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Abstract

Anti-unification is a logic-based strategy for generalizing terms,whereby com-
mon structures starting from the terms’ roots are retained, and mismatching
subterms are abstracted by variables. In quantitative anti-unification, the no-
tion of common structure is relaxed into proximity up to a given degree, with
respect to a given proximity relation. Proximal symbolsmay differ in both name
and arity. Here, we develop a set of rules for computingminimal complete sets of
approximate generalizations, along with theirwitness substitutions (whose re-
spective application gives a term that is proximal to one of the problem terms)
with degrees. These rules lead to two different algorithms, depending on the
desired form of solution. We then present a software implementation of the
algorithms in Java, which was created alongside the paper.
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Chapter 1

Introduction

1.1 Background andMotivation

Anti-unification was introduced in [17] and [18] as a logic-based method to
compute generalizations. It has found application in a large number of areas,
including (but not limited to) inductive synthesis, such as inductive logic pro-
gramming [7, 16], programmingby example [11] and library learning and com-
pression [5], aswell as parallel recursion scheme detection [4], automatic pro-
gram repair [3, 9, 12], software clone detection [19], preventingmisconfigura-
tions [15], and learning linguistic structure [10]. An overview of existing anti-
unification theories and applications can be found in [6].

Historically, anti-unification theories have mostly been developed under the
assumption of precise knowledge. This is oftentimes not given in real-world
problem spaces, and might therefore present a limiting factor to its applica-
bility. Recent years have thus seen increased investigation into generalizations
for the case of incomplete or imprecise knowledge. In [1], the authors intro-
duce an anti-unification algorithm for the case of fuzzy similarity (reflexive,
symmetric, min-transitive) relations with fully fuzzy signatures (i.e., allowing
for symbols with mismatching names and arities). The authors of [14] present
an algorithm for fuzzy proximity (reflexive, symmetric) relationswithout arity
mismatch, which is further developed in [13] to also allow for fully fuzzy sig-
natures. The latter algorithm computes minimal complete sets of approximate
generalizations, withwitness substitutions and degree values. A witness substi-
tution can be applied on its associated generalization to obtain a term that is
proximal to one of the problem terms, and the degree value is an upper bound
on the resulting proximity degree.

In this paper, we offer an enhanced variant of this algorithm which calcu-
lates the precise proximity degrees along with the witnesses. We provide a
generic set of rules to compute the set of generalizations, and prove termina-
tion, soundness and completeness. From these rules, we obtain a linear variant
(where each variable in a generalization appears only once) and a non-linear
variant of our algorithm. We then present a software implementation for both
variants, written in the Java programming language.
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1 Introduction 2

1.2 Organization

Chapter 2 covers definitions. In Chapter 3, we describe our rules and show
how to obtain the algorithms from them. Chapter 4 is dedicated to the usage,
and Chapter 5 to a structural overview of the software implementation. Lastly,
in Chapter 6 we discuss the possibility of extending the algorithms to non-
idempotent T-Norms.



Chapter 2

Preliminaries

The algorithm described in this paper principally builds off of the work from
[13].Hence, thepreliminaries andother relevantparts adapt formulations from
this source.

Proximity relations. Given a set S, a mapping ℛ from S × S to the real interval
[0, 1] is called a binary fuzzy relation on S. By fixing a number λ, 0 ≤ λ ≤ 1, we
can define the crisp (i.e., two-valued) counterpart of ℛ, named the λ-cut of ℛ,
as ℛλ ∶= {(s1, s2) ∣ ℛ(s1, s2) ≥ λ}. A fuzzy relation ℛ on a set S is called a proximity
relation if it is reflexive (ℛ(s, s) = 1 for all s ∈ S) andsymmetric (ℛ(s1, s2) = ℛ(s2, s1)
for all s1, s2 ∈ S).
A T-norm ∧ is an associative, commutative, non-decreasing binary operation
on [0, 1]with 1 as the unit element. We take minimum in the role of T-norm, as
we will be relying on its unique idempotency property a ∧ a = a, a ∈ [0, 1].

Terms. We consider a first-order alphabet consisting of a set of fixed arity
function symbols ℱ and a set of variables 𝒱, which includes a special symbol
_ (the anonymous variable). The set of named (i.e., non-anonymous) variables
𝒱 ∖ {_} is denoted by 𝒱N.

The set of terms 𝒯(ℱ, 𝒱) over ℱ and 𝒱 is defined in the standard way: t ∈ 𝒯(ℱ, 𝒱)
iff t is defined by the grammar t ∶= x ∣ f(t1, … , tn), where x ∈ 𝒱 and f ∈ ℱ is an
n-ary symbol with n ≥ 0. Terms over 𝒯(ℱ, 𝒱N) are defined similarly except that
all variables are taken from 𝒱N. When not specified otherwise, we take the set
of variables to be 𝒱, and the set of terms to be 𝒯(ℱ, 𝒱).
We denote arbitrary function symbols by f, g, h, constants (i.e., 0-ary functions)
by a, b, c, variables by x, y, z, v, and terms by s, t, r. The head of a term is defined
as head(x) ∶= x and head(f(t1, … , tn)) ∶= f. For a term t, we denote with 𝒱(t) (resp.
with 𝒱N(t)) the set of all variables (resp. all named variables) appearing in t. A
term is called linear if no named variable occurs in it more than once.

The deanonymization operation deanon replaces each occurrence of the
anonymous variable in a term with a fresh named variable. For instance,
deanon(f(_, x, g(_))) = f(y′, x, g(y″))), where y′ and y″ are fresh. Hence,
deanon(t) ∈ 𝒯(ℱ, 𝒱N) is unique up to variable renaming for all t ∈ 𝒯(ℱ, 𝒱). If
t is linear, then deanon(t) is linear as well and vice versa.
The notions of term depth, term size and a position in a term are defined in the
standard way, see, e.g. [2]. By t|p we denote the subterm of t at position p, and
by t[s]p the term obtained from t by replacing t|p with the term s.

3



2 Preliminaries 4

Substitutions. A substitution is a mapping from 𝒱N to 𝒯(ℱ, 𝒱N) (i.e., without
anonymous variables), which is the identity almost everywhere. We use the
Greek letters σ, ϑ to denote substitutions, except for the identity substitution
which is written as Id. We represent substitutions with the usual set notation.
The domain of a substitution dom(σ) is defined as {x ∈ 𝒱N ∣ σ(x) ≠ x}.
Application of a substitution σ to a term t, denoted by tσ, is defined as _σ ∶= _,
xσ ∶= σ(x), f(t1, … , tn)σ ∶= f(t1σ,… , tnσ). Substitution composition is defined as a
composition of mappings. We write σϑ for the composition of σwith ϑ.

Argument relations andmappings. Given setsN = {1,… , n} andM = {1,… ,m}, a
binary argument relation over N×M is a (possibly empty) subset of N×M. We
denote argument relations by ρ. An argument relation ρ ⊆ N×M is

(i) left-total if for all i ∈ N there exists j ∈ M such that (i, j) ∈ ρ;
(ii) right-total if for all j ∈ M there exists i ∈ N such that (i, j) ∈ ρ.
Correspondence relations are those that are both left- and right-total.

Anargumentmapping is anargument relation that is apartial injective function.
In other words, an argument mapping π from N = {1,… , n} to M = {1,… ,m} is
a function π ∶ In ↦ Im, where In ⊆ N, Im ⊆ M and |In| = |Im|. The inverse of an
argument mapping is again an argument mapping.

Given a proximity relation ℛ over ℱ, we assume that for each pair of function
symbols f and g with ℛ(f, g) = α > 0, where f is n-ary and g is m-ary, there is
also given an argument relation ρ over {1,… , n} × {1,… ,m}. We use the notation
f ∼α,ρℛ g. These argument relations should satisfy the following two conditions:
ρ is the identity if f = g; and f ∼α,ρℛ g iff g ∼α,ρ−1

ℛ f, where ρ−1 is the inverse of ρ.

