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Programs and Specifications as Relations .E {'

A set-theoretical basis for reasoning about programs and specifications.

P implements S :& [P] = [S].
Program P and specification S with semantics [P] and [S].
Both [P] and [S] are logical predicates.

Predicates can be identified with set-theoretical relations:
[Pl = {x:x€[P]}

Logical implication thus becomes set inclusion.
P implements S < [P] C [S]-

Core idea of various forms of relational program semantics:
Morgan: Programming from Specifications, 1990.
Lamport: Temporal Logic of Actions, 1994.
Hoare, Jifeng: Unifying Theories of Programming, 1998.
Hehner: A Practical Theory of Programming, 2004.
Boute: Calculational Semantics, 2005.

Basis of specification languages such as VDM, Z, Larch, JML, ...
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Compositional Reasoning S

Why is a relational program semantics attractive?
No semantic difference between programs and specifications.
The specification of a program can replace its application.

int q, r;

//@ requires y /= 0;
//@ ensures x = gq*y+r && abs(r) <= abs(y);
static void quotRem(int x, int y) { ... }

static void compute()

{
div(a, b);

}

Design by contract: for implementing/using/reasoning about a method,

we only need to know its contract/specification.
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Partial Correctness of Programs N

Which objects are related by [P]?

[P] C State x State
State := Var — Val

A program/specification P relates prestates to poststates.
A state maps variables to values.
We write [P](s, s") for (s,s') € [P].
If executed in prestate s, P may yield poststate s'.
[x = x+yl(s,s") & §'(x) = s(x) + s(y) A s'(y) = s(y)
[x = x+y]([x = 2,y = 3], [x — 5,y — 3]) & true
[P] C[S] & Vs,s' € State : P(s,s') = S(s,s')
P implements S if and only if the execution of P cannot yield other
state pairs than those allowed by S.

By considering “implementation” as “inclusion”, the partial correctness
of a program is nicely captured.
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Total Correctness of Programs °§ {°

“Implementation as inclusion” does not yet capture total correctness.

0 C [S], for every specification S.
A program with empty semantics implements every specification.
[P] =0 < Vs € State : [P](s) =0
P(s) :=={s' € State : P(s,s')}
A program with empty semantics does, for every prestate s, not have
any possible poststate.
How to interpret [P](s) = 0?
P blocks on s7
P aborts on s?
P's precondition has been violated by s?
All three interpretations have been variously used.
The corresponding behavior is not ruled out by modeling
implementation as inclusion.

We need to ask for more than just for the inclusion of state relations.
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Total Correctness of Programs N

These questions also relate to the semantics of partial operations.

requires x /= 0 ensures y’*x=1
invert(x,y)

[invert (x,y)](s,s’) & (s(x) Z0AS'(y) - s(x) =1)
A precondition is interpreted as a conjunct.
No poststate is allowed, if the precondition is violated.
Puts an obligation on the implementer of invert.
Must check the precondition and e.g. abort, if it is violated.
[invert (x,y)](s,s') & (s(x) Z0=s'(y) -s(x) =1)
A precondition is interpreted as a hypothesis.
Every poststate is allowed, if the precondition is violated.
Puts an obligation on the caller of invert.
Must ensure that the precondition holds.

The first approach depends on the interpretation of [P](s) = 0.
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Total Correctness of Programs N\

Likewise, how to interpret [P](s) # 0?
If executed in state s, ...
... P may yield one of the poststates in [P](s)?

Then “P implements S” refers to partial correctness only.
The need for progress must be specified by other means.

... P must yield one of the output states in [P](s)?

Then “P implements S” needs an extra condition:

[S1(s) # 0 = [P](s) # 0.
The possibility of non-progress should be specified by other means.
Possibilities for specifying progress/non-progress.

Extra “state” to allow relation also to capture “non-progress”:

[P] C State x (State U {L})
Extra specification of states for which progress is required respectively
non-progress is allowed.

Extra mechanisms needed to ensure progress resp. allow non-progress.
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A Relational Program Semantics S

My variant on which the further elaboration is going to be based.

[P] € P(State x State) x P(State)

The semantics of a program/specification P is a pair (r, c) of
a transition relation r C State x State, and
the set of state transitions that P may make
a progress/termination condition ¢ C State
the set of prestates for which P must make a transition.
such that the required transitions are actually possible:
Vs € State : ¢c(s) = Is' € State : r(s,s')
P implements S 1 r, C rs ANcs C ¢p
where (1, c,) = [P], (s, ¢s) = [S]
P may perform only those transitions allowed by S.
P must make progress for all states demanded by S.

