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Abstract

The twist-2 heavy-quark and antiquark distributions, as defined in the variable flavor num-
ber scheme, turn out to be different due to QCD corrections from three-loop onward. This is
caused by terms containing the color factor dabcd

abc in the heavy-flavor massive pure-singlet

operator matrix elements (OMEs) A
PS,s,(3)
Qq for odd moments in the unpolarized case and

for ∆A
PS,s,(3)
Qq for even moments in the polarized case. The dependence on the factoriza-

tion scale of the OMEs is ruled by the anomalous dimensions γ
NS,s,(2)
qq and ∆γ

NS,s,(2)
qq . The

polarized calculations are performed in the Larin scheme. We compute the corresponding
three-loop heavy-flavor distributions (∆)fQ(x,Q

2)− (∆)fQ(x,Q
2). Compared to the sum

of the heavy-quark and antiquark parton distributions, their difference is small, however,
non-vanishing.



1 Introduction

Parton distributions rule a wide range of elementary particle phenomenology, and their precise
knowledge is instrumental for the study of many scattering processes Refs. [1,2]. In this context,
a central question concerns the composition of the nucleons in terms of sea quarks and whether
there are differences between the sea quark and antiquark distributions.

The light-flavor quark and antiquark distribution functions of the nucleons u(x,Q2), d(x,Q2),
s(x,Q2), u(x,Q2), d(x,Q2), s(x,Q2) are of non-perturbative origin. Their first moments

Iq =

∫ 1

0

dx[q(x,Q2) − q(x,Q2)] (1)

obey the sum rules

Iu = 2, Id = 1, Is = 0 (2)

for unpolarized protons. The sum rule for the strange quarks applies also to other higher mass
pure sea quark species. Here x denotes the Bjorken variable, and Q2 = −q2 the virtuality in the
deep-inelastic scattering process. In the polarized case, one has [3]1

I∆u = 0.928 ± 0.014, I∆d = −0.342 ± 0.018, (3)

see also Refs. [4–6]. These constants are related to the hyperon β-decay parameters, cf. Refs. [7,
8]. While the up- and down-quark and antiquark distributions are different, and there is no
SUF (3) sea quark symmetry [9, 10], it has been discussed in Refs. [11–23] that there is also a
strange quark-antiquark difference. In Ref. [20], massless evolution effects from a starting scale
Q2

0 to a virtuality Q2 were studied for strange, charm and bottom, concerning the creation of
an asymmetry between quark and antiquark distributions, although, without considering mass
effects. In Ref. [14], also a possible charm-anticharm difference in the intrinsic charm model [24,
25] was discussed. In the following, we consider only the so-called ‘extrinsic’ contributions, which
are calculated perturbatively in Quantum Chromodynamics (QCD) to three-loop order.

Parton distributions at any twist [26] are no observables beyond lowest order in QCD [27–31].
As also the case for couplings and masses, one defines étalons in suitable schemes, as, e.g., the
MS scheme [32] or the Larin scheme [33], to allow for comparisons. This also applies to the
unpolarized and polarized twist-2 parton densities.

The fixed flavor number scheme is based on describing the nucleon substructure by three
massless parton distributions and the gluon distribution at the level of twist-2 in deep-inelastic
scattering. Heavy-quark corrections emerge as inclusive perturbative contributions from O(as)
onward, with as = αs/(4π) = g2s/(16π2) the strong coupling constant, both in terms of real and
virtual corrections. At very large virtualities Q2 ≫ m2

Q, with mQ the heavy-quark mass, one
may describe the heavy-flavor corrections to deep-inelastic scattering (DIS) in the variable flavor
number scheme (VFNS) outlined in Ref. [34], by redefining the parton distributions. They now
receive process-independent heavy-flavor corrections due to massive operator matrix elements.
This is necessary to describe the massive Wilson coefficients in the asymptotic region Q2 ≫ m2

Q

correctly, which is not possible in a pure massless approach. In this way, one also introduces the
heavy-flavor parton distributions.

