AN UNIFIED FRAMEWORK TO PROVE MULTIPLICATIVE
INEQUALITIES FOR THE PARTITION FUNCTION

KOUSTAV BANERJEE

ABSTRACT. In this paper, we consider a certain class of inequalities for the partition function
of the following form:

T T
[Iotn+s) = [[ptn+r),
=1 =1

which we call multiplicative inequalities. Given a multiplicative inequality with the condition
that ZiTzl st £ ZiTzl ri™ for at least one m > 1, we shall construct an unified framework so as to
decide whether such a inequality holds or not. As a consequence, we will see that study of such
inequalities has manifold applications. For example, one can retrieve log-concavity property,
strong log-concavity, and the inequalities for p(n) considered by Bessenrodt and Ono, to name
a few. Furthermore, we obtain the full asymptotic expansion for the finite difference of the
logarithm of p(n), denoted by (—1)"~'A"log p(n), which extends a result by Chen, Wang, and
Xie.
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1. INTRODUCTION

A partition of a positive integer n is a weakly decreasing sequence (Ay, Ag, ..., A.) of positive

integers such that A\; + Ao + -+ -+ X\, = n. Let p(n) denote the number of partitions of n. Hardy
and Ramanujan studied the asymptotic growth of p(n) as follows:

1 m/2n/3
n)~——e
pn)~ %

Rademacher improved the work of Hardy and Ramanujan and found a convergent
series for p(n) and Lehmer’s study was on estimation for the remainder term of the series
for p(n). The Hardy-Ramanujan-Rademacher formula reads

n) = \/ﬁ 3 Ak(n) _L e m)/k L o H(n)/k
p )—24n_1; N (1 u(n)> + 1+ 20
1

as n — 00. (1.1)

+ Ry(n,N), (1.2)
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where
”(n):%\/m’ Ay(n) = Z o= 2minh/k+mis(h.k)
h mod k
(hk)=1
with
k—1
-~ poogpp L\ [hp phpyp 1
S(h’k)_uzl<k 5 2><k 5l-3)
and
Ry(n. V)| mN-23|( N 3.hu(n) 1 N Y (13)
n, < sinh — + = — | —— . .
i V3 p(n) N 6 \un)

A sequence {a, },>¢ is said to satisfy the Turdn inequlaities or to be log-concave, if
a2 — ap_10p41 > 0 for all n > 1. (1.4)

Independently Nicolas [14] and DeSalvo and Pak [6, Theorem 1.1] proved that the partition
function p(n) is log-concave for all n > 26, conjectured by Chen [3]. DeSalvo and Pak [6]
Theorem 4.1] also proved that for all n > 2,

p(n —1) 1 p(n)
) <HE> > T 1) (1.5)

conjectured by Chen [3|. Further, they improved the rate of decay in (1.5)) and proved that for
alln > 7,

p(n — 1) <1 240 > p(”) (16)

pn) \ @ | T pnr 1)

see |6, p. 4.2]. DeSalvo and Pak [6] finally came up with the conjecture that the coefficient of
1/n%? in (I.6) can be improved to 7/v/24; i.e., for all n > 45,

p(n—1) m p(n)
—— 1+ > , 1.7
() ( \/_24n3/2> b+ 1) .
which was proved by Chen, Wang and Xie [5, Sec. 2]. Recently, the author along with Paule,

Radu, and Zeng |1, Theorem 7.6] confirmed that the coefficient of 1/n%? is indeed 7/+/24, which
is the optimal; i.e., they proved that for all n > 120,

p(n)? > <1 + ﬁ - %)p(n — Dp(n+1). (1.8)

DeSalvo and Pak [6, Theorem 5.1] also established that p(n) satisfies the strong log-concavity
property; i.e., for all n. > m > 1,

p(n)? — p(n —m)p(n +m) > 0. (1.9)

Ono and Bessenrodt [2] extended ((1.6)) by considering the border case m = n. This leads to
unveil multiplicative properties of the partition function encoded in the following theorem.

Theorem 1.1. [2, Theorem 2.1] If a and b are integers with a,b > 1 and a+b > 8, then

p(a)p(b) > pla+b), (1.10)
with equality holding only for {a,b} = {2,7}.
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Let A be the forward difference operator define by Aa(n) := a(n + 1) — a(n) for a se-
quence (a(n)),>o. It is clear that the log-concavity property for p(n) is equivalent to say that
—A%logp(n — 1) > 0 for all n > 26. Equations and ([1.8)) show the asymptotic growth of
—A%logp(n — 1). Chen, Wang, and Xie proved the positivity of (—1)""'!A"logp(n) along with
estimation of an upper bound.

Theorem 1.2. /5, Thm. 3.1 and 4.1] For each r > 1, there exists a positive integer n(r) such
that for all n > n(r),

r—1 AT T (1 1
0<(~1)'A logp(n)<log<1+%<§>r_lm). (1.11)

The above inequalities can be rephrased in the following form:

[Ip(n+ 50 = J]ptn+r), (1.12)

which we call multiplicative inequalities for the partition function. Instead of applying the
Hardy-Ramanujan-Rademacher formula (1.2)) and Lehmer’s error bound (|1.3) but with different
methodology for different inequalities for p(n) as done in [2, 6| 14, |5], we will see how one can

prove all such multiplicative inequalities under a unified framework so as to decide explicitly
N(T), such that for all n > N(T), (1.12)) holds. To prove (1.12)), it is equivalent to show

T T
Zlogp(n—i—si) > Zlogp<n+ri)a (1.13)
i=1 i=1
and therefore, an infinite family of inequalities for logarithm of the shifted version of the partition
function is a prerequisite, see Theorems [3.9/and [3.13] As an application of Theorem [3.9] we shall
complete Theorem (see Theorems and below) in the following aspects:

(1) by improving the lower bound in to show that the rate of decay given in the upper
bound is the optimal one,

