V�lH )k o 6 �t�L� q Ç�� �L� 8 w @�Z�� 8L8�G ® q G Z � @�@�s o J
where Ç�� �L� 8 w @ u ® s o�  ¹¡ tv _ v~� Ë{�� n � �L�v w s q s v ì � Ë ¢gº£ J
each i � �L�A is in

�
, andeach � � is an integer d \ .

Proof. Thedirectionalexpansionsgrantedby Theorem8.11areof theexacttyperequired
by singularityanalysis;seeChapter5. Compositecontoursshouldbeusedin thecaseof
multiplesingularities,whereeachÇ � �L� 8 w @ is thecontributionobtainedby translationof the
local singularelement. �

In thecaseof multiple singularities,arithmeticcancellationsmayoccur: considerfor
instancethecaseofe� e : ¨§ P Z P > 6 e Z H g ° H	P Z H g H ¥ P > : H g f ° P E : H g ¥ H ± P Y : }~}~}#J
andrefer to the correspondingdiscussionof rationalcoefficients,page11. Fortunately,
suchdelicatesituationstendnot to arisein combinatorialsituations.

EXAMPLE 17. Unary-binary trees. the generatingfunction of unary binary treesis
definedby 5O8IPQJ k#@ 6DH where5O8{PKJ ~B@ 6 ~�: P : P ~�: P ~ > J
sothat k 8{P @ 6 e : P : � e :�\ P : f P >\ P 6 e : P : � 8 e Z P @ 8 e : f P @\ P g
Thereexist only two branches: k and its conjugate µk that form a cycle of size 2 at

qE .
The singularitiesof all branchesareat HRJ : e J qE asis apparentfrom the explicit form ofk or from the definingequation. The branchrepresentingk 8IP @ at the origin is analytic
there(by a generalargumentor by the combinatorialorigin of the problem). Thus, the
dominantsingularityof k 8{P @ is at

qE andit is uniquein its modulusclass.The“easy”caseof
Theorem8.13thenappliesonce k 8IP @ hasbeenexpandedear

qE . As a rule,theorganization
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FIGURE 14. Non-crossinggraphs: 8I� @ a randomconnectedgraphof
size 50; 8{� @ the real algebraiccurve correspondingto non-crossing
forests.

of computationsis simpler if onemakesuseof the local uniformizing parameterwith a
choiceof signin accordanceto thedirectionalongwhich thesingularityis approached.In
this case,weset P�6 qE : � > andfindk 8IP @ 6 e : f � Z ª \ � > : ° f± � E Z \�¦\ � Y : \�ª�ª4¦e \!± � § Z }A}~}#J ��6�8 ef : P @ q ì > g
This translatesimmediatelyintok oC�9� P o	� k 8{P @ u f o�� q ì >\ � ¶ w E�� e : eT�eT� w Z � H ��Be \ w > : � H � �� eA� \ w E Z }A}~}L  g
Theapproximationprovidedby thefirst threetermsis quitegood: for w 6 e H already, it
estimates¡ q£¢ 6 � f	� . with anerrorlessthan

e
. ¤

EXERCISE 29. Estimatethegrowth of thecoefficientsin theasymptoticexpan-
sionof thenumberof unary-binarytrees.

EXAMPLE 18. Non-crossingforests.Considertheregular w -gonwhoseverticesarenum-
bered

e J g~gAg J w . A non-crossinggraph(connectedgraph,tree, forest, etc) is definedas
a graphhaving the property that no two edgesedgescross. Let ¥ o be the numberof
non-crossinggraphsof size w thatareforests,i.e.,acyclic graphs.It is shown below (Sec-
tion 6.1;seealso[40]) thattheOGF ¥O8IP @ satisfiestheequation5O8IPQJL¥ @ 6DH , where5O8IPQJ�¦ @ 6G¦ E Z 8{P > : P : f @ ¦ > Z 8IP Z f @ ¦ : e J
andthatthecombinatorialGF startsas¥O8{P @ 6 e Z�\ P Z¨§ P > Z f�f P E Z e � e P Y Z e H � f P|© Z }~}A} g
(This is sequenceA054727of EIS.) Theexceptionalsetis mechanicallycomputedasroots
of thediscriminant ª 6 : P E 8 � P E : � P > : f \ P Z]«U@ g
Newton’s algorithmshows that two of them,say ¦ ¢ and ¦ > , form a cycle of length2 with¦ ¢ 6 e :�¬ P ZS� 8IP @ , ¦ > 6 e Z�¬ P Zz� 8{P @ while it is the“middle branch”¦ q 6 e Z P Zz� 8{P >­@
thatcorrespondsto thecombinatorialGF ¥O8IP @ .
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Theotherexceptionalpointsaretherootsof thecubicfactorof ® , namely¯ 6±° : e g ��f H \ � J#H g e \ eT� � J f g « H � ���R² g
Let ³ g6DH g e \ � � betheroot in 8{HRJ e @ . By Pringsheim’stheoremandthefactthattheOGFof
aninfinite combinatorialclassmusthaveapositivedominantsingularityin � HRJ e � , theonly
possibility for the dominantsingularityof ¦ q 8IP @ is ³ . (For a moregeneralargument,see
below.)

For P near ³ , the threebranchesof the cubic give rise to one branchthat is ana-
lytic with valueapproximatelyH g � § � eA� anda cycle of two conjugatebrancheswith value
near

e g \ e «|\ � at P�6´³ . The expansionof the two conjugatebranchesis of the singular
type, µ `�¶[· e : PB¸¹³UJ
whereµ 6 « ff § Z e �f § ³ : f	�§¹« ³ > g6 e g \ e «|\ � Jº¶�6 ef § · \	\ � : � � e ³ : � \ � H»³ > g6GH g e « �	fRe g
Thedeterminationwith a minussignmustbeadoptedfor representingthecombinatorial
GF when P½¼¾³ s sinceotherwiseonewould get negative asymptoticestimatesfor the
nonnegativecoefficients. Alternatively, onemayexaminetheway thethreerealbranches
along 8IHKJ�³ @ matchwith oneanotherat 0 andat ³ s , thenconcludeaccordingly.

Collectingpartialresults,we finally getby singularityanalysistheestimate¥ o 6 ¶\ ¬ ¿ w EBÀ o � e Z¨� 8 ew @   J À 6 e³ g6 � g \�\x« ���
wherethecubicalgebraicnumber³ andthesextic ¶ areasabove. ¤

Theexampleabove illustratesseveral importantpointsin theanalysisof coefficients
of algebraicfunctionswhenthereareno simpleexplicit radicalforms. First of all a given
combinatorialproblemdeterminesa uniquebranchof an algebraiccurve at the origin.
Next, the dominantsingularity has to be identified by “connecting” the combinatorial
branchwith thebranchesat every possiblesingularityof thecurve. Finally, computations
tendto takeplaceoveralgebraicnumbersandnot simply rationalnumbers.

So far, exampleshave illustratedthe commonsituationwhere the exponentat the
dominantsingularityis

q> , whichis reflectedby afactorof w s E�ÁÂ> in theasymptoticform of
coefficients.Our lastexampleshowsacasewheretheexponentassumesa differentvalue,
namely

qY .
EXAMPLE 19. “Supertrees”. Considertheequation5O8{PKJ�Ã @ 6GH where5O8IPQJ�¦ @ 6aP	¦ Y : ¦ E Z 8 \ P Z e @ ¦ > : ¦ Z P g

Thegeneralaspectof thecurve is givenin Figure15 andtheasymptoticexpansionof
thebranchwith positivecoefficients, ¦#8IP @ 6GP Z P >rZ f P EdZ � P YdZ }~}A} , is sought.

Thediscriminantis foundto be®´6aP?8 « P Z f @ 8 « P : e @ E J
sothatthedominantsingularityof thebranchof combinatorialinterestis P=6 qY whereits
valueequals1. ThetranslationP�6 q> :½Ä JL¦=6 e Z�Å transforms5 intoÆ5O8 Ä J ÅS@ 678 e« :]ÄÇ@£Å Y :È«BÄVÅ E : � ÄÉÅ > : � ÄÉÅÊ:È«BÄ g
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FIGURE 15. Supertrees(left) andtheir quarticgeneratingfunction(right).

Themaincancellationarisesfrom
qY Å�YË:=«UÄ 6GH : thiscorrespondsto asegmentof inverse

slope
e ¸ « in the Newton diagramand accordinglyto a cycle formed with 4 conjugate

branches.Thus,onehas,as PS¼Ì8 qY @ s ,

¦#8IP @ 6 e :]\FÍÎ e« : P Z }~}A} sothat � P o|� ¦#8IP @hÏ e¬ ��Ð 8 EY @ « o w s © ÁLY J
as w ¼ÒÑ . This exhibits a nonstandardoccurrenceof Ð 8 EY @ , of the singularexponent

qY
andof thecoefficientexponent: ©Y .

Hereis thecombinatorialorigin of thisGF. ConsidertheGFof completebinarytrees,�x8IP @ 6 e : ¬ e :È« P >\ P g
(The function is singularat

q> with value �»8 e ¸ \�@ 6 e
.) The composition�x8{P|�x8{P @L@ repre-

sentstheGF of “supertrees”(or “treesor trees”)obtainedby graftingplantedbinarytrees
( P|�x8{P @ ) at eachnodeof a completetree 8{�x8{P @ ). The original function Ã_8{P @ satisfiesin
fact Ã_8IP > @ 6Ó�»8IPU�x8IP @�@ . (Naturally, the constructionwaspurposelydesignedto createan
interestingconfluenceof singularities.) ¤
Computable coefficient asymptotics. The previous discussioncontainsthe germ of a
completealgorithmfor deriving anasymptoticexpansionof coefficientsof any algebraic
function. We sketchherethe main principlesleaving someof the detailsto the reader.
Observe that the problemis a connectionproblems: the “shapes”of the varioussheets
aroundeachpoint (includingtheexceptionalpoints)areknown, but it remainsto connect
themtogetherandseewhich onesareencounteredfirst whenstartingfrom a givenbranch
at theorigin.

Algorithm ACA: Algebraic CoefficientAsymptotics.
Input: A polynomial Ô^Õ×Ö	ØÚÙ	Û with ÜÇÝ deg ÞAÔ^Õ×Ö	ØßÙ|Û ; a series

j Õ×ÖxÛ suchthat Ô^Õ×Ö�Ø j ÛËÝà
andassumedto bespecifiedby sufficiently many initial termssoasto bedistinguished

from all otherbranches.
Output: The asymptoticexpansionof á Ö¹â»ã j Õ×ÖxÛ whoseexistenceis grantedby Theo-
rem8.12.
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Thealgorithmconsistsof threemainsteps:Preparation, Dominantsingularities, andTransla-
tion.

I. Preparation: DefinethediscriminantäFÕ×ÖxÛËÝ R Õ×ÔhØ£ÔWåÞ Ø£Ù	Û .Õ×ÔçæLÛ Computethe exceptionalset èDÝêé~Öìëë äFÕ×Ö¹Û�Ý àxí andthe pointsof infinity èËîïÝé­ÖÌëëñð î Õ×ÖxÛzÝ à¹í , where ð î Õ×ÖxÛ is the leadingcoefficient of Ô^Õ×Ö�ØßÙ	Û consideredasa
functionof Ù .Õ×Ô#ò�Û DeterminethePuiseuxexpansionsof all the Ü branchesat eachof thepointsof èïóOé àxí
(by Newton diagramsand/orindeterminatecoefficients). This includestheexpansionof
analyticbranchesaswell. Let é­ÙTôUõ ö»Õ×ÖxÛ í�÷öÂø æ be the collectionof all suchexpansionsat
someùûúOè=óCé à¹í .Õ×Ôýü­Û Identify thebranchat 0 thatcorrespondsto þ�Õ×ÖxÛ .