In the present paper, we calculate the heavy quark-antiquark asymmetry in the parton dis-
tributions within the VFNS by exploiting computer algebra methods. Flavor contributions of

1Here and in the following ∆ marks quantities in the polarized case.
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this kind do not contribute to the well measured unpolarized and polarized structure func-
tions F2(x,Q

2) and g1(x,Q
2), for which we derived the single-mass VFNS to three-loop or-

der in Ref. [35]. In the neutral current case,2 which we will consider in the following, heavy
quark-antiquark difference terms emerge in the γZ-interference and ZZ structure functions
xF J1,J2

3 (x,Q2) and gJ1,J25 (x,Q2), with Jk ∈ {γ, Z}, cf. Ref. [38].3

The paper is organized as follows. In Section 2, we describe the basic formalism. The
unpolarized and polarized heavy quark-antiquark distribution asymmetries are calculated per-
turbatively in Section 3. Their logarithmic contributions due to the factorization scale are ruled
by the anomalous dimensions (∆)γ

NS,s,(2)
qq , cf. [39–42]. We have newly computed ∆γ

NS,s,(2)
qq by

using different methods. In Section 4, we illustrate the flavor asymmetry for charm and bottom
and compare to the sum of both distributions. Section 5 contains the conclusions. We attach
ancillary files of the OMEs in Mellin-N and x-space, as well as a Fortran code for their numerical
evaluation.

2 Basic Formalism

In the following we will work in Mellin-N space, using the transformation

M[f(x)](N) =

∫ 1

0

dx xN−1f(x) (4)

for the functions f(x) given in momentum fraction x-space. In the single-mass VFNS [34, 35],
the sum and difference of the heavy-quark contributions are given by the following relations

(∆)fQ+Q ≡ (∆)fQ(N,Q2, NF + 1) + (∆)fQ(N,Q2, NF + 1)

= (∆)APS
Qq · (∆)Σ+(N,Q2, NF ) + (∆)AQg · (∆)G(N,Q2, NF ), (5)

(∆)fQ−Q ≡ (∆)fQ(N,Q2, NF + 1) − (∆)fQ(N,Q2, NF + 1)

= (∆)APS,s
Qq · (∆)Σ−(N,Q2, NF ). (6)

The massive OMEs (∆)APS
Qq and (∆)AQg were computed to three-loop order in Refs. [43–46].

The flavor combination in Eq. (5) contributes to the heavy-flavor corrections to the structure

functions F2 and g1, respectively. The OMEs (∆)A
PS,s,(3)
Qq are calculated in the present paper.

For the quark contributions, the heavy-quark distributions are driven by the distributions

(∆)Σ± = [(∆)u± (∆)u] + [(∆)d± (∆)d] + [(∆)s± (∆)s], (7)

and for the sum, also by the gluon distributions (∆)G. The emergence of the color factor dabcd
abc

in (∆)A
PS,s,(3)
Qq (N) is caused by the diagrammatic topology of (∆)A

PS,(3)
Qq (N) in the single-mass

case, cf. Refs. [43, 44], taking the odd moments for A
PS,(3)
Qq and the even moments for ∆A

PS,(3)
Qq .

In the pure-singlet case, the external lines are (directed) massless fermions. One could, as well,

consider the OME (∆)A
(3)
Qg(N) with the same choice of moments. We checked that individual

diagrams contain dabcd
abc terms, but they add up to zero due to the fact that gluon propagators

have no direction. Therefore, there is no gluonic term in Eq. (6). The color factor dabcd
abc is

given by dabcd
abc = (N2

c − 1)(N2
c − 4)/Nc = 40/3 and Nc = 3 in the case of QCD.4

2The OMEs in the charged current case are different, as they also contain flavor excitation contributions,
cf. Refs. [36,37].

3One also could consider the structure function g4, being related to g5, cf. Ref. [38].
4For different conventions used in the literature, see, however, Ref. [47], Eq. (381), for remarks.
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There are also two other non-singlet distributions, (∆)D3,(8)(N,Q2),

(∆)D±
3 = ∆(u± u) − ∆(d± d), (8)

(∆)D±
8 = ∆(u± u) + ∆(d± d) − 2∆(s± s). (9)

By decoupling of a heavy-quark Q in the VFNS, the distributions (∆)D±
3,8 are modified by

(∆)D±
3,8(N,Q2, NF + 1) = (∆)ANS

qq,Q · (∆)D±
3,8(N,Q2, NF ), (10)

see Refs. [34,35]. In the unpolarized +(−) cases the even (odd) moments of ANS
qq,Q are taken and

in the polarized case the odd (even) moments. The OMEs ANS
qq,Q were calculated in Ref. [48].