(2) for each r > 1, computation of n(r) by estimation of error bound based on the minimal
choice of the truncation point w in Theorem [3.9]

(3) and a full asymptotic expansion for (—1)""!A"logp(n). This seems to be inaccessible
from Theorem because a key tool in the proof was on the relations between the
higher order differences and derivatives (cf. Prop. 3.5, [5]) due to Odlyzko [15] which

™
only contributes to the main term in the expansion; i.e., — (—) _—
V6\2/r—1(n 4 1) 2
Even having Theorem in hand, in order to decide whether ((1.12)) holds or not, there are
two key factors remain unexplained. First, an explanation of the following assumption

T T
ZST # Zrzm for at least one m > Z>;. (1.14)
i=1 i=1
and an appropriate choice of w, i.e., the truncation point as in Theorem [3.13] Now we move on
to see how these two factors are intricately connected through a classical problem in Diophan-
tine equations known as the Prouhet-Tarry-Escott problem [7, Chapter XXIV]. The problem
originated in different guise from a letter of Goldbach [§] to Euler that dates back to 18 July,
1750. The Prouhet—Tarry—Escott problem asks for two distinct tuples of integers (s, S2, ..., 1)
and (71,79, ...,77) such that

T T

T T
Zsf:er, forall 0 <k <m—1 and ZSZ”#ZTZ”’
i=1 i=1 i=1 i=1
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We write (s1,...,57) = (r1,...,77) to denote a solution of the Prouhet-Tarry-Escott problem.
Recently, Merca and Katriel [13] connects the non-trivial linear homogeneous partition inequali-
ties with the Prouhet—Tarry—Escott problem. In brevity, we shall explain why the optimal choice
of truncation point w = m + 1, with (sy,...,sp) = (r1,...,rr) for a given in Section .

The rest of the paper is organized as follows. In Section [2] we state preliminary lemmas and
theorems from the work of Paule, Radu, Zeng, and the author [1]. Section [3| presents a detailed
synthesis on derivation of inequalities for log p(n + s) for any non-negative integer s that leads
to the main result of this paper, see Theorem [3.13] As an application of Theorem [3.13] we
provide a full asymptotic expansion of (—1)""*A"log p(n) in Section . In Section , we work

out the steps to verify multiplicative inequalities for the partition function. Section [6]is devoted
T

to derive an infinite families of inequalities for H p(n + s;), given in Theorem 6.9] Finally we

i=1
conclude this paper with a short discussion on the applications of Theorems [3.13[and [6.9]

2. SET UP

Throughout this section, we follow the notations as in [1].

Definition 2.1 (Def. 5.1, [1]). Fory € R, 0 < y? < 24, we define

G(y) ::—10g<1—3—4>+725/y2_4<1/1—32/—4—1>—l—log(l—%\/%_?ﬂ), (2.1)

and its sequence of Taylor coefficients by

Gly) = guy". (2.2)

Lemma 2.2 (Lem. 54, [1]). Let G(y) = Y .o, guy" be the Taylor expansion of G(y) as in
Definition |2.1. Then forn > 1,

I ! (-1+ 1) (2.3)
92n = 3n923ny 3n23n+ly a™ ) :

and for n > 0,

1/2 T 1 —~ (3t
n = 6](—1 et B ' i
9on+1 \/_ [( ) (n + 1) 23n+33n+2 23"+13"a”(2n + 1)7T ey “ ( J )

Lemma 2.3 (Lem. 5.8, [1]). Forn >0, we have
V6 (Wz

(0]
- A —) < Gopr1 <
2r3ian(2n L )\T2 21 —a)) S S

72
Lemma 2.4 (Lem. 5.9, [1]). Forn > 1, we have

2m23n3n0n (20, + 1)

1 1 a1
e <g < (=) 2.6
3n23n+1ann > 92 3n23nann< 2 2) ( )
Definition 2.5 (Def. 4.3, [1]). For k € Zs,, define

o(k) = o (i— R+ 1),
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5k loglog k

where v(k) := 21og 6 + (21log 2)k + 2k log k + 2k loglog k + gk

Definition 2.6 (Def. 6.4, [1]). For n,U € Z>1, we define
2n d
P,(U) := —log4V3 — logn + 71/ 3 + Zgu(l/\/ﬁ)“
u=1
Theorem 2.7 (Thm 6.6, [1]). Let G(y) = Do’ guy"™ as in Definition [2.1] Let g(k) be as in

Definition and P,(U) as in Definition[2.6 If m > 1 and n > g(2m), then
2 1

P,(2m —1) — ] P,(2m —1 : 2.7
om 1) o  Clogp(n) < Pafom - )4 s ()
if m>2andn > g(2m —1), then
7 2
(2m — 2) — 1 Po(2m -2 :
B, (277’1, 2) 3m23mamnm—1/2(2m _ ]_) < ng<n) < ( m ) + 3m23mamnm—1/2(2m _ ]_)
(2.8)
In other words, for w € Z-¢ with [w/2] > v and n > g(w), we have
g L \w Y2 I yw
A1 (Y g < B0+ 2 (L) e
(w ) (2404)[“’/2] Jn <logp(n) < Py(w ) + (2404)(1”/21 Jn (2.9)
where
(1,4,2), if w is even
= . 2.10
(0. 7,%2) {(2, 7,2), ifwisodd (2.10)
Lemma 2.8 (Lem 7.3, [1]). Forn,s € Z>1,m € N and n > 2s, let
b ns) 44/ (3 +m — 1) 1
mn\S) ‘&= —T/—/— 7
’ Vs+m—1\ s—1 /Jnm
then
e _2s—1 1
—bmn(s) < Z ( k2 )W < byn(8) (2.11)
k=m
and
= (22 (1)
2
0< ];L ( L ) — < bman(s). (2.12)
Lemma 2.9 (Lem 7.4, [1]). Forn,s € Z>y,m € N and n > 2s, let
2 (s+m—1
5m,n($) C n_m( 5 — 1 )7
then
=5\ 1
_ 6m,n<3) < = k E < 6m,n(5) (213)
and
= [(—s\ (—1)*
0< ) < L ) —— < Bra(s). (2.14)
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Lemma 2.10 (Lem 7.5, [1]). For m,n,s € Z>, and n > 2s, let

