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Abstract

The matching relations in the unpolarized and polarized variable flavor number scheme
at three-loop order are presented in the single-mass case. They describe the process of
massive quarks becoming light at large virtualities Q2. In this framework, heavy-quark
parton distributions can be defined. Numerical results are presented on the matching
relations in the case of the single-mass variable flavor number scheme for the light parton,
charm and bottom quark distributions. These relations are process independent. In the
polarized case we generally work in the Larin scheme. To two-loop order we present the
polarized massive OMEs also in the MS scheme. Fast numerical codes for the single-mass
massive operator matrix elements are provided.
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1 Introduction

The massive operator matrix elements (OMEs) [1,2] in Quantum Chromodynamics (QCD) are
process-independent quantities. By virtue of the renormalization group equations they allow to
describe the transition of heavy-quark contributions to become light at high virtualities Q? in
deep-inelastic scattering [3-7] and other hard scattering processes [8]. In this way, also so-called
heavy-flavor parton distributions can be defined in the single-mass [9,10] and two-mass [2] cases.
Originally, perturbative calculations of the heavy-flavor corrections to structure functions were
performed in the so-called fixed flavor number scheme (FEFNS), see Refs. [11,12], adding the
heavy-flavor Wilson coefficients to the massless ones. Here one has also to account for virtual
corrections, i.e., a part of the heavy-flavor contributions may have purely massless final states
but virtual heavy-flavor lines.

The idea of the variable flavor number scheme (VENS) is now to establish the transition of
a generally massive quark to act as a massless one at high scales of the virtuality Q? in the
deep-inelastic scattering process. This is achieved by the relation [9]

E(NF7Q2)+Q1;>I{711 Fiu(Np, Q% mg) = Fi(Np +1,0Q%), (1)

for the transition of Np to Np+1 light flavors. Here m¢ denotes the heavy quark mass, F; is the
light-flavor part of the structure function and F; i denotes all its heavy-flavor parts. Equation (1)
is valid in regions where power corrections (mg2 /Q*)* k > 1 can be safely neglected. This relation
has to obey the renormalization group equations [13,14], which imply the corresponding matching
relations of the different parton distribution functions (PDFs) via the massive operator matrix
elements (OMEs).?2 At next-to-leading-order (NLO) it was shown [19] that these logarithms
emerging in the FFNS in the case of the charm quark corrections show a rather stable behavior
under the variation of the factorization and renormalization scales within the kinematic region
at HERA. This may become different at even higher virtualities, requiring their resummation at
these scales in the VFNS.

The building blocks to set up the VFNS are the massive OMEs. In the unpolarized and
polarized cases they have been computed to two-loop order? in Refs. [1,9,24-35]. A series of
Mellin moments at three-loop order has been calculated in Ref. [10]. From three-loop order
on, seven unpolarized massive OMEs, Aqusg,AQq,Aqu,AQg,AqQ,Q,qu,Q and Ay, o, and the

corresponding polarized OMEs contribute. Here Aqu 5 appears in the transition relations for

the combination of the parton distributions f; + f;, while A Q_ rules the transition for f; — f;.
The latter OME does not contribute to the structure functions Fy(z,Q?) or gi(x,Q?), but stems
from heavy-flavor corrections to the structure functions zF3(z, Q* ) or gs(z,Q?%), see Ref. [36].
For general values of the Mellin variable N and the momentum fraction variable z they were
calculated in Refs. [28,29,33,37-46].

Starting at two-loop order, there are also two-mass contributions. While they have a factor-
izable structure at two-loop order [30,47], they result also from irreducible Feynman diagrams

2In the literature also modifications of the single-mass VFNS, Eq. (1), such as the ACOT scheme [15,16] and
the FONLL scheme [17,18] have been discussed, to one- and two-loop order. Aspects of the ACOT scheme, in
comparison to the present approach, have been discussed in Ref. [9] in detail already. The FONLL scheme builds
on the massive OMEs calculated in the approach of Refs. [1,10].

3Some of the one-loop OMEs can be extracted from the results of Refs. [20-24].



containing two lines of different heavy-quark mass from three-loop order. In Ref. [27] we cor-
rected some of the two-loop massive OMEs of Ref. [9]. Also the two-loop non-singlet (NS) results
of Ref. [1] had to be corrected, cf. Ref. [38], since (inclusive) structure functions are considered.
The five two-mass OMEs ANS AQq,AQg,quQ and AggQ have been calculated to three-loop
order in Refs. [2,48,49].4 The two mass VENS to three-loop order, in which also these quantities
emerge, will be presented in a forthcoming publication.

The present paper provides the VENS to three-loop order in the unpolarized and polarized
single-mass case for the first time for phenomenological use for future simulations and inclusive
data analyses. This comprises a full set of precise and fast numerical representations of the
contributing OMEs in z-space. Here x denotes the Bjorken variable, which is identical to the
momentum fraction z of the respective parton in the infinite momentum frame, considering only
twist-2 contributions. Numerical illustrations for the matching relations for the different parton
distributions are given.