II. Dominantsingularities(Controlledapproximatematchingof branches).Let èhæ�Ø£è�òAØ�ÿ�ÿ�ÿ bea
partitionof theelementsof èCóCé àxí sortedaccordingto theincreasingvaluesof their modulus:it is
assumedthatthenumberingis suchthatif ùûúOè�� and

� úCèKö , then � ù������ � � is equivalentto �	��
 .
Geometrically, theelementsof è havebeengroupedin concentriccircles.First,apreparationstepis
needed.Õ
� æ Û Determinea nonzerolower bound � on the radiusof convergenceof any local Puiseux

expansionof any branchat any point of è . Sucha boundcanbe constructedfrom the
minimal distancebetweenelementsof è andfrom thedegreeÜ of theequation.

The sets èKö areto be examinedin sequenceuntil it is detectedthat oneof themcontainsa singu-
larity. At step
 , let �?æ�Ø��Bò~Ø�ÿ�ÿ�ÿ�Ø���� beanarbitrarylisting of theelementsof è ö . Theproblemis to
determinewhetherany ��� is a singularityand,in thatevent, to find the right branchto which it is
associated.This partof thealgorithmproceedsby controllednumericalapproximationsof branches
andconstructive boundson theminimumseparationdistancebetweendistinctbranches.Õ
�^ò�Û For eachcandidatesingularity ��� , with ����� , set ���zÝ����»Õ���� �"!"�AÛ . By assumption,

each� � is in thedomainof convergenceof þ�Õ×Ö¹Û andof any Ù$#$%¹õ ö .Õ
� ü Û Computea nonzerolower bound &'� on the minimum distancebetweentwo roots ofÔ^Õ
���¹Ø£Ù	Û#Ý à . Thisseparationboundcanbeobtainedfrom resultantcomputations.Õ
�)(­Û EstimateþSÕ
�*�TÛ andeach Ù # % õ ö Õ
���AÛ to an accuracy betterthan &'�"!,+ . If two elements,þSÕ×ÖxÛ andÙ"#$%Tõ ö�Õ×Ö¹Û are(numerically)foundtobeatadistancelessthan& � for ÖVÝ-� � , then
they arematched: ��� is a singularityandthe correspondingÙ # % õ ö is the corresponding
singularelement.Otherwise,��� is declaredto bea regularpoint for þSÕ×ÖxÛ anddiscarded
ascandidatesingularity.

Themainloopon 
 is repeateduntil asingularityhasbeendetected.,when
ÉÝ.
�î , say. Theradiusof
convergence/ is thenequalto thecommonmodulusof elementsof è ö�0 ; thecorrespondingsingular
elementsareretained.

III. Coefficientexpansion. Collect thesingularelementsat all thepoints � determinedto bea
dominantsingularityat PhaseIII. Translatetermwiseusingthesingularityanalysisrule,Õ1�2�ñÖxÛ436587:9;<��36587"= â > Õ�� ð !$?A@CB?Û> Õ�� ð !,?BÛ > Õ1BD@-��Û Ø
andreorganizeinto descendingpowersof B , if needed.

This algorithmvindicatesthefollowing assertion:

PROPOSITION 8.5 (Decidability of algebraicconnections.). Thedominantsingular-
ities of a branch of an algebraic functioncan be determinedby the algorithm ACA in a
finite numberof operationsin thealgebraic closure of thebasefield, E or F .
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5.2. Positive functions and positivesystems.Thediscussionof algebraicsingulari-
tiesspecializesnicely to thecaseof positive functions.We first indicatea procedurethat
determinestheradiusof convergenceof any algebraicserieswith positivecoefficients.The
proceduretakesadvantageof Pringsheim’s theoremthat allows us to restrictattentionto
candidatesingularitieson thepositive half-line. It representsa shortcutthat is oftensuit-
ablefor humancalculationand,in fact,theit systematizessomeof thetechniquesalready
usedimplicitly in earlierexamples.

Algorithm ROCPAF: Radiusof Convergenceof PositiveAlgebraic Functions.
Input: A polynomial Ô^Õ×Ö	ØÚÙ	Û with ÜÇÝ deg ÞAÔ^Õ×Ö	ØßÙ|Û ; a seriesþzÕ×ÖxÛ suchthat Ô^Õ×Ö�ØÚþ^ÛËÝà

that is known to have only nonnegative coefficients( á Ö¹â�ã þSÕ×ÖxÛG� à ) andis assumedto
bespecifiedby sufficiently many initial terms.
Output: Theradiusof convergence/ of þSÕ×ÖxÛ .

Plane-sweep.Let è	H bethesubsetof thoseelementsof theexceptionalset è whicharepositive
real.Õ×ä æ Û Sort thesubsetof thosebranchesé­Ù î õ ö í at

à H thathave totally realcoefficients. This is
essentiallya lexicographicsort that only needsthe initial partsof eachexpansion. Set
initially I­î[Ý à and JÇÕ×ÖxÛËÝ�þ�Õ×Ö¹Û .Õ×ä ò Û Sweepover all I�úNè	H in increasingorder. To detectwhethera candidateI is thedomi-
nantpositive singularity, proceedasfollows:

— Sortthebranchesé�Ù"K õ ö í at I = thathave totally realcoefficients.
— usingtheordersat I'Hî and I = , matchthebranchJÇÕ×ÖxÛ with its correspondingbranch

at I = , say LzÕ×ÖxÛ ; this makesuseof the total orderingbetweenreal branchesat I Hî
and I = . If thebranch L�Õ×ÖxÛ is singular, thenreturn /ïÝMI asthe radiusof conver-
genceof þ�Õ×ÖxÛ anduse L�Õ×ÖxÛ asthesingularelementof þ�Õ×ÖxÛ at ÖCÝM/ ; otherwise
continuewith thenext valueof IÇúOè	H while replacingJÇÕ×ÖxÛ by L^Õ×ÖxÛ and I î by I .

This algorithmis a plane-sweepthattakesadvantageof thefactthattherealbranches
nearapoint canbetotally ordered;finding theorderingonly requiresinspectionof afinite
numberof coefficients. The plane-sweepalgorithmenablesus to traceat eachstagethe
original branchandkeepa recordof its orderamongstall branches.The methodworks
sinceno two real branchescancrossat a point otherthana multiple point, sucha point
beingcoveredasanelementof NPO .

We now turn to positive systems.Most of the combinatorialclassesknown to admit
algebraicgeneratingfunctionsinvolve singularexponentsthat aremultiples of QR . This
empiricalobservation is supportedby the fact, to be proved below, that a wide classof
positive systemshave solutionswith a square-rootsingularity. Interestinglyenough,the
correspondingtheoremis due to independentresearchby several authors: Drmota [31]
developedaversionof thetheoremin thecourseof studiesrelative to limit laws in various
familiesof treesdefinedby context-freegrammars;Woods[100], motivatedby questions
of Booleancomplexity andfinite modeltheory, gaveaformexpressedin termsof colouring
rulesfor trees;finally, Lalley [63] cameacrossa similarly generalresultwhenquantifying
returnprobabilitiesfor randomwalksongroups.Thestatementthatfollowsis afundamen-
tal result in the analysisof algebraicsystemsarisingfrom combinatoricsandis (rightly)
calledthe“Drmota-Lalley-Woods”theorem.Noticethattheauthorsof [31, 63, 100] prove
more:DrmotaandLalley show how to pull out limit Gaussianlaws for simpleparameters
(e.g.,asin [31] by a perturbative analysis;seeChapter9); Woodsshows how to deduce
estimatesof coefficientseven in someperiodicor non-irreduciblecases(seedefinitions
below).
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In thetreatmentthatfollowswestartfrom a polynomialsystemof equations,°A¦'SUT�VWSYX[Z]\L¦ Q \$^,^$^6\�¦�_D` ² \ba2TdcY\,^$^,^6\feg^
We shall discussin the next sectiona classof combinatorialspecifications,the “context-
free” specifications,that leadssystematicallyto suchfixed-pointsystems. The caseof
linear systemshasbeenalreadydealtwith, so that we limit ourselveshereto nonlinear
systemsdefinedby the fact that at leastonepolynomial VWS is nonlinearin someof the
indeterminates¦ Q \$^,^$^,\�¦Y_ .

First, for combinatorialreasons,we defineseveralpossibleattributesof a polynomial
system.

— Algebraic positivity (or a-positivity). A polynomial systemis said to be a-
positiveif all thecomponentpolynomialsV S havenonnegativecoefficients.

Next, we wantto restrictconsiderationto systemsthatdeterminea uniquesolutionvectorX×¦ Q \,^$^,^$\�¦�_)`ihjX[E�k k Zml l
` _ . (This discussionis relatedto 0-dimensionalityin the sense
alludedto earlier.) Definethe Z -valuationv npoqX$r¦�` of a vector r¦ hgEsk k Z�l l _ astheminimum
over all a ’s of the individual valuations9 v npofX×¦ S ` . The distancebetweentwo vectorsis
definedasusualby tuX$r¦v\wr¦�xy`WT�z�{ v |*}
~8�� { ��6��� . Then,onehas:

— Algebraic properness(or a-properness).A polynomialsystemis said to be a-
proper if it satisfiesa Lipschitzconditiont�X�V)X$r¦�`�\�V)X$r¦ x `8`����.tuX$r¦v\wr¦ x ` for some����c .

In thatcase,thetransformationV is a contractionon thecompletemetricspaceof formal
power seriesand,by the generalfixed point theorem,the equation¦�T�V)XI¦�` admitsa
uniquesolution.In passing,this solutionmaybeobtainedby theiterativescheme,r¦ ~ ¢ � T�X[��\$^,^,^,\f�Y`q�*\ r¦ ~y� O Q � T�V)XI¦ ~y� � `6\Ò¦�T�������'��� ¦ ~�� � ^

The key notion is irreducibility. To a polynomial system, r¦�T�V)X$r¦�` , associateits
dependencygraph definedasa graphwhoseverticesare the numbersc�\$^,^$^6\8e and the
edgesendingata vertex a are �C¼ja , if ¦'S figuresin amonomialof Vs��X�aw` . (Thisnotionis
reminiscentof theonealreadyintroducedfor linearsystemon page8.5.)

— Algebraic irreducibility (or a-irreducibility). A polynomialsystemis saidto be
a-irreducibleif its dependency graphis stronglyconnected.

Finally, oneneedsa technicalnotionof periodicityto disposeof caseslike¦�X4Zp`PT cz�Z � c�� ¬ c�� « Z��AT�ZU ¡ZY¢G �zmZ|©W �£$£,£�\
(theOGFof completebinarytrees)wherecoefficientsareonly nonzerofor certainresidue
classesof their index.

— Algebraic aperiodicity(or a-aperiodicity).A powerseriesis saidto beaperiodic
if it containsthreemonomials(with nonzerocoefficients),Zp¤8¥"\¦Zw¤�§m\fZp¤�¨ , suchthat© R � © Q and © ¢ � © Q arerelatively prime. A properpolynomialsystemis saidto
beaperiodicif eachof its componentsolutions¦ S is aperiodic.

THEOREM 8.13(Positivepolynomialsystems). Considera nonlinearpolynomialsys-
tem r¦CTªV)X$r¦�` that is a-proper, a-positive, anda-irreducible. In that case, all component

9Let «:¬C­¯®â ø�° « âw± â with « °2²¬¯³ ; thevaluationof « is by definitionv ´,µ
¶y«m·u¬�¸ .
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solutions¦ S havethesameradiusof convergence¹g�9Ñ . Then,there exist functionsº S
analyticat theorigin such that

(60) ¦'SAT�ºpS)»	· c��¼ZB¸'¹w½ X4ZS¼¾¹ { `�^
In addition,all otherdominantsingularitiesare of theform ¹ À with À a root of unity.

