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We report quantitative results on the single-mass heavy-flavor contributions up to three-loop order
to the unpolarized structure function F2(x,Q

2) and the polarized structure function g1(x,Q
2) for

the first time. These results are relevant for precision QCD analyses of the World deep-inelastic
data and the data taken at future colliders, such as the Electron–Ion Collider, in order to measure
the strong coupling constant αs(M

2
Z), and the twist-2 parton distribution functions consistently at

next-to-next-to-leading order.

INTRODUCTION

The heavy-flavor corrections to deep-inelastic struc-
ture functions form an essential contribution in the re-
gion of smaller values of Bjorken x. Their scaling vi-
olations are quite different from those of the massless
contributions, which requires their detailed knowledge
in QCD precision analyses of these structure functions,
such as the precision measurement of the strong coupling
constant as = αs/(4π) = g2s/(16π

2) [1–4], the charm
quark mass mc [5], and the parton distribution functions,
cf., e.g., Refs. [6–8].

With the final results on the next-to-next-to-leading
order (NNLO) single-mass corrections to the heavy-flavor
Wilson coefficients in the region Q2 ≫ m2

Q, with mQ the
heavy quark mass, first predictions on the structure func-
tions F2 and g1 can be made at this order. The massive
Wilson coefficients can be represented by Mellin convo-
lutions of the massive operator matrix elements (OMEs)

(∆)Aij = δij +

∞∑
k=1

aks(∆)A
(k)
ij (1)

and pieces of the massless Wilson coefficients, cf. [9, 10].
The massive OMEs have been calculated to three-loop
order in the upolarized [11–16] and polarized cases, [12,
15–18]1

Beyond the massive OMEs contributing to the massive
Wilson coefficients, there are also others, (∆)Agq,Q and
(∆)Agg,Q, playing a role in the variable flavor number
scheme [14, 32–36],

1 The one– and two–loop corrections were calculated in Refs. [19–
24] and [9, 25–31].

It has been shown in Ref. [9] that for the structure func-
tion F2(x,Q

2) the heavy-flavor corrections in the asymp-
totic region Q2 ≫ m2

Q agree with the complete result

at the level of O(1%) if Q2/m2
Q > 10 at two-loop or-

der. This cut also safely removes the higher-twist effects,
cf. Refs. [37–39].
The structure function F2(x,Q

2) consists of the mass-

less part, F light
2 (x,Q2) for the light flavors, and the mas-

sive part, F heavy
2 (x,Q2), where the Wilson coefficients

have either a charm or a bottom quark contribution.

F2(x,Q
2) = F light

2 (x,Q2) + F c
2 (x,Q

2) + F b
2 (x,Q

2).(2)

In our illustrations, we work in the fixed flavor number
scheme for NF = 3 light flavors with charges ek. The for-
mal structures are the same for the structure functions
F2(x,Q

2) and g1(x,Q
2), and are obtained by substitut-

ing the unpolarized building blocks with the polarized
ones. For g1(x,Q

2) the prefactor x in Eqs. (3,7) has to
be replaced by 1/2.
The light flavor part of F2 is given by [40, 41]

F light
2 (x,Q2) = x

NF∑
k=0

e2k

{
1

NF

[
CS

2,q

(
x,

Q2

µ2

)
⊗ Σ(x, µ2)

+CS
2,g

(
x,

Q2

µ2

)
⊗G(x, µ2)

]

+CNS
2,q

(
x,

Q2

µ2

)
⊗∆k(x, µ

2)

}
, (3)

where ∆k(x, µ
2),Σ(x, µ2) and G(x, µ2) denote the non-

singlet, singlet and gluon distribution with

∆k(x, µ
2) = fk(x, µ

2) + f̄k(x, µ
2)− 1

NF
Σ(x, µ2), (4)

Σ(x, µ2) =

NF∑
k=1

[fk(x, µ
2) + f̄k(x, µ

2)], (5)
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with fk,(k̄) the quark and antiquark densities, and µ de-
notes the factorization scale. The unpolarized massless
Wilson coefficients Cj

