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Program Cal
uliHoare Cal
ulus: {x = a}x=x*x{x = a2}Pair of state 
onditions �glued together� by a logi
al 
onstant a.Reasoning based on Hoare triples that mix program and logi
.Dynami
 Logi
: ∀a : x = a ⇒ [x=x*x]x = a2Two state 
onditions separated by a modality [x=x*x].Reasoning based on modal formulas that mix program and logi
.Relational Cal
ulus: x=x*x: x′ = x2Single state relation x′ = x2.Captures the (denotational) semanti
s of the 
ommand.Reasoning based on 
lassi
al logi
.The 
ommand is translated into a 
lassi
al logi
al formula.All further reasoning about the 
ommand is based on the formula.Our approa
h is to use the relational 
al
ulus to give programmers insight.Wolfgang S
hreiner http://www.ris
.jku.at 2/21



Example if (n < 0)s = -1; F1else {var i;s = 0; F2i = 1; F3ff Fswhile (i <= n) {s = s+i; F4i = i+1; F5ff Fb}F ,T 9
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F

F :⇔ 1 <= var i <= var n+1 and var s =

Pvar i −1j=1 jT := var n − var i + 1F
 ⇔ [if old n < 0 then var s = −1 else var s =
Pold nj=1 j ]{s}Translation into a formula that 
aptures the program's semanti
 essen
e.Wolfgang S
hreiner http://www.ris
.jku.at 3/21



The Core Cal
ulusA language of 
ommands C and spe
i�
ation formulas F .Command Semanti
s [C ℄ ⊆ State × StateA 
ommand denotes denotes a set of possible state transitions.Formula Semanti
s [F ℄ ⊆ State × StateA formula des
ribes a set of possible state transitions.Judgment C : FAll state transitions performed by C are allowed by F .Soundness: ∀s, s ′ ∈ State : [C ℄(s, s ′) ⇒ [F ℄(s, s ′)Cal
ulus derives sound judgments of form C : [F ]{I1,...,In}Given 
ommand C , formula [F ]{I1,...,In} is determined.
[F ]{I1,...,In} ⇔ F ∧ ∀I 6∈ {I1, . . . , In} : var I = old I

{I1, . . . , In} . . . the 
ommand's frameThe set of variables that may be modi�ed.For the moment, we defer the question of termination.Wolfgang S
hreiner http://www.ris
.jku.at 4/21



Spe
i�
ation and Re�nementCommand C : F meets spe
i�
ation S ≡ Pre ⇒ Post.S ≡ old n ≥ 0 ⇒ var s =
Pold nj=1 jProve validity of F ⇒ S .Command C ′ : F ′ re�nes 
ommand C : F .Prove validity of F ′ ⇒ F .Plain logi
al impli
ation 
aptures these notions.
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The Core Cal
ulus (Part 1)(weaken) C : [F1]Is
|=Is F1 ⇒ F2C : [F2]Is(frame) C : [F ]IsC : [ F and var I = old I ]Is∪{I}(assign) E ≃ TI=E : [ var I = T ]I(var) C : [F ]IsIo , Iv do not o

ur as terms in F{var I;C} : [ exists Io , Iv : F [Io/old I , Iv/var I ] ]Is\{I}(seq) C1 : [F1]{I1,...,In}C2 : [F2]{I1,...,In}J1, . . . , Jn do not o

ur as terms in FC1;C2 : [ exists J1, . . . , Jn : F1[J1/var I1, . . . , Jn/var In] ∧F2[J1/old I1, . . . , Jn/old In] ]{I1,...,In}Wolfgang S
hreiner http://www.ris
.jku.at 6/21



The Core Cal
ulus (Part 2)(if) E ≃ FC1 : [F1]IsC2 : [F2]Isif (E) C1 else C2 : [ if F then F1 else F2 ]Is(while) E ≃ FEC : [FC ]I1,...,InInvariant(F , FE ,FC ){I1,...,In}J1, . . . , Jn do not o

ur as terms in F ,FE ,FCwhile (E) CF ,T :
[ !FE [var I1/old I1, . . . , var In/old In] and

(F [old I1/var I1, . . . , old In/var In] => F ) ]I1,...,InInvariant(F ,FE ,FC ){I1,...,In} ≡
|={I1,...,In}forall J1, . . . , Jn:

(F [J1/var I1, . . . , Jn/var In] andFE [J1/old I1, . . . , Jn/old In] and FC [J1/old I1, . . . , Jn/old In]) => FWolfgang S
hreiner http://www.ris
.jku.at 7/21



Assignmentsif (n < 0)s = -1; F1else {var i;s = 0; F2i = 1; F3ff Fswhile (i <= n) {s = s+i; F4i = i+1; F5ff Fb}F ,T 9
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F