The paper is organized as follows. In Section 2 we describe the basic formalism for the
single-mass variable flavor number scheme. The relation between the fixed and variable flavor
number scheme for the unpolarized structure functions Fy(x, Q?) are discussed in Section 3.
Corresponding relations apply to the polarized structure g;(z, @*) synonymously. Note that the
asymptotic heavy-flavor corrections for charged current processes are given by partly different
OMESs than those in the neutral current case. There are massless-massive single quark excita-
tions, which are absent in the neutral current case. Consequently, the associated heavy-flavor
corrections are different, cf. Ref. [51] and corrections given in Ref. [52]. In the present paper we
will majorly consider the neutral current case. Numerical illustrations in the single-mass case
are given in Section 4 and the conclusions in Section 5. In the appendices we provide technical
aspects as reference points for the Fortran-codes, OMEUNP3 and OMEPOL3 in the unpolarized and
polarized cases from tree level to three-loop order in the Larin scheme [53].> Up to two-loop
order we provide also the code for the polarized OMEs in the MS-scheme and for transversity,
cf. Refs. [39, 54], OMEPOL2MS. In the three-loop case also a numerical code in C++ is provided.
The associated Fortran codes OMEUNP3 and OMEPOL3 are grid-based for fast performance We
also illustrate the constant part of some unrenormalized single-mass OMEs (A)A(?f) (A) ), for
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which this was not done before. These quantities contribute to the single-mass VFNS.

2 The Basic Formalism

The transition formulae in the single-mass VFNS from three-loop order have been derived in

Ref. [9] and were corrected in Ref. [10]. Here we consider first relations stemming from neutral

current structure functions with f; + f; quark content, implying non-singlet +-combinations.
We define the non-singlet and singlet parton distribution functions, A?IS’+ and X, by

AP (2, Q* Np) = fi(z, Q) + filw, Q) — 1F (¢, @* Nr), i€{l,....Nr}, (2)
Np

2($,Q2,NF> = Z[fz(x7Q2>+f5(xaQ2>]> (3)

i=1

4Here the symbol A is used to label the two-mass OMEs and has not the meaning as in Eq. (11). The
three-loop two-mass OMEs (A)Aq, are in preparation [50].

5We note that in the calculation of polarized anomalous dimensions and the massless and massive Wilson
coefficients in deep-inelastic scattering for the QCD corrections only up to two Levi-Civita tensors contribute.
Furthermore, the particle-polarizations are due to external initial conditions in the photon case. For weak-boson
exchange only the couplings of a single weak gauge boson is considered, which is equivalent to the previous case.
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where = denotes the longitudinal momentum fraction of the twist-2 parton distributions, Q? =
—q? the virtuality of the space-like momentum transfer ¢, and Ny the number of massless flavors.
We set fijﬁ(xu Q2> = fz(xv Qz) + ff(xv Qz)

Sometimes it is convenient to work in Mellin N space since simpler relations are obtained
there. The Mellin transforms of a regular function, resp. +- and §-distributions, are given by

M[f(2)](N) = ]f dae 1 f (2), (4)
M{[g(z)]](N) = [;mﬂf“4—ug@» (5)
M[[h(x)5(1 — 2)[(N) = h(1), (6)

with f(z),g(z), h(z) € C[0,1]. In Mellin space the transition formulae in the unpolarized case
read®

fi+€(N7 Q27 Np + 1) = AquSE ) fi+%(Na Q27 NF) + AESQ ’ E<N7 Q2, NF)

q,

"*”Zlqg,Q ) G(Na Q27 NF), (7)
(N, Q% Np+1) = [AN + AP+ ABS] - S(N, Q2 Ni)

[ + 400,05 ), .
G(N,Q*Np+1) = Agyq-S(N,Q* Np) + Agyq - G(N.Q, Ni). (9)

The PDF's are no observables. By using either the FFNS or the VFNS, the structure functions
have to be the same in the limit of large virtualities. What happens changing from the FFNS
to the VENS is that the PDFs absorb the massive OMEs and the Wilson coefficients become
massless ones. In course of this, heavy flavor PDF's are defined.

The massive OMEs are given by

m2 >
Ay = Ay (N, —Q> =5+ Y afAY, 10)
J J QQ J ; ¥ (
where a, = a,/(47) = g2/(47)? denotes the strong coupling constant at the virtuality Q% G
denotes the gluon distribution. We use the notation

Fove) = 150 ) = e+ 1) - 5 (1)
A few comments are in order. The factors 1/Np in front of quS,Q and A, o in Eq. (7) account for
the fact that the distributions are initially calculated not taking the charges efc into account. Both
in the singlet and pure-singlet cases the closed light-flavor loop carrying the operator insertion
generates a factor of Np. In the non-singlet case the external light quark line moves through
the whole OME diagram on which the local operator and electromagnetic charge are sitting.
Furthermore, one has to observe the explicit Ng-structure of the massless Wilson coefficients
[55,56] which we used to simplify the expressions.
The relations (7-9) apply to the transition from Np = 3 to Ny = 4 flavor PDF's through the
non-vanishing OMEs A;;, which depend on the quark mass of the heavy quark logarithmically
via In(mg/Q?). At tree level only the diagonal elements AN°, and Agy o do not vanish and

SNote a series of typographical errors in Ref. [9], which were corrected in Ref. [28].
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evaluate to unity. The first contributions are those due to charm, mg = m.. The single-mass
bottom contributions are obtained in the same way and depend on In(m?/Q?), leaving out the
tree-level contributions. This is not yet the complete two-mass description, which also contains
additional reducible and irreducible two-mass terms.

Furthermore, the heavy-flavor distribution fo,q

fQJrQEfQ(N7Q27NF+1)+fQ(N7Q27NF+1) - Ag?l'2(N7Q27NF)+AQ9'G(N7Q27NF)
(12)

is implied. The OMEs A,, o and AquQ only contribute from three-loop order. At threshold,
Q* = mg, the relation

fQ(NaQQaNF+1):fQ(N7Q27NF+1) (13)

holds. Between the thresholds at Q% = m? and Q? = m the evolution of the parton densities
is again massless. Due to non-singlet flavor combinations depending on the color factor du,.., see
Refs. [57,58], a difference emerges in the now massless heavy-quark contributions as charm and
at higher scales bottom. For Nr > 3 also contributions of the kind contribute in the massless
Wilson coefficients, see Refs. [55,56], depending on the observable.

