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Motivation 3

1. Motivation
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Motivation 4

Example: A master integral from Ladder and V-topologies
[arXiv:1500.08324]

1 1 1
F(e,n) :/0 dw/o dy/o dza/2yf2(1 — 2) 5 2540t

(1—22)72 x (1 - y2)2(z +y — 1)

f(f':, n,x,y, Z)
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Motivation 4

Example: A master integral from Ladder and V-topologies
[arXiv:1500.08324]

1 1 1
F(e,n) :/0 dw/o dy/o dza®/2y72(1 — )~ 5 250t

(1- acz)a/z x (1— yz)a/z(ac +y—1)"

f(€’n7w7y7z)
The integrand is
> hyperexponential in X,y,z:
Dxf(gan7x7y7z)
f(67 n’ w’ y’ z)

e Q(S’ n’ w’ y’ Z)
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Motivation 4

Example: A master integral from Ladder and V-topologies
[arXiv:1500.08324]

1 1 1
F(e,n) :/0 dw/o dy/o dza®/2y72(1 — )~ 5 250t

(1- acz)a/z x (1— yz)a/z(ac +y—1)"

f(€’n7w7y7z)
The integrand is
> hyperexponential in z,,z2:
Dyf(Ean7x7y7Z)
f(67 n’ w’ y’ z)

e Q(S’ n’ w’ y’ Z)
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Motivation 4

Example: A master integral from Ladder and V-topologies
[arXiv:1500.08324]

1 1 1
F(e,n) :/0 dw/o dy/o dza®/2y72(1 — )~ 5 250t

(1- acz)a/z x (1— yz)a/z(ac +y—1)"

f(eﬂ n’ w’ y’ Z)
The integrand is
» hyperexponential in x,y,2:
sz(€7 Tl, .’L', y) Z)
f(67 n’ w’ y’ z)

e Q(67 n’ w’ y’ z)
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Motivation 4

Example: A master integral from Ladder and V-topologies
[arXiv:1500.08324]

1 1 1
F(e,n) :/0 dw/o dy/o dza®/2y72(1 — )~ 5 250t

(1- acz)a/z x (1— yz)a/z(ac +y—1)"

fle,n,z,y, 2)
The integrand is
> hyperexponential in x,y,2:
> hypergeometric in n:
fle,n+ 1,2y, 2)

€ Qle,n,z,y, 2
f(67n’w’y’z) Q( y )
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Motivation 4

Example: A master integral from Ladder and V-topologies
[arXiv:1500.08324]

1 1 1
F(e,n) :/0 dw/o dy/o dza®/2y72(1 — )~ 5 250t

(1- acz)a/z x (1— yz)a/z(ac +y—1)"

f(€’n7w7y7z)

Ablinger's (9 hours)
Multilntegrate.m

ap(e,n)F(e,n) +ai(e,n)F(e,n+ 1)+ - +as(e,n)F(e,n+5)=0
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Motivation 4

Example: A master integral from Ladder and V-topologies
[arXiv:1509.08324]

F(e,n) / dl’/ dy/ dza®?y/%(1 )—3?5—22%+n+1

(1—22)? x (1—y2) (@ +y—1)"

f(eﬂ n’ m’ y’ Z)

Ablinger's (9 hours)
Multilntegrate.m

ap(e,n)F(e,n) +ai(e,n)F(e,n+ 1)+ - +as(e,n)F(e,n+5)=0

recurrence solver l

F(e,n) = expression in terms of special functions
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Motivation 5

A recurrence solver (Sigma.m)
GIVEN a recurrence

ao(n),...,as(n): polynomials in n
h(n): expression in indefinite nested sums
defined over hypergeometric products.

ao(n)F(n) +--- + as(n)F(n +6) = h(n);

together with initial values F'(0),...,F(d —1) e K
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Motivation 5

A recurrence solver (Sigma.m)
GIVEN a recurrence

ao(n),...,as(n): polynomials in n
h(n): expression in indefinite nested sums
defined over hypergeometric products.

ap(n)F'(n) +--- + as(n)F(n + 8) = h(n);
together with initial values F'(0),...,F(d —1) e K

DECIDE constructively if F'(n) can be expressed in terms indefinite
nested sums defined over hypergeometric products.
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Motivation 5

A recurrence solver (Sigma.m)

GIVEN a recurrence ao(n),...,as(n): polynomials in n
h(n): expression in indefinite nested sums
defined over hypergeometric products.

ap(n)F'(n) +--- + as(n)F(n + 8) = h(n);
together with initial values F'(0),...,F(d —1) e K

DECIDE constructively if F'(n) can be expressed in terms indefinite
nested sums defined over hypergeometric products.

Special cases of indefinite nested sums over hypergeometric products:

Sa.1(n Z Z (harmonic sums)

J. Blimlein and S. Kurth, Phys. Rev. D 60 (1999) 014018 [arXiv:hep-ph/9810241];
J.A.M. Vermaseren, Int. J. Mod. Phys. A 14 (1999) 2037 [arXiv:hep-ph/9806280].
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Motivation 5

A recurrence solver (Sigma.m)

GIVEN a recurrence ao(n),...,as(n): polynomials in n
h(n): expression in indefinite nested sums
defined over hypergeometric products.

ap(n)F'(n) +--- + as(n)F(n + 8) = h(n);
together with initial values F'(0),...,F(d —1) e K

DECIDE constructively if F'(n) can be expressed in terms indefinite
nested sums defined over hypergeometric products.

Special cases of indefinite nested sums over hypergeometric products:

QLSRR ITT)
kz_:l - ; — Jz:; T (generalized harmonic sums)

S. Moch, P. Uwer and S. Weinzierl, J. Math. Phys. 43 (2002) 3363 [hep-ph/0110083];
J. Ablinger, J. Blimlein and CS, J. Math. Phys. 54 (2013) 082301 [arXiv:1302.0378].
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Motivation 5

A recurrence solver (Sigma.m)
GIVEN a recurrence

ao(n),...,as(n): polynomials in n
h(n): expression in indefinite nested sums
defined over hypergeometric products.

ap(n)F'(n) +--- + as(n)F(n + 8) = h(n);
together with initial values F'(0),...,F(d —1) e K

DECIDE constructively if F'(n) can be expressed in terms indefinite
nested sums defined over hypergeometric products.