2 8™
Cmon(S) 1= gy
then
o0 ( 1>k+1 Sk:
- tmmn . m,n d - mn
c (s)<§n p nk<cy(s)an c
and
Crn($) > 1/2\ s* Cmon(S) cmn >
- < — and — <

3. INEQUALITIES FOR logp(n;S)

Z:E% (2.15)
(1 2) P o 2a6)

In this section, first we prove an infinite family of inequalities for log p(n + s) with s being

a non-negative integer, see Theorem . Starting from Theorem
and the error terms given in and , stated in Lemma
Theorem
Theorem |

3.9/ by taking into consideration ZzT:1 logp(n+ s;) for (s, s2,...,

2.7, we will estimate P, ¢(U)
3.6l Finally, generalizing

st) € ZL,, we obtain

Lemma 3.1. Let the coefficient sequence (gn)n>1 be as in Lemma[2.4. Then for alln > 1, we

have
9] < T (31)
Il =5 2aa) il '
Proof. Observe that for all n > 0, ‘;—E(l + %)W >0 and 0 < g—f(?—; +1+ ﬁ) <1.
Using ([2.5)), we obtain for all n > 0,
! < <0 (3.2)
(24a)"(2n + 1) " P S '
Since 370‘ — % < 0, from ([2.6)), it follows that for all n > 1,
- < gy, < 0. 3.3
(24a)"(2n) =% (33)
From (3.2) and ([2.4), we conclude that for all n > 1,
9] <
Inl = 240) Iy
[
Definition 3.2. For s € Z>, define
s oL sz
)0, ifs=0"
Lemma 3.3. For (n,s) € Z>1 X Zsg, w € Z>y, and n > 2s, let
3] k ok wil
—1)ksk /1 \2k 251571 /1 \w
P = DS Yy = 2T (LY
n,s(w) ogn + Z L \/ﬁ an n,s (w) l'w/2‘| \/ﬁ )
then
P, (w) = B, ,(w) < —log(n +s) < P, [(w) + B, (w). (3.4)
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Proof. For all n,s € Z>1, w € Z>5, and n > 2s, we split log(n + s) as follows

w—1
k+1 k 55 J k+1 k‘

_ o0 1)k+1 gk
log(n + s) = logn + Z =logn + Z s + Z R (3.5)
= k=[%1
Applying (2.15) with m > [], it follows that for all n > 2s,
2 s\ w2 L (—1)kHL gk 2 s\ w2
——(= < — < — - : 3.6
[w/2] <n> k_z[;] EnF o Jw/2] <n> (36)
=I5

Since for all s € Zsg, s/"/?1 < sfwTHL from (3.5)) and (3.6)), it follows that

P, (w) = E, (w) < —log(n+s) < P, (w) + B, ,(w). (3.7)

Observe that equality holds when s = 0.

Lemma 3.4. For (n,s) € Z>1 X Z>, w € Z>s, and n > 2s, let

_W\/% \[2(1/2> >2k_1and B2 (w) = 6(5;/221]1(\/1_)1"5

2n + 2s
3

/2 2
Proof. For all n,s € Z>y, w € Z>y, and n > 2s, we split 7 n + i as follows

PR E (0

k=] 32|

then

Py (w) = Ey (w) <7 < Pro(w) + B (w). (3-8)

Applying (2.16)) with m — [“£2], it follows that for all n > 2s,

()

|242]

L [1/2)\ s 2 ENEH
) 2 (e e
(LTJ) k=] 52| (LTJ)
Therefore,
2 L% 1 2L”+2J1 on /2 s
gL (e P ()
3/2
3<L“’T”J> ! gz N R
3.11
2 sl 1\ 20221 (311
<y (G
(1)
Now for all s € Z>,
9 sl 1 y2l22)-1 gsl™3 ], 1 \w
(= < — .
3(Lw—“J>3/z(‘/ﬁ [w/2] (ﬁ)
2
From (3.9) and (3.11)), it follows that
2n + 2
P2 (w) = B2 (w) < my/ T2 < P2 (w) + B2 (w), (312)

with equality holds for s = 0. U
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Lemma 3.5. For (n,s) € Zs1 X Zso, w € Z>y, and n > 2s, let

—(/2
Gu(sit) = g (t B Lé/%)st_tgJ forall ¢ € Z>4,

w—2 w—1
w—1 7o) -1 21
1 \u 3 1\ 2t+1 3 1 N2t
by (w) :;gu<\/ﬁ) - > 2 gguﬂ(s,t)(ﬁ) + ggu(S;t)<%> 7
u= t=1 u=0 t=2 wu=1
and
29 1 \T%2H+1, 1 \w
Baw=T0r5m) T ()
n,s(w) w S+24Oé \/ﬁ bl
then

Pl (w) = B} (w) < Zgu( ) S P+ Bl w) (3.13)

Proof. For all n,s € Zsy, w € Zsy, and n > 2s, we split 3" g, (1/v/n + s)* as

wz_:lg( 1 )“ _ wz_lg (L)“i(—u/z)ik
EER R AL ANV
w—1 1 \u vt e (o o
- ) 2@ ()
w—1 e o u
= ;%(%) +;gu;< Z/Z)Sk(%ymr
5 b - O, [/ —2utl .
= 2. gu(in> + % 92u+1;< k2 )Sk‘(%>2k+2 11
T 00
+Lu; gQu; (—ku> 5k<in)2k+2u. (3.14)