There are three sum rules in the case of the unpolarized OMEs

APS(N=1) = 0, (14)
Aped (N =2) + AP (N = 2) + AG (N = 2) + Ageo(N =2) = 1, (15)
Aqg,Q(N = 2) + AQg(N = 2) + Agg,Q(N - 2) = 1, (16)

due to fermion-number and energy-momentum conservation, here expressed in terms of moment-
relations.

In z-space the products in Mellin space turn into the following convolutions, cf. Egs. (256—
258) of Ref. [30],

(Liﬂ?L ®9) (z) = /: dzlf(Tz)Z Eg <§> —g(a:)} —g(x) /Ox d'zlf(TZ)Z’ (17)

hog@) = [ Chtg (%), (18)
(1 - 1) ©g)a) = olx). (19)

for the +-distributions, regular functions, and the contributions containing §(1 — x). The Mellin
convolutions ® are obtained from the general relation

A B]( / day / a0 (x — 1129) A1) B(22). (20)

Since the mass ratio m?/mi ~ 1/10 is not particularly small, one may consider to decouple
charm and bottom together at a sufficiently high scale Q?, cf. Ref. [2]. In particular it is difficult
to believe that charm can be considered massless at the mass scale of the bottom quark, m.
Indeed it has been shown, e.g., for the unpolarized and polarized Bjorken sum-rule and the Gross-
Llewellyn Smith sum rule in Ref. [33], where to two-loop order the complete mass-dependence
is known, that the massless limits for charm and bottom are approached only at rather large
scales Q. A numerical study to two-loop order on the VFNS, based on Refs. [59-61], has
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been performed in Ref. [62] with the same conclusions. This has also been shown in the pure-
singlet case at two-loop order in Refs. [32,35]. Therefore, heavy-quark distributions cannot be
introduced at Q2 = mé, the heavy-flavor threshold used traditionally, as massless distributions.
Doing this still has to be considered rather as a convention. However, in all this the correct
heavy-flavor representation of the deep-inelastic structure functions has to be maintained. In
particular, power corrections [1,25,32,33,35] have to be of negligible size in the kinematic regions
considered.

The PDF matching, even in the later two-mass case, is performed independently of the
electroweak couplings of the partons for the distributions A?JS’JF, > and G, unlike the case for
the massive Wilson coefficients in deep-inelastic scattering. The relations are structurally the
same as in Egs. (7-9) by just extending the respective OMEs by their two-mass contributions
Aqu, AQq, Apg, Agyq and Ay, . Here Ag, and A, start at two-loop order [47] and the other

OMEs at three-loop order. At four-loop order there are also two-mass contributions for Aqu

and AFS

Syﬁ%ﬁymous relations hold in the polarized case for the structure functions at longitudinal
polarization, cf. Ref. [36], as, e.g., for the structure function g (z, @?). Here we work in the Larin
scheme [53].7 Accordingly, the evolution of the polarized parton distributions is performed in the
Larin scheme, cf. Ref. [64]. Corresponding transformations of the anomalous dimensions have
been given in Refs. [65-67].

Regarding the consideration of the evolution of parton densities as defined in the variable
flavor number scheme, the following convention is used. The flavor thresholds are chosen to be the
heavy-quark masses, either in the on-mass-shell scheme (OMS) or the MS scheme. Accordingly,
one has to use the OMEs A;; with the heavy quark mass renormalized in these schemes® by
expanding in the coupling constant to the respective order.

Furthermore, one wants to separate the quark and anti-quark distributions within this frame-
work. This is not possible referring only to the structure function Fy(x, Q?) in the unpolarized
case or g;(z,@?) in the polarized case of either proton or deuteron targets only. Rather one con-
siders additionally other flavor non-singlet combinations from non-singlet structure functions,
e.g. the combination of structure functions ngW - (x,@?). Corresponding relations are given
in Ref. [69]. Here, the heavy-quark contributions depend on ANSQ analytically continued from
the odd moments.” For the corresponding contributions in the polarized case for the (target-
projected) non-singlet contribution see Ref. [44]. One obtains

fl<N7Q27NF+1)_fE(N7Q27NF+ ) AquSQ [fl<N7Q27NF)_f5<x7Q27NF)] (21)

in this case.

3 Fy(x,Q? and g;(x,Q?) in the Fixed and Variable Flavor
Number Schemes

In the following we discuss the relations for the unpolarized structure function Fy(x, Q%) by
expressing this observable either in the fixed or the variable flavor number scheme. Corresponding

"In previous papers the results in the non-singlet case were often presented in the MS scheme. The transition
to the Larin scheme used in the present paper has been given in Refs. [29,63].

8In the present paper we use the OMS scheme. The transition to the MS scheme is easily obtained by using
the relations between the different mass definitions, cf., e.g., Ref. [68] and references therein.

9For the different nucleon targets also the Cabibbo-Kobayashi-Maskawa matrix elements contribute.



relations hold for the polarized structure function g (z, @*) synonymously. In the fixed flavor
number scheme the structure functions obey the representation

Flotl(y Q%) = leight(x7Q2) + FzQ(a;,Q2), (22)

where the massless contributions Fy&™(z, Q?) are given in Eqs. (87, 92) of Ref. [56] for N
massless flavors, see also Ref. [55]. The single-mass heavy-flavor contributions Fy(z, Q?) are
given in Ref. [10], Egs. (2.1) and (2.11-2.15).