Special cases of indefinite nested sums over hypergeometric products:

n k j
Z (1+ Qk Z Z 112 (cyclotomic harmonic sums)
i

J. Ablinger, J. Bliimlein and CS, J. Math. Phys. 52 (2011) 102301 [arXiv:1105.6063].
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Motivation 5

A recurrence solver (Sigma.m)
GIVEN a recurrence

ao(n),...,as(n): polynomials in n
h(n): expression in indefinite nested sums
defined over hypergeometric products.

ap(n)F'(n) +--- + as(n)F(n + 8) = h(n);
together with initial values F'(0),...,F(d —1) e K

DECIDE constructively if F'(n) can be expressed in terms indefinite
nested sums defined over hypergeometric products.

Special cases of indefinite nested sums over hypergeometric products:

T 481(j—1)
L)

J. Ablinger, J. Bliimlein, C. G. Raab and CS, J. Math. Phys. 55 (2014) 112301 [arXiv:1407.1822].

(binomial sums)
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Motivation 5

A recurrence solver (Sigma.m)

GIVEN a recurrence ao(n),...,as(n): polynomials in n
h(n): expression in indefinite nested sums
defined over hypergeometric products.

ap(n)F'(n) +--- + as(n)F(n + 8) = h(n);
together with initial values F'(0),...,F(d —1) e K

DECIDE constructively if F'(n) can be expressed in terms indefinite
nested sums defined over hypergeometric products.

Special cases of indefinite nested sums over hypergeometric products:

zn: 2—2h(1 _ 77)h <2h) zh: ﬂ (generalized binomial sums)
h=1 h k=1 k2 (2kk)

J. Ablinger, J. Bliimlein, A. De Freitas, A. Goedicke, CS, K. Schénwald. Nucl.Phys.B 932. 2018. [arXiv:1804.02226].
J. Ablinger, J. Bliimlein, A. De Freitas, A. Goedicke, M. Saragnese, CS, K. Schonwald. Nucl.Phys.B 955. 2020. [arXiv:2004.08916]
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A recurrence solver (Sigma.m)

GIVEN a recurrence

ao(n),...,as(n): polynomials in n
h(n): expression in indefinite nested sums
defined over hypergeometric products.

ao(n)F(n) +--- + as(n)F(n +6) = h(n);

together with initial values F'(0),...,F(d —1) e K

DECIDE constructively if F'(n) can be expressed in terms indefinite
nested sums defined over hypergeometric products.

A more general example:
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Motivation 7

Example: A master integral from Ladder and V-topologies
[arXiv:1509.08324]

F(e,n) / dl’/ dy/ dza®?y/%(1 )—3?5—22%+n+1

(1—22)? x (1—y2) (@ +y—1)"

f(eﬂ n’ m’ y’ Z)

Ablinger's (9 hours)
Multilntegrate.m

ap(e,n)F(e,n) +ai(e,n)F(e,n+ 1)+ - +as(e,n)F(e,n+5)=0

recurrence solver l

F(e,n) = expression in terms of special functions
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Motivation 7

Example: A master integral from Ladder and V-topologies
[arXiv:1500.08324]

1 1 1
F(e,n) :/0 dﬂf/o dy/o dza®/2y72(1 — )~ 5 250t

(1- :cz:)a/2 x (1— yz)a/z(:c +y—1)"

f(eﬂn7x7y7z)

Ablinger's (9 hours)
Multilntegrate.m

ap(e,n)F(e,n) +ai(e,n)F(e,n+ 1)+ - +as(e,n)F(e,n+5)=0

Sigma.ml

F(e,n) = F_3(n)e >+ F_a(n)e > +...
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Motivation 8

A refined recurrence solver (Sigma.m)

GIVEN a recurrence ao(e,n),...,as(e,n): polynomials in &,n
hl(n), hl“(n), ey h)\(n):
expressions in indefinite nested sums
defined over hypergeometric products.

ap(e,n)F(e,n) + -+ as(e,n)F(e,n + 9)
= Iy(n)el + hy (n)e™ 4+ . hy(n)e" 4+ O(e" ),

together with e-expansions of F'(0),...,F(d —1) up to a certain order.
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Motivation 3

A refined recurrence solver (Sigma.m)

GIVEN a recurrence ao(e,n),...,as(e,n): polynomials in &,n

hl(’l’b), hl+1(n)7 ey h/\(n):

expressions in indefinite nested sums

defined over hypergeometric products.

ap(e,n)F(e,n) + -+ as(e,n)F(e,n + 9)
= hl(n)sl + hl+1(n)el+1 +...ha(n)e" + O(€T+1);
together with e-expansions of F'(0),...,F(d —1) up to a certain order.
DECIDE constructively if the coefficients F;(n) of
F(n) = F(n)e! + Flaa(n) e 4+ + Fy(n) e + O(e"+Y)

can be given in terms of indefinite nested sums defined over hypergeo-
metric products.