2,i were calculated to three-loop or-

der in Refs. [40, 41] and the polarized ones ∆Cj
1,i in

Ref. [41]. The heavy-flavor part is given by, cf. Ref. [10],

FQ
2 (x,Q2) =

x

{
NF∑
k=0

e2k

[
LNS
2,q(x)⊗ (fk(x, µ

2) + fk̄(x, µ
2)) (6)

+
1

NF

(
LPS
2,q(x)⊗ Σ(x, µ2) + LS

2,g(x)⊗G(x, µ2)
)]

+e2Q

[
HPS

2,q(x)⊗ Σ(x, µ2) +HS
2,g(x)⊗G(x, µ2)

]}
.

It contains both flavor non-singlet and singlet contri-
butions2 Here we have suppressed the dependence on
Q2,m2

Q and µ2 in the heavy-flavor Wilson coefficients

Hi and Li, and ⊗ denotes the Mellin convolution3

A(x)⊗B(x) =

∫ 1

0

dx1

∫ 1

0

dx2δ(x− x1x2)A(x1)B(x2).

(7)

In Mellin space, the massive Wilson coefficients are
polynomials of the expansion coefficients of the massive
OMEs (∆)Aij and expansion coefficients of the mass-
less Wilson coefficients, see Refs. [10, 14]. The mass-
less Wilson coefficients to three-loop order can all be
expressed in terms of either harmonic sums [44, 45] in
Mellin space or harmonic polylogarithms [46] in x-space.
For the massive Wilson coefficients, this only applies to
the NF -contributions [11] and to (∆)LNS

q , (∆)LPS
q and

(∆)LS
g . The pure singlet Wilson coefficient (∆)HPS

q de-
pends on generalized harmonic sums [47, 48] in Mellin
space and can be cast into harmonic polylogarithms with
changed argument in x-space. The gluonic Wilson coeffi-
cients (∆)HS

g receive also finite binomial sum [49] and
higher transcendental function contributions in Mellin
space. They contain square-root valued iterated inte-
grals [49] and 2F1-solutions [50] in x-space.4 Since we
calculate the heavy-flavor corrections to inclusive struc-
ture functions, there are also contributions with massless
final states, but virtual heavy-flavor corrections.

2 For the study of pure non-singlet structure functions, see
Ref. [42]. There the heavy flavor corrections are small.

3 For the evaluation of the convolution integrals we use the inte-
grator of Ref. [43].

4 For surveys on the different mathematical structures and the
used computer algebraic methods see Refs. [51, 52].
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FIG. 1. The structure function F2(x,Q
2) at NNLO.

THE STRUCTURE FUNCTION F2(x,Q
2)

In the unpolarized case, we use the parton distribution
functions (PDFs) of Ref. [7] for NF = 3. For the values
of αs in the Wilson coefficients, we use flavor matching
with the values αs(25 GeV2) = 0.2020, αs(10

2 GeV2) =
0.1706, and αs(10

3 GeV2) = 0.1359, corresponding to
αs(M

2
Z) = 0.1147, consistent with the PDF fits. The

massive Wilson coefficients were calculated referring to
on-shell heavy quark masses. We use the following values

mc = 1.59 GeV, mb = 4.78 GeV, (8)

cf. Refs. [5, 53].
In Figure 1, we illustrate the prediction for the to-

tal structure function F total
2 (x,Q2), including the single-

mass charm and bottom quark contributions. In the
region x ∼ 10−5, it rises from Q2 = 25 GeV2 to
Q2 = 1000 GeV2 from values of ∼ 3.5 to 10.5. Around
x = 0.1 there is a turning point above which the structure
function takes lower values for larger values of Q2.
Figure 2 shows the contributions of the different heavy-

flavor Wilson coefficients to F c
2 at Q2 = 100 GeV2. The

different lines illustrate also the contributions from O(as)
to O(a3s) to the structure function. The largest contri-
bution is due to the gluonic Wilson coefficient HS

g which
was scaled down by a factor of 20 for better readability.
The corrections are positive and grow with the order in
as. It is followed in size by a negative contribution from
the pure-singlet Wilson coefficient HPS

q , which starts at
O(a2s). In the large-x region, the non-singlet Wilson co-
efficient LNS

q yields the dominant part. However, the cor-

rections compared to F c,b
2 stay rather small. The correc-

tions can become negative since virtual effects of heavy
quarks with massless final states are contained in F c

