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Program Calculi W

Hoare Calculus: {x = a}x=x*x{x = a°}
Pair of state conditions “glued together” by a logical constant a.

Reasoning based on Hoare triples that mix program and logic.

Dynamic Logic: Va:x = a = [x=x*x]x = a°

Two state conditions separated by a modality [x=x*x].

Reasoning based on modal formulas that mix program and logic.

Relational Calculus: x=x*x: x' = x2

Single state relation x' = x2.
Captures the (denotational) semantics of the command.
Reasoning based on classical logic.

The command is translated into a classical logical formula.
All further reasoning about the command is based on the formula.

Our approach is to use the relational calculus to give programmers insight.
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Example 3

if (n < 0)
s = -1; F1
else {
var i;
s = 0; F>
1=1 3k Fe
while (i <= n) { F F.
s = s+i; Fa E F v
i = i+1; Fs b w
}F,T
}
F:=1 <=vari <= var n+1 and var s = “,.’:'1"*1]'
T:=varn—vari+1
F. & [ifoldn<0thenvars= —1elsevars= }t‘l"j]{s}

Translation into a formula that captures the program’s semantic essence.
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7\
The Core Calculus v

A language of commands C and specification formulas F.

Command Semantics [ C] C State x State
A command denotes denotes a set of possible state transitions.
Formula Semantics [ F ]| C State x State
A formula describes a set of possible state transitions.
Judgment C: F
All state transitions performed by C are allowed by F.
Soundness: Vs, s’ € State : [ C](s,s’) = [F](s,s’)
Calculus derives sound judgments of form C : [F]{f-/n}
Given command C, formula [F]t/} is determined.
[FlUaotnd o FAVIE {I,... In} :var [ =old |
{h,..., I} ...the command’s frame
The set of variables that may be modified.

For the moment, we defer the question of termination.
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Specification and Refinement W

Command C : F meets specification S = Pre = Post.

old n -

S=oldn>0=vars= 37"
Prove validity of F = S.

Command C’: F’ refines command C : F.
Prove validity of F/ = F.

Plain logical implication captures these notions.
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The Core Calculus (Part 1)

C: [Fl],'
(weaken) =i, F1 = P2
C: [Fz] s

|

C: [F]"
C:[Fandvar I =old / ]=U{’}

(frame)

E~T
I=E :[var I =T

(assign)

C:[F]*
(var) Io, I, do not occur as terms in F

{var I;C} : [ exists Io, I, F[lo/old I, 1, /var I] ]"\7}

Ci: [Fl]{h,-»-,ln}
C2 . [F2]{I1 ..... In}

(seq) J1,...,Jn do not occur as terms in F

C1;G [EXiStS Ji,.. . dn: F1[J1/var Ih,.
F2[J1/O|C| Il,.
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The Core Calculus (Part 2) '% {.

E~F
. C1 : [F1],s
(if) G [Fz]’s
if (E) Cy else Gy : [if F then Fy else Fp |*

E ~ FE
C: [F(.‘]Il ..... In
Invariant(F, Fg, Fc){’1 """ In}
(while) Ji,...,Jn do not occur as terms in F, Fg, F¢

while (E) CFT:
[ 'Fglvar I /old I,...,var I,/old I,] and
(Flold Iy/var I,...,old I,/var I,] => F) ]/t:lm

Invariant(F, Fg, Fc){h}t =
)
forall Jy,..., Jp:
(F[A/var Iy,. .., Jo/var I,] and
FE[J1/0|d Il, - ,J,,/O'd I,,] and Fc[J1/0|d Il, e ,J,,/O'd I,,]) => F
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Assignments : *
W
if (n < 0)
s = -1; F1
else {
var i;
s = 03 F:
i=1; Fz Fe Fe
while (i <= n) { F. Fe
s = s+i; F4}F E v
i= i+l; Fsf b("™
}F,T
}
Fi & [vars = —1]is}
F, < [vars=0]{s}
F3 < [vari=1]t}
Fy < [vars =old s+ old i]{s}
Fs < [vari=old i+ 1]{7}
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Sequences .% {.

s = 0; F>
i=1; F3 Fs
while (i <= n) {
s = s+i; Fa E
i = i+1; Fs b
}F,T
F, < [vars=0andvari=old i]{s,i}
F3 < |[vari=1andvars=old 5]{5,"}
Fs = [eXiStS Vs, Vil Vg = 0 and Vi = oldiand vari = 1 and var s = VS]{S’i}
== [var i =1andvars = 0]{5»"}
F, < [vars =old s+ old i and var i = old i]{s
Fs < [vari=oldi+1andvars=old s]{s?}
Fp, < [exists vs,v;: vs = old s+old i and v; = old i

and var i = v; + 1 and var s = v¢]{s7}
& [vari=oldi 41 andvars = old s +old i]{s
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Loops : *
W
while (i <= n) {
s = s+i; Fa
i= i+l Fs}F" Fu
}F,T

F:=1 <=vari <=var nt+l and var s = Z}':l"_lj
F. & [l(var i <=var n) and
(1 <=oldi<=old ntlandolds = > 24" 1)) =>

(1 <=vari<=var nt+landvars = Z}""' =iyt
< [(old n < var i) and

(1 <=oldi<=old n+landolds = 37" j) =>
(1 <=vari<=old ntlandvars= >’ )
< [(old n < var i) and
(1 <=oldi<=old n+landolds = 21 7*j) =>

(var i = old n+1 and var s = Z}’fl"j))]{s i}
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Correctness of Loop Invariant W
[
while (i <= n) {
s = s+i; F.
1= i+l F:}F" Fu
}F,T