= §2u+1(3;t)<_n>2t+1+ Z Z gQu_l(_2:21)8t<L>2t+2U1' (3.15)

t=1 u=0 u=1 4= [u-t w=1_ g1

[

B

::SDZ’L,UJLVS)
Next, we proceed to estimate the absolute value of the error sum S,(w,n, s) for s € Z>;.

|So(w,m, s)|
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00 —%St
2 (t)ﬁ

t=[21]—u+1

[234]

< Z | 92— 1‘(T>2u—1

[z

2u—1 u [wLTN /sy (Y5t T-utl
<4 X lel(2)" e (W) ()
|92 1| I'w2_1‘| (U—1> n
o w— ny .
(by substitution (m, s, n) — ({ —‘—u+1,u, —> in )
s

| 1\ 2t
wo1l
Z |G 1|( > >< n) el

f‘”TW

1 [ ]) 1 w—1
< 4 2 ) ) (=) s (by Lemma |3.1
; (2u — 1)(24a)v~ (u—l “) \/_ ’
[es41-1 we
ETE P [y 1 (L)”Sm
— 2u+1\ u /J(24as)" J\Vn
T AL T Tt N 1 \w 1 8
= (T ) (=) s < for all w>1
3( 2 2u+2( u )(24as)u><\/ﬁ> o (as u+1=3ut+1) "= )
16 1 ( 1\t 1\ 1 \% rwa1
. — ) 1 24as—( (— sz
16 1 \[¥5H1+1 1 \% rw 28 1\ 1+, 1 \w
10 _ Y o 20 L
= 3w(<1+24as) 1>24O‘S(\/ﬁ> sros <8+2404> (ﬁ) - (3.16)

Similar to , we get
pf 1 2+
Sas ()46
151 o
—u uf 1 \2
- X))

L5 LwT’lJ

() F ()

[\
W

IN

Vo)

u=1 t=u+l1 u=1 t:]’%]
L5+ -1 12t 37 oo —u 1\ 2t+2u
t=2 u=1 \/ﬁ u=1 t=[5]-u t n
:Searu,n,s)

Consequently for s € Z>q,

LwalJ 1 2u
Se ) 10y < u <_>
S.w.ma)l < 3 loml (75
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L5

<2 \ggur(%)%((%w_—ll) Ok
(by substitution (m, 5,n) =+ ([%] ~wu, ") in 2.1?))

(L w()2) Gy

2(%&(%}11) <24;s>u>sw(%)w (by Lemma D

- (Ej 2 ((31__11) (24i3>u> - <%>w

) %(<H 2410‘8) i <241as>m)w (%)w

<l<s+ ! )ml]H(i)w. (3.18)

w\” " 2da

From (3-14), (3-15). and (B.17), we obtain

IN

w—1
1 u
;gu<\/n_+s> — Pg’s(w) = S,(w,n, s) + Se(w,n, s), (3.19)

and taking absolute on both side of (3.19)) and applying (3.16)) and (3.18)), it follows that

‘Z gu(\/nl—ﬂ)u - Pi,s(w)‘ =

<

So(w,n, s) + Se(w,n, s)’

So(w,n, s)| + (3.20)

<29< N 1 >f“’21W+1< 1 )w
w\" " 21q N

Note that in (3.13), the equality holds for s = 0 because first, P} ,(w) = 0 and secondly, the error
term S,(w,n,0) (resp. Sc(w,n,0)) in (3.15)) (resp. in (3.17)) is identically zero and therefore,
we conclude that E ;(w) = 0. O

Se(w,n, s)

Lemma 3.6. Let 1,72 as in Equation (2.10). For (n,s) € Zs1 X Z>o, and w € Zsa, then

___m _(L>w <———T( ! ) 21
i\ ) S T o\ ats (3:21)
and
V2 < 1 >w < 2 <L>w 99
i) e\ Vars) S @ e\ ve) - (322)
Proof. The proof of both (3.21) and (3.22)) is immediate from the fact that \/nl? < \/iﬁ for all

(n,8) € Zx1 X Lxo. O
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Definition 3.7. Let the coefficient sequence (gn)n>1 be as in Lemma[2.4 and (g,,(s;t))n>1 be as
in Lemma[3.8. Then for (n,s) € Zx1 X Zso and U € Zxy, we define

U
2n 1 \v
P, J(U) = —log4v/3 —1 2 1(—) , 2
S(U) 0g4V3 —logn + 7 3+Zg, NG (3.23)
u=1
where
_\u u—1
§2u,s = + 9ou + Zgﬂv(svu) fO?" all 1 S u S |_U/2J
k=1
and
_ 212 i o
G2utl,s = T sluat 577+ Gout1 + ;921”1(3;“) forall 0 <u<|[(U-1)/2].
Definition 3.8. Let 71,72 be as in (2.10). For (n,s) € Zs1 X Zso, w € Z>o, and n > 2s, we
define
1N T - 1/ 1 \w
Biw) = (5(s+ 532) " 6+ oy ) w (75)
ma() = ( . *T a * (24c)w/21 Jw \\/n
and

I o 1/ 1 \w
B ) = 15(s o) Flas o JL(Ly"
s (W) ( ST T Qo) |\

Theorem 3.9. Let P, ;(U) be as in Definition and Ef (w), BY (w) be as in Definition .
If (n,s) € Zs1 X ZLso, w € Z>a, and n > max{g(w) — s,2s}, then

P,s(w—1)— E,f}s(w) <logp(n+s) < Pys(w—1) + E¥ (w). (3.24)
Proof. From (2.9)), it follows that for [¥] > 7 and n > g(w) — s,
ge! 1 w Yo 1 w
Popo(w—1) — (=) <1 Pope(w—1 (—)
ws(w—1) i o\ s <logp(n+s) < Ppps(w—1)+ 21T\ TS
(3.25)
where

Poio(w—1) = —log4v/3 —log(n + s) \/ (n + s) Z Ju >u (by Definition .

