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Background

7\

Past presentations: relational calculus for imperative programs.

Command C:
x = x/y;
Formula F:
int (x) AND int(y) =>
writesonly x AND int(x’) AND
(y /=0 =>
EXISTS $r: x = x’*y+$r AND
0 <= $r AND $r < abs(y))

Valid judgement C : F.
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Basic ldea

Extend calculus to treatment of interruptions.

Command C:
if (y == 0) throw DivisionByZero x;
x = x/y;
Formula F:
int(x) AND int(y) =>
writesonly x AND int(x’) AND

IFy=20
THEN next.throws DivisionByZero AND
next.value = x AND x’ = x

ELSE next.executes AND
EXISTS $r: x = x’*y+$r AND
0 <= $r AND $r < abs(y)

Valid judgement C : F.
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General Plan g?

Treatment of “non-standard” control flow in imperative programs.
Command language with control flow interruptions.
Language semantics: semantic domains, valuation functions.
Formula language with control state predicates.
Language semantics: semantic domains, valuation functions.
Verification calculus for judgements about commands.
Soundness of calculus.
Adding loops to the language.
Syntax, semantics, judgements.
(Termination).

(Pre- and post-condition reasoning).

(Expressions and interruptions).

Extension of previously presented command language calculus.
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7\
Command Language N

Abstract Syntax
C:o=...
| continue | break | return E | throw | E
| try Cy catch (/e 1) G.
Valuation Function
[-]: Command — StateRelation
[Cl(s,s') < ...
Semantic Domains
StateRelation := P(State x State)
State := ...
States are not plain stores any more; now they also carry
control flow information.
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.M E.
States o

Flag .= {E,C,B,R, T}

Key := Value

Control := Flag x Key x Value
State := Store x Control

store : State — Store, store(s,c) = s
control : State — Control, control(s, c) = ¢

flag : Control — Flag, flag(f, k,v) =f
key : Control — Key, key(f, k,v) = k
value : Control — Value, value(f, k,v) =v

executes : P(Control), executes(c) < flag(c) = E
continues : P(Control), continues(c) < flag(c) = C
breaks : P(Control), breaks(c) < flag(c) = B
returns : P(Control), returns(c) < flag(c) = R
throws : P(Control), throws(c) < flag(c) =T
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Changing State Flags o

execute : State — State
execute(s) =

LET ¢ = control(s) IN (store(s), (E, key(c), value(c))
continue : State — State
continue(s) =

LET ¢ = control(s) IN (store(s), (C, key(c), value(c))
break : State — State
break(s) =

LET ¢ = control(s) IN (store(s), (B, key(c), value(c))
return : State x Value — State
return(s,v) =

LET ¢ = control(s) IN (store(s), (R, key(c), v))
throw : State x Key x Value — State
throw(s, k,v) =

LET ¢ = control(s) IN (store(s), (B, k, v))
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Valuation Functions Ny

[GsGlis,s") <
dsy € State :
[G(s,s0) A
IF executes(control(sy)) THEN [ G, [(sp,s’) ELSE s’ = sg
[ continue]|(s,s’) < s’ = continue(s)
[break]|(s,s’) < s’ = break(s)
[return E|(s,s') & s’ = return(s, [ E|(s))
[throw | E](s,s’) & s = throw(s, I, E](s))
[try G catch(l 1) G](s,s') &
dsg, 51, 5> € State :
[ (s, ) A
IF throws(control(sy)) A key(control(sp)) = Ix THEN
s1 = write(execute(sy), I, value(control(sp))) A
[G(s1, ) A
s’ = write(sy, I, read(so, 1))
ELSE s’ = 59
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Formula Lanuguage with Control Predicates %, /'

F € Formula
S € State
F.=...
| ALLSTATE #h,... #/,: F
| EXSTATE #/y,... #l,: F

| S1==5,
| S.executes | S.continues | S.breaks

| S.returns | S.throws | S.throws /

T:u=...|S.value

S :=now | next | #/
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Language Semantics N\

Semantic domains and operations
ControlEnv := Identifier — Control
Environment := ValueEnv x ControlEnv

(ev,ec)() = e ()
(ev,ec)(l)e = ec(l)

(evse)h—vi,...slp—= vy =
(ev[h—va,eeoslh— vl ec)
(evaec)[ll = Clyevey I Cn]c =
(eV7eC[I1 e C17"‘7/n = Cn])

Valuation functions
[-]:Formula — Environment — StateRelation

[Fl(e)(s,s') < ...

[-]: Term — Environment — (State x State) — Value
[T1(e)(s,s')=...