Bliimlein, Klein, CS, Stan, J. Symbol. Comput. 2012; arXiv:1011.2656[cs.SC]
Ablinger, Bliimlein, Round, CS, LL2012, arXiv:1210.1685 [cs.SC]
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Motivation 12

1 1 1
F(N):/0 dz/o dy/o dzxs/zye/Q(l—z)_%s_zzf'*'N'*'l(l—zz)s/zX(l—yz)e/Q(x—I—y—l)N

1 (package Multilntegrate.m)

ap(e,n)F(n) +ai(e,n)F(n+1)+---+as(e,n)F(n+5)=0

F2)

20 40 1(1393 5_42)

T 973 272 T2\ 486 18

6) = 22 535 1 ( 630043 11¢2 n
T 147e3 205822 ¢ \ 1234800 196
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Motivation

12

1 1 1
F(N):/0 dz/o dy/o dz:tg/zye/Q(l—z)_%s_zz%'*'N'*'l(l—zz)5/2X(l—yz)e/Q(x—I—y—l)N

1 (package Multilntegrate.m)

ap(e,n)F(n) +ai(e,n)F(n+1)+---+as(e,n)F(n+5)=0

F2)

20 40 1(1393 5_42)

=97 o2 T\ 186 T I8

6) = 22 535 1 ( 630043 11¢2 n
T 147e3 205822 ¢ \ 1234800 196

1 (summation package Sigma.m)

F(n)=F 3(n)e > +F on)e >+ F 1(n)et+...
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Motivation

We get

_8-n 8(2n+3)
F3(0) = smanory T 3503070000
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Motivation

We get
I %n) (=D 8(2n+3)
-3(n) = 3(n+1)(n—&—2) BTy sy
4= (3nP418n2431n+18)  4(6n® 132024510426
Foa(n) = — 3(n+1)3(nt2)2 T T 313 (nt2)? )
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Motivation

We get (=1) (2n+3)
8= 8(2n+3
F_3(n) = st T 300020002
4= (3nP418n2431n+18)  4(6n®+32n2451n+26)
F_a(n) =— 313 (n12)2 T T B0t (nr2)?
o [ 2(97° +81n* 4 295n° + 5330 4 500n + 204) Co
F_i(n)=(-1) ( 3(n+1)4(n+2)3 + (n+1)(n+2)

N 2(18n° + 150n* + 490n® + 755n> + 536n + 132)

(2n +3)C
3(n+ 1)i(n +2)

(n+1)2(n +2)

4 4(=1)"
+(_(n—|—1)2(n+2) (n+l)(n+2))52(n)
4(-1)" A(n +9)
" (3(

T2 3t 12T 2)) S-2(n)

We calculated it up to £* in about 2 hours.
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Motivation

Find a recurrence and solve it for the integral /sum

/ / 6 N, T1,L2y..., 7)d1‘1dl‘2...d1‘7

2 F_g(n)e 3+ Fo(n)e 2+ F_i(n)e IR P

e-recurrense solver

ultivariate
Imquist/Zeilberger
Jakob Ablinger)

ap(e,n)D:(n) + ...+ aq(e,n)De(n 4+ d) = h(e,n)
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Motivation

Find a recurrence and solve it for the integral /sum

/ / 6 N, T1,L2y..., 7)d1‘1d(L‘2...d1‘7

e-recurrense solver

ultivariate
Imquist/Zeilberger

Jakob Ablinger) Z...Zf(g’n,il,ig,... ,i7)

MultiSum Package
(K. Wegschaider

ao(e,n)De(n) .. + aa(e,n)D.(n + d) = h(e, n)
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Motivation

Find a recurrence and solve it for the integral /sum

ultivariate
Imquist/Zeilberger

Jakob Ablinger) Z...Zf(g’n,il,ig,... ,i7)

MultiSum Package Holonomic/difference ring approac
(K. Wegschaider

ao(2,n)De(n) .. + aa(e,n)D.(n + d) = h(e, n)

30/92



Motivation

Motivation: solving recurrences
and D-equations

[coming, e.g., from IBP methods]
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Motivation 17
Given invert. A($) c K(l‘))‘X)‘ and Rl (l'), e ,R)\(x) (in terms of special functions)
Determine I1(z), ..., Ix(x) (for given initial values) s.t.

I(x) Ry(x)

32/92



Motivation 17

Given invert. A($) c K(x))\X)\ and Rl (l'), e ,R)\(x) (in terms of special functions)
Determine I1(z), ..., Ix(x) (for given initial values) s.t.

Li(x) Ii(x) Ry(x)
Dy| ... |=4Ax) | ... |+

~ A ~

I)(z) Iy() R,\(‘ﬂc)

uncoupling algorithms
(Ziircher,Abramov/Zima,Gauss,...)

~

1. I;(x) is a solution of
bo(2)[1(x) + b (x)Dp Ly (x) + -+ + ba(x) Dy L1 (z) = ()
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Motivation 17

Given invert. A(IE) c K(x))\X)\ and Rl (IL'), e ,R)\(x) (in terms of special functions)
Determine I1(z), ..., Ix(x) (for given initial values) s.t.

I (z) I(x) Ri(z)
Dy| ... |=4Ax) | ... |+

~ A ~

() i) \&@

uncoupling algorithms
(Ziircher,Abramov/Zima,Gauss,...)

~

1. I;(x) is a solution of
bo(x) 11 () + by (2)Dply () + - - - + by (z) Do () = 7 ()

2. Fori=2,... r we get

Ii(z) = LinCom(Iy(z), ..., DX I (z)) + LinCom(..., D' Ry(x), . ..)

34/92



Motivation 17

Given invert. A(IE) c K(x))\X)\ and Rl (IL'), e ,R)\(x) (in terms of special functions)
Determine I1(z), ..., Ix(x) (for given initial values) s.t.

Li(x) Ii(x) Ry(x)
Dy| ... |=4Ax) | ... |+

~ A ~

I)(z) Iy() R,\(‘ﬂc)

uncoupling algorithms
(Ziircher,Abramov/Zima,Gauss,...)

~

1. I;(x) is a solution of
be() 11 (x) + b1 () Do l1 (z) + -+ + bx(x) Dy 1 (x) = #*(x)

DE-solver
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Motivation 17

Given invert. A(IE) c K(x))\X)\ and Rl (IL'), e ,R)\(x) (in terms of special functions)
Determine I1(z), ..., Ix(x) (for given initial values) s.t.

I (z) I(x) Ri(z)
Dy| ... |=4Ax) | ... |+

~ A ~

() i) \&@

uncoupling algorithms
(Ziircher,Abramov/Zima,Gauss,...)