If furthermore thesystemis a-aperiodic,all ¦ S have ¹ asuniquedominantsingularity. In
that case, thecoefficientsadmita completeasymptoticexpansionof theform

(61) k ZY¿Yl ¦ S X4Zp` Ï ¹ { ¿-ÀÁPÂ�"Ã Q t �mÄ { Q { � Á R,ÅÆ ^
Proof. The proof consistsin gatheringby stagesconsequencesof the assumptions.It is
essentiallybasedon closeexaminationof “f ailures”of the implicit function theoremand
theway theseleadto singularities.X4n�` As a preliminary observation, we note that eachcomponentsolution ¦'S is an
algebraicfunction that hasa nonzeroradiusof convergence. In particular, singularities
areconstrainedto be of the algebraictype with local expansionsin accordancewith the
Newton-Puiseuxtheorem(Theorem8.11).X[Ç6` Propernesstogetherwith thepositivity of thesystemimplies thateach¦'SYX[Zw` has
nonnegativecoefficientsin its expansionat0, sinceit is aformal limit of approximantsthat
have nonnegative coefficients. In particular, eachpower series¦ S hasa certainnonzero
radiusof convergence¹ S . Also, by positivity, ¹ S is a singularityof ¦ S (by virtue of Pring-
sheim’stheorem).Fromthenatureof singularitiesof algebraicfunctions,thereexistssome
order

ªÉÈ � suchthateach
ª

th derivative ÊuËÌ ¦ S X[Zw` becomesinfinite as Z�¼�¹ {S .
We establishnow that ¹ Q T�£,£$£pTM¹ _ . In effect,differentiationof theequationscom-

posingthesystemimpliesthataderivativeof arbitraryorder Í , ÊuÎÌ ¦ S X4Zp` , is a linearform in
otherderivatives ÊvÎÌ ¦ S X[Zw` of thesameorder(anda polynomialform in lowerorderderiva-
tives);alsothelinearcombinationandthepolynomialform havenonnegativecoefficients.
Assumeacontrariothattheradii werenotall equal,say ¹ Q TÏ£$£,£wTM¹pÐ , with theotherradii¹�Ð O Q \$^,^$^ beingstrictly greater. Considerthesystemdifferentiatedasufficiently largenum-
berof times,

ª
. Then,as ZS¼�¹ Q , wemusthave ÊvËÌ ¦'S tendingto infinity for aÒÑÔÓ . On the

otherhand,thequantities¦YÐ O Q , etc.,beinganalytic,their
ª

th derivativesthatareanalytic
aswell musttendto finite limits. In otherwords,becauseof theirreducibility assumption
(andagainpositivity), infinity hasto propagateandwehavereachedacontradiction.Thus,
all the ¦ S have thesameradiusof convergenceandwe let ¹ denotethis commonvalue.X4Õ Q ` Thekey stepconsistsin establishingtheexistenceof a square-rootsingularityat
thecommonsingularity ¹ . Considerfirst thescalarcase,thatis

(62) ¦Ö�Ø×ÙX4Z�\�¦�`WTM��\
where × is assumedto dependnonlinearlyon ¦ andhave nonnegative coefficients. The
requirementof propernessmeansthat Z is a factorof all monomials,exceptthe constant
term ×ÚX[��\¦�Y` .

Let ¦�X[Zw` betheuniquebranchof thealgebraicfunctionthat is analyticat 0. Compar-
isonof theasymptoticordersin ¦ insidetheequality ¦ TÛ×ÙX[Z]\L¦�` shows that (by nonlin-
earity)we cannothave ¦û¼ºÑ when Z tendsto a finite limit. Let now ¹ be theradiusof
convergenceof ¦�X4Zp` . Thisargumentshowsthat ¦vX[Zw` is necessarilyfinite at its singularity¹ .
We set ÜÝTG¦�X
¹�` andnotethat,by continuity Ü��-×ÙX
¹u\8Ü]`ÞT�� .



5. ANALYSIS OF ALGEBRAIC FUNCTIONS 73

By theimplicit functiontheorem,a solution X[Z ¢ \�¦ ¢ ` of (62)canbecontinuedanalyti-
cally as X[Z]\L¦ ¢ X[Zw`f` in thevicinity of Z ¢ aslongasthederivativewith respectto ¦ ,ß X4Z ¢ \L¦ ¢ `�àáTdc��-× x� X4Z ¢ \L¦ ¢ `
remainsnonzero. The quantity ¹ being a singularity, we must have

ß X
¹u\8Ü]`gTâ� . (In
passing,thesystem Ü��Ø×ÙX
¹u\8Ü]`ÞTM�]\ ß X
¹u\8Ü]`�T���\
determinesonly finitely many candidatesfor ¹ .) On theotherhand,thesecondderivative�A×ux x�6� is nonzeroat X
¹u\8Ü]` (by positivity, sinceno cancellationcanoccur);thereresultsby
the classicalargumenton local failuresof the implicit function theoremthat ¦vX[Zw` hasa
singularityof the square-roottype (seealsoChapters4 and5). More precisely, the local
expansionof thedefiningequation(62)at X4¹�\fÜ]` binds X4Z�\�¦�` locally by��X4Z��g¹�`8× xÌ X
¹u\8Ü]`�� cz XI¦ã�¼Ü]` R × x x�6� X
¹u\8Ü]`Ú �£$£,£wT���\
wherethesubsequenttermsarenegligible by Newton’spolygonmethod.Thus,we have¦ã�¼ÜÝTÏ��ä × Ì X
¹u\8Ü]`× x x�6� X
¹u\8Ü]` X
¹Ö�¼Zp` Q Á R  �£$£,£�\
the negative determinationof the square-rootbeingchosento comply with the fact that¦�X4Zp` increasesas ZS¼¾¹�{ . Thisprovesthefirst partof theassertionin thescalarcase.X4Õ R ` In the multivariatecase,we graft an ingeniousargument[63] that is basedon
a linearizedversionof the systemto which Perron-Frobeniustheoryis applicable.First,
irreducibility implies that any componentsolution ¦'S dependsnonlinearlyon itself (by
possiblyiterating V ), so thata discrepancy in asymptoticbehaviourswould resultfor the
implicitly defined¦'S in theeventthatsome¦'S tendsto infinity.

Now, themultivariateversionof the implicit functiontheoremgrantslocally theana-
lytic continuationof any solution ¦ Q \�¦ R \,^$^,^$\�¦ _ at Z ¢ providedthereis novanishingof the
Jacobiandeterminantß X[Z ¢ \L¦ Q \,^$^,^$\�¦ _ `�àåT�æ�ç,è ��é,ê4ë S � ÊÊ?¦'S V ê X4Z ¢ \L¦ Q \$^,^,^$\�¦ _ `Ú -\
whereé ê4ë S is Kronecker’ssymbol.Thus,wemusthaveß X
¹u\8Ü Q \,^,^$^,\fÜ,_)`ÞT�� where Ü*SìàåTG¦'S�X
¹�`�^

The next argument(we follow Lalley [63]) usesPerron-Frobeniustheoryandlinear
algebra.ConsiderthemodifiedJacobianmatrix�¡X[Z ¢ \�¦ Q \,^$^,^6\L¦ _ `�àåT � ÊÊ?¦ S V ê X[Z ¢ \�¦ Q \,^$^,^6\L¦ _ `   \
which representsthe “linear part” of V . For Z�\�¦ Q \$^,^$^,\�¦ _ all nonnegative, the matrix �
haspositive entries(by positivity of V ) sothat it is amenableto Perron-Frobeniustheory.
In particularit hasa positive eigenvalue í	X[Z]\L¦ Q \$^,^,^$\�¦ _ ` that dominatesall the other in
modulus.Thequantity î íÚX4Zp`WT�íÚX×¦ Q X4Zp`�\$^,^,^$\�¦�_2X4Zp`8`
is increasingasit is an increasingfunctionof the matrix entriesthat themselvesincrease
with Z for Z È � .

We proposeto prove that
î íÚX
¹�`)Tïc , In effect,

î íÚX4¹p`ã�ðc is excludedsinceotherwiseX4ñÖ�i�g` would beinvertibleat ZÒTd¹ andthis would imply
ßMòT�� , therebycontradicting

thesingularcharacterof the ¦'SYX[Zw` at ¹ . Assumea contrario
î íÙX
¹�`:ó�c in orderto exclude
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the other case. Then, by the increasingproperty, therewould exists ¹ Q �j¹ suchthatî íÚX
¹ Q `ãTjc . Let ô Q be a left eigenvectorof ��X
¹ Q \L¦ Q X4¹ Q `�\,^$^,^$\�¦ _ X
¹ Q `f` correspondingto
the eigenvalue

î íÚX
¹ Q ` . Perron-Frobeniustheory grantsthat sucha vector ô Q hasall its
coefficientsthatarepositive. Then,uponmultiplying on theleft by ô Q thecolumnvectors
correspondingto ¦ and V)XI¦�` (which areequal),onegetsan identity; this derivedidentity
uponexpandingnear¹ Q gives

(63) õÖX4Zì�¼¹ Q `WTd�.Â ê
ë SÒö ê4ë SYX×¦ ê X[Zw`Ù�p¦ ê X
¹ Q `8`,X×¦'SpX4Zp`Ù�È¦'SYX4¹ Q `8`	 M£,£$£�\
where £,£$£ hideslowerordertermsandthecoefficients õ�\ ö ê4ë S arenonnegativewith õdó�� .
Thereis a contradictionin theordersof growth if each¦ ê is assumedto beanalyticat ¹ Q
sincetheleft sideof (63) is of exactorder X[Z��Ø¹ Q ` while theright sideis at leastassmall
asto X4Z��g¹ Q ` R . Thus,wemusthave

î íÙX
¹�`WTdc and
î í	X4÷u`s�øc for ÷Ch-X4�]\8¹�` .

A calculationsimilar to (63)but with ¹ Q replacedby ¹ showsfinally that,if¦ ê X4Zp`Ù�p¦ ê X4¹p` Ï�ù ê X
¹Ö�¼Zp`8ú�\
thenconsistency of asymptoticexpansionsimplies z µ T�c , that is

µ TûQR . (The argu-
menthereis similar to the first stageof a Newton polygonconstruction.)We have thus
provedthat thecomponentsolutions¦ S X4Zp` have a square-rootsingularity. (Theexistence
of a completeexpansionin powersof X4¹Ö�-Zp` Q Á R resultsfrom examinationof theNewton
diagram.)Theproofof thegeneralcase(60) is at lastcompleted.X4tp` In the aperiodiccase,we first observe that each¦ S X4Zp` cannotassumean infinite
valueon its circle of convergenceü ZvüwT�¹ , sincethis would contradicttheboundednessofü ¦'SYX4Zp`,ü in theopendisk ü Zuü��Ô¹ (where ¦'S�X
¹�` servesasanupperbound).Consequently, by
singularityanalysis,the Taylor coefficientsof any ¦'SYX4Zp` are ý�X Ä�{ Q {uþ ` for some ÿ�ó c
andtheseriesrepresenting¦'S at theorigin convergeson ü Zvü�T�¹ .

For the restof the argument,we observe that if ¦�T V)X[Z]\wr¦p` , then ¦�T V � _�� X[Z]\wr¦p`
where the superscriptdenotesiteration of the transformationV in the variables r¦ TX×¦ Q \,^$^,^$\�¦�_)` . By irreducibility, V � _�� is suchthateach of its componentpolynomialsin-
volvesall thevariables.