However, they map between massless quark distributions only.
The flavor combinations (∆)fQ−Q emerge in electroweak structure functions, such as the neu-

tral current unpolarized structure function xF3(x,Q
2) and polarized structure function g5(x,Q

2).
Their crossing relations, cf. Ref. [38], are in accordance with the respective choice of moments
mentioned before. In the unpolarized case, xF3 can be measured from

B−(λ) =
xQ4

4πα2Y−κZ(Q2)

[
dσ+(−λ)

dxdQ2
− dσ−(+λ)

dxdQ2

]
= (ae − λve)xF

γZ
3 (x,Q2) + κZ(Q2)[2veae + λ(v2e + a2e)]xF

ZZ
3 (x,Q2), (11)

cf. Refs. [49–51]. Analogous relations hold in the polarized case. Here Y− = 1 − (1 − y)2,
y = P.q/l.q, P is the proton momentum, l the lepton momentum, and λ denotes the degree of the
longitudinal lepton beam polarization. The labels ± of the cross sections σ refer to the charge of
the incoming charged lepton. The weak couplings of the electron are ve = −1/2 + 2 sin2 θW , ae =
−1/2, with θW the electroweak mixing angel, and κZ(Q2) = Q2/(Q2 + M2

Z)/(4 sin2 θW cos2 θW ),
where MZ denotes the Z-boson mass. First experimental results on B− were measured by
BCDMS [52] and later at HERA [53]. Future measurements of this quantity can be carried out
in a possible later stage at EIC5, which requires also polarized positron measurements [54, 55].
The measurement is planned also within the LHeC project [56,57].

Let us now turn to the calculation of the OMEs (∆)Â
PS,s,(3)
Qq (N) under the above choice of

moments. The unrenormalized massive on-shell OMEs read

(∆)Â
PS,s,(3)
Qq (N)

∣∣∣
dabcdabc

= a3s

(
m2

Q

µ2

)3ε/2 [
1

3ε
(∆)γ̂NS,s,(2)

qq (N) + (∆)a
PS,s,(3)
Qq (N)

]
+ O(ε), (12)

with µ the factorization scale and f̂(NF ) = f(NF + 1) − f(NF ), see also the conventions in the
regular pure-singlet case (∆)APS

Qq in Refs. [43,44]. Here the dimensional parameter is defined by
ε = D − 4, with D the space-time dimension.

Because these OMEs start at O(a3s), the only renormalization concerns the local operator
insertion

(∆)A
PS,s,(3)
Qq (N) = Z−1,PS,s

qq (∆)Â
PS,s,(3)
Qq (N)

∣∣∣
dabcdabc

(13)

with

Z−1,PS,s
qq = 1 − a3s

1

3ε
(∆)γ̂NS,s,(2)

qq (N). (14)

5We thank E. Aschenauer and W. Melnitchouk for remarks.
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There is no mass nor coupling renormalization, and no collinear subtraction due to massless
subsystems is needed, cf. Ref. [58]. The renormalized OME is given by

(∆)A
PS,s,(3)
Qq (N) = a3s

[
1

2
(∆)γ̂NS,s,(2)

qq (N) ln

(
m2

Q

µ2

)
+ (∆)a

PS,s,(3)
Qq (N)

]
, (15)

where (∆)a
PS,s,(3)
Qq denotes the constant part of the unrenormalized massive OME. All massive

OMEs are solutions of renormalization group equations, see Refs. [34, 35], due to which they
account for scale evolution effects, which is also evident from their analytic structures in Mellin
space, see Ref. [58]. Note that Eq. (15), derived in the VFNS, differs from Eqs. (16, 19) in a

massless evolution approach in Ref. [20], especially by the non-logarithmic term (∆)a
PS,s,(3)
Qq , not

considered there, and the scale setting. In the present approach, the strange quark distribution
is dealt with as a massless quark since ms < ΛQCD, cf. Ref. [59].

3 The massive operator matrix elements

The technical steps of the present calculation are those described in previous papers, see,
e.g., Ref. [45]. We use the packages QGRAF [60], Form [61, 62], color [63], Reduze 2 [64, 65]
for diagram generation, the performance of the Lorentz- and Dirac algebra, color algebra, and
the integration-by-parts reduction. The master integrals are calculated in Mellin N–space using
different techniques, which are described in Refs. [66, 67]. In the present case, only first–order–
factorizable recurrences are obtained, which can be solved by summation technologies based on
difference ring theory [68–81], encoded in the package Sigma [82, 83]. The package Harmonic-

Sums [84–101] is used to simplify the final expressions in Mellin-N and x-space.