Observables, like the deep-inelastic structure functions F(z,Q?), obey the renormalization
group equation (RGE), cf. Ref. [70],

DF(z,Q*) =0 (23)
with the RGE operator
0 0
9 = ot By, NF)a_g (24)

and g = g(p* Np) = 4m\/as. The heavy-quark masses are fixed parameters in the on-shell
scheme. In the present approach they only emerge correlated with the scale p?. The evolution
equations for the massless off-shell OMEs T';; at space-like momentum square p?, cf. Ref. [71],
form the twist-2 parton densities. Their evolution equations and the ones of the massless on-shell
Wilson coefficients read

911‘;‘(,1!2/1)2) = _’Yikrkj(MQ/pQ)u gcz‘,l(QQ/lﬁ) = 7lmci,m<Q2/:U“2)’ (25)

using the Einstein summation convention. Here i, = 7 (as) are the anomalous dimensions.
The massless PDFs obey

GAST(?) = =S AP (), (26)
I5(1”) = —[b, S) + 15, G, (27)
2G1W*) = =[5, 2P + 75, G(u?)]. (28)

The action of the RGE operator & can be transformed into the derivative for the variable
2
t=—2In (“—g) , (29)
L
through which the evolution equations for the massless Wilson coefficients and parton densities
read

d d

500 =7)C(),  — filt) = —7(0)f5(). (30)
Here jp denotes a mass scale and
dag(t) =
pra kzg Brag(t). (31)

The anomalous dimensions are given by
k
i (t) = Y al (). (32)
k=0
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Equation (23) leads to

d
—F(t)=0. 33
SR (33)
The expression for Fy(x, @?) in the variable flavor number scheme reads
e2
FY™S(2,Q%) = BN @, @) + BB (e Q2), (34)
with
VFNS,e2 ali Q?
F2 ’k(x’Q2> - Zei [fk+k(xaQ27NF+1)®cg2NS <m7F7NF+]->
k=1

_ 2
+Z($’ M2v NF + 1) ® Cg;:qs (:IZ', %, NF + 1>

B 2
+G(z, )2 Np+1) ® (52879 (:1:, %, Np + 1) , (35)
FVFNS,Q% 2 . 2 B 2 N 1 %NS Q2 N 1
5 (x,Q7) = € foro(x,Q°, Np +1) ® €, x,?, rF+
~ 2
+2(l’, M27 Np + 1) &® (521?(18 <$, %, Np + 1>
R 2
+G(z, )2 Np+1) @ %fg (x, %, Np + 1) : (36)

where %5, denote the massless Wilson coefficients. Using the above relations, it is easy to
show that the two terms in the Lh.s. of Eq. (34) are individually obeying Eq. (23). However, the

evolution of the parton distribution functions now depends on the massive OMEs, A;;, exhibiting
2
a more involved scale dependence, cf. Ref. [9] and Egs. (7-9, 12). F2V FNS’ek(:v, Q?) also contains

the complete massless contribution for the N light flavors, (35), which has to be subtracted to
obtain the corresponding heavy-flavor term.
We have shown by an explicit calculation that for Q2 > sz,

0Fy (2, Q%) = F,*™(2,Q%) — Fy"™(2,Q%) = O(ay), (37)

s

holds by referring to the massive OMEs and massless Wilson coefficients to three-loop order.
In the representations given in Ref. [10,28], both for the structure functions as well as for the
relations in the VENS, we did not write quantities which vanish in QCD in the respective order.
One example is CA’Q(}q)’NS = 0, which is implied by the concrete Nr dependence. Corresponding
representations hold for the structure function g (x, Q?).

In any other representation or scheme used one has to provide the observables, the deep-
inelastic structure functions and others, including the heavy-flavor contributions correctly, i.e.,
up to O(a?), in the present case.

4 Numerical Results

To illustrate the single-mass heavy-flavor contributions to the parton distribution functions in
the VFNS for charm and bottom in relation to those for light flavors, we use z-space parame-
terizations of the kind

zfi(z) = Niz® (1 — )% (1 + ciz®) (38)
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for each value of Q2 of the non-singlet, singlet and gluon distributions, similar to Ref. [72].19
The parameters for Eq. (38) are given in Table 1 in Appendix A represent an effective parame-
terization in the unpolarized case. The distributions are positive in the whole z-range. !

0.10F

IANS'+(Z, QZ)

0.00F...,

Figure 1: The distribution zANS* (2, Q?) for Q% = 30 GeV? (dotted line), Q? = 100 GeV? (dashed
line), @ = 10000 GeV? (full line) in the unpolarized case.

To establish a baseline, we first show the massless distributions before illustrating the impact
of the heavy flavor contributions. In Figures 1 and 2 we show the x and Q? dependence of the
unpolarized parton distributions for the massless partons. While the non-singlet distribution falls
towards the region of small values of x those of the singlet and gluon momentum distributions
are rising. The singlet and gluon distributions are related by four-momentum conservation,

/0 dzz[X(z, Q%) + G(z,Q%)] = 1. (39)

In the polarized case to three-loop order, we use the distributions in the Larin scheme of
Ref. [64].12 Also the polarized three-loop massless singlet Wilson coefficients are only available
in the Larin scheme, cf. Ref. [56]. It is useful to express the individual polarized parton densities
for three light flavors in terms of the distributions zAjz, xAg, zAY, and zAG. From the relations

Az = (Au+ Au) — (Ad+ Ad), (40)
As = (Au+ Au) + (Ad + Ad) — 2(As + As), (41)
AY = Au+ Au+ Ad+ Ad+ As + A3, (42)
one obtains
1
Au+Au = 8 [Ag +2AY + 3A], (43)
Ad+Ad = é Ag+2A% — 37,). (44)
As+ A5 = % [AY — Ag]. (45)

0Note a typographical error in Eqgs. (54,55) in Ref. [72].
1We thank H. Bottcher for providing this parameterization.
12The non-singlet OMEs are also available in the MS scheme.