Assumethattherewouldexistsasingularity ¹�� of some¦ SYX4Zp` on ü Zvü�T�¹ . Thetriangu-
lar inequalityyields ü ¦ S X
¹��,`$üp� ¦ S X
¹�` wherestrictnessis relatedto thegeneralaperiodicity
argumentencounteredat several otherplacesin this book. But then,the modifiedJaco-
bianmatrix � � _�� of V � _�� takenat the ¦ S X
¹��$` hasentriesdominatedstrictly by theentries
of � � _�� taken at the ¦'SYX
¹�` . Thereresults(seepage17) that the dominanteigenvalueof� � _�� X4Z�\wr¦'S�X
¹ � `8` mustbestrictly lessthan1. But thiswouldimply that ñ��:� � _�� X4Z�\wr¦'S�X4¹ � `8`
is intervertiblesothatthe ¦'SYX4Zp` wouldbeanalyticat ¹�� . A contradictionhasbeenreached:¹ is thesoledominantsingularityof each¦'S andthisconcludestheargument. �

Weobservethatthedominantsingularityis obtainedamongstthepositivesolutionsof
thesystem rÜÝTøV)X
¹u\YrÜ�`6\ ß X4¹�\YrÜ�`WT���^
For theCatalanGF, this yieldsÜ��Ôc��g¹wÜ R T���\ c��Øzm¹YÜÒT���\
giving back(asexpected)¹ T�Q� , Ü¼T�QR . For threecolouredtrees(with ¦ Q \L¦ R \L¦ ¢ repre-
sentingõ�\ ö \
	 ), thesystemis formedof thespecializationof thedefiningequations(40),
namely, Ü Q �¼¹ã��X
Ü R  -Ü ¢ ` R T���\ Ü R �ÔX4Ü ¢  iÜ Q ` R T��]\ Ü ¢ ��X
Ü Q  -Ü R ` R T���^
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togetherwith theJacobiancondition

æ�ç,è À���Á c �Az Ü R �-z Ü ¢ �AzmÜ ¢ �-z Ü R�Az Ü Q �-z Ü ¢ c �AzmÜ ¢ �-z Ü Q�Az Ü Q �-z Ü R �Az Ü R �-z Ü Q c
Å
���Æ TM��^

It is found(by elimination)that¹2T c« µ X�� µ  Mc"`6\ where « µ ¢Þ  « µ R   µ �ÔcUT��]\
with

µ ^TÛ��^ � « � � c and ¹ ^TÛ�]^ c §�§ � � c beingthe only feasiblesolutionto the constraints.
Thus,thenumberof 3-colouredtreesgrowsroughlylike

� ^ � z ¿ Ä { ¢ Á R .
EXERCISE 30. Matchthecomputationof thedominantsingularityof 3-coloured
treesagainstthedeterminationof theminimal polynomial äÇÕ×Ö	Ø��WÛ of theprevi-
oussection.

6. Combinatorial applications of algebraic functions

In this section,we first presentcontext-freespecificationsthatadmita direct transla-
tion into polynomialsystems(Section6.1). Whenparticularizedto formal languages,this
givesriseto context-freelanguages(Section6.2) that,providedanunambiguitycondition
is met,leadto algebraicgeneratingfunctions.An importantsubclass,especiallyasregards
computerscienceapplications,is that of simplefamiliesof treessuccinctlypresentedin
Section6.3.

Thenext two subsectionsintroduceobjectswhoseconstructionsstill leadto algebraic
functions,but in a non-obviousway. This includes:walkswith a finite numberof allowed
basicjumps(Section6.4)andplanarmaps(Section6.5). In thatcase,bivariatefunctional
equationsareinducedby thecombinatorialdecompositions.Thecommonform is

(64) V)X[Z]\��Ú\Â¥ X4Z�\���`�\*º Q X[Zw`6\,^,^$^6\¦º Î X[Zw`f`WTM�]\
whereV is aknown polynomialandtheunknownsare ¥ and º Q \$^,^$^6\¦º Î . Specificmethods
areto be appealedto in orderto attainsolutionsto suchfunctionalequationsthat would
seemat first glanceto begrosslyunderdetermined.Randomwalksleadto a linearversion
of (64) that is treatedby theso-called“kernelmethod”. Mapsleadto nonlinearversions
thataresolvedby meansof Tutte’s“quadraticmethod”.In bothcases,thestrategy consists
in binding Z and � by forcing themto lie onanalgebraiccurve(suitablychosenin orderto
eliminatethedependency on ¥ X4Z�\���` ), andthenpulling out thealgebraicconsequencesof
suchaspecialization.

6.1. Context-freespecifications. A context-freesystemis acollectionof combinato-
rial equations,

(65)

����� ���� � Q T V Q X¦rnu\ � Q \,^$^,^,\ � _ `
...

...� _ T V _ X*rn�\ � Q \,^$^,^$\ � _ `6\
where rn2TÉX4n Q \,^,^$^ ` is avectorof atomsandeachof the VWS only involvesthecombinatorial
constructionsof disjoint unionandcartesianproduct. A combinatorialclass

�
is saidto
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becontext-freeif it is definableasthefirst component(
� T � Q ) of awell-foundedcontext-

free system.The terminologycomesfrom linguisticsandit stressesthe fact thatobjects
canbe“freely” generatedby therulesin (65), this without any constraintsimposedby an
outsidecontext10.

For instancetheclassof planebinarytreesdefinedby� T ©  �X���� � � � ` X © \�� atoms̀

is a context-freeclass.Theclassof generalplanetreesdefinedby� T! "�$#&%('&)*%&+-,&%�X � ` (  anatom)

is definableby thesystem � T. /�10 \20ÛT43) �X�05� � `�\
with 0 definingforests,andsoit is alsocontext-free.(Thisexampleshowsmoregenerally
thatsequencescanalwaysbereducedto polynomialform.)

Context-freespecificationsmaybeusedto describeall sortsof combinatorialobjects.
For instance,theclass6 of triangulationsof convex polygonsis specifiedsymbolicallyby

(66) 6ÉT87ø �X975�16Ö`	 MX96:�;7�`	 �X�6:�<75�16ã`6\
where 7 representsagenerictriangle.

The generalsymbolic rules given in Chapter1 apply in all suchcases. Therefore
theDrmota-Lalley-Woodstheorem(Theorem8.13)providestheasymptoticsolutionto an
importantcategoryof problems.

PROPOSITION 8.6 (Context-free specifications). A context-free class
�

admits an
OGF that satisfiesa polynomialsystemobtainedfromthespecificationby thetranslation
rules: =   �?>¼�õ¡  ö \ = � �@>¼�õM£ ö ^
TheOGF 	�X[Zw` is analgebraic functionto which algebraic asymptoticsapplies.In partic-
ular, a context-freeclass

�
thatgivesrise to an algebraically aperiodicirreduciblesystem

hasan enumerationsequencesatisfying	 ¿ Ï ù¬ ¿ Ä ¢ À ¿ \
where ù \ À are computablealgebraic numbers.

This last result explains the frequentlyencounteredestimatesinvolving a factor ofÄ { ¢ Á R (correspondingto a square-rootsingularityof theOGF)thatcanbefoundthrough-
out analyticcombinatorics.

EXERCISE31. If AzØCB arecontext-freespecificationsthen: Õ1�{Û thesequenceclassD Ý?E
FHGHIJFLK&MLFUÕNAÇÛ is context-free; Õ1�
� Û thesubstitutionclassOaÝPAzá Q�9;5B�ã is
context-free.

We detailbelow anexamplefrom combinatorialgeometry.

10Formal languagetheoryalsodefinescontext-sensitive grammarswhereeachrule (calleda production)
is appliedonly if it is enabledby someexternalcontext. Context-sensitive grammarshave greaterexpressive
power thancontext-free ones,but they departsignificantlyfrom decomposabilitysincethey aresurroundedby
strongundecidabilityproperties;accordinglycontext-sensitive grammarscannotbe associatedwith any global
generatingfunctionformalism.
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EXAMPLE 20. Planar non-crossingconfigurations. The enumerationof non-crossing
planarconfigurationsis discussedhereat somelevel of generality. (An analyticproblem
in this orbit hasbeenalreadytreatedin Example18.) Thepurposeis to illustratethefact
that context-freedescriptionscanmodelnaturallyvery diversesortsof objectsincluding
particulartopological-geometricconfigurations.Theproblemsconsideredhavetheirorigin
in combinatorialmusingsof theRev. T.P. Kirkman in 1857andwererevisitedin 1974by
Domb andBarett[30] for the purposeof investigatingcertainperturbative expansionsof
statisticalphysics.Our presentationfollowscloselythesynthesisofferedin [40].

Considerfor eachvalueof Ä the regular Ä -gon built from verticestaken for conve-
nienceto be the Ä complex rootsof unity andnumbered��\$^,^$^6\ Ä �Ïc . A non-crossing
graphis a graphon this setof verticessuchthat no two of its edgescross. From there,
one definesnon-crossingconnectedgraphs,non-crossingforests(that are acyclic), and
non-crossingtrees(that areacyclic andconnected);seeFigure 16. Note that thereis a
well-definedorientationof thecomplex planeandalsothat thevariousgraphsconsidered
canalwaysbe rootedin somecanonicalway (e.g.,on thevertex of smallestindex) since
theplacementof verticesis rigidly fixed.

Trees. A non-crossingtreeis rootedat 0. To the root vertex, is attachedan ordered
collectionof vertices,eachof which hasan end-nodeR that is the commonroot of two
non-crossingtrees,oneon theleft of theedge X[��\SR�` theotheron theright of X4�]\
R�` . Let 6
denotetheclassof treesandT denotetheclassof treeswhoseroothasbeensevered.With denotinga genericnode,we thenhave6ÉT. /�UT2\VTÏTW#&%X'X)*%&+-,J%�XYTZ�1 "�[Tì`�\
whichcorrespondsgraphicallyto the“butterfly decomposition”:

U
UU

U U

U = T = 

In termsof OGF, this givesthesystem

(67) °H\�TMZ^]�\_]øT�X8c��¼Z�] R ` { Q ² `ba °L\MT�Z�]s\c]�T�cÞ @]edW\_d�TMZ�] R ² \
wherethelatterform correspondsto theexpansionof thesequenceoperator. Consequently,\ satisfies\�T!\ ¢ �ØZ&\i ¡Z R , whichby Lagrangeinversiongives \ ¿ T QR ¿ { Q � ¢¦¿ { ¢¿ { Q � .

Forests.A (non-crossing)forestis a non-crossinggraphthat is acyclic. In thepresent
context, it is not possibleto expressforestssimply assequencesastrees,becauseof the
geometryof theproblem.