3.1 The operator matrix element A
PS,s,(3)
Qq

In the unpolarized case, one obtains the anomalous dimension [39,41]

γNS,s,(2)
qq = 4

dabcd
abc

Nc

NF
1

2
[1 − (−1)N ]

{
S1P13

(N − 1)N4(1 + N)4(2 + N)

+
2P14

(N − 1)N5(1 + N)5(2 + N)
+

[
− 2P12

(N − 1)N3(1 + N)3(2 + N)

−
4
(
2 + N + N2

)2
S1

(N − 1)N2(1 + N)2(2 + N)

]
S−2 −

(
2 + N + N2

)
N2(1 + N)2

[S3 − 2S−3 + 4S−2,1]

}
(16)

and the constant part of the unrenormalized OME in Mellin space

a
PS,s,(3)
Qq =

4

3

dabcd
abc

Nc

1

2
[1 − (−1)N ]

{
S2,1P1

2N3(1 + N)3(2 + N)
+

S2
1P3

4(N − 1)N4(1 + N)4(2 + N)

+
S2P4

4(N − 1)N4(1 + N)4(2 + N)
− 3ζ3P5

2(N − 1)N3(1 + N)3(2 + N)

+
S−3P6

2(N − 1)N3(1 + N)3(2 + N)
+

S−2,1P7

(N − 1)N3(1 + N)3(2 + N)
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+
S3P8

2(N − 1)N3(1 + N)3(2 + N)
+

P11

(N − 1)N6(1 + N)6(2 + N)2
+

2 + N + N2

N2(1 + N)2

×

[[(
42 + 11N + 11N2

)
S3

2(N − 1)(2 + N)
+

(
14 − 19N − 19N2

)
S−2,1

(N − 1)(2 + N)
−

3
(
10 + 7N + 7N2

)
ζ3

2(N − 1)(2 + N)

]

×S1 +

(
− 18 + 13N + 13N2

)
S−3S1

2(N − 1)(2 + N)
− 4S−2S2

(N − 1)(2 + N)
+

3
(
6 + N + N2

)
S4

2(N − 1)(2 + N)

−1

2
S2
2 +

(
− 2 − 5N − 5N2

)
S2
−2

(N − 1)(2 + N)
− 12S−4

(N − 1)(2 + N)
−

3
(
14 + N + N2

)
S3,1

2(N − 1)(2 + N)

−
6
(
− 2 + 3N + 3N2

)
S−2,2

(N − 1)(2 + N)
−

6
(
− 2 + 3N + 3N2

)
S−3,1

(N − 1)(2 + N)

+
12
(
− 2 + 3N + 3N2

)
S−2,1,1

(N − 1)(2 + N)

]
+

[
P10

4(N − 1)N5(1 + N)5(2 + N)2

−
(N − 1)(2 + N)

(
1 + 2N + 2N2

)
S2

2N3(1 + N)3

]
S1 −

(
2 + N + N2

)2
S−2S

2
1

(N − 1)N2(1 + N)2(2 + N)

+

[
− 2S1P2

(N − 1)N3(1 + N)3(2 + N)2
+

P9

2(N − 1)N4(1 + N)4(2 + N)2

]
S−2

}
, (17)

which is a new result. Here the nested finite harmonic sums are, cf. Refs. [84,85],

Sb,⃗a(N) =
N∑
k=1

(sign(b))k

k|b| Sa⃗(k), b, ai ∈ Z\{0}, S∅ = 1, (18)

setting Sa⃗(N) ≡ Sa⃗. The polynomials Pi are

P1 = −6N6 − 26N5 − 38N4 − 7N3 + 17N2 + 8N + 4, (19)

P2 = 2N7 + 11N6 + 20N5 + 39N4 + 48N3 + 40N2 + 48N + 16, (20)

P3 = −3N8 − 12N7 − 16N6 − 6N5 − 30N4 − 64N3 − 73N2 − 40N − 12, (21)

P4 = −N8 − 6N7 − 8N6 + 20N5 + 40N4 + 4N3 − 109N2 − 136N − 60, (22)

P5 = N8 −N7 − 13N6 − 4N5 −N4 − 43N3 − 67N2 − 44N − 20, (23)

P6 = 6N8 + 27N7 + 17N6 − 28N5 − 53N4 − 13N3 + 36N2 − 32N − 24, (24)