Example 1. Assume that we have four different versions of defining the
notion of author (e.g., originated from four different knowledge bases)
author1(first-name,middle-initial, last-name), author2(first-name, last-name),
author3(last-name, first-name, middle-initial), and author4(full-name). One
could define the argument relations/mappings between these function sym-
bols e.g., as follows:

author1 ∼0.7, {(1,1),(3,2)}ℛ author2, author1 ∼0.9, {(3,1),(1,2),(2,3)}ℛ author3,
author1 ∼0.5, {(1,1),(3,1)}ℛ author4, author2 ∼0.7, {(1,2),(2,1)}ℛ author3,
author2 ∼0.5, {(1,1),(2,1)}ℛ author4, author3 ∼0.5, {(1,1),(2,1)}ℛ author4.

Proximity relations over terms. Each proximity relation ℛ in this paper is de-
fined on ℱ ∪ 𝒱 such that ℛ(f, x) = 0 for all f ∈ ℱ and x ∈ 𝒱, and ℛ(x, y) = 0 for all
x ≠ y, x, y ∈ 𝒱. We assume that ℛ is strict: for all w1, w2 ∈ ℱ ∪ 𝒱, if ℛ(w1, w2) = 1,
thenw1 = w2. Yet another assumption is that for each f ∈ ℱ, its (ℛ, λ)-proximity
class {g ∣ ℛ(f, g) ≥ λ} is finite for any ℛ and λ.
We extend such an ℛ to terms from 𝒯(ℱ, 𝒱) as follows:
(a) ℛ(t, s) ∶= 0 if ℛ(head(s),head(t)) = 0;
(b) ℛ(t, s) ∶= 1 if t = s and t, s ∈ 𝒱;
(c) ℛ(t, s) ∶= ℛ(f, g) ∧ ℛ(ti1 , sj1 ) ∧ ⋯ ∧ ℛ(tik , sjk ), if t = f(t1, … , tn), s = g(s1, … , sm),

f ∼α,ρℛ g, α ∈ [0, 1], and ρ = {(i1, j1), … , (ik, jk)}.
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If ℛ(t, s) = α ≥ λ, we write t ≃α
ℛ,λ s, or simply t ≃ℛ,λ s if the precise degree isn’t

relevant.Whenα = λ = 1, the relation≃α
ℛ,λ doesnotdependonℛdue to strictness

of the latter and is just the syntactic equality =.
The (ℛ, λ)-proximity class (or (ℛ, λ)-neighborhood) of a term t is pcℛ,λ(t) ∶= {s ∣
s ≃α

ℛ,λ t}.We also define pc∗ℛ,λ(t) ∶= {(s, α) ∣ s ≃α
ℛ,λ t}, inwhich the proximity degrees

are retained.

Generalizations. Given ℛ and λ, a term r is an (ℛ, λ)-generalization of (a.k.a.
(ℛ, λ)-more general than) a term t by degree α, written as r ≾α

ℛ,λ t (or simply
r ≾ℛ,λ t), if there exists a substitution σ such that deanon(r)σ ≃α

ℛ,λ deanon(t). The
strict part of ≾α

ℛ,λ is denoted by ≺α
ℛ,λ (or simply ≺ℛ,λ), i.e., r ≺α

ℛ,λ t if r ≾α
ℛ,λ t and

not t ≾ℛ,λ r.

Example 2. Given a proximity relation ℛ, a cut value λ, constants a, b, c with
ℛ(a, b) = α1 and ℛ(b, c) = α2, binary function symbols f, h and unary function
symbol g, with h ∼α3, {(1,1),(1,2)}

ℛ f and h ∼α4, {(1,1)}
ℛ g, and with αi ≥ λ, 1 ≤ i ≤ 4, we

have

h(x,_) ≾α3∧α1∧α2
ℛ,λ f(a, c), because h(x, x′){x ↦ b} = h(b, x′) ≃α3∧α1∧α2

ℛ,λ f(a, c).
h(x,_) ≾α4

ℛ,λ g(c), because h(x, x′){x ↦ c} = h(c, x′) ≃α4
ℛ,λ g(c).

In fact, both of these (ℛ, λ)-generalizations are strict.

The notion of syntactic generalization of a term is a special case of (ℛ, λ)-
generalization for α = λ = 1. We write r ≾ t to indicate that r is a syntactic
generalization of t. Its strict part is denoted by≺.
Since ℛ is strict, r ≾ t is equivalent to deanon(r)σ = deanon(t) for some σ (note
the syntactic equality), and is thus independent of ℛ.

Continuing with Example 2:

h(x,_) ≾ h(_, x), because h(x, x′){x↦y′, x′↦x} = h(y′, x).
h(x,_) ≺ h(a, x), because h(x, x′){x ↦ a, x′ ↦ x} = h(a, x) and h(a, x) /≾ h(x, x′).
h(x, x) /≾β

ℛ,λ h(_, x), because h(x, x) /≾β
ℛ,λ h(y′, x), for any β.

Theorem 1. If r ≾ t and t ≾α
ℛ,λ s, then r ≾α

ℛ,λ s.

Proof. r ≾ t implies deanon(r)σ = deanon(t) for some σ, while from t ≾α
ℛ,λ

s we have deanon(t)ϑ ≃α
ℛ,λ deanon(s) for some ϑ. Then deanon(r)σϑ ≃α

ℛ,λ
deanon(s), which implies r ≾α

ℛ,λ s.

Note that r ≾ℛ,λ t and t ≾ℛ,λ s, in general, do not imply r ≾ℛ,λ s, due to non-
transitivity of ≃ℛ,λ.

Definition 1 (Minimal complete set of (ℛ, λ)-generalizations). Given ℛ, λ,
t1, and t2, a set of terms T is a complete set of (ℛ, λ)-generalizations of t1 and
t2 if
(a) every r ∈ T is an (ℛ, λ)-generalization of t1 and t2,
(b) if r′ is an (ℛ, λ)-generalization of t1 and t2, then there exists r ∈ T such



2 Preliminaries 6

that r′ ≾ r (note that we use syntactic generalization here).
In addition, T is minimal, if it satisfies the following property:

(c) if r, r′ ∈ T , r ≠ r′, then neither r ≺ℛ,λ r′ nor r′ ≺ℛ,λ r.
A minimal complete set of (ℛ, λ)-generalizations ((ℛ, λ)-mcsg) of two terms
is unique modulo variable renaming. The elements of the (ℛ, λ)-mcsg of t1
and t2 are called least general (ℛ, λ)-generalizations ((ℛ, λ)-lggs) of t1 and t2.
This definition directly extends to generalizations of finitely many terms.

The problem of computing an (ℛ, λ)-generalization of terms t and s is called
the (ℛ, λ)-anti-unification problem of t and s. In anti-unification, the goal is to
compute their least general (ℛ, λ)-generalization.
The precise formulation of the anti-unification problem would be the follow-
ing: Givenℛ, λ, t1, t2, find an (ℛ, λ)-lgg r of t1 and t2, substitutions σ1, σ2, and the
approximation degrees α1, α2 such that ℛ(rσ1, t1) = α1 and ℛ(rσ2, t2) = α2.

Aminimal complete algorithmto solve this problemwould compute exactly the
elements of (ℛ, λ)-mcsg of t1 and t2 together with their approximation degrees.
However, as we will see, this set can be infinite. Therefore, we will consider a
slightly modified variant, taking into account anonymous variables in gener-
alizations.

For convenience, we assume that the terms to be generalized are ground. It is
not a restriction because we can treat variables as constants that are close only
to themselves.