[-]: State — Environment — (State x State) — Control
[

g]](e)(s,s’) =...
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Valuation Functions ¢

[ ALLSTATE #y,...,#l,: F](e)(s,s') <

Ve, .., ¢y € Control : [F](e[h + a,..., In— ¢cnlc)(s,s')
[EXSTATE #/y,. .., #l,: Fl(e)(s,s') &
Elc1 ..... ¢n € Control : [Fl(e[h — c1,..., In— cnlc)(s,s')

S2](e)(s,s') < [S1l(e)(s,s") = [ S21(e)(s, s")
5 executes]](e)(s, s') & executes([ S |(e)(s,s))
S.continues|(e)(s,s’) < continues([ S |(e)(s,s))
S.breaks](e)(s,s’) < breaks([ S](e)(s,s"))
S.returns](e)(s,s’) < returns([ S](e)(s,s’))
S.throws[(e)(s,s’) < throws(] S](e)(s,s))
S.throws Iﬂ(e)( s &

LET c = [S](e )( s’) IN throws(c) A key(c) = |

value](e)(s,s’) = value([ S](e)(s,s))
I(e)(s,s") = control(s)

t ](e)(s, s):cntrol( g
1(e)(s.5) = e(/)e

[5:
[
[
[
[
[
[
[S.
[now
[nex
[#
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7
Verification Calculus K *
N4
Judgement:
C:F&e

Vs,s' € State,e € Environment :
[now.executes|(e)(s,s’) A[C](s,s') =
[FI(e)(s,s")
Definition:

.....

(F) AND wrltesonly h,...,l, AND
(next.continues => (F.)) AND
(next.breaks => (Fp)) AND
(next.returns => (F,)) AND
(next.throws =>

(next.throws Kj OR ... OR next.throws K,))

Judgements will have form C : [F]Zcf",’nF"{Kl"“’K’"}.
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Verification Calculus i

C [F]ZizFl:aFrz{K17 Km}

p is a permutation of {1,...,n}
C:[F Fc,Fb,Fr:{Kh Km}

1)+ Ip(n)
C: [F]FmFbyFrw{Kla K}

h,

T hA. A #],

C [F AND I’— /]IIC’Fb}::r,{Kl, ,K}

C [F]FALSE ,FALSE,FALSE,(]
C ) [F] Ila"'y n

C is a program without interruptions
C: [F ] h,.

FALSE "FALSE,FALSE,]
C:[F] b
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Verification Calculus

E~T
I =E:[I’=T AND next.executes]};ALSE’FALSE’FALSE’@

Fe,Fp,Fr{Ki,....Km
C: [Fpoy ot

I # Iy

var |; C:
[EXISTS $1,, 81 : F[$1s/1,$1,/1°]] <8, r 10 Hod

n

C: [F] Fe,Fp,Fr{K1,....Km, }

Byl d
I, # Ip
E~T
var I=E; C:

[EXISTS $/,,$/p :
$1,=T AND F[81,/1,81,/1°]] < 1ot
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Verification Calculus .E {.

continue : [next.continues | TRVE-FALSEFALSE,D
break : [next.breaks | FALSE.tt TRUE FALSE,0
T~E
return E :

[next.returns

AND next.value=T ] FALSE,FALSE, TRUE, ()
T~E
throw | E :

[next.throws /
AND next.value=T | FALSEFALSE FALSE {1}
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Verification Calculus Ny

[ F ]FALSE ,FALSE,FALSE, ()
[F ]FC,F,:7H,,{K1, K}
C1, G
[EXISTS $h,...,8/,: EXSTATE #/,:
Ful#ls /next][$h /L, ... $1,/1,"] AND
Falttls /now][$h/ly, .., 81,/ 1] ] 1o oy oK)

[ ] 517Fb17 Fri K1y, K}
Il: 7n

[F ]Fcl JFo1,Fras{La,.. Lo}

C1, G
[EXISTS $h,...,$/,: EXSTATE #/,:
Fi[#ls/next|[$h/h’,...,$1,/1,’] AND
IF #/;.executes THEN
FQ[#Is/now][$/1/I1, ey $In/ln]
ELSE

ly>=$/; AND ... AND /,’>=$/, AND next==#I;
Fc1 OR Feo,Fp1 OR Fpo,Fr1 OR Fro,{Ki,...,Kim,L1,...,Lo}
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7\
N

Example (Before Simplification)

. FALSE,FALSE,FALSE,{DivByZero
C : [F] vz ) ) 7{ }

if (x=0) throw DivByZero y else y = y/x;
z=z+y;

EXISTS $y, $z: EXSTATE #s:
IF x=0 THEN
$y=y AND $z=z AND
#s.throws DivByZero AND #s.value =y
ELSE
$y=y/x AND $z=z AND #s.executes
AND
IF #s.executes THEN
y’=$y AND z’=$z+$y AND next.executes
ELSE
y’=$y AND z’=$z AND next==is
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7\