P7 = 6N8 + 27N7 + 61N6 + 24N5 −N4 + 31N3 + 4N2 + 32N + 8, (25)

P8 = 15N8 + 63N7 + 89N6 + 12N5 − 125N4 − 163N3 − 203N2 − 132N − 68, (26)

P9 = −3N9 − 14N8 − 28N7 + 52N6 + 141N5 + 22N4 − 38N3 + 36N2 + 72N + 16, (27)

P10 = −11N11 − 67N10 − 126N9 + 6N8 + 297N7 − 175N6 − 1582N5 − 2468N4

−2358N3 − 1492N2 − 616N − 112, (28)

P11 = 6N12 + 44N11 + 140N10 + 246N9 + 254N8 + 85N7 + 7N6 + 410N5 + 873N4

+861N3 + 478N2 + 156N + 24, (29)

P12 = N6 + 3N5 − 8N4 − 21N3 − 23N2 − 12N − 4, (30)

P13 = −3N8 − 12N7 − 16N6 − 6N5 − 30N4 − 64N3 − 73N2 − 40N − 12, (31)

P14 = N8 + 4N7 + 13N6 + 25N5 + 57N4 + 77N3 + 55N2 + 20N + 4. (32)

The first moment N = 1 both of the anomalous dimension γ
NS,s,(2)
qq and of A

PS,(3),s
Qq (N) vanish.

The expression in x-space, a
PS,s,(3)
Qq (x), is given in an ancillary file to this paper. It can be
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expressed by harmonic polylogarithms [86] up to weight w = 5,

Hb,⃗a(x) =

∫ x

0

dyfb(y)Ha⃗(y), b, ai ∈ {−1, 0, 1},H∅ = 1, fc(x) ∈
{

1

1 + x
,

1

x
,

1

1 − x

}
with

H0, ..., 0︸ ︷︷ ︸
k

(x) :=
1

k!
lnk(x). (33)

In the small-x region one obtains

aPS,s,(3)qq (x) ∝ dabcd
abc

3Nc

{
−4

(
16 + 28ζ3 + 13ζ5

)
+
(
186 − 28ζ3

)
ζ2 −

43

5
ζ22

+
[
84 − 4ζ2 − 42ζ22 + 4ζ3

]
ln(x) +

[
30 + 9ζ2 − 28ζ3

]
ln2(x) +

[
32

3
− 6ζ2

]
ln3(x)

−1

2
ln4(x) +

1

5
ln5(x)

}
, (34)

and for large x

a
PS,s,(3)
Qq (x) ∝ dabcd

abc

3Nc

(1 − x)

{
−20 + 13ζ2 −

21

5
ζ22 + 6ζ3 +

[
17 − 8ζ2 − 8ζ3

]
ln(1 − x)

+[−3 + 2ζ2] ln2(1 − x)

}
. (35)

10
-5

10
-4

0.001 0.010 0.100 1

-5

0

5

10

Figure 1: The constant part of the unrenormalized massive OME Â
PS,s,(3)
Qq , a

PS,s,(3)
Qq , rescaled by

x(1 − x). Dashed line: small-x expansion up to the constant term. Dash-dotted line: large-x
approximation. Full line: complete result.

In Figure 1 we illustrate the constant part of the unrenormalized massive OME Â
PS,s,(3)
Qq ,

a
PS,s,(3)
Qq , as a function of x. It is remarkable that the small-x expansion, Eq. (34), holds up to

relatively large values of x.
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3.2 The operator matrix element ∆APS,s
Qq

Since in the contributing diagrams the two insertions of γ5 are on different fermion lines, we
employ the Larin scheme [33] for the calculation of ∆APS,s

Qq . We use three different methods to

compute the anomalous dimension ∆γ
NS,s,(2)
qq : i) the unrenormalized on-shell OME ∆ÂPS,s,(3) with

massive fermions for even moments, ii) the unrenormalized massless off-shell OME ∆ÂPS,s,(3)

for even moments, and iii) the forward Compton amplitude for the γZ-interference structure
function g5, see Ref. [38]. Here the projector of Eq. (4.14) in Ref. [102] has been used, which is
structurally the same as the one in Eq. (11) of Ref. [103]. We got the same result in all cases,6

∆γNS,s,(2)
qq = 4

dabcd
abc

Nc

NF
1

2
[1 + (−1)N ]

{
S1Q4

N4(1 + N)4
+

[
−

2
(
1 + N + N2

)(
2 + N + N2

)
N3(1 + N)3

−4(N − 1)(2 + N)

N2(1 + N)2
S1

]
S−2 −

(
2 + N + N2

)
N2(1 + N)2

[S3 − 2S−3 + 4S−2,1]

}
. (36)

The agreement of the results of i) and ii) shows that potential ‘alien’ operators, cf., e.g., Ref. [105],
play no role in the present case. Additionally, obtaining the anomalous dimension from the
forward Compton amplitude requires a different projector than the one used in Refs. [40, 42].