DE-solver REC-solver
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Hypergeometric structures from linear differential equations

2. Extracting HYP structures

from linear D-equations
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Hypergeometric structures from linear differential equations

|. A differential equation solver (HarmonicSums.m)

GIVEN a linear differential equation bo(z),...,ba(z) € K[z]
bo(x) f(x) + -+ + ba(z) D f () = 0;

together with initial values f(0),..., D 1 f(2)|,—0 € K

38/92



Hypergeometric structures from linear differential equations

|. A differential equation solver (HarmonicSums.m)

GIVEN a linear differential equation bo(z),...,ba(z) € K[z]
bo(2) f () + - -~ + ba(z) DA f () = 05
together with initial values f(0),..., D! f(2)|,=0 € K

DECIDE constructively if f(x) can be expressed in terms of iterated
integrals defined over hyperexponential functions.
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Hypergeometric structures from linear differential equations

|. A differential equation solver (HarmonicSums.m)

GIVEN a linear differential equation bo(z),...,ba(z) € K[z]
bo(x) f(x) + -+ + ba(z) D f () = 0;
together with initial values f(0),..., D! f(2)|,=0 € K

DECIDE constructively if f(x) can be expressed in terms of iterated
integrals defined over hyperexponential functions.

Special cases of iterated integrals over hyperexponential functions:

Hi_i(z) = /0 = /0 T drodm (harmonic polylogarithm)

E. Remiddi, E. and J.A.M. Vermaseren, Int. J. Mod. Phys. A15 (2000) [arXiv:hep-ph/9905237]
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Hypergeometric structures from linear differential equations

|. A differential equation solver (HarmonicSums.m)

GIVEN a linear differential equation bo(z),...,ba(z) € K[z]
bo(x) f(x) + -+ + ba(z) D f () = 0;
together with initial values f(0),..., D! f(2)|,=0 € K

DECIDE constructively if f(x) can be expressed in terms of iterated
integrals defined over hyperexponential functions.

Special cases of iterated integrals over hyperexponential functions:

2—-7 2+ 79

S. Moch, P. Uwer and S. Weinzierl, J. Math. Phys. 43 (2002) 3363 [hep-ph/0110083];
J. Ablinger, J. Blimlein and CS, J. Math. Phys. 54 (2013) 082301 [arXiv:1302.0378].

Hjy _o(x) :/ / drodm (generalized polylogarithms)
0 0

41/92



Hypergeometric structures from linear differential equations

|. A differential equation solver (HarmonicSums.m)

GIVEN a linear differential equation bo(z),...,ba(z) € K[z]
bo(x) f(x) + -+ + ba(z) D f () = 0;

together with initial values f(0),..., D 1 f(2)|,—0 € K

integrals defined over hyperexponential functions.

DECIDE constructively if f(x) can be expressed in terms of iterated

Special cases of iterated integrals over hyperexponential functions:

z 1 o]
_ drod cyclotomic polylogarithms
/0 1+7'1+7'12/0 1420 (cy polylog )

J. Ablinger, J. Blimlein and CS, J. Math. Phys. 52 (2011) 102301 [arXiv:1105.6063].
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Hypergeometric structures from linear differential equations

|. A differential equation solver (HarmonicSums.m)

GIVEN a linear differential equation bo(z),...,ba(z) € K[z]
bo(x) f(x) + -+ + ba(z) D f () = 0;

together with initial values f(0),..., D 1 f(2)|,—0 € K

integrals defined over hyperexponential functions.

DECIDE constructively if f(x) can be expressed in terms of iterated

Special cases of iterated integrals over hyperexponential functions:

x 1 1 1
drodT radical integrals
/0 \/1—|-7'1/0 1+ 7 20 ( & )

J. Ablinger, J. Blimlein, C. G. Raab and CS, J. Math. Phys. 55 (2014) 112301 [arXiv:1407.1822].
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Hypergeometric structures from linear differential equations

|. A differential equation solver (HarmonicSums.m)

GIVEN a linear differential equation bo(z),...,ba(z) € K[z]
bo(2) f () + - -~ + ba(z) DA f () =
together with initial values f(0),..., D! f(2)|,=0 € K

DECIDE constructively if f(x) can be expressed in terms of iterated
integrals defined over hyperexponential functions.

Special cases of iterated integrals over hyperexponential functions:

T .
/ / VI=m2\/1 = 73 + nradrydr (generalized
0 1—7 +nm1

radical integrals)

J. Ablinger, J. Blimlein, A. De Freitas, A. Goedicke, CS, K. Schénwald. Nucl.Phys.B 932. 2018. [arXiv:1804.02226].
J. Ablinger, J. Bliimlein, A. De Freitas, A. Goedicke, M. Saragnese, CS, K. Schonwald. Nucl.Phys.B 955. 2020. [arXiv:2004.08916]
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Hypergeometric structures from linear differential equations

|. A differential equation solver (HarmonicSums.m)

GIVEN a linear differential equation

bo(l‘), ey
bo(2) f(x) + -+~ + ba(x) D  f (x) =
together with initial values f(0),..., D! f(2)|,=0 € K

DECIDE constructively if f(x) can be expressed in terms of iterated
integrals defined over hyperexponential functions.

bx(z) € K[z]

A more general example:

/ f 1+y+y / "

14+

2

drodr

45 /92



Hypergeometric structures from linear differential equations

HarmonicSums can also deal with Liouvillian solutions (i.e., it contains
Kovacic's algorithm):

(11 +20z) f'(z) + (1 + z)(35 + 1342) f "(x)
+3(1+2)2(4 +372) f O(x) + 182(1 + 2)3 f W(z) =0

l

r o1 1 ™31+ 4/1
{Cl+02/ 1 dT1+03/ / + +T2d7'2d7’1
o IL+7 0 71 Jo

1+ 1+7‘2

i T+t m dradry | c1,¢2,¢3,¢4 € K}

r 1 - VI+1n
+cy
0 71 Jo

46 /92



Hypergeometric structures from linear differential equations

Connection: DE +— REC
Let

be a (formal) power series. Then:
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Hypergeometric structures from linear differential equations

Connection: DE +— REC
Let

be a (formal) power series. Then:

There exist by(z),...,bx(z) € K[z] with

bo(@) (&) + -+ + bx(2) D () = 0,

I

There exist ag(z),...,as(z) € Klz] with

ap(n)F(n) +---+as(n)F(n+4d) =0.