Recall that the proximity class of any alphabet symbol is finite. Also, the sym-
bols are related to each other by finitely many argument relations. One may
think that it leads to finite proximity classes of terms, but this is not the case.
Consider, e.g., ℛ and λ, where h ∼λ, {(1,1)}ℛ f with binary h and unary f. Then the
(ℛ, λ)-proximity class of f(a) is infinite: {f(a)} ∪ {h(a, t) ∣ t ∈ 𝒯(ℱ, 𝒱)}. Also, the
(ℛ, λ)-mcsg for f(a) and f(b) is infinite: {f(x)} ∪ {h(x, t) ∣ t ∈ 𝒯(ℱ,∅)}.

Definition 2 (Irrelevant positions, relevant generalizations and proxim-
ity classes). Given the terms t1, … , tn, n ≥ 1, a position p in a term r is
called irrelevant for (ℛ, λ)-generalizing (resp. for (ℛ, λ)-proximity to) t1, … , tn
if r[s]p ≾ℛ,λ ti (resp. r[s]p ≃ℛ,λ ti) for all 1 ≤ i ≤ n and for all terms s.
We say that r is a relevant (ℛ, λ)-generalization (resp. relevant (ℛ, λ)-proximal
term) of t1, … , tn bydegreesα1, … , αn if r ≾αi

ℛ,λ ti (resp. r ≃αi
ℛ,λ ti) for all 1 ≤ i ≤ n

and r|p = _ for all positions p in r that is irrelevant for generalizing (resp.
for proximity to) t1, … , tn. The (ℛ, λ)-relevant proximity class of t is

rpcℛ,λ(t) ∶= {s ∣ s is a relevant (ℛ, λ)-proximal term of t},

along with its degree-retaining variant

rpc∗ℛ,λ(t) ∶= {(s, α) ∣ s is a relevant (ℛ, λ)-proximal term of t by degree α}.

In Example 2, position 2 in h(x, t) is irrelevant for generalizing f(a) and f(b),
and replacing it with _ gives us h(x,_) as a relevant generalization. Note that
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f(x) is also a relevant generalization of f(a) and f(b), since it contains no irrele-
vant positions. More general generalizations (in this case just x), are relevant
as well. Similarly, position 2 in h(a, t) is irrelevant for proximity to f(a), hence
rpcℛ,λ(f(a)) = {f(a), h(a,_)}.
Generally, rpcℛ,λ(t) is finite for any t due to the finiteness of proximity classes
of symbols and argument relations mentioned above.

Definition 3 (Minimal complete set of relevant (ℛ, λ)-generalizations).
Given ℛ, λ, t1, and t2, a set of terms T is a complete set of relevant (ℛ, λ)-
generalizations of t1 and t2 if
(a) every element of T is a relevant (ℛ, λ)-generalization of t1 and t2, and
(b) if r is a relevant (ℛ, λ)-generalization of t1 and t2, then there exists r′ ∈ T

such that r ≾ r′.
The minimality property is defined as in Definition 1.

This definition directly extends to relevant generalizations of finitely many
terms. We use (ℛ, λ)-mcsrg as an abbreviation for minimal complete set of rel-
evant (ℛ, λ)-generalization. Like relevant proximity classes, mcsrg’s are also
finite.

Lemma 1. For given ℛ and λ, if all argument relations are correspondence
relations, then (ℛ, λ)-mcsg’s and (ℛ, λ)-proximity classes for all terms are
finite.

Proof. Under correspondence relations no term contains an irrelevant po-
sition for generalization or for proximity.

Hence, for correspondence relations the notions of mcsg and mcsrg coincide,
as well as the notions of proximity class and relevant proximity class.



Chapter 3

Solving Generalization Problems with
Degrees

3.1 Term Set Consistency

The notion of term set consistency plays an important role in the computation
of proximal generalizations. Intuitively, a set of terms is (ℛ, λ)-consistent if all
the terms in the set have a common (ℛ, λ)-proximal term. Since we allow for
aritymismatch, parts of a generalization canmap tomultiple subterms within
a problem term, so we want to check for this property while constructing our
solutions. In this section, we discuss these notions and the corresponding al-
gorithms.

Definition 4 (Consistent set of terms). A finite set of terms T is (ℛ, λ)-
consistent if there exists a term s such that s ≃ℛ,λ t for all t ∈ T .

(ℛ, λ)-consistency of a finite term set T is equivalent to ⋂t∈T pcℛ,λ(t) ≠ ∅, but
we cannot use this property to decide consistency, since proximity classes of
terms can be infinite (when the argument relations are not restricted). For this
reason, we introduce the operation ⊓ on terms as follows:

(i) t ⊓_ = _ ⊓ t = t,
(ii) f(t1, … , tn) ⊓ f(s1, … , sn) = f(t1 ⊓ s1, … , tn ⊓ sn), n ≥ 0.
Obviously, ⊓ is associative (A), commutative (C), idempotent (I), and has _ as
its unit element (U). It can be extended to sets of terms: T1 ⊓ T2 ∶= {t1 ⊓ t2 ∣ t1 ∈
T1, t2 ∈ T2}. It is easy to see that ⊓ on sets also satisfies the ACIU properties with
the set {_} playing the role of the unit element.

We further define (t1, α1) ⊓ (t2, α2) = (t1 ⊓ t2, α1 ∧ α2) on term-degree pairs and
T ∗
1 ⊓ T ∗

2 ∶= {(t1, α1) ⊓ (t2, α2) ∣ (t1, α1) ∈ T ∗
1 , (t2, α2) ∈ T ∗

2 } on sets of term-degree pairs.
Since we use minimum as ∧, these also satisfy the ACIU properties, with (_, 1)
and {(_, 1)} as the respective units.

Lemma 2. A finite set of terms T is (ℛ, λ)-consistent iff⨅t∈T rpc∗ℛ,λ(t) ≠ ∅.

Proof. (⇒) If s ≃αt
ℛ,λ t for all t ∈ T , then (st, αt) ∈ rpc∗ℛ,λ(t), where st is obtained

from s by replacing all subterms that are irrelevant for its (ℛ, λ)-proximity
to t by _. Assume T = {t1, … , tn}. Then (st1 , αt1 ) ⊓ ⋯ ⊓ (stn , αtn ) ∈ ⨅t∈T rpc∗ℛ,λ(t).

8



3 Solving Generalization Problems with Degrees 9

(⇐) Obvious, since s ≃αt
ℛ,λ t for (s, α) ∈ ⨅t∈T rpc∗ℛ,λ(t), with αt ≥ α, for all t ∈

T .

In [13], the authors introduce us to an algorithm ℭ that computes⨅t∈T rpcℛ,λ(t)
without actually computing rpcℛ,λ(t) for each t ∈ T . Here we’ll define an ex-
tended version ℭ∗ to calculate ⨅t∈T rpc∗ℛ,λ(t). A special version of the algorithm
can be used to decide the (ℛ, λ)-consistency of T .
The algorithm is rule-based. The rules work on states, that are triples I; s; δ,
where s is a term, δ is a degree value, and I is a finite set of expressions of the
form x in T , where T is a finite set of terms. ℛ and λ are given.
There are two rules (⊎ stands for disjoint union):

Rem: Removing the empty set
{x in ∅} ⊎ I; s; δ ⟹ I; s{x ↦ _}; δ.

Red: Reduce a set to new sets
{x in {t1, … , tm}} ⊎ I; s; δ ⟹

{y1 in T1, … , yn in Tn} ∪ I; s{x ↦ h(y1, … , yn)}; δ ∧ γ1 ∧…∧ γm,
wherem ≥ 1,h is ann-ary function symbol such thath ∼ρkℛ,γk

head(tk)withγk ≥ λ
for all 1 ≤ k ≤ m, and Ti ∶= {tk|j ∣ (i, j) ∈ ρk, 1 ≤ k ≤ m}, 1 ≤ i ≤ n, is the set of all
those arguments of the terms t1, … , tm that are supposed to be (ℛ, λ)-proximal
to the i’s argument of h.