F1 ⇔ [var s = −1]{s}F2 ⇔ [var s = 0]{s}F3 ⇔ [var i = 1]{i}F4 ⇔ [var s = old s + old i ]{s}F5 ⇔ [var i = old i + 1]{i}Wolfgang S
hreiner http://www.ris
.jku.at 8/21



Sequen
es s = 0; F2i = 1; F3ff Fswhile (i <= n) {s = s+i; F4i = i+1; F5ff Fb}F ,TF2 ⇔ [var s = 0 and var i = old i ]{s,i}F3 ⇔ [var i = 1 and var s = old s]{s,i}Fs ⇔ [exists vs , vi : vs = 0 and vi = old i and var i = 1 and var s = vs ]{s,i}
⇔ [var i = 1 and var s = 0]{s,i}F4 ⇔ [var s = old s + old i and var i = old i ]{s,i}F5 ⇔ [var i = old i + 1 and var s = old s]{s,i}Fb ⇔ [exists vs , vi : vs = old s + old i and vi = old iand var i = vi + 1 and var s = vs ]{s,i}
⇔ [var i = old i + 1 and var s = old s + old i ]{s,i}Wolfgang S
hreiner http://www.ris
.jku.at 9/21



Loops while (i <= n) {s = s+i; F4i = i+1; F5ff Fb}F ,T 9
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FwF :⇔ 1 <= var i <= var n+1 and var s =
Pvar i −1j=1 jFw ⇔ [!(var i <= var n) and

((1 <= old i <= old n+1 and old s =
Pold i −1j=1 j) =>

(1 <= var i <= var n+1 and var s =
Pvar i −1j=1 j))]{s,i}

⇔ [(old n < var i) and
((1 <= old i <= old n+1 and old s =

Pold i −1j=1 j) =>

(1 <= var i <= old n+1 and var s =
Pvar i −1j=1 j))]{s,i}

⇔ [(old n < var i) and
((1 <= old i <= old n+1 and old s =

Pold i −1j=1 j) =>

(var i = old n+1 and var s =
Pold nj=1 j))]{s,i}Wolfgang S
hreiner http://www.ris
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Corre
tness of Loop Invariantwhile (i <= n) {s = s+i; F4i = i+1; F5ff Fb}F ,T 9
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FwF :⇔ 1 <= var i <= var n+1 and var s =
Pvar i −1j=1 j

|={s,i}forall vs , vi :1 <= vi <= var n+1 and vs =
Pvi−1j=1 j andvi <= var n and var i = vi + 1 and var s = vs + vi =>1 <= var i <= var n+1 and var s =

Pvar i −1j=1 jA proof obligation is generated as a side e�e
t of the translation.Wolfgang S
hreiner http://www.ris
.jku.at 11/21



Lo
al Variablesvar i;s = 0; F2i = 1; F3ffFswhile (i <= n) {s = s+i; F4i = i+1; F5ffFb}F ,T 9
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FeFv ⇔ [exists vs , vi : vs = 0 and vi = 1 andold n < var i and
(1 <= vi <= old n+1 and vs =

Pvi −1j=1 j =>var i = old n+1 and var s =
Pold nj=1 j)]{s,i}

⇔ [old n < var i and
(0 <= old n => var i = old n+1 and var s =

Pold nj=1 j)]{s,i}Fe ⇔ [exists vi : old n < vi and
(0 <= old n => vi = old n+1 and var s =

Pold nj=1 j)]{s}
⇔ [0 <= old n => var s =

Pold nj=1 j ]{s}Wolfgang S
hreiner http://www.ris
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Conditionalsif (n < 0)s = -1; F1else {var i;s = 0; F2i = 1; F3ff Fswhile (i <= n) {s = s+i; F4i = i+1; F5ff Fb}F ,T 9
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F

F
 ⇔ [if old n < 0 then var s = −1else 0 <= old n => var s =

Pold nj=1 j ]{s}
⇔ [if old n < 0 then var s = −1 else var s =

Pold nj=1 j ]{s}We have 
omputed the semanti
 essen
e of the program.Wolfgang S
hreiner http://www.ris
.jku.at 13/21