25f

15F

23z, Q)

Figure 2: Left panel: The distribution 23 (z, Q?) for Q% = 30 GeV? (dotted line), Q> = 100 GeV?
(dashed line), @Q* = 10000 GeV? (full line) in the unpolarized case. Right panel: the same for the
distribution zG(z, Q?).

0.20+

0.05+

0.00 ko

Figure 3: The distribution 1Ag(x, Q?) for Q* = 30 GeV? (dotted line), @? = 100 GeV? (dashed
line), @* = 10000 GeV? (full line) in the polarized case in the Larin scheme [64].

0.20fF ]
0.25F
0.15 1 0.20
& 1 &0
S o010l S oash
Gl ] &
A 1 0O
ﬂ 0.05 <J 0.10[
0.05F
0.00
0.00F
x x

Figure 4: Left panel: the distribution zAY(x, Q?) for Q% = 30 GeV? (dotted line), @* = 100 GeV?
(dashed line), Q% = 10000 GeV? (full line) in the polarized case in the Larin scheme [64]. Right
panel: the same for the distribution zAG(x, Q?).
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Assuming a SU(3) symmetric sea one has
A = As=As=Au=Ad, (46)

which allows to form the combinations Af; — A f;,

1
Au—Au = 5 [Ag + Ag] y (47)
- 1
As—As = 0. (49)
% 0.007
g/ -0.04
Z<l —0.06;

104 0.001 0.010 0.100 1

T

Figure 5: The ratio A®P(x, Q?)/AN=3(z, Q%) as a function of z, referring to the matching scales
@Q?* = 30 GeV? (dotted line), Q% = 100 GeV? (dashed line), Q> = 10000 GeV? (full line) in the
unpolarized case.

The distribution functions for the massless partons are illustrated in Figures 3 and 4. In the
non-singlet case we will refer to Ag(z, Q?), cf. Ref. [73], which is the only non-singlet combina-
tion in the case of the structure function ¢g¢(z,Q?). Unlike in the unpolarized case, the PDFs
xAg, tAY and zAG in the polarized case are of comparable size.

We consider ratios relating the PDFs in the VFNS to the respective Np = 3 distributions at
a number of scales Q2. The ratios depend to a lesser extent on the details of the respective input
distributions than in the case of absolute predictions. The massive OMEs have been calculated
in the on-mass-shell scheme for the heavy quark masses. We use the following values for the
on-shell quark masses [74, 75],

me = 1.59 GeV, my = 4.78 GeV. (50)

The numerical integrals are evaluated with DAIND [76]. In part the numerical representations
[77,78] of the harmonic polylogarithms [79] are used. In the case of functions depending on
even higher alphabets [80-82], we use precise numerical expansions in the interval x € [0, 1],
cf. Ref. [83,84], which also imply the occurrence of multiple zeta values up to weight w = 5 [85].
Finally we accelerated the code performance by local series expansions and by using precise grid
interpolation being finite in € [107% 1] and analytic treatment of the regions near to z = 0
and = = 1. For some subroutines we used code optimization [86]. We illustrate the distributions
obtained in the VFNS, matching charm and bottom quark single-mass effects simultaneously.
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This neglects effects from the genuine two-mass OMEs which will be dealt with in a forthcoming
publication. For the distributions D &€ {A?S’Jr, Y, G, Ag, AYX, AG} we define the combined charm
and bottom contributions

D (z, Q%) = D(z, Q%) + D°(z, Q%) — 2D"r=3(2, Q%) , (51)
0,25 [Ty 0.00
& 0.20f S oosk
E 015 )
7 T -010f
%, 010} T
= 1=
Sy <) 015¢
5 &
¥y 000 g -0.20f
-0.05F ‘ ‘ ‘ o5l ‘ ‘ ‘
104 0.001 0.010 0.100 1 104 0.001 0.010 0.100 1

xT T

Figure 6: Left panel: The ratio X°P(z, Q?)/XNr=3(x, Q%) as a function of x, referring to the
matching scales Q? = 30 GeV? (dotted line), Q% = 100 GeV? (dashed line), Q* = 10000 GeV? (full
line) in the unpolarized case. Right panel: the same for G"(z, Q%) /GNF=3(z, Q?).
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Figure 7: Left panel: the ratio (f.(z,Q%) + fo(z,Q?))/SNF=3(2,Q?) as a function of x re-
ferring, to the matching scales Q? = 30 GeV? (dotted line), Q> = 100 GeV? (dashed line),
Q% = 10000 GeV* (full line) in the unpolarized case. Right panel: the same for the ratio

(fol@, Q%) + folz, Q) /5N =2z, Q7).

where D¢(z, Q%) and D°(x, Q?) are the charm and bottom distributions obtained from the match-
ing relations according to Eqgs. (7-9) at NNLO. Moreover, DNF=3(z, Q%) are the corresponding
three-flavor distributions that are shown in Figures 1-4. Finally, we also consider the ¢- and
b-quark distributions obtained from Eq. (12).