Clear separation between partial and total correctness.
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A Corresponding Specification Language \q

ensures R (default: R = true)
advancesif C (default: C = false)

R defines the transition relation, C defines the progress condition.
Syntactic shortcuts for preconditions:

[requires P ensures Q] = [ensures P = Q]
[waitsfor P ensures Q] = [ensures P A Q]

The defaults put no obligation on the implementer:

ensures true: any poststate is allowed.
advancesif false: a poststate need not exist.

Similar style as in various other specification languages.
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Semantics of Partial Operations .El

requires x /= 0 ensures y’#*x=1 advancesif true

[--1.(s,s") & (s(x) #0=5"(y) -s(x) =1)
[-..1.(s) & true
Method must yield a poststate in any case.
If x =0, method may yield any poststate.

requires x /= O ensures y’*x=1 advancesif x /= 0

[-1,(5,5') & (s(x) £0 = 5'(y) - s(x) = 1)
[-..].(s) & s(x)#0
Method must yield a poststate, if x # 0
If x =0, method may yield any poststate or may block.

waitsfor x /= O ensures y’*x=1 advancesif x /= 0

[--1,(5,5') & (s() £0AS () - s(x) = 1)
[...].(s) & s(x)#0
Method must yield a poststate, if x # 0.

If x =0, method must block.
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Classification of States by a Program N

Program P with [P] = (r, c).

req_r ena_r

State

ena,(s) := 3s’ € State : r(s,s’) (“r is enabled in s")
The set of prestates for which r may yield some poststate.
€Na[waitsfor P ensures Q] = P
req,(s) := 3s’ € State : —r(s,s’) (“s fulfills the requirement of r”)
The set of prestates whose poststates are constrained by r.
P = req[[requires P ensures Q]
State = ena, U req,
Every state either enables r or fulfills the requirement of r.
c C ena,
Every prestate for which r is required to advance must be enabled in r.
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A Simple Imperative Language \q

A very simple model of real imperative languages.

Expressions

Return a value but do not change the state.
Integers, booleans.
Later functional arrays.

Commands

Change the state but do not return a value.
Methods

Parameterized commands.

First without recursion, then with recursion.

Denotational semantics in a relational (rather than functional) framework.
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Abstract Syntax E <

P € Program, Ms € Methods, M € Method, C € Command, Es € Exps, E € Exp,
Is € Idents, | € Ident, N € Number.

P := Ms; C.
Ms ::= _| Ms; M.
M ::= method /(/s) C.

Cu=1=E|I(Es) |var I; C|var I=E; C
| Gi;G | if (E) C | if (E) C else (; | while (E) C.

Es = _| Es,E.

E = N | true | false | /
| -E | Bi+E | B-E | Bi*E | Ei/E | BVE
|Ei==E |E =B |E<E|E<E|E>E|E> B
|'E|E1&& Ex | E1 || Ea.

N:=...
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Semantic Domains
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// finite sequences

Ny :={ieN:i<k}
Seq(A) =N,k — A
Seq(A) := Usen Seqi(A)

// basic values
AtomicValue == ZUB
Value := AtomicValue

// core domains

Store := Ident — Value
State := Store

StateCond := P(State)
StateRel := P(State x State)

Method := Seq(Value) — (StateRel x StateCond)

MethodEnv := Ident — Method

We will introduce functions on these domains when necessary.
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Valuation Functions Ny

[P] € StateRel x StateCond

[Ms] € MethodEnv — MethodEnv
[M] € MethodEnv — MethodEnv

[C] € MethodEnv — StateRel
[C], € MethodEnv — StateCond

[Es] € State — Seq(Value)
[E] € State — Value

[Is] € Seq(Ident)
[N] € Value

We will now discuss the definitions of the valuation functions.
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Programs without Recursion

[P] € StateRel x StateCond
[Ms; C] = let e = [Ms](baseEnv) in([C](e),[C] (e))

baseEnv € MethodEnv

The command is interpreted in the environment set up by the method declarations
(the base environment does not matter for well-typed programs).

[Ms] € MethodEnv — MethodEnv

[-1(e)=e
[Ms; M](e) = [MI([Ms](e))

Every method is interpreted in the environment set up by the previous method
declarations (a method cannot recursively invoke itself).
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Methods .E W

[M] € MethodEnv — MethodEnv
[method I(/s) C](e) =
let
s : Seq(Value) — (StateRel x StateCond)
S(Vg) =
let
R € StateRel
R(s,s') <
dso, 51 € State :
so = write(s, [Is], vo) A [Cll(e)(s0, 51) A " = write(sy, [Is], read(s, [Is]))
T € StateCond
T(s) & [Cl,(e)(write(s, [Is], w))
in (R, T)
in e[l — s]

A method maps a value sequence (the arguments) to a pair of a
transition relation and a progress condition.
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Semantic Functions %