At three-loop order the anomalous dimension ∆γ
NS,s,(2)
qq is scheme invariant. It also obeys the

Drell-Yan-Levy rescaling relation in x-space

F (x) = −xRe

[
F

(
1

x

)]
, (37)

10
-5

10
-4

0.001 0.010 0.100 1

-2

0

2

4

6

8

Figure 2: The constant part of the unrenormalized massive OME ∆Â
PS,s,(3)
Qq , ∆a

PS,s,(3)
Qq , rescaled

by x(1 − x). Dashed line: small-x expansion up to the constant term. Dash-dotted line: large-x
approximation. Full line: complete result.

6Our previous calculation used the forward Compton amplitude, erroneously with a different projector for
the structure function g5, Ref. [42], Eqs. (38, 39) and Ref. [40], p. 436. It has now been corrected leading to
Eq. (36). After our calculation was finished, we found that in an independent calculation in Ref. [104], using a
SCET approach, the same result has been obtained, if one refers to the attachment dPSLarin.m there.
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see, e.g., Ref. [106], since it appears first at three-loop order.7 Also the Mellin-inversion of
Eq. (16) obeys Eq. (37).

The projector given in Ref. [103] was also applied to ∆Â
PS,(3)
Qq , i.e. the part ∝ [1 − (−1)N ],

from which the correct polarized three-loop anomalous dimensions ∆γ
PS,(2)
qq was derived. A

corresponding projector, supplemented by a term ∝ p2, the off-shellness, needed to remove
equation-of-motion terms, Eq. (2.11) of Ref. [42],8 led to ∆γ

PS,(2)
qq for the odd moments too.

By method i) we also obtain the massive OME, ∆Â
PS,s,(3)
Qq , with

∆a
PS,s,(3)
Qq (N) =

4

3

dabcd
abc

Nc

1

2
[1 + (−1)N ]

{
S2,1Q2

2N3(1 + N)3
− 3ζ3Q3

2N3(1 + N)2
+

S2
1Q4

4N4(1 + N)4
+

S2Q5

4N4(1 + N)4

+
S−2,1Q8

N3(1 + N)3
+

S3Q9

2N3(1 + N)3
+

[
S2Q1

2N3(1 + N)3
+

Q10

2N5(1 + N)5
−

(
42 − 11N − 11N2

)
S3

2N2(1 + N)2

+

(
− 14 − 19N − 19N2

)
S−2,1

N2(1 + N)2
−

3
(
− 10 + 7N + 7N2

)
ζ3

2N2(1 + N)2

]
S1 +

(
− 2 −N −N2

)
S2
2

2N2(1 + N)2

+
3(N − 2)(3 + N)S4

2N2(1 + N)2
+

[
Q6

N4(1 + N)4
+

2
(
4 + 12N − 3N3 −N4

)
S1

N3(1 + N)3
− (N − 1)(2 + N)S2

1

N2(1 + N)2

+
4S2

N2(1 + N)2

]
S−2 +

(
2 − 5N − 5N2

)
S2
−2

N2(1 + N)2
+

[(
18 + 13N + 13N2

)
S1

2N2(1 + N)2

+
Q7

2N3(1 + N)3

]
S−3 −

3
(
− 14 + N + N2

)
S3,1

2N2(1 + N)2
−

6
(
2 + 3N + 3N2

)
S−2,2

N2(1 + N)2

+
12S−4

N2(1 + N)2
−

6
(
2 + 3N + 3N2

)
S−3,1

N2(1 + N)2
+

12
(
2 + 3N + 3N2

)
S−2,1,1

N2(1 + N)2

}
, (38)

and the polynomials

Q1 = −2N4 − 4N3 − 5N2 − 3N − 2, (39)

Q2 = −6N5 − 20N4 − 10N3 + N2 − 3N − 2, (40)

Q3 = N5 + 5N4 − 8N3 − 3N2 + 3N + 6, (41)