48 /92



Hypergeometric structures from linear differential equations

Connection: DE «+—— REC
Let

be a (formal) power series. Then:

There exist by(z),...,bx(z) € K[z] with

bo(@) (&) + -+ + bx(2) D () = 0,

H:algorithmic

There exist ag(z),...,as(z) € Klz] with

ap(n)F(n)+---+as(n)F(n+4d) =0.

49/92



Hypergeometric structures from linear differential equations

Example 1: Find a power series solution

f@)=>_ F(n)z"
n=0
for

— (2 — 642%) f@(z) -2 (52° — 1442?) O ()
— (252° — 208z) f"(2) — (152 — 8)f'(z) — f(z) =0
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Hypergeometric structures from linear differential equations

Example 1: Find a power series solution

fl@)=>_ F(n)a"
n=0
for

— (2 — 642%) f@(z) -2 (52° — 1442?) O ()
— (252° — 208z) f"(2) — (152 — 8)f'(z) — f(z) =0

l

8(n+1)2n+1)*F(n+1) — (n+1)*F(n) =0
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Hypergeometric structures from linear differential equations

Example 1: Find a power series solution

fl@)=>_ F(n)a"
n=0
for

— (2 — 642%) f@(z) -2 (52° — 1442?) O ()
— (252° — 208z) f"(2) — (152 — 8)f'(z) — f(z) =0

8(n+1)2n+1*F(n+1)— (n+1)*F(n) =0
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Hypergeometric structures from linear differential equations

Example 1: Find a power series solution

0 n

T 1,1,1,1 =«

f(x):Z—3:4F3[{ 11 i
=0 1y 0

for

— (2" — 642%) fW(z) — 2 (52% — 1442%) f©
— (252® — 208m) f'(x) — (152 —

|
8(n+1)2n+1>3F(n+1) - (n
|
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Hypergeometric structures from linear differential equations

Example 1: Find a power series solution

> n
f((l?) — § x — |:1’ 1’ 1’ 1 . £:| for further transormations
o (n) see [arXiv:1706.01299]

for

— (2" — 642%) fW(z) — 2 (52% — 1442%) fO)(2)
— (252° — 208m) f"(x) — (152 — 8) f'(z) — f(z) =0

8+ 1)2n+1)*F(n+1) — (n+1)*F(n) =
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Hypergeometric structures from linear differential equations

Example 2: Find a power series solution

f(z) =) F(n)"
n=0

for
(2% — 322" + 2562*) £ (2) + (232° — 5282" + 25602%) f®)(z)
+ (712" — 25522% + 62722%) f V) (z) + 2 (2452° — 200227 + 1728z) ) ()
+2(2532% — 786z + 72) f”(2) + 4(35z — 12) f'(z) + 4f (z) =0
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Hypergeometric structures from linear differential equations

Example 2: Find a power series solution

fl@)=>_ F(n)a"
n=0
for

(2° — 322" 4 2562*) £ () + (232° — 5282* + 25602°) ) ()
+ (712" — 25522% + 62722%) f V) (z) + 2 (2452° — 200227 + 1728z) ) ()
+2(2532% — 786z + 72) f”(2) + 4(35z — 12) f'(z) + 4f (z) =0

l

(n+2)(n+1)*F(n)—4(n+2)(2n+1)* (2n+3) F (n+1)+16(2n+1)*(2n+3)* F(n+2) = 0
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Hypergeometric structures from linear differential equations

Example 2: Find a power series solution

for

(2° — 322" 4 2562*) £ () + (232° — 5282* + 25602°) ) ()
+ (712" — 25522% + 62722%) f V) (z) + 2 (2452° — 200227 + 1728z) ) ()
+2(2532% — 786z + 72) f”(2) + 4(35z — 12) f'(z) + 4f (z) =0

l

(n+2)(n+1)*F(n)—4(n+2)(2n+1)* (2n+3) F (n+1)+16(2n+1)*(2n+3)* F(n+2) = 0

lSigma.m

F(n)= @ <C1 + 0251(n)) = %% (Cl + CgSl(n))



Hypergeometric structures from linear differential equations

Example 2: Find a power series solution

for
(2° — 322" 4 2562*) ) () + (232° — 5282* + 25602°) ) ()

+ (712" — 255223 + 62722%) f V) (z) + 2 (2452° — 200227 + 1728z) ) ()
+2 (25322 — 786z + 72) f”(2) + 4(35z — 12) f'(z) + 4f (z) =0

l

(n+2)(n+1)*F(n)—4(n+2)(2n+1)* (2n+3) F (n+1)+16(2n+1)*(2n+3)* F(n+2) = 0



Hypergeometric structures from linear differential equations

II. A linear DE-solver for hypergeometric structures
FIND

such that
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Hypergeometric structures from linear differential equations

II. A linear DE-solver for hypergeometric structures
FIND

such that
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Hypergeometric structures from linear differential equations

II. A linear DE-solver for hypergeometric structures
FIND

such that

ap(n)F(n)+---+as(n)F(n+4d) =0.
lSigma.m

F(n) = expression in terms of indefinite nested sums
over hypergeometric products
61,92



Hypergeometric structures from linear differential equations

I1l. A partial linear DE-solver
Find a power series solution

o0 o0
flx1,...,zp) = Z Z F(ny,...,ng)zft . ooap

for n1=0 n,=0

S b @1y z) DL DY f(a,ea) =0 TCN
(81,0ey8r)ET — d finite

eKlz1,...,xr]
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Hypergeometric structures from linear differential equations

I1l. A partial linear DE-solver
Find a power series solution

o0 o0
f(xl,...,xr)zz- F(ny,...,ng)zft . ooap
for n1=0 n,=0

Z b(sl,...,sr)(xla”-axr) DSl Dsrf(xl, ~~7CCT) =0 TcN

finite
cn8r)ET
(8150:8r)€ eKlz1,...,xr]