To compute⨅t∈T rpc∗ℛ,λ(t), ℭ∗ startswith {x in T}; x; 1 and applies the rules as long
as possible. Red causes branching. A state of the form ∅; s; δ is called a success
state. A failure state has the form I; s; δ, to which no rule applies and I ≠ ∅. In
the full derivation tree, each leaf is either a success or a failure state.

Example 3. Assume a, b, c are constants, g, f, h are function symbolswith the ar-
ities respectively 1, 2, and 3. Let λ be given and ℛ be defined so that ℛ(a, b) = δ1,
ℛ(b, c) = δ2, h ∼δ3, {(1,1),(1,2)}ℛ f, h ∼δ4, {(2,1)}ℛ gwith δn ≥ λ for 1 ≤ n ≤ 4. Then
rpc∗ℛ,λ(f(a, c)) =
{(f(a, c), 1), (f(b, c), δ1), (f(a, b), δ2), (f(b, b), δ1 ∧ δ2), (h(b,_,_), δ3 ∧ δ1 ∧ δ2)},

rpc∗ℛ,λ(g(a)) =
{(g(a), 1), (g(b), δ1), (h(_, a,_), δ4), (h(_, b,_), δ4 ∧ δ1)}, and

rpc∗ℛ,λ(f(a, c)) ⊓ rpc∗ℛ,λ(g(a)) =
{(h(b, a,_),⋀n∈{3,1,2,4} δn), (h(b, b,_),⋀n∈{3,1,2,4,1} δn)}.

We show how to compute this set with ℭ∗:

{x in {f(a, c), g(a)}}; x; 1 ⟹Red
{y1 in {a, c}, y2 in {a}, y3 in ∅}; h(y1, y2, y3); δ3 ∧ δ4 ⟹Rem
{y1 in {a, c}, y2 in {a}}; h(y1, y2,_); δ3 ∧ δ4 ⟹Red
{y2 in {a}}; h(b, y2,_); δ3 ∧ δ4 ∧ δ1 ∧ δ2.
Here, we can apply Red in two ways, leading to (h(b, a,_),⋀n∈{3,4,1,2} δn) and
(h(b, b,_),⋀n∈{3,4,1,2,1} δn) as the two elements of rpc∗ℛ,λ(f(a, c)) ⊓ rpc∗ℛ,λ(g(a)).
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Theorem 2. Given a finite set of terms T , the algorithm ℭ∗ always termi-
nates starting from the state {x in T}; x; 1 (where x is a fresh variable). If S is
the set of success states produced at the end, we have {(s, δ) ∣ ∅; s; δ ∈ S} =
⨅t∈T rpc∗ℛ,λ(t).

Proof. Termination:Associate to each state {x1 in T1, … xn in Tn}; s; δ themul-
tiset {d1, … , dn}, where di is the maximum depth of terms occurring in Ti.
di = 0 if Ti = ∅. Compare these multisets by the Dershowitz-Manna order-
ing [8]. Each rule strictly reduces them, which implies termination.

By the definitions of rpc∗ℛ,λ and ⊓, (h(s1, … , sn),⋀m
k=1 γk ∧ ⋀n

i=1 δi) ∈
⨅t∈{t1,…,tm} rpc∗ℛ,λ(t) iff h ∼γk,ρk

ℛ head(tk) with γk ≥ λ for all 1 ≤ k ≤ m and
(si, δi) ∈ ⨅t∈Ti rpc∗ℛ,λ(t), where Ti = {tk|j ∣ (i, j) ∈ ρk, 1 ≤ k ≤ m}, 1 ≤ i ≤ n.
Therefore, in theRed rule, the instance of x (i.e. the instance ofh(y1, … , yn)),
paired with the degree⋀m

k=1 γk ∧⋀n
i=1 δi is in⨅t∈{t1,…,tm} rpc∗ℛ,λ(t) iff for each

1 ≤ i ≤ n we can find an instance of yi, which, together with δi, forms an
element of⨅t∈Ti rpc∗ℛ,λ(t). If Ti is empty, it means that the i’s argument of h
is irrelevant for terms in {t1, … , tm}andcanbe replacedby_,with thedegree
remaining unchanged. (Rem does this in a subsequent step.)

Hence, in each success branchof the derivation tree, the algorithmℭ∗ com-
putes one element of⨅t∈T rpc∗ℛ,λ(t). Branching at Red helps produce all ele-
ments of⨅t∈T rpc∗ℛ,λ(t) exactly once.

We can derive a variant ℭcheck to decide the (ℛ, λ)-consistency of T , by searching
for a successful branch in the ℭ-derivation tree for {x in T}; x. If there is no such
branch, then T is not (ℛ, λ)-consistent. We can even ignore the last two compo-
nents of the states. Further, since singleton sets are guaranteed to be consis-
tent, we can optimize the variant by applying Rem to both empty and singleton
sets.

3.2 Generalizations andWitnesses with Degrees

We can now reformulate the anti-unification problem, such that it can be
solved in form of a finite set. We will then solve this problem in the remain-
ing part of this chapter. ℛ is a proximity relation and λ is a cut value.

Given: ℛ, λ, and the ground terms t1, … , tn, n ≥ 2.

Find: a set S of tuples (r, σ1, … , σn, α1, … , αn) such that
{r ∣ (r, …) ∈ S} is an (ℛ, λ)-mcsrg of t1, … , tn,
rσi ≃αi

ℛ,λ ti, 1 ≤ i ≤ n, for each (r, σ1, … , σn, α1, … , αn) ∈ S.

(When n = 1, this is a problem of computing a relevant proximity class of a
term.)

The rule-based algorithm described in [13] solves a similar problem, but with
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the degrees relaxed to anupper boundvalue.Weextend this algorithm 1 to solve
the more specific problem. For simplicity, the algorithm is formulated for the
case n = 2, but it can be extended for arbitrary n straightforwardly.

For unrestricted argument relations/mappings, the computed set of gener-
alizations is the mcsrg, but for correspondence relations or correspondence
mappings (i.e., bijections), we actually get the mcsg.

The algorithm also has a linear variant, which computes theminimal complete
set of (relevant) linear (ℛ, λ)-generalizations (mcsrlg). We’ll denote the two re-
spective variants as 𝔄 and 𝔄lin.

The main data structure is an anti-unification triple (AUT) x ∶ T1 ≜ T2, where T1
and T2 are finite consistent sets of ground terms. The idea is that x is a common
generalizationof all terms in T1∪T2. A configuration is a tupleA; S; r; α1; α2,where
A is a set of AUTs to be solved, S is a set of solved AUTs (the store), r is the gen-
eralization computed so far, and the α’s are possible best-case generalization
degree values of r for the input terms.

Algorithms𝔄 and𝔄lin use the rules below to transformconfigurations into con-
figurations. Given ℛ, λ, and the ground terms t1 and t2, we create the initial
configuration {x ∶ {t1} ≜ {t2}}; ∅; x; 1; 1 and apply the rules as long as possible.
Note that the rules preserve consistency of AUTs. The process generates a fi-
nite complete tree of derivations, whose terminal nodes have configurations
with the first component empty. We will show how from these terminal con-
figurations one collects the result as required in the anti-unification problem
statement.

Tri: Trivial
{x ∶ ∅ ≜ ∅} ⊎ A; S; r; α1; α2 ⟹ A; S; r{x ↦ _}; α1; α2.
Dec: Decomposition
{x ∶ T1 ≜ T2} ⊎ A; S; r; α1; α2 ⟹

{yi ∶ Qi1 ≜ Qi2 ∣ 1 ≤ i ≤ n} ∪ A; S; r{x ↦ h(y1, … , yn)}; α1 ∧ β1; α2 ∧ β2,

where T1 ∪ T2 ≠ ∅; h is n-ary with n ≥ 0; y1, … , yn are fresh; and for j = 1, 2, if
Tj = {tj1, … , tjmj}, then

h ∼ρ
j
k

ℛ,γj
k
head(tjk)with γj

k ≥ λ for all 1 ≤ k ≤ mj and βj = γj
1 ∧⋯∧ γj

mj,

for all 1 ≤ i ≤ n,Qij = ∪mj
k=1{t

j
k|q ∣ (i, q) ∈ ρjk} and is (ℛ, λ)-consistent.