Q4 = −3N6 − 9N5 − 5N4 + 5N3 + 19N2 + 15N + 6, (42)

Q5 = −N6 −N5 + 7N4 + 7N3 + 19N2 + 15N + 6, (43)

Q6 = N6 + 7N5 + 25N4 + 12N3 − 20N2 − 31N − 10, (44)

Q7 = 6N6 + 15N5 − 24N4 − 52N3 − 39N2 + 6N − 4, (45)

Q8 = 6N6 + 15N5 + 24N4 + 12N3 + N2 − 18N − 4, (46)

Q9 = 15N6 + 60N5 + 42N4 − 45N3 − 37N2 + 3N + 6, (47)

Q10 = −16N8 − 65N7 − 71N6 + 25N5 + 58N4 + 80N3 + 110N2 + 81N + 18. (48)

The expression in x-space is given in an ancillary file. Here the first moment is non-vanishing.
In the small-x region one obtains

∆a
PS,s,(3)
Qq (x) ∝ 1

3

dabcd
abc

Nc

ζ2 ln(x)[(50 + 2ζ2) − 9 ln(x) − 6 ln2(x)] (49)

7JB thanks S. Moch for reminding this relation.
8See also Ref. [107].
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and for large-x

∆a
PS,s,(3)
Qq (x) ∝ 1

3

dabcd
abc

Nc

(1 − x)
{[

14 − 4ζ2 − 8ζ3
]

log(1 − x) +
[
− 3 + 2ζ2

]
log2(1 − x)

}
. (50)

With the OMEs calculated in this paper, the set of massive single-mass OMEs at three-loop
order is now complete, extending the results reported in Refs. [43–48,108–112].

4 The heavy quark-antiquark asymmetry

Finally, we calculate the heavy quark-antiquark difference and sum distributions, x[fQ(x,Q2) ∓
fQ(x,Q2)] and [(∆)fQ(x,Q2) ∓ (∆)fQ(x,Q2)] by setting µ2 = Q2, in the VFNS, for Q = c, b. In
the unpolarized case, we refer to the parton distribution functions Ref. [113] from [114], and in
the polarized case to those of Ref. [115].

For the distributions shown in Figures 3–6, we refer to three massless flavors representing Σ±

both for the charm and bottom distributions, Eq. (5, 6), which only differ by the logarithmic
terms in the OMEs at the respective values of Q2. The heavy-quark masses in the on-shell
scheme, used in the calculation of the massive OMEs, are [59,116]

mc = 1.59 GeV, mb = 4.78 GeV. (51)

The values of the strong coupling constant αs(4 GeV2) = 0.26897, αs(m
2
b) = 0.20452,

αs(30 GeV2) = 0.1972, αs(100 GeV2) = 0.1706 are consistent with the value αs(M
2
Z) = 0.1147.

The Fortran programs were designed by applying code optimization [117] and we use the numer-
ical representation of harmonic polylogarithms up to w = 5 of Ref. [118]. Convolution integrals
are calculated by the package DAIND, cf. Ref. [119].

10
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-0.00010

-0.00005
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0.00010

0.00015

10
-4 0.001 0.010 0.100 1

0.0

0.5

1.0

1.5

2.0

Figure 3: The unpolarized distributions x[c(x,Q2)− c(x,Q2)] (left panel) and x[c(x,Q2) + c(x,Q2)]
(right panel). Dotted lines: Q2 = 4 GeV2. Dashed lines: Q2 = 30 GeV2. Full lines: Q2 = 100 GeV2.

In Figures 3 to 6, we illustrate both the difference and the sum of the charm and bottom
distributions, respectively, as functions of x and Q2. Note that in the unpolarized case, the
OMEs A

PS,(3)
Qq and A

(3)
Qg have different signs, leading to partial cancellations. At the higher scales

shown, the charm quark distributions are about twice bigger than those for the bottom quarks,
see Figures 3 and 4. The difference distributions x[Q(x,Q2)−Q(x,Q2)] take values in the range
−0.0001 to +0.0015, which are oscillating since their first moments vanish.
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Figure 4: The unpolarized distributions x[b(x,Q2)− b(x,Q2)] (left panel) and x[b(x,Q2) + b(x,Q2)]
(right panel). Dotted lines: Q2 = m2

b . Dashed lines: Q2 = 30 GeV2. Full lines: Q2 = 100 GeV2.
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Figure 5: The polarized distributions [∆c(x,Q2)−∆c(x,Q2)] (left panel) and [∆c(x,Q2)+∆c(x,Q2)]
(right panel). Dotted lines: Q2 = 4 GeV2. Dashed lines: Q2 = 30 GeV2. Full lines: Q2 = 100 GeV2.
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Figure 6: The polarized distributions [∆b(x,Q2)−∆b(x,Q2)] (left panel) and [∆b(x,Q2)+∆b(x,Q2)]
(right panel). Dotted lines: Q2 = m2

b . Dashed lines: Q2 = 30 GeV2. Full lines: Q2 = 100 GeV2.