Note:

‘EI a solution f € Kzy,...,z,]

is algrithmically undecidable

[otherwise Hilbert's 10th problem would be algorithmically decidable...]
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Hypergeometric structures from linear differential equations

I1l. A partial linear DE-solver
Find a power series solution

o0 o0
flx1,...,zp) = Z Z F(ny,...,ng)zft . ooap

for n1=0 n,=0

S b @1y z) DL DY f(a,ea) =0 TCN
(81,0ey8r)ET — d finite

l

Z a(sl,...,sr)(nla'”anr') F(nl +517"'an7'+8r) =0 SC 7"
(81,-..,5r)ES -~ finite

eKlz1,...,xr]

€Kny,...,n.]
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Hypergeometric structures from linear differential equations

I1l. A partial linear DE-solver
Find a power series solution

o0 o0
flx1,...,zp) = Z Z F(ny,...,ng)zft . ooap

for n1=0 n,=0

S b @1y z) DL DY f(a,ea) =0 TCN
(81,80 )ET d finite

l

Z a(sl,...,sr)(nla'”anT) F(nl +317"'an7“+8r) =0 SC 7"
(81,...,5r)ES finite

eKlz1,...,xr]

€Kny,...,n.]

Note:

‘EI a solution F' € K[nq,...,n,||is algrithmically undecidable

[otherwise Hilbert's 10th problem would be algorithmically decidable...] ,
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Hypergeometric structures from linear differential equations

I1l. A partial linear DE-solver
Find a power series solution

flx1,...,zp) = Z Z F(ny,...,ng)zft . ooap
for n1=0 n,=0
Z b(sl,...,sr) (561, ... ,LET) D;i ... ch:f(:cl, ... ,CCT) =0 T_C_ N”
(81,80 )ET d finite

eKlz1,...,xr]

l

Z a(sl,...,sr)(nla cee anr) F(nl + S1,...,Np + Sr) =0 S_C_ z"
finite

..,Sp)ES
(51,---8r)€ eK[ni,...,nr]

But: there are methods to hunt for solutions based on

M. Kauers, CS, Partial denominator bounds for partial linear difference equations, in: Proc. ISSAC'10 (2010)
M. Kauers, CS, A refined denominator bounding algorithm for multivariate linear difference equations, in: Proc. ISSAC'11 (2011)

J. Bliimlein, M. Saragnese, CS, Hypergeometric Structures in Feynman Integrals, arXiv:2111.15501 [math-ph]
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Hypergeometric structures from linear differential equations 26

(n+1)* (k 4+ n* +2) (3kn® — 4k* — 5kn — 12k 4 2n° 4 2n> — 8n — 8) F(n, k + 1)
+(n+1)? (k+n®+3) (2k* — 2kn® + 2kn + 6k — n® —n® + 4n+4) F(n,k + 2)
+(n+1)2*(k+n+1)(2k—n*>+n+4) (k+n°+1) F(n,k)
—(k+Dn*(n+2)*(k+n*+2n+2) F(n+1,k)

+kn*(n+2)%(k+n*+2n+3) F(n+1,k+1) =0
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Hypergeometric structures from linear differential equations 26

(n+1)* (k 4+ n* +2) (3kn® — 4k* — 5kn — 12k 4 2n° 4 2n> — 8n — 8) F(n, k + 1)
+(n+1)? (k+n®+3) (2k* — 2kn® + 2kn + 6k — n® —n® + 4n+4) F(n,k + 2)
+(n+1)2*(k+n+1)(2k—n*>+n+4) (k+n°+1) F(n,k)
—(k+Dn*(n+2)*(k+n*+2n+2) F(n+1,k)

+kn*(n+2)%(k+n*+2n+3) F(n+1,k+1) =0

W = {81(k), S1(n+ k), S21(n + k)}
degree bound 5
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Hypergeometric structures from linear differential equations 26

(n+1)* (k 4+ n* +2) (3kn® — 4k* — 5kn — 12k 4 2n° 4 2n> — 8n — 8) F(n, k + 1)
+(n+1)? (k+n®+3) (2k* — 2kn® + 2kn + 6k — n® —n® + 4n+4) F(n,k + 2)
+(n+1)2*(k+n+1)(2k—n*>+n+4) (k+n°+1) F(n,k)
—(k+Dn*(n+2)*(k+n*+2n+2) F(n+1,k)

+kn*(n+2)%(k+n*+2n+3) F(n+1,k+1) =0

W = {81(k), S1(n+ k), S21(n + k)}
degree bound 5

p

ith
A+n)21+k+n2) "

37 solutions
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Hypergeometric structures from linear differential equations

(n+1)* (k 4+ n* +2) (3kn® — 4k* — 5kn — 12k 4 2n° 4 2n> — 8n — 8) F(n, k + 1)
+(n+1)? (k+n®+3) (2k* — 2kn® + 2kn + 6k — n® —n® + 4n+4) F(n,k + 2)
+(n+1)?*k+n+1)(2k—n*+n+4) (k+n’+1) F(n,k)
—(k+Dn*(n+2)*(k+n*+2n+2) F(n+1,k)

+kn*(n+2)%(k+n*+2n+3) F(n+1,k+1) =0

W = {Si(k), S1(n + k), S2,1(n + k)}
degree bound 5

p

ith
A+n)21+k+n2) "

