> restart;
> # read files (please adjust the path when loading these files)

> read(”/home/ymgao/Downloads/ReductionPair/ReductionPair/src/DField. txt”);

read(
” /home/ymgao/Downloads/ReductionPair/ReductionPair/src/ParametriclogDer.
txt”);

read(”/home/ymgao/Downloads/ReductionPair/ReductionPair/src/Rational. txt”);
read(”/home/ymgao/Downloads/ReductionPair/ReductionPair/src/Reduction.
txt”);

read(”/home/ymgao/Downloads/ReductionPair/ReductionPair/src/Risch. txt”);
read(”/home/ymgao/Downloads/ReductionPair/ReductionPair/src/DatalList. txt”);

> # Joad related modules

> with(DatalList); # for setting the global variable

with(Risch); # for complete reduction

[GetData, GetTower, Pairsearch, SetTower, UpdatelList] (1)
[AuxiliaryHyperExp, AuxiliaryPrimi, ComplementHyperExp, ComplementPrimi,
NoNewConst, ReductionPair, RischPair, RischPair0, RischPairHyperExp,
RischPairPrimi, TowerDerivative]

> #agsstt Examples 1.1 and 1.7 in the submission ###tt#

> # Input the Liouvillian extension K=C(x, log(x))

Li=x [t], [l (2)

X

> # Check whether L has no new constant
> NoNewConst(L);

true (3)
> # Set the tower L to be a global variable

> SetTower(L);

> # Input an element of L

(X-t3+-1)_
x-t '

> f =

(4)



:tgx—i-l
X t

f:

> # Compute an R—pair of f for derivatives in L

> u, v := ReductionPair(0, f);
u, vi=tt x—2 t X+ 2 x, 1
xt
> # Verify the result
> normal(f — TowerDerivative(u) —v);
0
> # Input an element of L
3
> g = (x-t —|-1);
(x+3)-t
_ ¢ x4+ 1
(x+3) t
> # Compute an R-pair of g for derivatives in L
> (u, v) := ReductionPair(0, g);
o 3t —1
u v:=tox—2 tx+2x, -————
(x+3) t

VvV Vv

# Verify the result

normal (g — TowerDerivative(u) — v);

0

##ttttt Examples 1. 10 and 7.4 in the submission HBHBHHH

# Input the Liouvillian extension C(X, exp(x), exp(
(I 4+(1—x)-s) }
2 "t
(14+s)
F:=x, [s, t], [s, (

F:=x, [s, t], |s,

14+ (1—x) s) t]
(1 +s)
# Check whether F has no new constant

NoNewConst (F);
true

# Set the tower to be a global variable

SetTower(F);

X

1 4+ exp(x)

)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)



> H#Input an element of F

> o= x-t
1+s
x t
f:= 12
1+s (12)
> # Compute an R-pair of f for derivatives in F
> u, v := ReductionPair(0, f);
u, V::_M, O (13)
s
> # Verify the result
> normal (f — TowerDerivative(u) — v);
0 (14)

\

#attttititt Another example for nonzero remainders HBHBHBRBHHRHR
log(x)”
2
X(log(x) 4—log(x)4—x)

> # Input the Liouvillian extension C[x, log(x), exp[J

1 ¢

_ 1 "2

K:=x [t, t] l—, 5 ] (15)
X >

> # Check whether K has no new constant

> NoNewConst(K);
true (16)

># Set K to be a global variable

SetTower(K);

> # Input an element of K

_ [T X\ ro1.
'_1+X¢U]+(1+X)tWL

7147\



3
t2 X t2

+
th—i-l x+1

> # Compute an R—pair of f for derivatives in K

> u, v:= ReductionPair(0, f);

1 1 1 2 2 2 4
u v:=— (x—2) t, — ty (2 x7 t] to+x t
2 2 2(th+U(x+1)x(ﬁ+x+g)<2< b :

+ 2 g2 X g A2 x - (- X E+2 X G+2x €

+2 x t, t§+X3+X2 tl—Xz—X t1+2 trf))

> # Verify the result

> normal (f — TowerDerivative(u) — v);

0

> ##fttt Example 7.5 in the submission BHBRBHHH
?

2 X —2 log(x)
> # Input the tower C(x, log(x), exp 5 dx
xlog(x)" +x

2
1 2-x"—=2-t
>F = X7 [ty Y]» ) 2—'y
X x-tU+x
2
Fi=x, [t, v) |5, (2 = 2t) v
X t" x+x

> # Check whether F has no new constant

> NoNewConst(F);
true

> # Set I to be a global variable
> SetTower(F);

> #lnput an element of F

> f =

(2 +2x—1)t - P—t*=2x+1
2 2 ..VY
X -(t + 1)
(242 x—1) t—t—t*—2x+1) ¥
X (t2 + 1)
> # Compute an R-pair of f for derivatives in F

f:=

(17)

(18)

(19)
(20)

(21)

(22)

(23)



> u, v:= ReductionPair(0, f);
2 3
U V= (t X X +t+X) _V’ 0 (24)

X

> # Verify the result

> normal (f — TowerDerivative(u) — v);

0 (25)