Startingconventionallyfrom theroot vertex 0 andfollowing all connectededgesde-
finesa “backbone”tree. To the left of every vertex of the tree,a forestmay be placed.
Thereresultsthedecomposition(expresseddirectly in termsof OGF’s),

(68) ¥dTdcÞ f\ãk Z >¼�Z	¥)l�\
where \ is the OGF of treesand ¥ is the OGF of forests. In (68), the term \ãk Z >¼ Z	¥)l
denotesa functional composition. A context-free specificationin standardform results
mechanicallyfrom (67)uponreplacingZ by Z	¥ , namely

(69) ¥ÏT�cÞ f\:\g\MT�Z|¥h]s\c]øTdcÞ @]edW\cd�T�Z|¥h] R ^
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(connected graph)

(tree) (forest)

(graph)

Configuration/ OGF Coefficients(exact/ asymptotic)

Trees(EIS: A001764) ÖÞ@�Ö ò @jiTÖ ü @-���AÖ ( @lkHkAÖnmÙ@poSoqor ü �ñÖ r @ Ö ò Ý à ��,B2�.��s i$Bã�;iBã�g�utv w i�Lx w y B ü Õ �Hx+ Û â
Forests(EIS: A054727) �Ú@ ÖG@.�AÖ ò @$x~Ö ü @liLiTÖ ( @-�Sz���Ö{m|oSoqo} ü @½Õ×Ö ò �ñÖs�;iTÛ } ò @]Õ×ÖG@liTÛ } �.� Ý à â~öÂø æ ��,Bã� 
 s B
��.� tjs i$BÖ�C�f
:�.�BÖ��
 tv à ÿ à x,+H�nkw y B ü Õ�z�ÿ �"�6+n�H�TÛ â
Connectedgraphs(EIS: A007297) ÖÞ@�Ö ò @C+¹Ö ü @g�
iTÖ ( @Ø��kL�AÖ m @�oSoSo� ü @ � ò �;iAÖ � @g�~Ö ò Ý à �BÖ�.� ò â = ü~öLø â = æ s i,BÖ�1iB�@Ò
 tjs 
:�.�
:� Bì@Ø� tv � w �s�;i w ��qz w y B ü�� � w iH� â
Graphs(EIS: A054726) �Ú@ ÖG@.�AÖ ò @lzAÖ ü @ +HzTÖ ( @liHk"�~Ö m @poqoSo� ò @½Õ4�~Ö ò �1iTÖs�¯�TÛ � @jiAÖ�@Ø�[Ý à �B â = æ~öÂø î Õ�����Û ö s B 
 tls �,B2����� 
BÖ�.�W� 
 t � â = æ = öv�� �*+ à �;�L� w �+ w y B ü � �W@ + w � � â

FIGURE 16. (Top) Non-crossinggraphs:a tree,a forest,a connected
graph,anda generalgraph.(Bottom)Theenumerationof non-crossing
configurationsby algebraicfunctions.
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This systemis irreducibleand aperiodic,so that the asymptoticshapeof ¥ ¿ is of the
form ù À ¿ Ä { ¢ Á R , aspredictedby Proposition8.6. This agreeswith the preciseformula
determinedin Example18.

Graphs. Similar constructions(see[40]) give the OGF’s of connectedgraphsand
generalgraphs.Theresultsaresummarizedin Figure16. Note thecommonshapeof the
asymptoticestimatesandalso the fact that binomial expressionsarealwaysavailable in
accordancewith Theorem8.10. ¤

Noteon“tr ee-like” structures.A context-freespecificationcanalwaysberegardedas
defininga classof trees.Indeed,if the a th termin theconstructionVWS is “coloured” with
thepair X��*\ ap` , it is seenthata context-freesystemyieldsa classof treeswhosenodesare
taggedby pairs X��*\ ap` in a way that is consistentwith the system’s rules(65). However,
despitethis correspondence,it is oftenconvenientto preserve thepossibilityof operating
directlywith objects11 whenthetreeaspectis unnatural.By a terminologyborrowedfrom
thetheoryof syntaxanalysisin computerscience,suchtreesarereferredto as“parsetrees”
or “syntaxtrees”.

EXERCISE 32. Theparsetreesassociatedmechanicallywith thespecificationof
triangulationsabove arein bijective correspondencewith binary (rootedplane)
trees.

6.2. Context-freelanguages.Let

=
be a fixed finite alphabetwhoseelementsare

calledletters.A grammar � is acollectionof equations

(70) � à
����� ����!� Q T � Q X¦rnu\ � Q \,^$^,^$\ � _ `...

...

� _ T � _ X¦rnu\ � Q \$^,^,^,\ � _ `6\whereeach� S involvesonly theoperationsof union( � ) andcatenationproduct X	£ ) withrn thevectorof lettersin

=
. For instance,� Q X¦rnu\ � Q \ � R \ � ¢ `GT�n R £ � R £ � ¢ ��n ¢ � � ¢ £"n R £ � Q ^A solutionto (70) is an e -tupleof languagesover thealphabet

=
thatsatisfiesthesystem.

By convention,onedeclaresthatthegrammar� definesthefirst component,� Q .To eachgrammar(70), onecanassociatea context-free specification(65) by trans-
forming unionsinto disjoint union, ‘ � ’

>¼ ‘   ’, andcatenationinto cartesianproducts,
‘ £ ’ >¼ ‘ � ’. Let

î� be the specificationassociatedin this way to the grammar � . The
objectsdescribedby

î� appearin this perspective to betrees(seethediscussionabovere-
gardingparsetrees).Let º be the transformationfrom treesof

î� to languagesof � that
lists lettersin infix (i.e., left-to-right) order: we call suchan º the erasingtransforma-
tion sinceit “forgets” all the structuralinformationcontainedin the parsetreeandonly
preservesthesuccessionof letters.Clearly, applicationof º to thecombinatorialspecifica-
tionsdeterminedby

î� yieldslanguagesthatobey thegrammar� . For agrammar� anda
word �dh =�� , thenumberof parsetrees��h î� suchthat ºÚX��8`GT!� is calledtheambiguity
coefficientof � with respectto thegrammar� ; thisquantityis denotedby �*��X��U` .

A grammar� is unambiguousif all thecorrespondingambiguitycoefficientsareei-
ther 0 or 1. This meansthat thereis a bijection betweenparsetreesof

î� andwordsof

11Someauthorshaveevendevelopedanotionof “objectgrammars”;seefor instance[32] itself inspiredby
techniquesof polyominosurgeryin [29].
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thelanguagedescribedby � : eachwordgeneratedis uniquely“parsable”accordingto the
grammar. FromProposition8.6,we have immediately:

PROPOSITION 8.7. Givena context-freegrammar� , theordinarygeneratingfunction
of the language � � X4Zp` , countingwords with multiplicity, is an algebraic function. In
particular, a context-free language that admitsan unambiguousgrammarspecification
hasan ordinarygenerating function �AX[Zw` that is an algebraic function.

This theoremoriginatesfrom earlyworksof Chomsky andScḧutzenberger[22] which
haveexerteda stronginfluenceon thephilosophyof thepresentbook.

For exampleconsidertheŁukasiewicz language� TÉX4n�£ � £ � £ � `|�¯Ç'^This canbe interpretedasthesetof functionaltermsbuilt from theternarysymbol n and
thenullarysymbol Ç :

� T °'Ç \Ún�Ç6Ç6Ç'\Únwn�Ç6Ç,Ç6Ç6Ç'\	n�Ç�n�Ç6Ç,Ç6Ç'\,^$^,^ ²� °'Ç \ÚnvX[Ç'\*Ç'\¦Ç,`�\	nvX4nvX Ç'\¦Ç'\*Ç6`�\*Ç'\¦Ç,`�\ÚnvX Ç'\fnvX[Ç \¦Ç'\*Ç6`�\*Ç6`�\$^,^,^ ² \
where� denotescombinatorialisomorphism.It is easilyseenthatthetermsarein bijective
correspondencewith their parsetrees,themselvesisomorphicto ternarytrees. Thusthe
grammaris unambiguous,sothattheOGFequationtranslatesdirectly from thegrammar,

(71) �UX4Zp`WT�Z(�AX[Zw` ¢  iZ�^
As anotherexample,werevisit Dyck pathsthataredefinableby thegrammar,

(72) � Tdc��gX n�£L�ª£'ÇG£L�Ý`v\
wheren denotesascentsand Ç denotesdescents.Eachwordin thelanguagemuststartwith
a letter n thathasa uniquematchingletter Ç andthusit is uniquelyparsableaccordingto
thegrammar(72). Sincethegrammaris unambiguous,theOGFreadsoff:� X4Zp`WT�ZU iZ R � X[Zw` R ^

EXERCISE 33. Investigatethe relationsbetweenparsetreesof Łukasiewicz
words(71)andof non-crossingtrees.

EXERCISE 34. Extendthediscussionto treeswherenodedegreesareconstrained
to be multiplesof some ÜØ��� . Relatecombinatoriallythis problemto Ü -ary
trees.

6.3. Simple families of tr ees.Meir andMoonin aclassicpaper[69] werethefirst to
discover thepossibilityof generalasymptoticresultsconcerningsimplefamiliesof trees.
Recall that a simplefamily of treesis definedasthe classof all rootedunlabelledplane
treessuchthattheoutdegreesof nodesareconstrainedto belongto afinite set

¯ h;� . The
degreepolynomialis ×ÙXI¦�`�àåT Â���&� Õ � � � \
whereÕ � is apositive“multiplicity coefficient” (in thecaseof puresets̄ , onehasÕ � T�c ;
thesituation Õ � h�� coverstreeswith Õ � allowedcoloursfor a nodeof degree À ). Then,
theOGFof all treesin thefamily satisfies\ÖX4Zp`�T�Zp×ÚX�\ãX4Zp`8`6^
This is simply a scalarsystemto which theprecedingtheoryapplies.
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Assume
¯

to be aperiodic,in the sensethat the commongcd of the elementsof
¯

equals1. Thenthepair X
¹u\8Ü]` (where¹ is theradiusof convergenceof \ãX4Zp` and ÜÝT.\ãX
¹�` )
is a solutionto Ü��¼¹p×ÙX
Ü]`�TM�]\ c��¼¹p× x X
Ü]`ÞTM�
implying the“characteristicequation”,

(73) ×ÙX4Ü]`P�¼Ü]× x X4Ü]`ÞT��]^
It canbeseenthatthereis auniquepositivesolutionto (73),which determines¹2T Ü×ÚX4Ü]` T c× x X4Ü]` ^
Then,onefindsin agreementwith Theorems8.12andand8.13,k Zw¿Yl�\ÖX4Zp` Ï�ù ¹�{ ¿¬ ¿ Ä ¢ \ ù TdX z�×ÙX
Ü]`f× x x X
Ü]`8` { Q Á R ^
The result extendsto finite weightedmultisetsof allowable nodedegrees(henceto the
nonplanarlabelledcase).Periodicitiesarealsoeasilyreducedto thegeneralcase.Seethe
lastchapterof this bookfor a summary.

EXERCISE 35. Examinetheenumerationof “semi-simple”familiesof treesthat
arebinary treesdefinedby the fact that edgeshave size betweentwo bounds� �¨Ü , binarynodeshave size0, andend-nodeshave sizebetweentwo bounds� � Q . Suchtreesarerelevant to the enumerationof secondarystructuresof
nucleicsequencesin biology [89].

EXERCISE 36. Examinethe enumerationof planetreesthat arecolouredin ¡
differentways,wherethecoloursat eachnodeareconstrainedto satisfya finite
setof compatibilityrules[100].

EXERCISE 37. A branchingprocessconditionedby fixing thesize B of its total
progeny leadsto a simplefamily of trees.

EXERCISE 38. Show that non-planetrees with node degreesrestrictedto
somefinite ¢ yield generatingfunctionsthat are never algebraicbut that the
type of the dominantsingularity is still a square-root.[SeePólya andOtter’s
works[75, 79].]

6.4. Walks and the kernel method. Startwith aset
¯

thatis afinite subsetof £ and
is called the setof jumps. A walk (relative to

¯
) is a sequence� T�X�� ¢ \�� Q \$^,^$^,\�� ¿ `

suchthat � ¢ T�� and � ê O Q �P� ê h ¯ , for all � , � Ñ¤�:� Ä . A nonnegativewalk satisfies� ê È � andan excursion is a nonnegative walk suchthat, additionally, � ¿ T¾� . The
quantity Ä is calledthe lengthof thewalk or theexcursion.For instance,Dyck pathsand
Motzkin pathsanalysedin Section3.5 areexcursionsthat correspondto

¯ T °w�ìc�\� Öc ²
and

¯ T °w�ìc�\¦��\* Öc ² respectively. (Walks andexcursionscanbe viewed asparticular
casesof pathsin agraphin thesenseof Section3.3,with thegraphtakento betheinfinite
set £¦¥ ¢ of integers.)