The matching is done at the scale @? and no further evolution is applied. We show il-
lustrations for Q% = 30 GeV?, 100 GeV? and 10000 GeVZ We use the values a,(30 GeV?) =
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0.1972, a4(100 GeV?) = 0.1706, (10000 GeV?) = 0.1131 for the strong coupling constant,
consistent with the value a,(M2%) = 0.1147. The quark contributions will be normalized to the
massless singlet distribution and the gluon contributions to the massless gluon distribution at
Np = 3.
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Figure 8: The ratio AS"(z, Q2)/AY*=3(z,Q?) as a function of z, referring to the matching scales
Q?* = 30 GeV? (dotted line), Q% = 100 GeV? (dashed line), Q* = 10000 GeV? (full line) in the
polarized case.
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Figure 9: Left panel: the ratio AXP(z, Q%)/AYNF=3(x, Q%) as a function of x, at the matching
scales Q% = 30 GeV? (dotted line), Q* = 100 GeV? (dashed line), Q* = 10000 GeV? (full line) in
the polarized case. Right panel: the same for the ratio AG®®(z, Q%) /AGNT=3(z, Q?).

In Figure 5 we illustrate the ratio AP (z, Q?)/ANF=3(z, ?) for different matching scales. The
distribution AMF=3(z, %) is a combination of PDFs such that the singlet and gluon contributions
to Eq. (7) cancel. In the small-z region the corrections range from 0.5% to 1.5% and from —1%
to —6% at large .

Figure 6 shows the analogous quantity for the singlet and the gluon distributions. ¢
amounts from 15% to 25% of ENF=3 at 2 = 10~* from Q? = 30 to 10* GeV? and falls toward
large values of z. G°® takes negative values and varies between —5% and ~ —15% of GNF=3. In
the large = region ratios of O(—25%) are obtained for Q? = 10* GeV?.
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In Figure 7 the ratio of the charm and bottom quark distributions ng =(x,Q%) +

ng:5(x,Q2), Q = ¢, b, to the singlet distribution L¥7=3(x, Q?) are shown. The effects at a
given scale Q? are larger in the case of charm than for bottom, which is due to the logarithmic
contributions. The ratio grows towards small values of x.

Now we turn to the changes of the polarized distributions in the VFENS. In Figure 8 the heavy-
quark corrections to the non-singlet distribution Ag(z, Q%) are shown. While at Q? = 30 GeV?
the ratio lays in the region O(£1%) and grows for Q% = 10000 GeV? to ~ 2% in the small-x
region and turns negative in the large-x region becoming of the order of —6%. This behavior is
similar to that in the unpolarized case.
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Figure 10: Left panel: the ratio (Af.(z,Q%) + Afs(z, Q%)) /AXNF=3(2,(Q?) as a function of x
referring, to the matching scales Q% = 30 GeV? (dotted line), @ = 100 GeV? (dashed line), Q* =
10000 GeV? (full line) in the unpolarized case. Right panel: the same for the ratio (Afy(z, Q%) +

Afylx, Q%) /N3 (2, Q2).

The ratios of the heavy-flavor contributions to AX%(z, Q%) and AG®(x, Q?) to the respective
light-flavor contributions are shown in Figure 9. In the small-z region the ratio for AX(x, Q?)
grows from 0.1 to 0.3 from Q2 = 30 GeV? to Q? = 10* GeV% Around z ~ 0.02 the massless
contributions change from negative to positive values. For larger values of z the ratio drops and
takes small negative values at very large x. The ratios for AG(x, Q?) start around —0.1 at small
x and rise to zero in the large-z regions. At large Q?, values of ~ —0.15 are reached.

The heavy-quark distributions A fo + A f5 normalized to the polarized singlet distributions
AYNF=3 are shown in Figure 10. The charm distributions are larger than those of bottom. At
small z and Q> = 10000 GeV? charm amounts to 16% of the singlet distribution. The singularity
is due to the zero in AXY*=3. The distributions grow with growing values of Q2 and are also
non-negligible in the polarized case.

5 Conclusions

We have presented the three-loop matching relations of the single-mass twist-2 VFENS in the un-
polarized and polarized case for the first time, with the corresponding codes for phenomenological
and data analysis. Seven single-mass OMEs contribute, supplemented by one more non-singlet
OME to match also the combination f; — f;. These OMEs represent also the massive Wilson
coefficients in the asymptotic region Q? > mé, being the region in which the matchings in
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the VENS are derived. We have shown that for the inclusive structure functions Fy(z, Q%) and
g1(x,Q?) the representation in the fixed flavor number scheme and the variable flavor number
scheme agree up to O(a?) in the coupling constant. As has been shown in Ref. [33] already,
rather high scales QQ? are required to let the heavy-quark contributions to become light. There-
fore, heavy-quark distributions cannot be introduced at Q? = mé, the respective heavy-flavor
threshold, in a phenomenological sense, but rather constitute a convention. We recall that the
logarithms In(mg,/Q?) are phase space logarithms, like in QED [87-89], and not just collinear
logarithms with a subsidiary scale p1 = my, like in massless approaches [3-7]. From the four dif-
ferent sources contributing to the renormalization of the massive OMEs, see Ref. [10], Section 3,
only one, the collinear singularities, can be absorbed into the scaling violations of the massless
PDFs, due to mass-factorization in the MS-scheme, in which we work. The other logarithmic
contributions In(Q?/m?2) and In(Q?/m?) are no collinear logarithms, since they do, in general,
not occur together with anomalous dimensions'® only, like the collinear mass singularities. Here
also finite expansion pieces of the massive OMEs, (A)a;;, contribute. In the present paper we
do not resum these logarithms, like it has been done in Refs. [17,18], leaving a corresponding
study for later work.

We have presented a series of numerical results on the changes of the non-singlet, singlet
and gluon distribution functions by going from Np — Np + 2, maintaining the single-mass
corrections in the VFNS in the unpolarized and polarized cases. Here we performed the PDF
matching at Q? = 30,100 and 10000 GeV?2. The corresponding corrections to the distributions
A, Y and G, and, similarly, to the corresponding polarized distributions, are large. Furthermore,
the corresponding heavy-quark parton distribution functions have been derived in this context.