Sol: Solve
{x ∶ T1 ≜ T2} ⊎ A; S; r; α1; α2 ⟹ A; {x ∶ T1 ≜ T2} ∪ S; r; α1; α2,
if Tri and Dec rules are not applicable. (Meaning that at least one Ti ≠ ∅ and
either there is no h, or at least oneQij from Dec is not (ℛ, λ)-consistent.)

Exhaustive applicationof the three rules above leads to terminal configurations
of the form ∅; S; r; α1; α2, where r is a linear term.

We will now apply some post-processing, for which we will need some ad-
ditional data structures. An expanded anti-unification triple (EAUT) is a tuple
1Specifically, we are adapting 𝔄1 and its linear variant. 𝔄2 and 𝔄lin

2 give an optimization for argu-
mentmappings by skipping consistency checks, but we don’t need this due to themore general
optimization for singleton sets in ℭcheck.
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x ∶ T ∗
1 ≜ T ∗

2 , where T ∗
1 and T ∗

2 are finite sets of tuples (t, δ), where δ is a degree,
t is a ground term, and the set {t ∣ (t, δ) ∈ T ∗n} is consistent for n = 1, 2. An ex-
panded configuration is a tuple E; r; α1; α2, where E is a set of EAUTs, r is a valid
generalization, and the α’s are best-case generalization degrees of r.
Let expand be an expansion operation defined for sets of AUTs as

expand(S) ∶= {x ∶ 
t∈T1

rpc∗ℛ,λ(t) ≜ 
t∈T2

rpc∗ℛ,λ(t) ∣ x ∶ T1 ≜ T2 ∈ S},

which results in sets of EAUTs.

Weconvert our terminal configurations∅; S; r; α1; α2 to expanded configurations
expand(S); r; α1; α2. This is what Algorithm 𝔄lin stops with.

To an expanded store E = {y1 ∶ Q∗
11 ≜ Q∗

12, … , yn ∶ Q∗
n1 ≜ Q∗

n2} and degrees α1 and
α2, we associate two sets of substitution-degree pairsΣ∗

1(E) andΣ∗
2(E), defined as

follows: (σ, α′) ∈ Σ∗
i (E) iff dom(σ) = {y1, … , yn} and (yjσ, δj) ∈ Q∗

ji for each 1 ≤ j ≤ n,
and α′ = αi ∧⋀n

j=1 δj, i = 1, 2. We call them the sets of witness substitutions with
degrees.

From each expanded configuration C = E; r; α1; α2, we construct the set S(C) ∶=
{(r, σ1, σ2, α′

1, α′
2) ∣ (σi, α′

i) ∈ Σ∗
i (E), i = 1, 2}.

Given an anti-unification problem ℛ, λ, t1 and t2, the answer computed by Algo-
rithm 𝔄lin is the set S ∶= ∪m

i=1S(Ci), where C1, … ,Cm are all of the final expanded
configurations reached by𝔄lin forℛ, λ, t1, and t2. If we are interested only in lin-
ear generalizationswithout witness substitutions, there is no need in computing
expanded configurations in 𝔄lin.

Algorithm 𝔄 is obtained by further transforming the expanded configurations
produced by 𝔄lin. This transformation is performed by applying theMerge rule
below exhaustively. Intuitively, its purpose is tomake the linear generalization
obtained by 𝔄lin less general by merging variables wherever possible.

Mer: Merge
{x1 ∶ R∗

11 ≜ R∗
12, x2 ∶ R∗

21 ≜ R∗
22} ⊎ E; r; α1; α2 ⟹ {y ∶ Q∗

1 ≜ Q∗
2} ∪ E; rσ; α1; α2,

whereQ∗
i = (R∗

1i ⊓ R∗
2i) ≠ ∅, i = 1, 2, y is fresh, and σ = {x1 ↦ y, x2 ↦ y}.

The answer computed by 𝔄 is defined similarly to the one computed by 𝔄lin.

Example 4. Assume a, b are constants, f1, f2, g1, and g2 are unary function sym-
bols, p is a binary function symbol, and h1 and h2 are ternary function sym-
bols. Let λ be a cut value and ℛ be defined as fi ∼{(1,1)}ℛ,αi

hi and gi ∼{(1,2)}ℛ,βi
hi with

αi ≥ λ, βi ≥ λ, i = 1, 2. To generalize p(f1(a), g1(b)) and p(f2(a), g2(b)), we use 𝔄.
The derivation starts as

{x ∶ {p(f1(a), g1(b))} ≜ {p(f2(a), g2(b))}}; ∅; x; 1; 1 ⟹Dec

{y1 ∶ {f1(a)} ≜ {f2(a)}, y2 ∶ {g1(b)} ≜ {g2(b)}}; ∅; p(y1, y2); 1; 1 ⟹2
Sol

∅; {y1 ∶ {f1(a)} ≜ {f2(a)}, y2 ∶ {g1(b)} ≜ {g2(b)}}; p(y1, y2); 1; 1.

At this stage, we expand the store, obtaining

∅; {y1 ∶ {(f1(a), 1), (h1(a,_,_), α1)} ≜ {(f2(a), 1), (h2(a,_,_), α2)},
y2 ∶ {(g1(b), 1), (h1(_, b,_), β1)} ≜ {(g2(b), 1), (h2(_, b,_), β2)}}; p(y1, y2); 1; 1.
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We have {(fi(a), 1), (hi(a,_,_), αi)} ⊓ {(gi(b), 1), (hi(_, b,_), βi)} =
{(hi(a, b,_), αi ∧ βi)}, i = 1, 2 and can thus perform amerge:

∅; {y1 ∶ {(f1(a), 1), (h1(a,_,_), α1)} ≜ {(f2(a), 1), (h2(a,_,_), α2)},
y2 ∶ {(g1(b), 1), (h1(_, b,_), β1)} ≜ {(g2(b), 1), (h2(_, b,_), β2)}}; p(y1, y2); 1; 1

⟹Mer

∅; {z ∶ {(h1(a, b,_), α1 ∧ β1)} ≜ {(h2(a, b,_), α2 ∧ β2)}}; p(z, z); 1; 1.
Indeed, if we take the witness substitutions σi = {z ↦ hi(a, b,_)}, i = 1, 2, and
apply them to the obtained generalization, we get

p(z, z)σ1 = p(h1(a, b,_), h1(a, b,_)) ≃α1∧β1
ℛ,λ p(f1(a), g1(b)),

p(z, z)σ2 = p(h2(a, b,_), h2(a, b,_)) ≃α2∧β2
ℛ,λ p(f2(a), g2(b)).

Theorem 3. Givenℛ, λ, and the ground terms t1 and t2, Algorithm𝔄 termi-
nates for {x ∶ {t1} ≜ {t2}}; ∅; x; 1; 1 and computes an answer set S such that

1. the set {r ∣ (r, σ1, σ2, α1, α2) ∈ S} is an (ℛ, λ)-mcsrg of t1 and t2,
2. for each (r, σ1, σ2, α1, α2) ∈ Swe have αi = ℛ(rσi, ti), i = 1, 2.

Proof. The proof for termination, as well as the one for (1), follows trivially
from its respective analog in Theorem 3 of [13].

As for (2), recall that for two function terms, ℛ(f(t1, … , tn), g(s1, … , sm)) ∶=
ℛ(f, g) ∧ ℛ(ti1 , sj1 ) ∧ ⋯ ∧ ℛ(tik , sjk ), where f ∼α,ρℛ g, and ρ = {(i1, j1), … , (ik, jk)}.
We don’t care about variables, since they don’t show up in relevant posi-
tions.∧ is associative and commutative, so we can do arbitrary reordering.