Weproposeto determine¡ ¿ , thenumberof excursionsof length Ä andtype
¯

, via the
correspondingOGF ¥ X4Zp`WT �Â¿J§ ¢ ¡ ¿ Z ¿ ^
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In fact,weshalldeterminethemoregeneralBGF¥ X[Z]\��v`ÞàáT Â ¿ ë � ¡ ¿ ë � � � Zw¿v\
where ¡ ¿ ë � is thenumberof walksof length Ä andfinal altitude � (i.e., thevalueof � ¿ in
thedefinitionof a walk is constrainedto equal � ). In particular, onehas ¥ X4Zp`WTa¥ X[Z]\¦�Y` .

We let �:Õ denotethe smallest(negative) valueof a jump, and t denotethe largest
(positive) jump. A fundamentalrôle is playedin this discussionby the “characteristic
polynomial” of thewalk, Ã�X×¦�`�àáT Â���&� ¦ � T ¨ÂS § {-© Ã S ¦ S
that is a Laurentpolynomial12. Observe that thebivariategeneratingfunctionof general-
izedwalkswhereintermediatevaluesareallowedto benegative,with Z markingthelength
and � markingthefinal altitude,is rational:

(74) � X4Z�\���`�T cc��ØZ(ª�X��v` ^
Returningto nonnegative walks, the main result to be proved below is the follow-

ing: For each finite set « h5£ , the generating function of excursions is an algebraic
functionthat is explicitly computablefrom « . Therearemany waysto view this result.
Theproblemis usuallytreatedwithin probabilitytheoryby meansof Wiener-Hopf factor-
izations[81]. In contrast,LabelleandYeh [61] show that an unambiguouscontext-free
specificationcanbe systematicallyconstructed,a fact that is sufficient to ensurethe al-
gebraicityof the GF ¬ X4Zp` . (Their approachis basedimplicitly on the constructionof a
finite pushdown automatonitself equivalent,by generalprinciples,to acontext-freegram-
mar.) TheLabelle-Yehconstructionreducestheproblemto a large,but somewhat“blind”,
combinatorialpreprocessing,and,for analystsit hasthe disadvantageof not extractinga
simpler(andnoncombinatorial)structureinherentin theproblem.Themethoddescribed
below is oftenknown asthe“kernel”method. It takesits inspirationfrom exercisesin the
1968editionof Knuth’s book [58] (Ex. 2.2.1.4and2.2.1.11)wherea new approachwas
proposedto the enumerationof CatalanandSchroederobjects. The techniquehassince
beenextendedandsystematizedby severalauthors;seefor instance[5, 6, 15, 33, 34].

Let ­ ¿ X���`gT�k Z ¿ lN¬ X4Z�\���` be the generatingfunction of walks of length Ä with �
recordingthefinal altitude.Thereisasimplerecurrencerelating ­ ¿ O Q X���` to ­ ¿ X���` , namely,

(75) ­ ¿ O Q X���`WT¤ª�X���`Ù£H­ ¿ X��v`Ù�¼Í ¿ X���`�\
where Í ¿ X���` is a Laurent polynomial consistingof the sum of all the monomialsofª�X��v`�­ ¿ X���` thatinvolvenegativepowers13 of � :

(76) Í ¿ X���`�àáT { QÂS § {®© � S X8k � S l{ª�X���`�­ ¿ X���`8`WT4¯L�±°³²{´{ª�X���`�­ ¿ X��v`6^
12If µ is aset,thenthecoefficientsof ¶ lie in ·¦³H¸�¹
º . Thetreatmentabove appliesin all generalityto cases

wherethe coefficientsarearbitrarypositive real numbers.This accountsfor probabilisticsituationsaswell as
multisetsof jumpvalues.

13The convenient notation ·�»�¼ î º denotesthe singular part of a Laurent expansion: ·�»�¼ î º*«w¶ ± ·1½ ¬­ ö ¼ îc¾À¿ » öSÁ «p¶Y»Y·�ÂgÃ�» ö .
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Theideabehindtheformulais to subtracttheeffectof thosestepsthatwould takethewalk
below thehorizontalaxis.For instance,onehasª�X���`WT ª { Q�  �ý�Xqc'` àjÍ ¿ X���`WT ª { Q� ­ ¿ X[�Y`ª�X���`WT ª { R� R   ª { Q�  �ý�Xqc'` àjÍ ¿ X���`WTÅÄ ª { R� R   ª { Q�ÇÆ ­ ¿ X4�w`	  ª { R� ­ x¿ X4�Y`
andgenerally:

(77) ípSYX��v`WT ca³È ¯H� °�² ´L� S ª�X���`�^
Thus,from (75)and(76)(multiply by Z ¿ O Q andsum),thegeneratingfunction ¬ X[Z]\��v`

satisfiesthefundamentalfunctionalequation

(78) ¬ X4Z�\���`PTdcÞ ¡Z^ª�X���`�¬ X[Z]\��v`	�¼Z*¯L�±°³²J´ÞX�ª�X��v`�¬ X4Z�\���`8`v^
Explicitly, onehas

(79) ¬ X[Z]\��v`PT�cÞ iZ^ª�X���`�¬ X[Z]\��v`Ú�ØZ ©f{ QÂS § ² í S X��v`¦É Ê SÊ�� S ¬ X4Z�\���`CÊ�Ë § ² \
for LaurentpolynomialsípSYX��v` thatdependon ª�X���` in aneffectiveway by (77).

The main equations(78) and(79) involve oneunknown bivariateGF, ¬ X4Z�\���` and Õ
univariateGF’s, the partial derivativesof ¬ specializedat �ÏT � . It is true, but not at
all obvious,that thesinglefunctionalequation(79) fully determinesthe ÕÞ �c unknowns.
Thebasictechniqueis known as“cancellingthekernel” andit relieson stronganalyticity
properties;seethebookby Fayolleet al. [34] for deepramifications.Theform of (79) to
beemployedfor this purposestartsby groupingononesidethetermsinvolving ¬ X4Z�\���` ,
(80) ¬ X[Z]\��v`,Xqcs�¼Z^ª�X��v`f`�T�c��ØZ ©f{ QÂS § ² ípSYX��v`��USwX4Zp`�\ �USwX4Zp`�àåTÇÉ Ê SÊ³� S ¬ X4Z�\���`CÊ)^
If theright sidewasnotpresent,thenthesolutionwouldreduceto (74). In thecaseathand,
from the combinatorialorigin of the problemand implied bounds,the quantity ¬ X[Z]\��v`
is bivariateanalyticat X4Z�\���`ÝT X[��\f�w` (by elementaryexponentialmajorizationson the
coefficients).Themainprincipleof thekernelmethodconsistsin couplingthevaluesof Z
and � in sucha way that cA��Z(ª�X��v`UTª� , so that ¬ X4Z�\���` disappearsfrom thepicture. A
conditionis thatboth Z and � shouldremainsmall (sothat ¬ remainsanalytic).Relations
betweenthe partial derivativesare thenobtainedfrom sucha specializations,X4Z�\���` >ÌX4Z�\���X4Zp`8` , which happento bejust in theright quantity.

Consequently, we considerthe“kernelequation”,

(81) c��ØZ(ª�X��v`PT���\
which is rewrittenas � © TMZD£wX�� © ª:X���`8`�^
Under this form, it is clear that the kernel equation(81) defines Õì dt branchesof an
algebraicfunction.A localanalysis(Newton’spolygonmethod)showsthat,amongsttheseÕw  t branches,thereare Õ branchesthattendto 0 as Z Ì � while theother t tendto infinity
as Z Ì � . Let � ² X[Zw`6\,^,^$^6\�� ©f{ Q X4Zp` be the Õ branchesthat tendto 0, thatwe call “small”
branches.In addition,wesingleout � ² X4Zp` , the“principal” solution,by therealitycondition� ² X[Zw`cÍ ù Z Q�Î © \ ù àåTÉX9ª © ` Q�Î © h;Ï ¥ ² X[Z Ì � O `6^
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By local uniformization(57), theconjugatebranchesaregivenlocally by�³Ð$X4Zp`WT!� ² X eR ê ÐCÑ Zp` X[Z Ì � O `6^
Coupling Z and � by � T.�³Ð$X[Zw` producesinterestingspecializationsof Equation(80).

In thatcase,X4Z�\���` is closeto X4��\¦�Y` where ¬ is bivariateanalyticsothatthesubstitutionis
admissible.By substitution,we get

(82) c��ØZ ©f{ QÂS § ² ípSYX��*Ð'X4Zp`8`ÒÉ Ê SÊ�� S ¬ X[Z]\��v`ÓÊ^Ë § ² \ ÔAT���^$^fÕ��Ôc�^
This is now a linear systemof Õ equationin Õ unknowns (the partial derivatives) with
algebraiccoefficientsthat,in principle,determines¬ X4Z�\f�w` .

A convenientapproachto thesolutionof (82) is dueto Mireille Bousquet-Ḿelou.The
argumentgoesasfollows. Thequantity

(83) ÕÛX��v`�àáT.� © �ØZ&� © ©f{ QÂS § ² í S X���` Ê SÊ�� S ¬ X[Z]\¦�Y`
canberegardedasa polynomialin � . It is monicwhile it vanishesby constructionat the Õ
smallbranches� ² \$^,^,^$\�� ©f{ Q . Consequently, onehasthefactorization,

(84) ÕÛX���`WT ©f{ QÖÐ § ² X��Ý�p� Ð X[Zw`f`�^
Now, theconstanttermof ÕÛX���` is otherwiseknown to equal �:Z(ª {-© ¬ X4Z�\f�Y` , by thedef-
inition (83) of ÕÛX���` andby Equation(77) specializedto í ² X��v` . Thus, the comparison
of constanttermsbetween(83) and(84) providesuswith anexplicit form of theOGFof
excursions: ¬ X4Z�\f�Y`PT Xq�ìc'`�©f{ Qª {-© Z ©f{ QÖÐ § ² � Ð X4Zp`�^
Onecanthenfinally returnto theoriginal functionalequationandpull theBGF ¬ X[Z]\��v` .
We canthusstate:

PROPOSITION 8.8 (Kernelmethodfor walks). Let « be a finite stepof jumpsand
let ª�X��v` be the characteristicpolynomialof « . In termsof the Õ small branchesof the
“k ernel” equation, c��ØZ(ª�X��v`PT���\
denotedby � ² X[Zw`6\,^$^,^,\�� ©f{ Q X4Zp` , thegenerating functionof excursionsis expressibleas¬ X4Zp`WT X8�ìc"` ©f{ QZ(ª {®© ©f{ QÖÐ § ² � Ð X4Zp` where ª {-© Tdk �	{®©8lNª�X��v`
is themultiplicity (or weight)of thesmallestelement�:ÕAhj« .

More generally the bivariate generating function of nonnegativewalks is bivariate
algebraic andgivenby¬ X4Z�\���`PT c� © �ØZ:X�� © ª�X���`8` ©f{ QÖÐ § ² X��Ò�p�*Ð$X[Zw`f`v^
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We givenext a few examplesillustratingthis kerneltechnique.