2 and
F b
2 . Also the contributions of LS

g and LPS
g are of impor-

tance at the level of accuracies of O(1%). LS
g is tiny at
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FIG. 2. The different heavy-flavor contributions due to charm
quarks to the structure function F2(x,Q

2) by the Wilson co-
efficients HS

g , H
PS
q , LNS

q , LS
g and LPS

g at Q2 = 100 GeV2 at
different cumulative orders in as.

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

10−5 10−4 10−3 10−2 10−1 1

Q2 = 25GeV2, O(α3
s)

Q2 = 100GeV2, O(α3
s)

Q2 = 1000GeV2, O(α3
s)

−0.01
0

0.01
0.02
0.03
0.04

10−1 1F
c+

b
2

(x
,Q

2
,µ

2
=

Q
2
)

x

FIG. 3. The heavy-flavor contributions due to charm and bottom
quarks to the structure function F2(x,Q

2) at NNLO.

O(a2s), but receives a relative large correction at O(a3s).
A part of Wilson coefficients emerging at higher order in
the coupling constant as can be negative as long as the
unpolarized structure function remains positive.

In Figure 3 the heavy-flavor corrections to F2(x,Q
2)

are shown at NNLO. At x = 10−5, they grow from 1
to ∼ 4 for Q2 = 25 GeV2 to Q2 = 1000 GeV2. In the
large-x region the corrections are negative.
The relative single-mass charm and bottom contribu-

tions to F2(x,Q
2) are shown in Figure 4, as the ratio

R =
F c
2 + F b

2

F light
2 + F c

2 + F b
2

, (9)

at NNLO. In the small-x region of x ∼ 10−5, the fractions
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FIG. 4. The ratio of the heavy-flavor contributions due to charm
and bottom quarks to the structure function F2(x,Q

2) at NNLO.

of the heavy-flavor corrections evolve from Q2 = 25 GeV2

to Q2 = 1000 GeV2 from 26 % to 41 %. At x ∼ 0.2,
the heavy-flavor corrections become zero, which is due
to a combination of real and virtual corrections at NLO
and NNLO. In the very-large-x region, the heavy-flavor
contributions at NNLO become negative and as large as
−10%, but the structure function F2 itself remains non-
negative. It is clearly seen that the scaling violations of
the massive contributions are rather different compared
to those in the massless case up to high values of Q2.
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FIG. 5. The structure function g1(x,Q
2) at NNLO.

THE STRUCTURE FUNCTION g1(x,Q
2)

In the polarized case the calculation is performed in
the Larin scheme [54]. Both for the massive three-loop
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FIG. 6. The different heavy-flavor contributions due to charm
quarks to the structure function g1(x,Q

2) due to the Wil-
son coefficients ∆HS

g ,∆HPS
q ,∆LNS

q ,∆LS
g and ∆LPS

g at Q2 =
100 GeV2 at different cumulative orders in as.

OMEs and the massless three-loop Wilson coefficients,
the scheme transformations to the MS scheme are not yet
known. However, if all contributing quantities, including
also the parton distribution functions, are used in this
scheme, g1(x,Q

2), as a scheme independent quantity, can
still be assembled. For the process of deep-inelastic scat-
tering, the Larin scheme is a consistent scheme, given the
number of contributing γ5 Dirac matrices. A set of Larin-
scheme parton distribution functions has been generated
in Ref. [55] and is used in the following illustrations. The
massless and massive two-loop corrections for the struc-
ture function g1(x,Q

2) were calculated in Ref. [31].
In Figure 5, we illustrate the scale evolution of the com-

plete structure function gtotal1 (x,Q2) from Q2 = 25 GeV2

to Q2 = 1000 GeV2 at three-loop order. With growing
values of Q2, xgtotal1 (x,Q2) grows below x ∼ 0.2 and
depletes at larger values of x. Also below x ∼ 10−2

the order in the scales reverts. The structure functions
gp,d1 (x,Q2) are positive within errors, cf. Ref. [56].