At each Dec step, for a given substitution symbol h, we combine our cur-
rently computed degree with ℛ(head(tk), h) for each tk in the sets of terms
that map to a given position in the generalization. For its subterms, we
defer substitution and degree calculation to later steps. We store the sub-
terms in sets (i.e. we remove duplicates), but this isn’t a problem, due to
the idempotency property of the minimum T-norm.

This works analogously on the Red steps when calculating a witness sub-
stitution per problem term.

On Tri and Sol (resp. Rem) steps, the degrees are not effected. During Mer,
the term of amerged pair (s, α1)⊓ (t, α2) atmost differs from the terms s and
t in their respective irrelevant positions. Ergo, the proximities of s ⊓ t to
the problem terms’ subterms that they map to remain unchanged, and by
assigning α1∧α2 as the degree of the new termwe only cause reordering in
the overall degree calculation.

Obviously, the starting term x is a syntactic generalization of the problem
terms. It therefore follows by induction that for a given problem term t,
α∧δ = ℛ(rσ, t), where α and δ are the degrees calculated alongside the gen-
eralization r and witness substitution σ.

The following corollary can be proved in a similar fashion:

Corollary 1. Given ℛ, λ, and the ground terms t1 and t2, Algorithm 𝔄lin termi-
nates for {x ∶ {t1} ≜ {t2}}; ∅; x; 1; 1 and computes an answer set S such that
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1. the set {r ∣ (r, σ1, σ2, α1, α2) ∈ S} is a minimal complete set of relevant linear
(ℛ, λ)-generalizations of t1 and t2,

2. for each (r, σ1, σ2, α1, α2) ∈ Swe have αi = ℛ(rσi, ti), i = 1, 2.



Chapter 4

Software: Usage

Here we discuss a reference Java implementation of 𝔄 and 𝔄lin, which exists
alongside this paper. The implementation is part of the RISC library of uni-
fication and anti-unification algorithms, and is available under the LGPL 3.0
license. At http://www.risc.jku.at/projects/stout/software/aau.php, an
interactive web interface is available on which the algorithms can be experi-
mented with. The page also contains a download link for the source code.

4.1 Some Practical Considerations

For the implementation, we address some practical edge cases that can arise
depending on the problem input.

Resolving Ambiguous Arities. We’re working with fixed function arities, and
need to know these ahead of time. Usually, we could infer them by looking at
the problem terms (rejecting the input if a function appears with multiple dif-
ferent arities). However, function symbols are allowed to only show up in the
proximity relation, for which our chosen syntax is ambiguous regarding arity.
See, e.g., Example 4,whereh1 andh2 appear only in the proximity relation,with
their final positions not appearing in the argument relation.

We therefore include an extra input for specifying function symbol arities. We
leave it optional, since this edge case doesn’t always present itself. If there is
a symbol whose arity is ambiguous given the input, we produce a warning, but
continue execution, assuming the smallest arity possible.

Infinite Proximity Relations. To also support infinitely large proximity rela-
tions (which can emerge given infinitely large alphabets), we include the Prox-
imityRelation interface. Theuser canpass ina customimplementation,which
lazily supplies the arity and proximity class of a given function symbol. The
implementationmust behave like a proximity relation as defined in this paper,
otherwise it might lead to unpredictable results.

Intermediate Results. Some of the intermediate solutions we attain during
computation may be useful in their own right, so we split up the algorithm’s
interface into a handful of composable functions.

applyRules takes a problem equation and exhaustively applies the Tri, Dec
and Sol rules on it, returning the corresponding set of solution configura-
tions, which can be transformed into the set of linear expanded configurations
through the expand function.

15
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Given an expanded configuration E; r; α1; α2, we define its solution options as the
tuple r;Φ1(E);Φ2(E); α1; α2, withΦi(E) = {(x, T ∗

i ) ∣ x ∶ T ∗
1 ≜ T ∗

2 }, i ∈ {1, 2}, as well as the
solution enumeration r; Σ∗

1(E); Σ∗
2(E).

The function getSolutionOpts takes a set of linear expanded configurations and
returns the corresponding set of linear solution options. The elements hereof
contain themethods asEnum and asTuples, which return, respectively, the so-
lution enumeration, and the set of solutions for the associated linear general-
ization. If we apply flatmap over the set of linear solution options, transform-
ing the elements via asTuples, we attain the output of 𝔄lin.

Alternatively, applying the functionmerge to the set of linear expanded config-
urations gets us the set of expanded configurations, which can be analogously
transformed into the set of solution options, and finally the solution enumer-
ation or the output of 𝔄.

4.2 Using theWeb Interface

The interactive web interface lets the user define a problem via its HTML form.
The following inputs and parameters can be specified:

Figure 4.1: Example input for the web interface

The generalization problem should consist of two terms, written in the usual
syntax, and separated by ?=. Variables can be used, although they are internally
treated as constants which can only be close to themselves. Function and vari-
able names can consist of any alphanumeric sequence.

Proximity relations are supplied in the form of a semicolon-separated
list of proximity pairs. Syntactically, the list’s elements follow the form
f g [α] {(i1, j1), ..., (injn)}, where f ∼ρℛ,α g and ρ = {(i1, j1), ..., (in, jn)}.
A proximity relation ℛ is fully described by the input iff for every f, g ∈ ℱ with
f ≠ g, f ∼ρℛ,α g and α > 0 either the proximity pair f g [α] ρ or g f [α] ρ−1 is included
(although elements with α < λ can trivially be omitted). The algorithm expects
no more than one pair per f, g with f ≠ g, and no pair if f = g, and throws an
exception otherwise.

Specifying arities explicitly might be needed for functions that only show up
in the proximity relation (see Resolving Ambiguous Arities.) In this case, they
are provided in form of a semicolon-separated list of assignments.

Lambda-cut is some floating-point value between 0 and 1.
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Merge variables and generate witnesses allow enabling/disabling the respec-
tive computation steps. If merging variables is disabled, it means that we are
running𝔄lin, thus attaining the set of linear (ℛ, λ)-generalizations. If generating
witnesses is disabled, the program only computes the generalizations, without
witness substitutions.

If just the linear generalizations without witnesses are of interest, disabling
both these settings can improve runtime and memory cost, since we can skip
the expand step. 1

Output format allows selecting different verbosity levels for the program’s
console output. Simple outputs the solutions after each of the large computa-
tion steps, Progress prints each Tri, Dec and Sol rule applications, while All in-
cludes sub-steps from ℭ and ℭcheck.
At the bottom of the page, there are some example problems, which can be se-
lected to populate the input form.

4.3 Using the Java Library

We’ll demonstrate the usage of the Java library with some example code. See
the previous section for the string-based input formats. The source code itself
also contains more extensive documentation.

1 Context ctx = new Context()
2 .proximityRelation("f g [0.5] (1,1), (1,2), (2,3)")
3 .lambda(0.5f);
4

5 Set<SolutionTerm> solutions = ctx
6 .solveFull("f(a, b) ?= g(a, a, b)", true)
7 .stream()
8 .flatMap(solutionOpts -> solutionOpts.asTuples().stream())
9 .collect(Collectors.toSet());
10

11 Algorithm algo = new Algorithm(ctx);
12 Pair<GroundTerm, GroundTerm> equation =
13 Parser.parseEquation("f(a, b) ?= g(a, a, b)");
14 Set<Config> compactConfigs = algo.applyRules(equation);
15

16 Set<EConfig> expandedConfigs = algo.expand(compact);
17 Set<SolutionOpts> linearOpts = algo.getSolutionOpts(expanded);
18

19 Set<EConfig> mergedConfigs = algo.merge(expanded);
20 Set<SolutionOpts> nonLinearOpts = algo.getSolutionOpts(merged);

Algorithm 1: Usage example of the Java library

In thefirst three lineswe create a problemcontext, anddefine aproximity rela-
tion and a lambda-cut via builder pattern. We can supply equations and prox-
imity pairs as a string-based input. (They can also be constructed program-
matically, which we won’t show here.)
1It’s also advisable to use the Java library for any heavy computation, since the web version runs
on cross-compiled JavaScript code, which will generally be less performant.
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We then call solveFull, whereby we supply an equation, and specify in
the second argument that variables should be merged. This means we
are executing the non-linear variant of the algorithm 𝔄. solveFull re-
turns a Set<SolutionOpts>, which we further transform via flat map into
a Set<SolutionTuple>, which represents the mcsrg of the problem terms.