Treesand Łukasiewicz codes.A particularclassof walks is of specialinterest;it corre-
spondsto caseswhere ÕDTÛc , that is, thelargestjump in thenegativedirectionhasampli-
tude1. Consequently, «- �c)T ¯'��\*Ó Q \¦Ó R \$^,^,^,\¦Ó ¨ ´ . In thatsituation,combinatorialtheory
teachesus theexistenceof fundamentalisomorphismsbetweenwalksdefinedby steps«
andtreeswhosedegreesareconstrainedto lie in cs ×« . Thecorrespondenceis by way of
Łukasiewicz codes14 (‘also known as‘Polish” prefix codes,“Polish” prefix notation),and
from it weexpectto find treeGF’s in suchcases.

As regardsgeneratingfunctions,therenow existsonly onesmallbranch,namelythe
solution � ² X4Zp` to � ² X4Zp`GTøZp×ÚX�� ² X4Zp`8` (where ×ÙX���`sT!�®ª�X��v` ) thatis analyticat theorigin.
Onethenhas¬ X4Zp`WT.¬ X[Z]\¦�Y`WT QÌ � ² X[Zw` , sothatthewalk GF is determinedby¬ X4Z�\f�w`PT cZ � ² X4Zp`�\2� ² X4Zp`WTMZp×ÙX�� ² X[Zw`f`�\ ×ÙX���`�àåT!�®ª�X���`�^
This form is consistentwith what is alreadyknown regardingthe enumerationof simple
familiesof trees.In addition,onefinds¬ X[Z]\��v`PT c��$�Ú{ Q � ² X4Zp`c��¼Z^ª�X���` T �Ý�$� ² X[Zw`�Ò�ØZp×ÚX��v` ^

Classicalspecializationsarerederivedin this way:

— the Catalanwalk (Dyck path),definedby «ªTØ¯Y�ìcY\* Öc&´ and ×ÚX��v`ìT c: Ù� R ,
has � ² X[Zw`WT czmZ » c��ÙÚ c��pÛYZ R ½"Ü

— theMotzkin walk, definedby «ÔT4¯Y�ìcY\f�]\* ÖcJ´ and ×ÙX��v`GTdcÞ P�� P� R has� ² X[Zw`PT czmZ »�c��ØZì�ÙÚ c��-zmZD����Z R ½ Ü
— the modifiedCatalanwalk, definedby « TÝ¯w�ìc�\¦��\f�ì �cJ´ (with two stepsof

type � ) and ×ÚX��v`ÞTdcÞ �z{�Ö f� R , has� ² X4Zp`WT czmZ � c��Øz�ZD�PÞ c��pÛYZw� Ü
— the t -ary treewalk (theexcursionsencodet -ary trees)definedby «�T4¯Y�ìc�\¦t��cJ´ , has� ² X4Zp` thatis definedimplicitly by� ² X[Zw`WT�Z�X8cG P� ² X[Zw` ¨ `6^

Examplesof the generalcase.Take now «�TW¯w�Az�\$�ìc�\,cY\¦z�´ sothatª�X���`WT.� { R  f� { Q  f�2 P� R ^
Then, � ² X[Zw`6\�� Q X4Zp` arethetwo branchesthatvanishas Z Ì � of thecurveß R TMZ�X8cÞ  ß   ß ¢   ß � `�^
Thelinearsystemthatdetermines¬ X[Z]\¦�Y` and ¬ìx[X[Z]\¦�Y` is���� ��� c�� Ä Z� ² X4Zp` R   Z� ² X4Zp`{Æ ¬ X[Z]\¦�Y`Ù� Z� ² X4Zp` ¬ x X4Z�\f�w` T �c�� Ä Z� Q X4Zp` R   Z� Q X4Zp`{Æ ¬ X[Z]\¦�Y`Ù� Z� Q X4Zp` ¬ x X4Z�\f�w` T �

14Suchacode[66] is obtainedby apreordertraversalof thetree,recordinga jumpof à-á"¹ whenanodeof
outdegree à is encountered.Thesequenceof jumpsgivesriseto anexcursionfollowedby anextra ác¹ jump.
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(derivativesaretakenwith respectto thesecondargument)andonefinds¬ X[Z]\¦�Y`PTd� cZ � ² X4Zp`Ó� Q X4Zp`�\ ¬ x X4Z�\f�Y`PT cZ X�� ² X4Zp`� P� Q X[Zw`� f� ² X4Zp`Ó� Q X[Zw`f`�^
Thisgivesthenumberof walks,throughacombinationof seriesexpansions,¬ X4Zp`WT�cÞ ¡z�Z R  �zmZw¢G �cYc$Z �  �z{ÛwZXâW ×ã&�YZXäW �zXåmz�ZXæP ×ã(åpc"ZXçW ×��cHãJÛYZ(èP �£$£,£�^
A singlealgebraicequationfor ¬ X4Zp`AT ¬ X4Z�\f�Y` is thenobtainedby elimination(e.g., via
Groebnerbases)from thesystem:����� ���� � R² �ØZuXqcG P� ²  f� ¢²  f� �² ` T �� R Q �ØZuXqcG P� Q  f� ¢ Q  f� � Q ` T �ZX¬� P� ² � Q T �
Eliminationshows that ¬ X4Zp` is a root of theequationZ � ß � �ØZ R Xqc� �zmZp` ß ¢  iZuX[z: ×��Zp` ß R ��XqcÞ �zmZp` ß  McATM�]^

For walks correspondingto « T ¯Y�Az�\,�ìcY\f��\$c�\*z^´ , we find similarly ¬ X[Zw`ÛT� QÌ � ² X4Zp`Ó� Q X4Zp`�\ where� ² \�� Q arethesmallbranchesof ß R TMZuXqc�  ß   ß R   ß ¢   ß � ` , the
expansionstartsas¬ X4Zp`WTÏcÞ ¡ZU ×��Z R  ×ã�Zw¢G ×�YzmZ �  �c'zm�YZXâP PÛ�å{�YZXäW McLãYzXémZ(æ� ×ê��X�JÛwZXçP �£$£,£�\
and ¬ X4Zp` is a rootof theequationZ � ß � �¼Z R X8cÞ iZp` ß ¢G ¡Z�X zs ¡Zp` ß R �ÔX8c� ¡Zw` ß  �cUT���^

6.5. Maps and the quadratic method. A (planar)mapis a connectedplanargraph
togetherwith an embeddinginto the plane. In all, generality, loopsandmultiple edges
areallowed. A planarmapthereforeseparatesthe planeinto regionscalled faces(Fig-
ure17). Themapsconsideredherearein additionrooted,meaningthata face,anincident
edge,andan incidentvertex aredistinguished.In this section,only rootedmapsarecon-
sidered15. Whenrepresentingrootedmaps,we shall agreeto draw the root edgewith an
arrow pointingaway from theroot node,andto take theroot faceasthat facelying to the
left of thedirectededge(representedin grey on Figure17).

Tuttelaunchedin the1960’salargecensusof planarmaps,with theintentionof attack-
ing thefour-colourproblemby enumerative techniques16; see[16, 93, 94, 95, 96]. There
exists in factanentirezooof mapsdefinedby variousdegreeor connectivity constraints.
In this chapter, we shall limit ourselvesto conveying a flavour of this vasttheory, with the
goalof showing how algebraicfunctionsarise.Thepresentationtakesits inspirationfrom
thebookof GouldenandJackson[48, Sec.2.9]

Let ë be the classof all mapswheresize is taken to be the numberof edges.LetÕÛX4Z�\���` be the BGF of mapswith � markingthe numberof edgeson the outsideface.
Thebasicsurgeryperformedonmapsdistinguishestwo casesbaseduponthenatureof the

15Nothing is lost regardingasymptoticpropertiesof randomstructureswhena rooting is imposed. The
reasonis thata maphas,with probabilityexponentiallycloseto 1, a trivial automorphismgroup;consequently,
almostall mapsof ì edgescanberootedin íSì ways(by choosinganedge,andanorientationof thisedge),and
thereis analmostuniform íSì -to-1 correspondencebetweenunrootedmapsandrootedones.

16Thefour-colourtheoremto theeffect thatevery planargraphcanbecolouredusingonly four colourswas
eventuallyprovedby AppelandHakenin 1976,usingstructuralgraphtheorymethodssupplementedby extensive
computersearch.
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FIGURE 17. A planarmap.

root edge.A rootedmapwill bedeclaredto be isthmic if the root edgeÍ of map î is an
“isthmus” whosedeletionwoulddisconnectthegraph.Clearly, onehas,

(85) ë T! � ×ë ~ ê �  fë ~ ¿ � \
where ë ~ ê � (resp. ë ~ ¿ � ) representtheclassof isthmic(resp.non-isthmic)mapsand‘  ’
is thegraphconsistingof a singlevertex andno edge.Thereareaccordinglytwo waysto
build mapsfrom smalleronesby addinga new edge.X��q` The classof all isthmic mapsis constructedby taking two arbitrary mapsand
joining themtogetherby a new rootedge,asshown below:

Theeffect is to increasethenumberof edgesby 1 (thenew root edge)andhave the root
facedegreebecome2 (the two sidesof the new root edge)plus the sumof the root face
degreesof thecomponentmaps.Theconstructionis clearlyrevertible.In otherwords,the
BGFof ë ~ ê � is

(86) Õ ~ ê � X4Z�\���`PTMZX� R ÕÛX4Z�\���` R ^X��C�q` The classof non-isthmicmapsis obtainedby taking an alreadyexisting map
andaddingan edgethat preserves its root nodeand “cuts across”its root facein some
unambiguousfashion(so that the constructionshouldbe revertible). This operationwill
thereforeresult in a new mapwith an essentiallysmallerroot-facedegree. For instance,
thereare5 waysto cutacrossa root faceof degree4, namely,

ï^ï^ï^ï^ï^ïï^ï^ï^ï^ï^ïï^ï^ï^ï^ï^ïï^ï^ï^ï^ï^ïï^ï^ï^ï^ï^ïï^ï^ï^ï^ï^ïï^ï^ï^ï^ï^ïð^ð^ð^ð^ð^ðð^ð^ð^ð^ð^ðð^ð^ð^ð^ð^ðð^ð^ð^ð^ð^ðð^ð^ð^ð^ð^ðð^ð^ð^ð^ð^ðð^ð^ð^ð^ð^ð ñ^ñ^ñ^ñ^ñ^ññ^ñ^ñ^ñ^ñ^ññ^ñ^ñ^ñ^ñ^ññ^ñ^ñ^ñ^ñ^ññ^ñ^ñ^ñ^ñ^ññ^ñ^ñ^ñ^ñ^ñ
ò^ò^ò^ò^ò^òò^ò^ò^ò^ò^òò^ò^ò^ò^ò^òò^ò^ò^ò^ò^òò^ò^ò^ò^ò^òò^ò^ò^ò^ò^ò ó^ó^ó^ó^ó^ó^óó^ó^ó^ó^ó^ó^óó^ó^ó^ó^ó^ó^óó^ó^ó^ó^ó^ó^óó^ó^ó^ó^ó^ó^óó^ó^ó^ó^ó^ó^ó

ô^ô^ô^ô^ô^ôô^ô^ô^ô^ô^ôô^ô^ô^ô^ô^ôô^ô^ô^ô^ô^ôô^ô^ô^ô^ô^ôô^ô^ô^ô^ô^ô õ^õ^õ^õ^õ^õõ^õ^õ^õ^õ^õõ^õ^õ^õ^õ^õõ^õ^õ^õ^õ^õõ^õ^õ^õ^õ^õõ^õ^õ^õ^õ^õ
ö^ö^ö^ö^ö^öö^ö^ö^ö^ö^öö^ö^ö^ö^ö^öö^ö^ö^ö^ö^öö^ö^ö^ö^ö^öö^ö^ö^ö^ö^ö ÷^÷÷^÷÷^÷÷^÷÷^÷÷^÷ø^øø^øø^øø^øø^øø^ø ù^ù^ùù^ù^ùù^ù^ùú^ú^úú^ú^úú^ú^ú
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Thiscorrespondsto thelineartransformation� � >Ì ZX�-â   ZX� �   ZX�u¢   ZX� R   ZX� Q ^
In generaltheeffectonamapwith root faceof degree� is describedby thetransformation� � >Ì Z�X8c:�P� � O Q `
û�X8cA���v` ; equivalently, eachmonomial üvX��v`�Tý� � is transformedinto��XNü�Xqc"`��1�³ü�X���`8`�û�XqcW�;��` . Thus,theOGFof ë ~ ¿ � involvesadiscretedifferenceoperator:

(87) Õ ~ ¿ � X4Z�\���`�T�ZX� ÕÛX[Z]\$c"`	�$�®ÕÛX4Z�\���`c��p� ^
Collectingthecontributionsfrom (86)and(87) in (85) thenyieldsthebasicfunctional

equation,

(88) ÕÛX4Z�\���`PTÏcÞ f� R Z(ÕÛX[Z]\��v` R  P�vZ ÕÛX[Z]\$c"`	�$�®ÕÛX4Z�\���`cs�-Z ^
The functional equation(88) binds two unknown functions, ÕÛX4Z�\���` and ÕÛX4Z�\,c"` .