F:& 1 <=vari <=var n+1 and var s = Z}’:’l"_l j

Eisit

forall vs, v;:

1 <=vi <=varn+land v, = Z,Y';lj and
vi<=varnandvari=v; +1landvars =vs+vi =>
1 <=vari<=var fH—l and var s = }/:‘1:—1 .
A proof obligation is generated as a side effect of the translation.
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Local Variables .E {.

s = 0; F>

i=1; F3 Fs

while (i <= n) { £ (Fe
s = s+i; F4}F E v
i= i+l Fsf B(™™

}F,T

F, & [exists vs,vi: vs =0and v; =1 and
old n < var i and
(1<=vi<=oldn+tland v, = 30 1j=>
var i = old n+1 and var s = ij 1))
< [old n < var i and
(0 <=old n => var i =old n+1 and var s = °'d " )i
F. < [exists v;:old n < v; and
(0 <=old n => v; = old n+1 and var s = Z°'d " )i
& [0<=oldn=>vars= E°'d" 1t}
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Conditionals .E {‘

if (n < 0)
s = -1; F1
else {
var i;
s = 0; F>
i=1 Ry he Fe
while (i <= n) { £ ( Fe
s = s+i; Fa v
i=i+1; Fs}F" Fu
}F,T
¥

F. < [if old n <0 thenvars= -1
else 0 <=old n =>vars = Z°'d n ]{s}
[ old n
< [if old n < 0 thenvar s = —1elsevar s = > 7% e

We have computed the semantic essence of the program.
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Pre- and Post-Conditions

Judgments pre(C, Q) = P and post(C,P) = Q
If P holds in the prestate of C, then @ holds afterward.

Soundness Vs,s’ € State : [P](s) N[ C](s,s") = [ Q](s)

C: [F]{’l ..... In}
var _ does not occur in Q
J1,...,Jn do not occur as terms in F, Q
re
(Pre) —ore(c, @) =
forall Ji,...,Jdn: F[Ji/var ..., Jdn/var Iy] =>
Q[J1/0ld I1,...,dn/old In]

C: [F]{’l ..... In}
var _ does not occur in P
(post) J1,...,Jn do not occur as terms in F, P
post(C, P) =
exists Ji,...,Jn: P[J1/old I1,...,Jn/old In] and
F[Ji/old I1,...,dn/old I5,0ld Iy /var I1,...,0ld In/var I5]

Pre- and postconditions can be calculated from the derivations.
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Example 3 *

x=x+1 : [var x = old x + 1]}
C

pre(C, Q) = forall vy: vy = old x + 1 =>Q[vy/0ld x]
= Q[old x + 1/old x]

post(C,P) = exists vx: P[vyx/old x] and old x = v, + 1

A translation of state relations to state conditions.
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Termination %

Termination Semantics {C) C State

A set of prestates on which the execution of C terminates.
Consistency constraint

Vs € State : (C)(s) = 3s’ € State: [ C](s,s’)
Formula Semantics [ F ] C State
A description of a set of prestates on which termination is required.
[FI(s) = [FI(s,s)
Judgment C | F

Command C terminates in every state allowed by F.
Soundness: Vs, s" € State : [ F](s) = (C)(s)

Calculus to derive sound judgments C | F.
Given command C, formula F is determined.

A translation of a command to a formula that captures its applicability.
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Loops

A%
L
F{h,....ln}
forall Jy, ..., Jn:
F[Jl/old Il, .

.., Jn/old In,o0ld Iy /var Iy,
FE and FC =>

FT and T < T[var Il/O|C| Il,
while (E) CFT | Flold h/var Iy,

...,old Ip/var I,] and

...,var Ip/old _Iy]
..,old I, /var In]

while (i <= n) {

s = s+i; Fa
i= i+l Fs}F" Fu
}F,T
T:=varn—vari—+1
Fs.it

forall vs, v; :

1<=oldi<=oldntlandolds= 3%%"""jand
oldi <=oldnandvars =olds+oldiandvari=oldi +1=>
oldn—oldi+1<=varn—vari+1
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Applications .E {’

Analysis: given a command C.

Derive C : Fg and C | F7 and simplify the resulting formulas.
Display and analyze the semantic essence of a program.
Frla/old x, b/var y], Fr[a/old x]

Assistance: given a command C and a pre/postcondition P/Q.
Determine C : Fg and from that derive post(C, P)/pre(C, Q).
Display information helpful during program development.

Validation: given a specification Sg = Pre = Post, St.

Ensure the consistency/non-triviality of the specification.
Sr[a/old x, b/var y], ~Sr[a/old x, b’ /var y]
Vx : Pre[x/old x] = 3y : (=) Post[x/old x,y/var y]

Verification: given a command C and its specification Sg, St.
Derive C : Fg and C | Fy and prove Fg = Sg and S = Fr.
Show that a program meets its specification.

A logical characterization of programs may assist programmers in

understanding their artefacts.
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Generalization W

The full calculus describes aspects not covered in this presentation.

Control flow interruptions.

continue, break, return, throw.
Global variables.
Program methods.

Recursion.

A more general notion of “state” is applied.
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The RISC ProgramExplorer '% {'

A program analysis and reasoning environment based on these ideas.

A subset of Java as a programming language.

A PVS-like language for defining logical theories.
A language for specifying/annotating programs.
A graphical user interface for interactive use.

The RISC ProofNavigator as an interactive proving assistant.
Uses an SMT solver (CVCL) as a semi-decision procedure.

Currently under development (first release expected for 2011).
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The RISC ProgramExplorer
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