So far, we’ve used the chainable API of the Context class. We can also directly
create an Algorithm instance from the defined context, which we do in lines 11
and below. In line 12-14, we parse the equation string into a Pair<GroundTerm,
GroundTerm>, and call applyRules with it, which returns a Set<Config>. This
is the set of solution configurations, which already gives us the linear general-
izations.

To also get witness substitutions, we expand the configurations, and then call
getSolutionOpts. The resulting Set<SolutionOpts> can be transformed as in
lines 7-9, which would give us the mcsrlg.

In lines 19-20,we reuse theexpandedconfigurations, applyingmergeandagain
calling getSolutionOpts on the result. With this, we have performed the same
execution steps as with solveFull, and transforming the result as in lines 7-9
would again give us the mcsrg.



Chapter 5

Software: Implementation

5.1 Data Structures

Terms. The basic sub-types of Term are CompositeTerm, Variable and the
singleton Anon, which behave straightforwardly. Alongside regular compos-
ite terms, we also define GroundTerms, which can only have GroundTerms
as arguments, and GroundishTerms, which can contain GroundishTerms,
GroundTerms, or Anon. Additionally, MappedVariables are constants which
should act like variables from an outside perspective (i.e., they cannot be close
to other terms). Note that sum types are not easily representable in Java, so to
model the argument type restrictions of GroundTerm and GroundishTerm, we
rely on a somewhat unintuitive inheritance structure. The total type hierarchy
for terms looks as follows:

Figure 5.1: Term type hierarchy

Term (interface)

CompositeTerm Variable GroundishTerm (abstract)

GroundishTermImpl Anon (singleton) GroundTerm

MappedVariable

Predefined Proximity Relations. For a given problem, we construct a Prede-
finedProximityRelation, which is a complex object that allows looking up
proximity classes and arities of functions, the proximity relation between two
functions, as well as the problem’s restriction type. It contains hash maps
whichwebuild fromthe input’s proximitypairs, problemterms, λ-cut, andany
explicitly defined function arities. We do runtime checks to ensure that func-
tions have consistent arities, that the set of proximity pairs make up a valid
proximity relation, and that the set of functions and the set of mapped vari-
ables don’t share symbols.

For each proximity pair (f, g, α, ρ) with α ≥ λ, we insert it and its inverse
(g, f, α, ρ−1) into a map of maps, at the respective key sequences f, g, and g, f.

19
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Proximity pairs with α < λ are dropped, since they don’t effect the calcula-
tion, and we determine the restriction type both considering the entire set of
proximity pairs, which we call the theoretical restriction type, and considering
only pairs with α ≥ λ, which we call the practical restriction type.

5.2 Execution Strategy

Here we look at a pseudo-code implementation of Algorithms 𝔄 and 𝔄lin, out-
lining the Java program’s structure. We define the functions discussed in In-
termediate Results, as well as the helper functions dec, ℭ∗ and ℭcheck.
We represent queues following the form [a1, … , an], where an is the most
recently added element, and we define the operations enq([a1, … , an], b) =
[a1, … , an, b] (enqueue), deq([a1, a2 … ,an]) = ([a2 … ,an], a1) (dequeue), and
[a1, … , an]@ [b1, … , bm] = [a1, … , an, b1, … , bm] (concatenation). We assume for
all functions that ℛ and λ are part of the globally accessible context.

/* ---------- applyRules(t1, t2) ---------- */
1 C ← [([x0 ∶ {t1} ≜ {t2}]; [ ]; x0; 1; 1)]
2 CS ← [ ]
3 BRANCHING ∶
4 while C ≠ [ ] do
5 C, (A; S; r; α1; α2) ← deq(C)
6 while A ≠ [ ] do
7 A, (x ∶ T1 ≜ T2) ← deq(A)
8 if T1 = ∅ and T2 = ∅ then
9 r ← r{x ↦ _}
10 continue
11 if (C′ ← dec(T1 ∪ T2, (A; S; r; α1; α2))) ≠ [ ] then
12 C ← C@C′

13 continue BRANCHING
14 S ← enq(S, (x ∶ T1 ≜ T2))
15 CS ← enq(CS, (A; S; r; α1; α2))
16 return CS

/* ---------- expand(CS) ---------- */
1 def expandaux(S) :
2 return map(S, (x ∶ T1 ≜ T2) ⇒ (x ∶ ℭ∗(T1) ≜ ℭ∗(T2)))
3

4 return map(CS, (∅; S; r; α1; α2) ⇒ (expandaux(S); r, α1; α2))
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/* ---------- merge(CE) ---------- */
1 def mergeaux((E; r; α1; α2)):
2 U, r′,M ← S, r, [ ]
3 while U ≠ [ ] do
4 U, (x ∶ T ∗

1 ≜ T ∗
2 ) ← deq(U)

5 foreach (xu ∶ T ∗
1,u ≜ T ∗

2,u) ∈ U do
6 if T ∗

j ⊓∗ T ∗
j,u ≠ ∅ for j = 1, 2 then

7 T ∗
j ← T ∗

j ⊓∗ T ∗
j,u for j = 1, 2

8 r′ ← r′{xu ↦ x}
9 U ← remove(U, (xu ∶ T ∗

1,u ≜ T ∗
2,u))

10 M ← enq(M, x ∶ T ∗
1 ≜ T ∗

2 )
11 return (M; r′; α1; α2)
12

13 return map(CE, c ⇒ merge(c))

/* ---------- getSolutionOpts(CE) ---------- */
1 def Φ((E; r; α1; α2)) :
2 Oi ← map(E, (x; Pi ≜ Pi) ⇒ (x, Pi)), i ∈ {1, 2}
3 return (r; O1; O2; α1; α2)
4

5 return map(CE, c ⇒ Φ(c))

/* ---------- dec((x ∶ T1 ≜ T2), (A; S; r; α1; α2)) ---------- */
1 C′ ← [ ]
2 foreach h ∈ ⋂t∈T1∪T2 h ∣ h ∼ρℛ,γ head(t)with γ ≥ λ do
3 Qj ← [{t|q ∣ t ∈ Tj and h ∼ρℛ,γ head(t) and (i, q) ∈ ρ} ∣ i ≤ arity(h)] for

j = 1, 2
4 if all(Q1@Q2, q ⇒ ℭcheck(q)) then
5 βj ← ⋀t∈Tj γ ∣ h ∼ρℛ,γ head(t) for j = 1, 2
6 A′ ← A@ [(y1 ∶ Q1,1 ≜ Q2,1), … , (yn ∶ Q1,n ≜ Q2,n)]
7 C′ ← enq(C′, A′; S; r{x ↦ h(y1, … , yn)}; α1 ∧ β1; α2 ∧ β2)
8 return C′
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/* ---------- ℭ∗(T) ---------- */
1 B ← [([x in T]; x; 1)]
2 S ← [ ]
3 BRANCHING ∶
4 while B ≠ [ ] do
5 B, (I; s; δ) ← deq(B)
6 while I ≠ [ ] do
7 I, (x in T) ← deq(I)
8 if T = ∅ then
9 s ← s{x ↦ _}
10 continue
11 foreach h ∈ ⋂t∈T h ∣ h ∼ρℛ,γ head(t)with γ ≥ λ do
12 Q ← [{t|q ∣ t ∈ T and h ∼ρℛ,γ head(t) and (i, q) ∈ ρ} ∣ i ≤ arity(h)]
13 I′ ← I@ [(y1 in Q1), … , (yn in Qn)]
14 ϵ ← ⋀t∈T γ ∣ h ∼ρℛ,γ head(t)
15 B ← enq(B, I′; s{x ↦ h(y1, … , yn)}; δ ∧ ϵ)
16 continue BRANCHING
17 S ← enq(S, (s, δ))
18 return S