Much like in thecaseof walks,it would seemto beunderdetermined.Now, a methoddue
to Tutteandknown asthequadraticmethodprovidessolutions. Following Tutteandthe
accountin [48, p. 138],we considermomentarilythemoregeneralequation

(89) X�ü Q ¬ X[Z]\��v`� Pü R ` R T?ü ¢ \
whereü'SUT.�USpX4Z�\��Ù\¦ºÚX4Zp`8` andthe �US areexplicit functions—heretheunknown functions
are ¬ X4Z�\���` and ºÚX4Zp` (cf. ÕÛX[Z]\��v` and ÕÛX4Z�\,c'` in (88)). Bind � and Z in sucha way that
theleft sideof (89) vanishes,thatis, substitute��T8��X4Zp` (a yet unknown function)sothatü Q ¬Ï @ü R Tð� . Sincethe left-handsideof (89) now hasa doubleroot in � , somustthe
right-handside,which implies

(90) ü ¢ TM�]\ Ê³ü ¢Ê��×þþþþ Ë § Ë ~ Ì*� ^The original equationhasbecomea systemof two equationsin two unknowns that de-
terminesimplicitly ºÚX4Zp` and �ÙX[Zw` . Fromthere,eliminationprovidesindividual equations
for �ÙX[Zw` andfor º	X[Zw` . (If needed,¬ X[Z]\��v` canthenbe recoveredby solving a quadratic
equation.)It will be recognizedthat, if thequantitiesÿ Q \�ü R \�ü ¢ arepolynomials,thenthe
processinvariablyyieldssolutionsthatarealgebraicfunctions.

Wenow carryout thisprogrammein thecaseof mapsandEquation(88). First, isolateÕÛX4Z�\���` by completingthesquare,giving

(91) Ä*ÕÛX[Z]\��v`Ú� cz c��p�2 f� R Z� R Z�X8cs�$��` Æ R T � X4Z�\���`�  ÕÛX[Z]\$c"`��Xqc��p��` \
where

� X4Z�\���`PT Z R � � �Øz�Z&� R X��Ò��c'`6X z{�Ò�Ôc"`� �Xqc��p� R `ÛX� � Z R Xqc��p�v` R ^
Next, theconditionexpressingtheexistenceof a doubleroot is

� X[Z]\��v`�  c�ÙX8c��$��` ÕÛX[Z]\$c"`PT��]\ � xË X4Z�\���`v  z{� �Ôc� R Xqc��p��` R ÕÛX[Z]\$c"`PT���^
It is now easyto eliminateÕÛX4Z�\,c'` , sincethedependency in Õ is linear, andastraightfor-
wardcalculationshows that �¯T.��X4Zp` shouldsatisfy� � R ZA �X��Ý�Ôc"` � � � R ZU MX��Ò�Ôc"`6X z{�Ò���Y` � T��]^
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Thefirstparametrizationwouldleadto ÕÛX4Z�\,c"`PT�cnûmZ whichis notadmissible.Thus,�ÙX[Zw`
is to be takenastheroot of thesecondfactor, with ÕÛX4Z�\,c"` beingdefinedparametrically
by ZãT Xqc��p�v`,X[z{�Ý�p�w`� R \ ÕÛX4Z�\,c'`�T���� �J� �pÛX[z{� ���Y` R ^
Thechangeof parameter��TÏc��Ôcnû{� reducesthis furtherto the“Lagrangeanform”,

(92) ZÖT �c��p�&� \ ÕÛX4Z�\,c'`PT c��pÛ&�X8c��p�&�U` R ^
To this theLagrangeinversiontheoremcanbeapplied.Thenumberof mapswith Ä edges,Õ ¿ Tdk Z ¿ l�ÕÛX4Z�\,c'` is thendeterminedasÕ ¿ T�z X[z Ä `qÈ � ¿Ä ÈyX Ä  ¡zY`qÈ \
andoneobtainsSequenceA000168of theEIS:ÕÛX4Z�\,c'`PTÏcÞ �zmZA @ã�Z R  ×éJÛYZ ¢  ×�(åJê�Z �  Ôz&ã�c��YZ â  �z{ÛY�(éXåmZ ä  ¡z��&êJÛ(ãJÛwZ æ  �£$£,£�^
We referto [48, Sec.2.9] for detailedcalculations(thatarenowadaysroutinelyperformed
with assistanceof acomputeralgebrasystem).Currently, thereexist many applicationsof
themethodto mapssatisfyingall sortsof combinatorialconstraints(e.g., multiconnectiv-
ity); see[83] for a recentpanorama.

The derivationabove haspurposelystresseda parametrizedapproachasthis consti-
tutesa widely applicableapproachin many situations.In a simplecaselike this, we may
alsoeliminate� andsolveexplicitly for ÕÛX4Z�\,c"` , to wit,ÕÛX4Zp`��!ÕÛX[Z]\$c"`PTd� céJÛGZ R »Yc��ÔcLêYZD�ÔX8c���c'zmZp`q¢ Î R ½ã^
It is interestingto notethat thesingularexponenthereis ¢R , a fact furtherreflectedby the
somewhatatypicalfactorof Ä { â Î R in theasymptoticform of coefficients:Õ ¿ Í zÞ � Ä â c"z�¿ X Ä Ì�� `6^
Accordingly, randomnesspropertiesof mapsareappreciablydifferent from what is ob-
servedin treesandmany commonlyencounteredcontext-freeobjects.

7. Notes

A very detaileddiscussionof rationalfunctionsin combinatorialanalysisis given in
Stanley’sbook[87] thatfocussesonalgebraicaspects.Themaincharacterizationsandclo-
surepropertiesaredevelopedthereonafirm algebraicbasis.ThePerron-Frobeniustheory
is coveredextensively in Gantmacher’s referencebook on matrix theory[45, Ch. 13] as
well asin mostcourseson stochasticprocessesbecauseof its relevanceto finite Markov
chains;seefor instancethe excellentappendixof Karlin andTaylor’s course[54]. The
connectionsbetweenrationalseriesandformal languagesform thesubjectof thebookby
BerstelandReutenauer[12] thatalsodiscussesrationalseriesin noncommutativeindeter-
minates.Connectionsbetweengraphs,matrices,andrationalfunctionsappearin reference
booksin algebraiccombinatorics,like thoseby Biggs[14] or Godsil[46].

The intimate relationsbetweenfinite automata,regular expressions,and languages
belongto the protohistoryof computersciencein the 1950’s. The connectionwith gen-
eratingfunctionsevolved largely from joint research[22] of the mathematicianMarco
Scḧutzenberger and the linguist Noam Chomsky in the secondhalf of the 1950’s. The
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methodof transfermatricesis closelyrelatedto finite automataandit belongsto thefolk-
lore of statisticalphysics;seeTemperley’smonograph[91].

Latticepathsarefundamentalobjectsof combinatoricsandseveralbookshave been
devotedalreadyto theirenumerativeaspects;see[71] for atreatmentthatoffersinsightson
motivationscomingfrom neighbouringareasof classicalstatisticsandprobability theory.
Historically, the connectionbetweenlattice pathsand continuedfractionshassurfaced
independentlyin worksof Touchard(topologicalconfigurations[92]), I.J. Good(random
walks[47]), Lenard(one-dimensionalstatisticalmechanics[65]), Szekeres(combinatorics
of someof Ramanujan’s identities),Flajolet (historiesanddynamicdatastructures[35,
36]), Jackson(combinatoricsof Ising models[53]), andRead(chorddiagrams[80]). The
basicresultsarestill rediscoveredandpublishedperiodically. Generalsynthesesappear
in [35, 37, 48] andthe relation to orthogonalpolynomialsis well developedin Godsil’s
book [46]. The presentationgivenherebasesitself on reference[37], a studymotivated
morespecificallyby theformal theoryof birth-and-deathprocesses.

Algebraic functionsare the moderncounterpartof the study of curvesby classical
Greekmathematicians.They areeitherapproachedby algebraicmethods(this is thecore
of algebraicgeometry)or by transcendentalmethods. For our purposes,however, only
rudimentsof the theoryof curvesareneeded.For this, thereexist several excellent in-
troductorybooks,of which we recommendthe onesby Abhyankar[1], Fulton [44], and
Kirwan [56]. On the algebraicside,we have striven to provide an introductionto alge-
braic functionsthat requiresminimal apparatus.At thesametime theemphasishasbeen
put somewhat on algorithmicaspects,sincemostalgebraicmodelsarenowadayslikely
to be treatedwith the help of computeralgebra.As regardssymboliccomputationalas-
pects,werecommendthetreatiseby vonzurGathenandJürgen[98] for background,while
polynomialsystemsareexcellentlyreviewedin thebookby Cox,Little, andO’Shea[27].

In the combinatorialdomain,algebraicfunctionshave beenusedearly: in Eulerand
Segner’senumerationof triangulations(1753)aswell asin Schr̈oder’s famous“vier com-
binatorische Probleme” describedin [88, p. 177]. A major advancewas the realization
by Chomsky andScḧutzenberger that algebraicfunctionsare the “exact” counterpartof
context-freegrammarsandlanguages(seeagainthehistoricpaper[22]). A masterfulsum-
maryof theearlytheoryappearsin theproceedingseditedby Berstel[10] while a modern
and preciseexposition forms the subjectof Chapter6 of Stanley’s book [88]. On the
analytic-asymptoticside,many researchershave long beenawareof thepowerof Puiseux
expansionsin conjunctionwith someversionof singularityanalysis(often in theform of
theDarboux–Ṕolya method:see[79] basedon Pólya’s classicpaper[78] of 1937). How-
ever, thereappearedto bedifficultiesin copingwith thefully generalproblemof algebraic
coefficient asymptotics[18, 70]. We believe that Section5.1 sketchesthe first complete
theory. In thecaseof positive systems,the“Drmota-Lalley-Woods”theoremis thekey to
mostproblemsencounteredin practice—itsimportanceshouldbeclearfrom thedevelop-
mentsof Section5.2.
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[79] PÓLYA , G., AND READ, R. C. CombinatorialEnumerationof Groups,GraphsandChemicalCompounds.

SpringerVerlag,New York, 1987.
[80] READ, R. C. The chord intersectionproblem.Annalsof the New York Academyof Sciences319 (May

1979),444–454.
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