Example (After Simplification)

. FALSE,FALSE,FALSE,{DivByZero
C : [F] vz ) ) 7{ }

if (x=0) throw DivByZero y else y = y/x;
z=z+y;

IF x=0 THEN

y’=y AND z’=z AND

next.throws DivByZero AND next.value=y
ELSE

y’=y/x AND z’=z+y/x AND

next.executes

Specification expresses essence of program.
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Verification Calculus i

C- [F]Zi,Ffj,F,,{Kl, LK}

E~F

if (E) C:[IF Fo THEN F ELSE readsonly],
L [RprteKd

FcyFbaFf7{K17 K }

[ ] 027Fb27 Fra,{L1,....Lo}
I,.

E Fo
if (E) C else G :

[IF Fo THEN F;
ELSE F, ]Fcl OR Fcz,Fbl OR Fp2,Fr1 OR F2,{K1,...,Km,L1,...,Lo}
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Verification Calculus

7\

[ ]Fclanh Fra {Kise ', K}

.....

/;A/b
(Yl =0

try G catch(l 1) G
[EXISTS $h,...,8/,: EXSTATE #/,:
Fi[#ls/next][$h/h°,...,$I,/1,’] AND
IF #/;.throws I, THEN
EXISTS $/,, $/p: EXSTATE #/,:

$/, = #/,.value AND #/;.executes AND
Fol#l: /now][$L/1][$h/h, ..., $1/1][$16/1, ]

ELSE

l,>=$/, AND ... AND /,’=$/, AND next==#l,
]Fcl OR Feo,Fp1 OR Fpo,Fr1 OR Fro,({K1,eoo, Ko P\ { I H)U{L1,...,Lo }
h
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Z4N
Loops '§.1°

finiteExecution :
P(N x State™ x State™ x State x StateFunction x StateRelation)
finiteExecution(k, t, u,s, E, C) <
t(0) =sAu(0)=sA
Vie Ny :
—breaks(control(u(i))) A executes(control(t(i))) A
E(t(/)) = TRUE A C(t(i), u(i + 1)) A
IF continues(control(u(i + 1))) V breaks(control(u(i + 1)))
THEN t(i + 1) = execute(u(i + 1))
ELSE t(i +1) = u(i +1)
[while (E) C](s,s') &
Jk € N, t,u € State™ :
finiteExecution(k, t,u, s, E],] C]) A
(I E1(e(K)) # TRUE v
—(executes(control(u(k))) V
continues(control(u(k))))) A
t(k) =5
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Verification Calculus

C: [F]Zz.;’FbgF Ky, Km

E~H
while (E) C:

[ 'next.continues AND
FALSE FALSE, F,;K1,...,Km

lnext. breaks]

F.,FALSE,F,;K,... K
C[FLST '
E~H
while (E) C:

[ Inext.continues AND !next.breaks AND

(next.executes =>
! H[next/now][h Jhy .o 1 /1)

] FALSE FALSE,F,;Ki,...
h,...
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Verification Calculus

7\

Invariant(G, H, F),....;, =
G has no free (mathematical or state) variables A
Ve € ValueEnv,s, s € Store:
[FORALL $/y,...,$/,: ALLSTATE #/,,#l,:
(G[#/s/next][$h/h>,...,$1,/1°]
AND #/; .executes
AND H[#l/now|[$h/h,...,$1,/ prevarl,]
AND F[#l;/now, #I; /next][$h/h,...,$/,/1]
AND IF #/;.breaks OR #/;.continues
THEN next.executes
ELSE #/; == next) => G)[(e)(s, s’)
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Verification Calculus Ny

C: [F]Zz.;’FbgF K, Km

E~H

Invariant(G, H, F)y, ..,

while (E) C:
[ 'next.continues AND !next.breaks AND
(G[now/next][h/h’, ..., 1n/1’] =>

) ] 1;‘ALSE ,FALSE,F;; Kl, Km
1,

C [F]Zi,FALSE FriKiy..o,Km

E~H
Invariant(G,H, F)y .4,
while (E) C:
[ Inext.continues AND !next.breaks AND
(next.executes =>
! Hnext /now][h’ /h,...,1,?/1,]) AND
(G[now/next][h/h’, ..., 1n/1°] =>

) ] FALSE FALSE,F;; Kl, 7Km

----- In
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Conclusions .E {'

Soundness proofs of presented rules completed.

Current work: extension of work to termination calculus.
Next: pre- and post-condition reasoning.

Next: expressions and interruptions.

Finally: methods.

Hope to complete calculus by end of semester.
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