Applying Lemma [3.6]into ({3.25]), we obtain
20! Lyw 2 Loyw
Ppis(w—1 ——(—) <1 < Poys(w—1 —(—) . (3.26
+ (w ) (2404)[“’/2111) \/ﬁ ogp(n—|—5) + (w )+ (240()[“’/2110 \/ﬁ ( )

Invoking Lemma and into (3.26)), it follows that
3
. 1 w
—log4\/§+ZPﬁL Z L(—) < logp(n+ s)
i=1

(24a) /21w \\/n

3
i i !
—10g4\/§+zpn,s(w)+ZEnys< 24a |—w/2-‘w< n)
i=1 =1

(3.27)
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3 [L-H1

4 Ya 1\ 8sl ™2 29 1\ 1+ Vo L \w
s o)~ (2o ) ™ s ) ()
Z ma(W) + (24a) /21w \\/n [w/2] LAY * (24a)lw/2ly n

= [W/Q—I w S 200 (240& [w/ﬂw TL
< 165371 +29< L b >(w;1w+ Yo < 1 )w

B w * T %Ua (240) 12w | \\/n
slse ) 1 s
= <8 24a> 24@ e T w 28)

and for s =0,

Kt —2(_> _ —2<_) ‘ 390
Z-Zl n,s(w) + (240[)[111/2110 \/ﬁ (2404)[1”/2-‘11} \/ﬁ ( )

Similarly, for s > 1,

3

and for s = 0,

gl L \w gl w
Z + e (8 = e (\r) (3:31)
Putting (3.28 - together into - we get
log4\/—+z — Ef (w) < logp(n + 5) < log4\/_+z w) + EY (w). (3.32)

From Lemma 3.5} it follows that

3
—log4V3 + ZPZ}S( —log4V/3 — logn + 7r\/7 Zgu
i=1
I_L_IJ [ %5 1Jt 1
2 _1 k 2t
+<Z—(k> ( ) Zgzust< ))
k=1 t=2 wu=1
i1 1 2t+1>
Gous1(s:t)( —=
t ;92 +1\8 <\/ﬁ>
w2 J u—1 1 2u
—log4V/3 — 10gn+7r\/7 +kz:;§2k(35u)> (ﬁ)
|e=2) u-1
+ Z ( \/>(k1—{—21) k+1+92u+1+Z§2k+1(5?U)> (%)2 "

|25t | 252]
1 \2u 1\ 2u+1
—log4V/3 —1 ,/ § s _) S G <_)
og V3 — ogn+ T [ n + 2 J2u+1, n
= Pyy(w—1). (3.33)

w—2

5] )
=1

AE G
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From (3.32)) and (j3.33)), we conclude the proof of ([3.24)). O

Next, we proceed to estimate 3. log p(n + s;).

Definition 3.10. Forn,T € Z>y and 8 := (s, S2,...,s7) € ZL,, we define

log p(n; 8) : Zlogpn+s

Definition 3.11. Let the coefficient sequence (g,)n>1 be as in Lemmal[2.9, (g,(s;t))n>1 be as in
Lemmal[3.5, and § be as in Definition[3.10, Forn,T € Zx, and U € Zx,, we define

U
/2 ~ I
u=1

where
T T u—1

§2u,§1=i2( 5))" + T - gou + ZZ (si;u) forall 1 <u<|UJ/2|

i=1 =1 k=1

and

T T wu-1
_ 2/ 1/2 .
ggu+17g:—7r\/;<u+1>izlsi+1+T~ggu+1 Zkz spr1(sisu) forall 0 <u < |(U—-1)/2].

Definition 3.12. Let 1,7y, be as in (2.10) and § be as in Definition|3.10, For each {s;}1<i<r,
ds, be as in Definition[3.94. For n,T € Z>1, w € Z>y, and n > 2s;, we define

T
1\ T -7, 1/ 1 \w
RT3 RN s P R EYE S
n,s(w) ( Z Si + 20 (24@)’—10/21 \/ﬁ
and
T
1 N T2 T-ovp Y1/ 1w
B = (153 (o ) s, Lo Ly
nalt) < 2 it 3 G )\ s
A generalized version of Theorem [3.9]is as follows:

Theorem 3.13. Let log p(n; S) be as in Definition P, 3(U) be as in Definition |3.11|, and
let g(k) be as in Definition . Let Ef ((w) and EY ((w) be as in Definition 3.]% Ifn, T € Z>q,

w € Z>o, and

n > max {g(w) — min {s;},2s;} := g(w; 3),

1<i<T 1<i<T

then
P, s(w—1)— Efg(w) <logp(n;s) < P,z(w—1)+ Egg(w) (3.35)
Proof. Applying (3.24]) for each {s;}i1<;<r and summing up, we get (3.35]. O

Remark 3.14. A few applications of Theorem are listed below.
(1) Choosing w =5 (resp. w = T), we obtain (p(n))n>26 s log-concave (resp. (L.7))).
(2) Define u, % and let N be any positive integer. Then choosing w = N, we have
a full asymptotzc expansion of logu, with a precise estimation of the error bound after
truncation of the asymptotic expansion at a point N.
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(3) Applying § = {m,m} and #= {0,2m} to (3.35), and estimation of
Pos(4) + Ep5(5) — Poi(4) — E5(5),

leads to the strong log-concavity property of p(n).
(4) Without loss of generality, assume b = Aa with X\ > 1 in Theorem . By making the

substitutions (n, 8) = (a,0), (n,8) = (A\a,0), and (n,7) = (a(1 + X),0) to (3.35)), we can
retrieve (|1.10]).