Figure 6 illustrates the contributions of the different
heavy-flavor Wilson coefficients to gc1 for Q

2 = 100 GeV2,
also with their contributions at different cumulative or-
der in as. One clearly sees the importance of the higher
order corrections. The largest contribution is due to the
gluonic Wilson coefficient ∆HS

g . As has been discussed in

Refs. [29, 31], the first moment of ∆HS
g (x,Q

2) vanishes,∫ 1

0

dx∆HS
g (x,Q

2) = 0. (10)

This is now also found at three-loop order. Mainly due to
this, the oscillating structure in Figure 6 is implied. Next
in size are the flavor non-singlet and pure-singlet Wilson
coefficients, ∆LNS

q and ∆HPS
q . In the small-x region, the

former is positive and the latter negative. ∆LNS
q turns
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FIG. 7. The heavy-flavor contributions due to charm and bottom
quarks to the structure function g1(x,Q

2) at NNLO.
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FIG. 8. The ratio of the heavy-flavor contributions due to charm
and bottom quarks to the structure function g1(x,Q

2) at NNLO.

negative above x ∼ 0.2 and dominates the large-x region.
The contributions due to ∆LS

g and ∆LPS
g are smaller but

not negligible.

Figure 7 shows the NNLO heavy-flavor contributions
to xg1(x,Q

2). They grow in size withQ2. Below x ∼ 0.01
they are negative and turn positive until at x ∼ 0.3 they
turn negative again.

In Figure 8, we show the ratio Eq. (9) of the charm
and bottom contributions to the whole structure func-
tion g1(x,Q

2) at NNLO for Q2 = 25, 100 and 1000 GeV2.
In the small-x region, the corrections are negative. The
largest negative values are about −10 %,−25 % and
−95 % from Q2 = 25, 100 to 1000 GeV2. These large
corrections occur in a region in which xg1(x,Q

2) itself is
rather small, see Figure 5. Around x = 10−2, the ratio
turns positive. At x = 0.3 it turns negative again, as in



5

the unpolarized case. The complete structure function
g1(x,Q

2) remains positive. The strong negative correc-
tion in the small-x region is mainly induced by the sum
rule of the vanishing first moment of ∆HS

g .

CONCLUSIONS

In this Letter, we present for the first time numerical
results for the single-mass three-loop corrections to the
unpolarized structure function F2(x,Q

2) and the polar-
ized structure function g1(x,Q

2) at twist-2. The asymp-
totic analytic results on the heavy-flavor Wilson coeffi-
cients are correlated to the kinematic region in which
the higher-twist contributions can be neglected. Our nu-
merical results illustrate the impact of the different Wil-
son coefficients and show the changes in the structure
functions going from the O(as) to the O(a3s) corrections.
In the unpolarized case, the corrections are large in the
small-x region, which is also observed in the polarized
case. Here, however, the large corrections emerge in a
region where the structure function is small, unlike in the
former case. The present results are an important step to
allow for consistent QCD analyses of the deep-inelastic
World data at the level of NNLO, given the partial results
used before for combined singlet/non-singlet data analy-
ses. Our new results will allow to improve the knowledge
on the strong coupling constant as(M

2
Z), the PDFs and

the charm mass, extracted from the deep-inelastic World
data.
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[5] S. Alekhin, J. Blümlein, K. Daum, K. Lipka and S. Moch,
Phys. Lett. B 720 (2013) 172–176 [arXiv:1212.2355 [hep-ph]].

[6] A. Accardi et al., Eur. Phys. J. C 76 (2016) no.8, 471
[arXiv:1603.08906 [hep-ph]].
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[27] I. Bierenbaum, J. Blümlein and S. Klein, Nucl. Phys. B 780

(2007) 40–75 [arXiv:hep-ph/0703285 [hep-ph]].
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[37] J. Blümlein and H. Böttcher, Phys. Lett. B 662 (2008) 336–
340 [arXiv:0802.0408 [hep-ph]].
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