/* ---------- ℭcheck(T ) ---------- */
1 B ← [[T]]
2 BRANCHING ∶
3 while B ≠ [ ] do
4 B, I ← deq(B)
5 while I ≠ [ ] do
6 I, T ← deq(I)
7 if size(T) ≤ 1 then
8 continue
9 foreach h ∈ ⋂t∈T h ∣ h ∼ρℛ,γ head(t)with γ ≥ λ do
10 Q ← [{t|q ∣ t ∈ T and h ∼ρℛ,γ head(t) and (i, q) ∈ ρ} ∣ i ≤ arity(h)]
11 I′ ← I@ [(y1 in Q1), … , (yn in Qn)]
12 B ← enq(B, I′)
13 continue BRANCHING
14 return true
15 return false



Chapter 6

Extending to other T-Norms

Asmentioned previously, Algorithms𝔄 and𝔄lin aswell as, among others, those
presented in [1, 14] and [13] rely on the minimum T-Norm’s unique idempo-
tency property. Here, we look at issues that arise when applying the algorithm
to T-norms generally. We leave the construction of an algorithm which would
solve these issues for future work.

Accounting for identical subterms. In agivenAUT, the sets of terms contain the
problem terms’ subterms that map to the same subterm in the generalization.
Ergo, if a problem term contains some identical subterms which map to the
same generalization subterm, their respective proximity to that subterm only
appear once in the total calculation. Equivalently, the sets in expressions are
the respective problem term’s subterms that map to the same subterm of an
instantiated generalization, so the same issue appears here. In both cases, it
could be solved by replacing the respective usages of sets with multisets.

Mutually exclusive substitutions. The proximity between two terms can be less
than that of any of their corresponding subterms. For instance, if we take
product as T-norm, and ℛ(a, b) = λ < 1, then ℛ(f(a(), b()), f(a(), a())) = λ and
ℛ(f(b(), a()), f(a(), a())) = λ, but ℛ(f(b(), b()), f(a(), a())) < λ. Thus, given the term
f(x1, x2), applying either {x1 ↦ b()} or {x2 ↦ b()} results in an (ℛ, λ)-generalization
of f(a(), a()), but applying both together brings us below the λ-cut.
Ergo, valid substitution applications cannowpreclude eachother. In our pair of
algorithms, this behaviormanifests inboth the computationof generalizations
and witness substitutions. 1

Finding all possible decompositions.

Example 5. Assume a, b, c are constants with a ∼0.5,∅ℛ c, b ∼0.5,∅ℛ c, functions f, g, h
are unary and function p is binary with f ∼0.5,{(1,1),(2,2)}ℛ h, g ∼0.5,{(1,1),(2,2)}ℛ h, and with
λ = 0.64 as lambda-cut, and product as T-norm.

Then the generalizations for p(f(a()), f(a())) ≜ p(g(b()), g(b())) are p(h(c), x),
p(h(x), h(y)) and p(x, h(c)).

1If we ignore λ, and instead consider positive solutions, thenwe can generalize to T-Normswith-
out zero-divisors (i.e. those for which a ≠ 0, b ≠ 0 ⟺ a∧b ≠ 0) without causing this behavior.
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A runof our algorithmwouldnotfind all of these, due to greedy decomposition.
We can solve this issue by collecting all AUTs that are valid decomposition can-
didates, and applying Dec to each one in a separate branch. This results in re-
dundant branches,wherever decompositions endupnot precluding eachother.
Hence, in order to alsomaintainminimality of the resulting set, we would also
need to identify generalizations which are equivalent up to renaming.

Decomposecondition. Along these same lines,witness substitutions cannot be
freely formed from combining the mappings we get from the final EAUTs. In
fact, there might not be any valid combinations.

Example 6. Take constants a, b, c, d, e1, e2 with ℛ(a, c) = ℛ(b, c) = 0.8, ℛ(a, d) =
ℛ(b, d) = 0.5, binary f, g, h with g ∼0.8,{(1,1),(2,2)}ℛ h and f ∼0.8,{(1,1),(2,1),(1,2),(2,2)}ℛ h using
λ-cut 0.2 and again product as T-norm.

Given the problem terms f(a(), b()) and g(e1(), e2()), we calculate:
{x0 ∶ {f(a(), b())} ≜ {g(e1(), e2())}}; ∅; x0; 1; 1 ⟹Dec

{x1 ∶ {a(), b()} ≜ {e1()}, x2 ∶ {a(), b()} ≜ {e2()}}; ∅; h(x1, x2); 0.8; 0.8 ⟹2
Sol

∅; {x1 ∶ {a(), b()} ≜ {e1()}, x2 ∶ {a(), b()} ≜ {e2()}}; h(x1, x2); 0.8; 0.8
expand({x1 ∶ {a(), b()} ≜ {e1()}, x2 ∶ {a(), b()} ≜ {e2()}}) gives us
{x1 ∶ {(c(), 0.64), (d(), 0.25)} ≜ {(e1(), 1)}, x2 ∶ {(c(), 0.64), (d(), 0.25)} ≜ {e2(), 1}}
However, on the left-hand side, only the substitution {x1 ↦ c(), x2 ↦ c()} is a
valid witness substitution. We can also define a similar problem in which we
leave off ℛ(a, c) and ℛ(b, c), in which case there is no valid left-hand witness
substitution for h(x1, x2).

We therefore need to check that such a combination exists before applying de-
compose. This is the case, for a given h, iff α ∧ βj ∧⋀n

i=1 δij ≥ λ, where δij is the
maximum δ found among the success branches of ℭ(Qij). To find these maxi-
mum δ’s, onemight consider applying best-first search, although it could also
be advantageous to compute the entire set⨅t∈Qij rpc∗ℛ,λ(t) at this point, and store
it for subsequent use. We can speed up the searches bymaking the failure con-
dition more strict, considering αj ∧ βj ∧ δij (or even αj ∧ βj ∧ δ1j ∧ … ∧ δij if the
searches are not concurrent).

Merge. Similarly,merging variables leads to a reduction of possible substitu-
tions, and therefore requires a condition that is defined similarly to that of de-
compose. Once again, merge applications can preclude each other, and there-
fore also can cause branching.



Chapter 7

Conclusion

Using [13] as a starting point,we’ve designed two algorithms that compute sets
of approximate generalizations (resp. approximate linear generalizations) of
terms along with their witnesses with precise proximity degrees. The sets are
mcsg’s when the argument relation is a correspondence relation, and mcsrg’s
when it is unrestricted. When checking for term set consistency, we take ad-
vantage of singleton sets in expressions, gaining the sameperformance benefit
as 𝔄2 from [13] for argument mappings (without needing to introduce a sepa-
rate algorithm), and somewhat optimizing over 𝔄1 if a subset of the argument
relation is a mapping.

We have discussed a software implementation for these algorithms, which of-
fers a flexible API that allows for string-based or structured input, as well as
fine-grained control over the desired computation steps. To help ensure cor-
rectness of the program, we’ve taken advantage of Java’s type system, along
with a suite of assertions and test cases.

In the last chapter, we looked at some problems that come up when extending
the algorithms to other t-norms besidesminimum, and considered some pos-
sible solutions. One of the core issues herein is that when idempotency is not
given, substitutions in arbitrary parts of the generalization can become mu-
tually exclusive. There are various fuzzy anti-unification algorithms that have
yet to be generalized in this way, and doing so could be an interesting topic for
further study.
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