37 solutions

p 6{1 + %nSl(k +n),k,n, kn, kn?, kn3 kn* kS1(n), knS1(n), kn?S1(n), kn>S1(n), kS1(n)?,
knS1(n)?, kn251(n)2, kS1(n)2, knS1(n)3, kS1(n)*, kSa 1(n), knSa 1(n), kn?S2 1(n), kn3Sa,
kS1(n)S2,1(n), knS1(n)S21(n), kn2S1(n)S2.1(n), kS1(n)2S2,1(n), knS1(n)2S2,1(n),
kS1(n)3S82,1(n), kS2,1(n)?, knSa,1(n)?, kn2S2 1(n)?, kS1(n)Sa,1(n)?, knS1(n)S2,1(n)?,

kS1(n)?S2,1(n)?, kS2,1(n)3, knS2,1(n)?, kS1(n)Sa,1(n)?, k52,1(n)4} 70/ 92



Hypergeometric structures from linear differential equations

IV. A partial linear coupled DE-solver (arxiv:2111.15501)
Find a power series solution

f(iﬂ,y) = Z Z F(n’m)wnym

n=0m=0
for

(x = 1)yDayf(z,y) + (26 + L) —e + 1) Do f (z, 1)
+(z — D)aD: f(z,y) + y(2e + 1)Dy f(z,y) + 3(2e + 1) f(x,y) = 0,
I(y - ]-)Dzyf(x’y) + (IJ(4 - E)Dmf(x’y) + (y - 1)yD§f(ﬂc,y)
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Hypergeometric structures from linear differential equations

IV. A partial linear coupled DE-solver (arxiv:2111.15501)
Find a power series solution

f(ac,y) = Z Z F(n’m)mnym

n=0m=0
for

( = D)yDauy f(2,y) + (x(2c + §) — e + 1) Dy f (2, y)
+@ = DaD; f(z,y) +y(2e + 1)Dy f (2,9) + §(2¢ + 1) f(z,y) =0,
I(y - ]-)Da:yf(x’y) + (E(4 - E)Dmf(x’y> + (y - 1)yD§f(fv,y)
+(y(§ - 5) —e+ 1)Dyf($’y> + @f(xvy) =0.
l
3(2e + 1)F(n,m) —n(e — 1)F(n+1,m) = 0,
—3(e —4)F(n,m) —m(e — 1)F(n,m + 1) = 0.
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Hypergeometric structures from linear differential equations

IV. A partial linear coupled DE-solver (arxiv:2111.15501)
Find a power series solution

= Z Z F(n,m)x

n=0m=0
for

(& = D)yDayf(2,y) + (2(2e + §) — ¢ + 1) Do f(x,y)
+@ = DaD; f(z,y) +y(2e + 1)Dy f (2,9) + §(2¢ + 1) f(z,y) =0,

2(y — 1) Day f(2,y) + (4 — &) Dy f (x,y) + (y — DyD; f(z,y)
+W(% —e) — e+ 1)Dyf(2,y) + 252 f(2,y) = 0.
l
3(2e + 1)F(n,m) —n(e — 1)F(n+1,m) = 0,
—3(e —4)F(n,m) —m(e — 1)F(n,m + 1) = 0.
lsimpliﬁed Ore-Sato Theorem

o (L4203 40 —e)\ 7 (1+2i +2n)(i + 2¢)
F(n,m) (H 2i(—2+i+e) >1:[1 2i(-2+i+n+e) 73/9

=1



Hypergeometric structures from linear differential equations

IV. A partial linear coupled DE-solver (arxiv:2111.15501)
Find a power series solution

0 oo (%)m (d—e)n(1+28)m
ZZanwy ZZ_O ,,;runl( 1+ €)min

(2 = VyDayf(2,y) + (@22 + ) — £ + 1)Du f(2,y)
+(@ = DaD2f(x,y) +y(2e + 1)Dy f(x,y) + §(2e + 1) f(2,y) =0,
I(y - ]->Da:yf(x7y> + (E(4 - E)Dwf(x7y> + (y - 1)yD§f(x,y)
—i_(y(E - 5) —&+ 1>Dyf(x7y> + @f(xvy) =0.
l
3(2e + 1)F(n,m) —n(e — 1)F(n+1,m) = 0,
—3(e —4)F(n,m) —m(e — 1)F(n,m + 1) = 0.

for

lsimpliﬁed Ore-Sato Theorem

(%)m+n(4 - E)n(l + 28)m

F(n,m) =
(, ) mIn!(=1+€)min 74/92




Hypergeometric structures from linear differential equations

= (3 4—e)p(1+28)m
o)=Y 3 B oot

== mIn!(—=1 4 &)min

F_1(n,m)e=1+Fy(n,m)e0+...
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Hypergeometric structures from linear differential equations

mIn!(—=1 4 &)min

X (3 4—e)n(1426)m
f(xﬁ‘/):zz (3) (4 = E)n(1 + 2¢)

F_1(n,m)e=14Fo(n,m)e0+...

lxmy”(?) + n)'(%)

— m+n
) = = )
xmy"™(3 4+ n)!(2
Fy(n,m) = | ...651(n) + 651 (m + n) — 1251 (m) il (2 i

nl(—=2 4+ m+n)!
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Hypergeometric structures from linear differential equations

= (8 4—e)n(l+28)m
o)=Y 3 B oot

mIn!(—=1 4 &)min

F_i(n,m)e=1+Fo(n,m)e+...

:e_lz ZF_l(n,m)—l—soz ZFO(n,m)—l—...

n=0m=0 n=0m=0

lxmy”(S + n)!(%)m+n

F_ =—
(n,m) 6 nl(—2+m+n)!

2™y (3 + n)!(%)m+n

n!(=2+m+n)!

Fo(n,m) = [ ..651(n) + 651 (m+n) — 12Sl(m)}
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Hypergeometric structures from linear differential equations

= ( 4—e)p(1+28)m

. )m-i-n( n
f(@,y) = Z z_:o m!n! (=14 €)min

F_i(n,m)e=1+Fo(n,m)e+...

=¢! Z Z F_1(n,m) +SOZ Z Fo(n,m) +

3
2

n=0m=0 n=0m=0
|| Sigma.m
= Pi(z,y) B 152° s 26,
64(—1+2)%(—1+y)S(x —y)? 4(-14x)%(z —y)* 4 i!
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Hypergeometric structures from linear differential equations

= ( 4—e)p(1+28)m

B ) a9
f(@,y) = Z Z_O m+gn!(4 + &)min

F_i(n,m)e=1+Fo(n,m)e+...