// the length of a sequence
length(s) = |s|

// basic function update and multiple function update
fli = v](x) := if x =i then v else f(x)
fll — V](x) :=
if3eN:I(j)=x
then let j € N such that /(j) = x in V(j)
else f(x)

// write variable/value pair respectively sequence of such pairs to store
write(s, |, v) := s[l — v]
write(s, Is, vs) := s[Is > vs]

// read variable value respectively sequence of variable values from store
read(s, 1) := s(I)
read(s, Is) :=
such v € Seq(Value) that
let n = length(Is) in
length(v) = n AVi € N, : v(i) = read(s, Is(i))
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Commands N

[C] € MethodEnv — StateRel
[C], € MethodEnv — StateCond

[l = E](e)(s,s) & s’ = write(s, I, [E](s))
[l = E].(e)(s) & true

The poststate is uniquely defined from the prestate.

[1(ES)](e)(s,s’) < let (r,c) = e(/)([Es](s)) in r(s,s’)
[1(Es)].(e)(s) & let (r,t) = e(/)([Es](s)) in c(s)

The interpretation of the method is looked up in the environment.
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Commands Ny

[var I; C](e)(s,s’) &
dsy, 51 € State, vo € Value :
so = write(s, I, vo) A [C](e)(s0, 51) A s’ = write(st, I, read(s, 1))
[var I; C].(e)(s) &
Vv € Value, sy € State :
so = write(s, I, vo) = [C].(e)(s0)

Non-determinism arises from the choice of the initial variable value (typing the variable
would constrain the interpretation by providing fewer transitions and more progress).

[var I=E; C](e)(s,s’) &
s, 51 € State :
so = write(s, I, [E](s)) A [C](€e)(s0,51) A s' = write(s1, 1, read(s, 1))
[var I=E; C].(e)(s) &
Vs € State :
s0 = write(s, I, [E](s)) = [C],()(s)

No non-determinism arises, because the initial variable value is uniquely defined.
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Commands g?

[Ci; Gl(e)(s,s") &
sy € State : [Ci](€)(s, 50) A [C](€)(s0,5")

G5 Gl (e)(s) &
[GiL.(e)(s) A Vso € State : [CiI(e)(s, %) = [l (e)(s0)
(<= [G].(e)(s) A Vs € State : [C2],.(e)(s0))

[if (E) C](e)(s,s) &
if [E](s) = true then [C](e)(s,s’) else s = &’
[if (E) C].(e)(s) &
[E](s) = true = [C].(e)(s)
(= [Clc(e))
[if (E) Ci else G](e)(s,s’) &
if [E](s) = true then [Gi](e)(s,s’) else [C2](e)(s,s")
[if (E) G else G].(e)(s) &
if [E](s) = true then [Ci].(e)(s) else[C2].(e)(s)
(=[Gle) Al (e)
Stronger versions of progress conditions do not depend on the transition relation
respectively on the values of expressions.
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Commands Ny

[while (E) C](e)(s,s’)
Jt € N — State, k € N :
finiteExecution(t, s, k,[E],[C](e)) A
[E](t(k)) = false A t(k) = s
[while (E) C].(e)(s) &
Vt € N — State,k e N :
—infiniteExecution(t, s, [E], [C](e)) A
(finiteExecution(t, s, k, [E],[C](e)) =
[EN(t(k)) = true = [C],(e)(s))
finiteExecution(t,s, k, E, C) <
t(0) = s AVi € Ne : E(t(i)) = true A C(t(i), t(i + 1))
infiniteExecution(t, s, E, C) <
t(0) =sAVi e N: E(t(i)) = true A C(t(i), t(i + 1))
A loop is interpreted as a sequence of states; a loop does not terminate, if it iterates
infinitely often or if after a finite number of iterations its body does not terminate.
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Expressions W

[E] € State — Value

[N](s) = [V]
[true](s) = true

[false](s) = false

[11(s) = read(s, 1)

[-El(s) = SlE](s)

[Er+E:](s) = [E:](s) @ [E2](s)

[E/EN(s) = [E:](s) @ [E:](s)
[Ei==Ex(s) = if [E](s) = [EL,(s) then true else false

[[' E]](s) = if [E1](s) = true then false else true
[Er&&E2]|(s) = if [Exr](s) = false then false else [E;](s)

No error values: [1/x]([x = 0]) =1®0.
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The Remaining Domains Ny

[Es] € State — Seq(Value)
[-1(s) = emptySeq
[Es, E](s) = append([Es](s), [E])(s)

[Is] € Seq(Ident)
[-] = emptySeq
[Is. 11(s) = append([is](s), 1)(s)