In the polarized case, we illustrate the quark-antiquark difference distributions for the number
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densities in Figures 5 and 6. Also here the charm quark distributions are about twice as large
as those for bottom in the kinematic range shown, taking values between −0.05 and 0.12, more
peaked towards smaller values of x. Their measurement is even more difficult, as two polarization
asymmetries have to be formed. The sum distributions are widely negative in the small-x region.
Correspondingly, the contributions to the nucleon momentum and spin budget by the PDF-
asymmetries are very small in the heavy-quark case.

In measuring B−(λ) off deuteron targets, both the distributions D−
8 and Σ− contribute in the

combination xF γZ
3 = 1.39 xD−

8 + 2.44 xΣ−, and analogously in the polarized case. It turns out
that in the VFNS the heavy quark-antiquark asymmetry (∆)fQ−Q(x,Q2) is very small but non-
vanishing. An experimental measurement is challenging and will require very large luminosities
and precision, despite of the fact that the heavy-flavor contributions at three-loop order are solely
determined by the heavy-quark tagging part.

5 Conclusions

We calculated the massive OMEs describing the perturbative creation of the asymmetry of the
heavy-quark PDFs (∆)fQ(x,Q2)−(∆)fQ(x,Q2) in the unpolarized and polarized cases in QCD in
the variable flavor number scheme. Unlike the sum of the heavy-quark PDFs, which contribute
from O(as), their asymmetry occurs first at O(a3s) in the VFNS. While the sum is driven by
the PDFs Σ+ and G, the difference results from Σ−. The difference distributions contribute
to the polarization asymmetry (∆)B−(λ), measured by using polarized electron and positron
deep-inelastic data. It turns out that the distributions (∆)fQ(x,Q2) − (∆)fQ(x,Q2) are non-
vanishing but very small and require huge luminosities to be measured. They contribute with a
correspondingly small rate both to the nucleon momentum and nucleon spin. In the heavy-quark
case, the quark and antiquark distributions are different in the VFNS.

We corrected the result for the polarized anomalous dimension ∆γ
NS,s,(2)
qq in Refs. [42], which

has been calculated by us by three different methods.
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[31] J. Blümlein, The Theory of Deeply Inelastic Scattering, Prog. Part. Nucl. Phys. 69 (2013) 28–84 [arXiv:
1208.6087 [hep-ph]].

[32] W.A. Bardeen, A.J. Buras, D.W. Duke and T. Muta, Deep Inelastic Scattering Beyond the Leading Order
in Asymptotically Free Gauge Theories, Phys. Rev. D 18 (1978) 3998–4017.

[33] S.A. Larin, The Renormalization of the axial anomaly in dimensional regularization, Phys. Lett. B 303 (1993)
113–118 [hep-ph/9302240].

[34] M. Buza, Y. Matiounine, J. Smith and W.L. van Neerven, Charm electroproduction viewed in the variable fla-
vor number scheme versus fixed order perturbation theory, Eur. Phys. J. C 1 (1998) 301–320 [hep-ph/9612398].

[35] J. Ablinger, A. Behring, J. Blümlein, A. De Freitas, A. von Manteuffel, C. Schneider and K. Schönwald, The
Single-Mass Variable Flavor Number Scheme at Three-Loop Order, [arXiv:2510.02175 [hep-ph]].

[36] M. Buza and W.L. van Neerven, O(α2
s) contributions to charm production in charged current deep inelastic

lepton-hadron scattering, Nucl. Phys. B 500 (1997) 301–324 [hep-ph/9702242].
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[102] L. Bonino, T. Gehrmann, M. Löchner, K. Schönwald and G. Stagnitto, Polarized Neutral and Charged
Current Semi-Inclusive Deep-Inelastic Scattering at NNLO in QCD [arXiv:2510.00100 [hep-ph]].
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