4. ASYMPTOTICS OF (—1)""'A"log p(n)
Lemma 4.1. Let P, ((w — 1) be as in Theorem . Then for all r > 2,
" /r . 1 \2r—1 1 \2r
1P, (2r) = O(—) —(r—1 '<—> 41
> (5)vraen = (52)" - - ()" (1)

1=0

1
where C, = l(—) and (a)y is the standard notation for the rising factorial.
r—1

V6 \2
Proof. From Definition it follows that

; (Z)(—l)i“Pm(Zr) = g (7;)( )z+1< log 4v/3 — logn + \/> ng T)U)
()0 Sl )

2r—2

(St
+Z<) z+1§2”( )

Following the notation from [9], here {:1} denotes the Stirling number of second kind. For all
integers 1 <wu < 2r —2 and u = 0 (mod 2), we have

; C) - :‘%(%)2 - Z C) o™ : l% + 02+ uiazk(z';w] <%>2

=0 k=1

:§< .{} L

u=1

' Zzg( L2 () ()"

=0

3

Il
.
< 7 M%
o

3

1=0
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Similarly for all integers 1 < u < 2r —2 and u =1 (mod 2), we obtain
T r r—2 1
-1 i+1 ~ " Z(_)
> (1) (5
r—2 u—1
r it1 2/ 1/2\ 1 _ N 1 \2utl
(Z, (1) uz: [W\/;<u 1) + 92u+1 + kz:;gzkﬂ(% u) <ﬁ>

2u+1

_ ;zéﬁ\/g(ulfl)(_l)rﬂr!{uj1}<%>zu+1

+§u 1g2k+1<_k:z/2)(_1)r+1 !{u;k}(%)%—i—l

“(0 k 0{ } =0 for all n < m> (4.4)

From (4.3) and ({ , it follows that for all 1 <wu < 2r — 2,

S (1) S a() —o

I
o

> (7)ol 7)
— 'TO (Z)(—1)i+1 lﬂ\/;(lf)z + Gor1 —I—Zg2k+1 1)] (%)%—1
(17{2> (_1)r+1r!{:} " ;Z:Zg%“ (?-I YZ) (—1)”%!{7’ oo k}] (%)Ml

= %(%)rq(%)%l (since {T B 71“ B k} =0 forall 0<k<r-— 2). (4.5)

We finish the proof by showing that

L S

_ [_(r_1)!+§g2k(r__kk> 1)’“+1 ! k}]( 1n
— —(r— 1)!(%)%_1. (4.6)

0
Definition 4.2. Let v be as in (2.10) and C, be as in Lemma[{.1. Then for all r > 2, define

Ln(r) = ((12ar+1+45z()< 24@>r+1)2r1+1’

L(r) = (r — D'+ Ly(r),
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and

Ni(r) := max{ (LC(,T)>279(27’ + 1)}

T

Lemma 4.3. Let L(r), N.(r) be as in Definition[{.4 and C, be as in Lemmal.1. Then for all
n > Np(r),

(1) 1A log p(n) > log (1 el (%)M L) (%)2> | (4.7)

Proof. We split (—1)""'A"log p(n) as follows:

(=1)'A"log p(n) = ; (:)( 1)"* log p(n + i)
_ fiij (2@7:1— 1) log p(n + 2i + 1) — > (27;) logp(n +2i).  (4.8)

Applying Theorem [3.9| with w = 2r + 1 to (4.8)), we have for all n > 3nla>i{g(2r +1)—i,2i} =
g9(2r +1),
(—=1)""'A"log p(n)

L5

N3

155+

- r . r
> —1)*Pp (2r) — E5 . (2r+1)— EY, (2r +1
M BISICHCIED o AN E-SCERTES D () AR
C’ 1 2r—1 | 1 2r LTEIJ r Eﬁ
—o (=) - —1.(—) - . (28 +1
() =) = 2 (4 ) Bt

‘Z ( ) na2i(2r +1) (by Lemma ) (4.9)

From Definition , it is clear that EY (w) < Efvs(w) because v, < ;. Therefore,
17+) l5]

Z (Qiil>Eﬁ,mH(2r+1)+Z<2> U, (2 +1) <Z( )Eﬁ 2r+1),  (4.10)

=0

and
IS

> <:> Eyi(2r +1) = Li(r) (%)Ml- (4.11)

=0

From (4.9) and (4.11)), it follows that

(=1 'A"logp(n) > OT(%)QT1—(r—1)!(%)2’"_L1(r)<%>zm
> o) () w12)

and consequently for all n > Np(r), we get

(1) 1A log p(n) > log (1 el (—)QH — L) (%)2> |

< -
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Definition 4.4. Let Li(r) be as in Definition and C, be as in Lemma [§.1 Then for all

r > 2, define
Ny(r) := max{ <%)2, <%3>2/2T3,9(2r + 1)}

Lemma 4.5. Let Li(r) be as in Definition C, be as in Lemma and Ny (r) be as in
Definition 4.4, Then for all n > Ny(r),

(—=1)""'A" log p(n) < log (1 +C, (%)21> . (4.13)

Proof. Applying Theorem [3.9| with w = 2r + 1 to (4.8), we have for all n > g(2r + 1),
(—=1)""'A"log p(n)

r
(22 + 1) E321+1<2T + 1) + (2 )E7§27,(2r + 1)
=0

. Cr<%>2r—1 e 1)'<%>2T 4 i (Z) Eg.(2r +1) (by Lemma )
cr(%)%_l (1) (%)2 L) (%)ZT“. (4.14)
For all n > Ny (r), it follows that
—(r— 1)!<%>2T +Li(r) (%)ml <=3 ;’;21 (4.15)

From (4.14) and (4.15)), it follows that for all n > Ny (r),

(—=1)"'A"log p(n) < log (1 + C, (%)%_j .