[N] € Value

emptySeq := ()
append(s,v) := let n = length(s) in s[n+— v]
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Programs with Recursion * 2
N4
[P] € StateRel x StateCond
[Ms; C] =
let

e € N — MethodEnv, e(0) = baseEnv, e(i + 1) = [Ms](e(7))
R € StateRel, R(s,s') < 3i € N: [C](e(i))(s,s")
T € StateCond, T(s) & 3i € N: [C].(e(/))(s)

in(R,T)

The semantics is based on an infinite sequence of method environments, where the
methods in environment / + 1 call those in environment |.

baseEnv € MethodEnv [= Ident — (Seq(Value) — (StateRel x StateCond))]
baseEnv(i)(v) =
let
R € StateRel, R(s,s') & false
T € StateCond, T(s) < false
in (R, T)

The sequence starts with the environment of non-terminating methods.
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Functional Arrays N

// a new array with certain bounds, the length of an array in a certain dimension,
// the array element at a certain index, the array updated at a certain index
E == ...| array[Es] | E1.length(E) | ELEs] | update Ei[Es] = E>.

// the set of k-dimensional indices
Indexy := Seq,(N)

// the set of indices less than bound b and the set of arrays with such indices
Index(b) := let k = length(b) in {i € Index\ : Vj € Ny : i(j) < b(j)}
Array(b) := Index(b) — AtomicValue

// the set of all indices and the set of all arrays

Index := Uy e, pe index, Index(D)

Array := UkeN,bE,”dexk Array(b)

// the new domain of values

Value := AtomicValue U Array

Multi-dimensional arrays with value semantics (not pointer semantics).
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Functional Arrays N

[E] € State — Value

[array[Es]](s) = such a € Array([Es](s)) that true
[E1r.1length(E)](s) = arraylLength([E1r](s), [E2](s))
[ELES1](s) = arrayGet(E](s), [Es(s))

[update E;[Es] = E3]|(s) = arrayPut([Ei](s), [Es](s), [E2](s))

Due to the functional interpretation of expressions, we cannot yield the appropriate
non-determinism in the construction of new arrays.

arraylength € Array x N - N
arrayLength(a, d) =
such / € N: 3k € N, b € Index :
a € Array, (b) NI = b(d)

arrayGet € (Array x Index) — Value
arrayGet(a, i) = a(i)

arrayPut € (Array x Index x Value) — Array
arrayPut(a, i, v) = a[i > v]

Alternative models of arrays are possible.
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A Simple Specification Language N

S € Spec, F € Formula, Is € Idents, Ts € Terms, T € Term, P € Predicate.

S = ensures F; advancesif F,

F ::= P(Ts) | FORALL $/: F | readsonly | writesonly Is |...
Isu=_|1Is,l.

Ts:=_|Ts,T.

Ta=$l|1]|1"] ...

P:=...

Predicate Logic Formulas with three kinds of variables.
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Formulas Ny

ValueEnv = Ident — Value
anyEnv € anyEnv

[S] € StateRel x StateCond
[ensures F; advancesif F] = ([F1](anyEnv),[F2].(anyEnv))

The value of anyEnv does not matter in well-typed formulas.

[F] € ValueEnv — StateRel

[PCT(e)(s, ')  [PI(ITs(e, s, 5")

[FORALL $/: F](e)(s,s’) & Vv € Value : [F|(e[l — v],s,s’)
[readsonly](e)(s,s’) < VI € Ident : read(s, 1) = read(s', )
[writesonly Is](e)(s,s’) < VI € Ident\[Is] : read(s, ) = read(s', 1)

The transition formula is interpreted over a prestate and a poststate.

[F]. € ValueEnv — StateRel
[Flc(e,s) = [Fl.(e;s,s)

A well typed state condition formula does not refer to the poststate.
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Terms \q

[Ts] € (ValueEnv x State x State) — Seq(Value)
[-1(e,s,s’) = emptySeq
[Ts,T](e,s,s") = append([Ts](e,s,s'),[Tl(e,s,s’))

[Ts] € (ValueEnv x State x State) — Value
[$/1(e,s,5') = e(/)

[1(e,s,s’) = read(s,I)

['1(e,s,s") = read(s’, 1)

Here the semantics of the three kinds of variables becomes apparent.

[Is] € P(Ident)
[-1=0
[ls, I=1[IsJu{l}

[P] € P(Seq(Value))

The remaining interpretations.
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What’s Next? ’<l§'

A verification calculus for the presented language.
Derivation of sequents C : S (“command C fulfills specification §").
Check soundness of the calculus with respect to the semantics.
The control flow may be interrupted.
continue, break, return.
A corresponding extension of the semantic framework.
Program functions: methods may yield result values.
Expressions may contain side effects.
A corresponding extension of the semantic framework and the
specification language.
Expressions and commands may raise exceptions.
throws ..., try ...catch ....
A corresponding extension of the semantic framework and the
specification language.
A verification calculus for the extended language.

Stay tuned for forthcoming presentations.
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