The VENS refers to only universal heavy-flavor corrections. There are process-dependent
heavy-flavor contributions also contained in the Wilson coefficients, including power corrections,
coming from phase-space integrals [1,25,32,33,35], which have to be considered by assembling the
PDFs of the VFNS framework and the Wilson coefficients to observables, as e.g. deep-inelastic
structure functions. At large enough scales Q2 these corrections become negligible.

The Fortran and C++-codes providing the numerical representation of the matching coeffi-
cients are attached to the arXiv-version of the paper as ancillary files. The license conditions are
given in these codes.

A Test values

The parameters for the different PDF's in z-space in the unpolarized case, Eq. (38), are given in
Table 1.

In the following we provide a series of benchmark results to facilitate checks of the implemen-
tation. In Tables 2-5 we present numerical results for the OMEs in z-space for the unpolarized
and polarized cases up to three loops for Ny = 3, respectively. In Table 2 we list (A)A;; to
three loops at Np = 3, In(mg/p*) = 10, a; = 1/10 and = 1/10, which are arbitrary numerical
test values. In Table 3 we list corresponding values for the polarized massive OMEs in the MS
scheme to two-loop order.

Finally, we list in Tables 4 and 5 the moments N = 2,4,6 in the unpolarized case and
N = 3,5,7 in the polarized case in the Larin scheme calculated by the numerical codes. The
comparison with analytic results using MATAD [10,90] shows agreement by a relative error of
better than 2 - 107!, with the exception of (A)Ag’;, where the relative accuracy is better than

13 An exception is (A)AS;, were (A)agg vanishes, cf. [1,25,26,30].
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3-107% in the unpolarized case and 8 - 1079 in the polarized case. For Aé?;) the moments are
reproduced better than 3.6 - 1072,

Parameter N; a; b; C; d;
Q% = 30 GeV?

T ANS+ 0.10852 | 0.32896 | 3.0695 |  8.7302 0.21965
D) 0.61061 | -0.30000 | 3.5000 |  5.0000 0.80000
zG 1.17217 | -0.32230 | 6.0445 | 0.096178 | 0.00042125

Q? =100 GeV?

s ANS+ 0.09001 | 0.37333 | 3.2021 |  9.7870 0.12447
¥ 0.65237 | -0.32286 | 3.8537 |  5.1846 0.93115
zG 2.14857 | -0.30370 | 2.8748 | -1.0000 0.23315

Q% = 10000 GeV?

zANST10.063573 | 0.26936 | 3.7529 |  12.672 0.18461
¥ 0.726960 | -0.39337 | 6.2209 |  20.164 1.56240
zG 11.86720 | -0.31917 | 3.5054 | -1.0000 0.03152

Table 1: The effective parameterizations of the unpolarized parton distributions at next-to-next-to-
leading-order (NNLO).
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OME unpolarized polarized
DA 1 1
A 1 1

(84505 1 !
AT 1 1
)AL 1 1

(A)A5) | ~1.6400000000 |  1.6000000000

(A)AY) 5 | 1.6666666666 | 1.6666666666
(A)ADTET | 3.0170491475 | 3.0170491475
(A)ADTST | 3.0170491475 | 3.0170491475
(A)ADTEF | 2.6051980026 | 2.6951989026
(M)A | 2,6051980026 | 2.6951989026
(A)ADNSE | 14875157178 | —2.1071663281
(A)ADTS | ~1.4875157178 | —2.1071663281

(A)AGITS | —31.101625284 |  3.3412446943

(A)AS) | —65.430724185 | —1.4450037668
(A)AP | 43.210349430 | 3.8739075190

(A)AD 5| 3.0044444444 | 3.0944444444
(A)AZ | 6.0641975309 |  6.0641975309
(A)AZ) ) e | 83.230813261 |  2.4790593485
(A)ADTET | 2.6422012017 | —2.6422012017
(A)ADTE" | —2.6422012017 | —2.6422012017
(A)ADTEE | 47428175642 | —4.7428175642
(A)ADTS™ | 47428175642 | —4.7428175642
(A)ADTST | 6.4686126472 | 3.9315332719
(A)ADTS | 6.6927772815 | 4.0491109301

(A)ASIPS | 91.950981088 | —39.972762346

(A)ADTS | 38624316410 | —1.7513673829

(A)AS) | 31017900321 | —99.957757769
(A)AD) | 73710138327 | —6.7944302468
(A)AY | ~120.75198970 | —15.623565492

(A)AY 5| 17.958634718 | 17.958634718
(A)AZ) | | ~6.6285411655 | —6.6285411655
(A)AD) | e | —262.65714922 | 22.737595170

Table 2: Cumulative test values for the single-mass OMEs A, for a, = 1/10,In(mg/Q?) = 10,z =
1/10 and Np = 3 at zero, one, two and three loops in the unpolarized and polarized cases, supple-
mented by the weights of the distribution (1 —x). In the polarized case we work in the Larin scheme.
Vanishing terms are not listed.
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OME polarized
AAL o s 1
Ao 1
AAY 5| —1.989703315309
AAY) —1.989703315309
AARDS 13.25399267569
AALTS 5.520434456555
AAD 12.43689726767
AADTS —27.46655806489
AAY) —65.17404874351
AAR 25.07609255527
AAY o | —36.20966709533
AAD 12.42097752725
AAY 7.833545304545
A s 13.25399267569
AZ s | 5520434456555
A eptrans | 1650250988934

Table 3: Individual test values for the different contributions in a; to the polarized single-mass OMEs
AA;; and the ones for transversity in the MS scheme up to two-loop order for z = 1/3,Q* = 50 GeV?

and m. = 1.59 GeV, supplemented by the weights of the distribution 6(1 — z).