0

Theorem 4.6. Let L(r), Ni(r) be as in Definition [4.9 and Ny(r) be as in Definition[{.4 Let
C., be as in Lemma . Then for alln > N(r) := maX{NL(T), NU(’/‘)},

B

log (1 +C, (%)2’“1 —L(r) (%)2> < (—1)"'A"logp(n) < log (1 +0T(L)QH) . (4.16)

Proof. Lemmas and together imply (4.16]). O
Theorem 4.7. For allr > 2,

(1) 'Alogp(n) ~_ Y. G, (%)u (4.17)

with

Gay = _J)u {:} + uifg%( kk) { k}] V)™ for all uw >,
! k=1
\/g(ul—/fl) {u—;— 1} + k_o 92k+1 <_ - 2/2){ T k}] (=1 forallu>r—1.

(4.18)

3

GZu+1 =
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Proof. Following (4.2)) and letting w — oo, we obtain

(—=1)"'A"log p(n) ol i i <:> <_1)i+1§u’i<in)u. (4.19)

For all u > 2r — 1 and u = 0 (mod 2), we get

3N I o oy R
S ST (A T [

Similarly, for all u > 2r — 1 and u = 1 (mod 2), it follows that

i (:) (1) w1 = [W\/g(ul—/kZl) {u ;'— 1} qugng (_u: 1/2) { ) k}] (—1)" .

=0
[

5. A FRAMEWORK TO VERIFY MULTIPLICATIVE INEQUALITIES FOR p(n)

Here we list down the steps in order make a decision whether a given multiplicative inequality
holds or not.

T
e (Step 0): Given Hp(n + s;) and Hp(n + r;) with 7" > 1. Without loss of generality,
i=1 i=1
assume that s;, r; are non-negative integers for all 1 < ¢ < T'. Transform the products into
T T

additive ones by applying the natural logarithm; i.e., Z log p(n+s;) and Z log p(n+r;).
i=1 i=1
e (Step 1): Choose w = m + 1, where (si,...,s7) = (r1,...,77). From (3.35), we observe
that for each 1 < i < T, logp(n + s;) and logp(n + 7;) has the main term P, g(w — 1)
and P, z(w — 1) respectively. Consequently, each of these main terms are dominated by
T

T- CZ vn+s;and T - CZ vn + r; with ¢ = m1/2/3 respectively. Therefore, in order
i=1 i=1

T

to choose w, it is enough to compute the Taylor expansion of Z(\/n + s —v/n+ si)
i=1
which is given by:

T 1

0o /2 T
d (Vntsi—vVnFs) =) 2m IZ st — ™). (5.1)

i=1 m=1

T
So our optimal choice is such minimal m > 1 so that Z(s{” —r") #0.

e (Step 2): Applying w = m + 1 as in the previous step to Theorem [3.35 it remains to
verify whether

Pog(m) — E5(m+1) > P,z(m) + E¥x(m + 1) (5.2)

or
P z(m) — E;{F(m +1) > P,g(m) + Egg(m +1), (5.3)
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T T T
in order to decide whether Zlogp(n + s;) > Zlogp(n + ;) or Zlogp(n + 1) >

i=1 i=1 =1
T

Z log p(n + s;) respectively.
i=1

6. INEQUALITIES FOR p(n;s)
Definition 6.1. Let g, 5 be as in Definition and 8 be as in Definition|3.10. For n,T,U €

Z>y, define
67”/2”/3 T
43 ’

M(n;T) = (

and

Pos(U) = exp (Z @n,g(%)“) .

Definition 6.2. Let 71,72 be as in (2.10) and § be as in Definition [3.10. For each {s;}1<i<r,
ds, be as in Definition[3.4 For n,T € Z>1, w € Z>y, and n > 2s;, we define

I T -7, 1

i) = (153 (o4 5 ) s, o T )1

(ws $) ( 2 T 2 T i) | w
and .

Cp(w;3) := | 45 ( —) Sy 4+ —— 1| =

r(w; 8) ( ; sit 5~ 1+(24a)f“’/21 ”

Lemma 6.3. Let logp(n;8) be as in Definition and let g(k) be as in Definition [2.5
Let M(n;T) and P,3(U) be as in Definition 6.1 Let g(w;8) be as in Theorem and
Cr(w; 8), Cy(w; 8) be as in Definition[6.4 If n,T € Zs1, w € Zxs, and

n > max{g(w; 8), (Cg(w; §)>2/w, <C’u(w; §)>2/w}:: Ni(w; 8),

then
M(n: T) By s(w—1) (1—05(10; ) (%)“’) < p(n; 8) < M(n:T) Brsg(w—1) <1+2 Cry(w: 5) (%)”
(6.1)

Proof. Applying the exponential function on both side of the inequality (3.35]), we get for all

n > g(w;s)
M(n; T)P,s(w — 1)e rs™ < p(n:8) < M(n; T) Py s(w — 1)ers™), (6.2)

2/w 2/w
Now for all n > max (Cg(w; §)> , Cy(w; §)> , it follows that

0 < EY5(w) <1 and 0 < EYg(w) < 1. (6.3)
For all 0 < z < 1, we know that e* < 142z and e™® > 1 —z. Therefore from (6.3|) and following
Definition [3.12 we finally have

1 w 1 w
ePis < 149 Cyy(w; §)<%> and e Prs®) > 1 Cﬁ(w;é’)(%) . (6.4)

Equations (6.2)) and (6.4) together imply (6.1)). O
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Definition 6.4. For k € Z>q, w > 2, and 0= (l1,...,0yw_1), define
w—1
X(k) = {Ze A A k}
u=1

w—1
Xa(k) = {Ze X(k):0<Y b, <w-— 1},
u=1
and

Xe(k) = {EG X(k): wz_:luéu > w}.

Definition 6.5. Let X (k) and X(k) be as in Definition and G, be as in Definition [3.11]
Then for all w > 2, define

P —1) =3 F(k; w; 3) Zug
s(w—1):= — ;w; )| —=
0S5 ra ()7
k=0 leX p (k) \/ﬁ
and
w—1
E 1 7“’_11 F(k;w; s ! ;MU
lw=1=3 5 B Flwd(Z)=
k=0 €Xe (k)
where
F (ks w; § ( ' )M(N )"
W, 8) = u,3 )
by by e} g
. k . k! . . . .
with (51 7777 fw_l) = s e multinomial coefficient.