=¢! Z Z F_1(n,m) +6OZ Z Fo(n,m) +

3
2

n=0m=0 n=0m=0
|| Sigma.m
= Pi(z,y) B 152° s 26,
64(—1+2)%(—1+y)S(x —y)? 4(-14x)%(z —y)* 4 i!

_ 1525 154%Q(x, )
51[—4@_yy@_xym—ng_wa_wmn}+fﬂ~]+~-

79/92




Hypergeometric structures from linear differential equations

V. Advanced expansion and summation
Consider the innocent DE:

(1 —z)af"(z) = (4 + 22 = 3)f'(z) — (e + 1) f(x) =0
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Hypergeometric structures from linear differential equations

V. Advanced expansion and summation
Consider the innocent DE:

(1 —z)zf"(x) — (4 + 2z 1 3)f(x) —(e+1)f(z) =0

m+1)(n+3—-4e)F(n+1)— (n®+n+e+1)F(n)=0
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Hypergeometric structures from linear differential equations

V. Advanced expansion and summation
Consider the innocent DE:

(1 —z)zf"(x) — (4 + 2z I 3)f(x) —(e+1)f(z) =0

m+1)(n+3—-4e)F(n+1)— (n®+n+e+1)F(n)=0
i l
- H(6+1—i+z‘2)

n!(3 —4e)y,
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Hypergeometric structures from linear differential equations

V. Advanced expansion and summation
Consider the innocent DE:

(1 —z)af"(z) = (4= + 22 = 3)f'(z) — (e + 1) f(x) = 0

5 B 41 O =
. !
oo [[(e+1—i+i?)
with F(n)zgi_ln!@—%)n SEE By 4 e B+ O()
o [1(1—i+d%)
0=,
o TT(—i+i
Fl:,;og(m(?)):) (n+(i);l(:i)2 +481(n +Zl—z+z2)



Hypergeometric structures from linear differential equations

V. Advanced expansion and summation
Consider the innocent DE:

(1 —z)zf"(x) - (45+2x13)f’(x) —(e+1)f(x)=0

m+1)(n+3—-4e)F(n+1)— (n®+n+e+1)F(n)=0

l

oo [[(e+1—i+i?)
i=1

Slgma m

Fo+eFi+0(e )

= nl(3—de)y
fe'e) lfll(l —1 + 7 )
Fo = 7;) 23
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Hypergeometric structures from linear differential equations

V. Advanced expansion and summation
Consider the innocent DE:

(1 —z)zf"(x) - (4£+2:c13)f’(x) —(e+1)f(x)=0

m+1)(n+3—-4e)F(n+1)— (n®+n+e+1)F(n)=0

l

oo [[(e+1—i+i?)
i=1

Slgma m

Fo+eFi+0(e )

= nl(3—de)y
001‘[1—z+z) N I —i+d?)
=1 — hm 1=1
Bo=) S, A T e
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Hypergeometric structures from linear differential equations

V. Advanced expansion and summation
Consider the innocent DE:

(1—x):cf”(:c)—(45+2:c13)f'(x)—(E—i—l)f(:c):0
m+1)(n+3—-4e)F(n+1)— (n®+n+e+1)F(n)=0
) l
- H(€+1—i+i2)
- n!(3 —4e)y,
Oof[l—z—i—z) N f[(l—i+i2)
ZZ:l :J&i—{noo’;)z_l n!(3),
signam . (3+N)(1+ N+ N?) » o
= 3N1(3) [T —i+#)

i=1

Slgma m

Fo+eFi+0(e )
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Hypergeometric structures from linear differential equations

V. Advanced expansion and summation
Consider the innocent DE:

(1 —z)zf"(x) - (4£+2:c13)f’(x) —(e+1)f(x)=0

m+1)(n+3—-4e)F(n+1)— (n®+n+e+1)F(n)=0
) l

o H(€+1—i+i2)
- n!(3 —4e)y,

Oof[l—z—i—z) N I —i+d2)
=1 — 1 =1
=3 S = —

Slgma m

Fo+eFi+0(e )

n=0
Sigma.m . (3+N)(1+N+N2) kid . .2
= 1 1-—
N 3N1(3) Q=i+
- QCosh(@)
N 3T
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Hypergeometric structures from linear differential equations

V. Advanced expansion and summation

~ [T —i+1i%) 5 n
b n(3n +5) 1
=2 (_(n+1)(n+2)+4Sl(n)+;1—i+i2)

n=0

=
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Hypergeometric structures from linear differential equations

V. Advanced expansion and summation

ﬁ(1_2+2 ) n
) (3n +5) 1
n!(3), (_ (n+1)(n+2) +45(n) +; 1 —i+i2)

n=0
Signa.m 8 N 8C  20cosh (‘/_ ) N 2 cosh (@) i 1
- 373 I 3 1 — it 42
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Hypergeometric structures from linear differential equations

V. Advanced expansion and summation

o0 ﬁ(l —141 ) "
= 2n(3n + 5) 1
F=) = - 18 o
1 nZ::o n!(3)n ( mrDm+2) 1(””;1_@-“2)
sgee 8,80 eosh (F) | 200 () &1
— 3 3 9 37 g 1— i+ 2
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Hypergeometric structures from linear differential equations

V. Advanced expansion and summation

o0 ﬁ(l —Z—{—22) "
i= 2n(3n + 5) 1
F=) = - 18 .
' nz:% n!(3)n ( (n+1)(n+2) * l(n)+;1—i+i2)
sigan 8 80 2cosh (7) | 2cosh (57) ¢ 1
— 3 3 9 3T — 1 _i+i2

with g the Euler—Mascheroni constant and ¢(x) the digamma function.
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Conclusion

Conclusion

1. Up-to-date solver for linear recurrences and DEs
(within Sigma.m and HarmonicSums.m)

2. Interplay: DE solver «— RE solver
3. Finding (generalized) hypergeometric structures from DEs

4. A first prototype method to solve
partial linear DE/RE equations in QCD

5. A tactic to find Apell-like structures of coupled DE-systems

6. Advance expansion and summation methods for the
simplification of the found solutions
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