Pre- and Post-ConditionsJudgments pre(C ,Q) = P and post(C ,P) = QIf P holds in the prestate of C , then Q holds afterward.Soundness ∀s, s ′ ∈ State : [P ℄(s) ∧ [C ℄(s, s ′) ⇒ [Q ℄(s ′)(pre) C : [F ]{I1,...,In}var  does not o

ur in QJ1, . . . , Jn do not o

ur as terms in F ,Qpre(C ,Q) =forall J1, . . . , Jn: F [J1/var I1, . . . , Jn/var In] =>Q[J1/old I1, . . . , Jn/old In](post) C : [F ]{I1,...,In}var  does not o

ur in PJ1, . . . , Jn do not o

ur as terms in F ,Ppost(C ,P) =exists J1, . . . , Jn : P[J1/old I1, . . . , Jn/old In] andF [J1/old I1, . . . , Jn/old In, old I1/var I1, . . . , old In/var In]Pre- and post
onditions 
an be 
al
ulated from the derivations.Wolfgang S
hreiner http://www.ris
.jku.at 14/21



Example x=x+1
︸ ︷︷ ︸C : [var x = old x + 1]{x}pre(C ,Q) = forall vx : vx = old x + 1 =>Q[vx/old x ]

= Q[old x + 1/old x ]post(C ,P) = exists vx : P [vx/old x ] and old x = vx + 1A translation of state relations to state 
onditions.
Wolfgang S
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TerminationTermination Semanti
s 〈〈C 〉〉 ⊆ StateA set of prestates on whi
h the exe
ution of C terminates.Consisten
y 
onstraint
∀s ∈ State : 〈〈C 〉〉(s) ⇒ ∃s ′ ∈ State : [C ℄(s, s ′)Formula Semanti
s [F ℄ ⊆ StateA des
ription of a set of prestates on whi
h termination is required.[F ℄(s) ⇔ [F ℄(s, s)Judgment C ↓ FCommand C terminates in every state allowed by F .Soundness: ∀s, s ′ ∈ State : [F ℄(s) ⇒ 〈〈C 〉〉(s)Cal
ulus to derive sound judgments C ↓ F .Given 
ommand C , formula F is determined.A translation of a 
ommand to a formula that 
aptures its appli
ability.Wolfgang S
hreiner http://www.ris
.jku.at 16/21



Loops
. . .
|={I1,...,In}forall J1, . . . , Jn :F [J1/old I1, . . . , Jn/old In, old I1/var I1, . . . , old In/var In] andFE and FC =>FT and T < T [var I1/old I1, . . . , var In/old_In]while (E) CF ,T ↓ F [old I1/var I1, . . . , old In/var In]while (i <= n) {s = s+i; F4i = i+1; F5ffFb}F ,T 9
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FwT := var n − var i + 1
|={s,i}forall vs , vi :1 <= old i <= old n+1 and old s =

Pold i −1j=1 j andold i <= old n and var s = old s + old i and var i = old i + 1 =>old n − old i + 1 <= var n − var i + 1Wolfgang S
hreiner http://www.ris
.jku.at 17/21



Appli
ationsAnalysis: given a 
ommand C .Derive C : FR and C ↓ FT and simplify the resulting formulas.Display and analyze the semanti
 essen
e of a program.FR [a/old x , b/var y ], FT [a/old x ]Assistan
e: given a 
ommand C and a pre/post
ondition P/Q.Determine C : FR and from that derive post(C ,P)/pre(C ,Q).Display information helpful during program development.Validation: given a spe
i�
ation SR ≡ Pre ⇒ Post,ST .Ensure the 
onsisten
y/non-triviality of the spe
i�
ation.SR [a/old x , b/var y ],¬SR [a/old x , b′/var y ]
∀x : Pre[x/old x ] ⇒ ∃y : (¬)Post[x/old x , y/var y ]Veri�
ation: given a 
ommand C and its spe
i�
ation SR ,ST .Derive C : FR and C ↓ FT and prove FR ⇒ SR and ST ⇒ FT .Show that a program meets its spe
i�
ation.A logi
al 
hara
terization of programs may assist programmers inunderstanding their artefa
ts.Wolfgang S
hreiner http://www.ris
.jku.at 18/21



GeneralizationThe full 
al
ulus des
ribes aspe
ts not 
overed in this presentation.Control �ow interruptions.
ontinue, break, return, throw.Global variables.Program methods.Re
ursion.A more general notion of �state� is applied.
Wolfgang S
hreiner http://www.ris
.jku.at 19/21



The RISC ProgramExplorerA program analysis and reasoning environment based on these ideas.A subset of Java as a programming language.A PVS-like language for de�ning logi
al theories.A language for spe
ifying/annotating programs.A graphi
al user interfa
e for intera
tive use.The RISC ProofNavigator as an intera
tive proving assistant.Uses an SMT solver (CVCL) as a semi-de
ision pro
edure.Currently under development (�rst release expe
ted for 2011).
Wolfgang S
hreiner http://www.ris
.jku.at 20/21



The RISC ProgramExplorer
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