Definition 6.6. Let Xg(k) be as in Definition and F(k;w; 8) be as in Definition and
Jus be as in Definition m For w > 2, define

Zk' 3 ‘kas‘+3(\gls|+1) .

k=0 ZEXg

Lemma 6.7. Let ng(U) be as in Deﬁm’tion and X¢(k) be as in Definition m Let ]3n7g(w
1), P, s(w—1), and F(k;w; S) be as in Definition . Let E(w; 8) be as in Definition . Then

for all w > 2 and
_ 2/u B
n= 1§%1£3—1{ <(w B 1)|g"§‘> } = Na(w; 8),

we have

Pos(w—1) — Py y(w — 1)‘ < B(w; g)(%)w. (6.5)

Proof. Expanding ﬁng(w — 1) and splitting it as follows:

- Zuﬁu
Pos(w—1) = P (w_1)+Ensw_1 +Zkz' Z k:ws(—)u:l

=w  fex(k)
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00 w—1 ~ k
D o 1 u,s
= Ps(w—1)+E,s(w—1)+ Z ] ( Ju, ) : (6.6)

Therefore

< |\Ensw—1)| + (%)w(@] s + 1>w§: G +1w)' (smce n > NQ(w,é'))
k=0
cfeuio-o]+ P () S <fpuie-ofea L
(6.7)
Now
w—1
R wol g ) 1 Zuﬁu
E,zs(w— 1)’ < ; i qexg(k)’F(k; w; s)’ <%> u=1
< ::% R ‘F (k;w; 8 ‘(%)w <since = Xg(k;)). (6.8)

Combining (6.7) and - we get (6.5} . O

Definition 6.8. Let Cy(w; 8) and Cr(w; 8) be as in Definition[6.4 Let E(w; 8) be as in Defini-
tion[6.6. Then for all w > 2, define

Ep(w;8) :=3 Cr(w; 8) + E(w; 8),
and

Ey(w; 8) := 6 Cy(w; 3) + E(w; 8) (2 Cy(w; 8) + 1>.

Theorem 6.9. Let M(n;T) be as in Deﬁmtzon and P, s(w—1) be as in Deﬁmtzon . Let
El((w) and E (w) be as in Definition |6.8 . Let Ny(w; ) and Ng(w S) be as in Lemmas
and- Then for allw > 2 and

N > maX{Nl(w; 8), Na(w; §)} := N(w; 8),

we have

,M@mm<§ﬁ@HU—Edwﬁmi%

yj<Mn@<MMT%&wUUH%ws =S )
(6.9)
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From Lemmas and , for n > N(w;8), it follows that

p(n;8) < M(n;T) <ﬁn§(w — 1) + E(w;S) <%>w> (1 + 2 Cy(w;8) (%>w> : (6.10)

and
1 \w 1 \w
p(n;8) > M(n: T) <P sw—1)— E(w;§)<—n> )(1_ C,C(w;g)(—n) ) (6.11)
Now
w—1
w—1 1 1 Zugu
Pns(w_l)‘ = T F(k:;w,s)(—n)u:l
=0 FeX (k)
w—1
w—1 1 B 1 Zugu
< ZE F(k:,w;s)(—n> u=1 (as Xm(k) C X(k))
k=0 " lex(k)
wol g (w—l 3 q>’€ wol gy (w—l |§u§>k wol gy
= — et < — = | < — (as n > Ny(w;s)
k=0 k! u=1 \/ﬁu k=0 k! u=1 \/ﬁ kzg k! ( )
< 3. (6.12)

Applying (6.12)) to (6.10)), we arrive at the upper bound of (6.9). We get the lower bound of
by applying (6.12) to (6.11)) and from the fact that C(w;S) - E(w;§) > 0 for all w > 2. O

7. CONCLUSION

We conclude this paper by pointing out the following aspects in which Theorem remains
incomplete.

(1)

Suppose we are given the following two functions defined by shifts of p(n):

SP(n; ZHpn+sZ]) and SP(n;R) ZHpn—i-r”

7j=1 =1 7j=1 =1

where S = (s, j)1<i<r1<j<m and R = (7;;)1<i<r1<j<m- Now in order to decide whether
T T

SP(n;S) > SP(n;R) foralln > N (S, R), we need to estimate Hp(n—l—sLj) and Hp(n—l—
i=1 i=1
r; ;) individually for each 1 < j < M. In view of Theorem estimation of two factors

~txdh x>

M
come into the prominence: computation of the term Z(ﬁngj (w—1) — Ign,;j (w — 1))
j=1
with §; := (s14,...,571;),T; := (r14,-..,71;), and approximation of the error term.
M

Depending on the truncation point w, one can compute the main term Z(ﬁngj (w —
j=1

1) — ﬁn,fj(w — 1)) But computational complexity will arise in the estimation of the

error term because in order to approximate E (w; ;) for each j, one needs to have a good

control over X¢(k) for 0 < k < w — 1. This seems to be difficult as w tends to infinity,
growth of | Xg(k)| is exponential.
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(3) For example, in order to prove the higher order Turdn inequality for p(n), the minimal

choice for w is 10 and consequently, by Theorem with appropriate choices for s, it

follows that
3

T 1 1

This concludes that p(n) satisfies the higher order Turan inequality for sufficiently large
n although due to Chen, Jia, and Wang [4], we know that the inequality holds for all
n > 95. So, from the aspect of error bound computation in order to confirm such
inequalities from a certain explicit point onward, our method is inaccessible.

(4) Last, but not the least, the above discussions naively suggest that for making a decision

whether a given inequalities for the partition function (of the above types) holds or not,
we need to have a full asymptotic expansion for shifted value of the partition function
and an explicit computation of the error bound after truncation the expansion at any
positive integer w.
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