Table 4: Test values for the moments of the unpolarized OMEs A;; for a, = 1/10,1In(mg/Q?)

10, Np = 3.

OME moments
N =2 N=4 N=6
ADST | 2.552050805 | 5.205091550 | 6.935755383
ALS | 5787728157 | 1.517439651 | 0.726319249
APS | ~1.927340435 | -0.287734919 | ~0.111383030
Agy | ~4.267201565 | ~19.75022897 | ~21.85267609
Ay | 2466090032 | 3.364276844 | 2.718842618
Agqq | —5.412438528 | —0.735206982 | ~0.219958419
Aggq | 2.801111705 | 20.85194977 | 26.04572674
N =3 N=5 N=17
ARSi 1 4.041765636 | 6.148438117 | 7.610661858
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OME moments
N =3 N=5 N=17
AASM | 3.768279839 | 6.034765595 | 7.548388996
AAZS | 0.925763149 | 0.605732786 | 0.388711691
AAPS | ~0.352600132 | —0.135250183 | —0.068551252
AAgy | ~12.00694753 | ~18.80322492 | ~20.64374519
AAgo | 2.844204630 | 2.667371162 | 2.296278935
AAgqq | -0.720767851 | ~0.130314549 | 0.022959543
AAgq | 16.74536513 | 23.16909172 | 26.75182876
N=2 N=4 N=6
AARS™ | 2.030572581 | 5.039758718 | 6.854626520

Table 5: Test values for the moments of the polarized OMEs AA;; for a, = 1/10,In(mg/Q?) =
10, Np = 3 in the Larin scheme.

B Numerical Codes

In the following we describe the numerical implementations of the massive OMEs in x-space
contained in ancillary files to this paper.

We provide a C++ code libome for the numerical representation of the OMEs in terms of
precise local overlapping series expansions for the unpolarized and polarized massive OMEs to
three-loop order. In addition, the code can be accessed at https://gitlab.com/libome/libome.
For even faster implementations, the Fortran codes OMEUNP3 for the unpolarized case and OME-
POL3 for the polarized case are provided. These codes shall be stored in different directories
and can be compiled by using gfortran. The codes cover the OMEs in the region x € [107%, 1].
They are based on small and large-x expansions and precise grids describing the remainder parts,
with validity for x € [107%,1]. For the remainder part we use cubic spline interpolation [91].1
500 points are logarithmically distributed in the low-x region and linearly in the region of larger
values of x. The spline tables need to be calculated only once. This is done by setting IGRID =
0 through which the spline parameter are written to disk. Subsequently, by setting IGRID = 1,
the tables can be read in from disk to allow for fastest possible performance of the code. Before
calculating the spline parameters newly, the file UOUT.dat has to be removed. The OMEs are
presented as polynomials in a,, Np and ln(mé /@Q?), which is necessary for the fits. Furthermore,
the codes can be run at tree-level (N = 0), taking all terms up to one loop (N = 1), up to two
loops (N = 2), and up to three loops (N = 3). These Fortran codes are particularly suited for
fitting codes.

In earlier versions, we have used harmonic polylogarithm [77,78] and Nielsen integral repre-
sentations [92-97]. These are, however, slower than the present codes. Up to two-loop order we
provide the code OMEPOL2MS based on this in the polarized case in the MS scheme.

14We thank S. Kumano and M. Miyama of the AAC-collaboration for allowing us to use their interpolation
routines.
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C The constant part Aa;; of some unrenormalized OMEs

In past publications we have illustrated all single mass OMEs (A)Ag’) or the constant parts of

the respective unrenormalized QMEs, (A)ag), in z-space in Refs. [39-43] and [40-43,45], but

not yet for (A)aéi)’Q, (A)a ((;;)5 5 [28,29] and (A)a ;?;)Q [38,46]. We show these for completeness in
the following. The terms (A)a;;(z) are the most involved parts of the respective massive OMEs
to three-loop order. In the illustrations we set Np = 3. In the small-z region we always expand
to the constant term, as well as in the large-z limit.

Figure 11 depicts af;;?g ° and (A)a gq)(}; ®. We show also the small-z and large-z expansion
terms. Here it has been necessary to expand to terms of O((1 — )®) in some cases to show the
agreement in a wider range in the large x-region.
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Figure 11: Full lines: the distributions (A)agi’cgg)(:v). Dotted lines: small x expansion up to the
constant term. Dashed lines: large x expansion up to terms of O((1 — x)®).

In Figure 12 a( 20 and (A)a f;;)Q are shown. Also here the large-x expansion in the polarized
case had to be extended to terms of O((1 — x)?).
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Figure 12: Full lines: the distributions (A)al(;;)’Q(:v). Dotted lines: small = expansion up to the
constant term. Dashed lines: large = expansion in the unpolarized case: constant term; in the
polarized case to (1 — x)5.
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Finally, in Figure 13, aé?;)’Q(x) and Aa;iQ(x) are shown. As an example, we depict here also

the leading small-z term for aé?,@ (x). As has been demonstrated in many other cases before, see

e.g. Refs. [40,41,43,98-100], this term is not describing aé?;)’Q(x) anywhere due to compensating
effects of subleading contributions, which are large.
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Figure 13: Full lines: the distributions (A)a(g?,Q(x). Dotted lines: small = expansion up to the

constant term. Dashed lines: large = expansion to the constant term. Dash-dotted line for aéz)’Q(x):
leading small-z term of O(In(z)/x).
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