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Problem: Solving PLDEs in fields

A difference field (E, σ) is a field E with an automorphism σ : E→ E.

The set of constants is defined by

K = constσE = {c ∈ E | σ(c) = c}

Note: K is a subfield of E.

Given 0 6= (a0, . . . , am) ∈ Em+1

Find a basis of

Find all g ∈ E with

Will be a field by construction
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Note: K is a subfield of E.

Given 0 6= (a0, . . . , am) ∈ Em+1
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Find all g ∈ E with

a0 g + a1 σ(g) + · · ·+ am σ
m(g) = 0
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A difference field (E, σ) is a field E with an automorphism σ : E→ E.

The set of constants is defined by

K = constσE = {c ∈ E | σ(c) = c}

Note: K is a subfield of E.

Given 0 6= (a0, . . . , am) ∈ Em+1, f ∈ E

Find a basis of

Find all g ∈ E with

a0 g + a1 σ(g) + · · ·+ am σ
m(g) = f
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Problem: Solving PLDEs in fields

A difference field (E, σ) is a field E with an automorphism σ : E→ E.

The set of constants is defined by

K = constσE = {c ∈ E | σ(c) = c}

Note: K is a subfield of E.

Given 0 6= (a0, . . . , am) ∈ Em+1, (f1, . . . , fd ) ∈ Ed

Find a basis of

Find all g ∈ E and (c1, . . . , cd ) ∈ Kd with

a0 g + a1 σ(g) + · · ·+ am σ
m(g) = c1 f1 + · · · + cd fd︸ ︷︷ ︸

Parameterized Linear Difference Equation (PLDE)

Will be a field by construction

1



Problem: Solving PLDEs in fields

A difference field (E, σ) is a field E with an automorphism σ : E→ E.

The set of constants is defined by

K = constσE = {c ∈ E | σ(c) = c}

Note: K is a subfield of E.

Given 0 6= (a0, . . . , am) ∈ Em+1, (f1, . . . , fd) ∈ Ed

Find a basis of

{
(g , c1, . . . , cd) ∈ E×Kd |

a0 g + a1 σ(g) + · · ·+ am σ
m(g) = c1 f1 + · · ·+ cd fd

}
is a K subspace of E×Kd with dimension ≤ d + m.

Will be a field by construction

1



Problem: Solving PLDEs in fields

A difference field (E, σ) is a field E with an automorphism σ : E→ E.

The set of constants is defined by

K = constσE = {c ∈ E | σ(c) = c}

Note: K is a subfield of E.

Given 0 6= (a0, . . . , am) ∈ Em+1, (f1, . . . , fd) ∈ Ed

Find a basis of{
(g , c1, . . . , cd) ∈ E×Kd |

a0 g + a1 σ(g) + · · ·+ am σ
m(g) = c1 f1 + · · ·+ cd fd

}

Will be a field by construction

1



Problem: Solving PLDEs in fields

A difference field (E, σ) is a field E with an automorphism σ : E→ E.

The set of constants is defined by

K = constσE = {c ∈ E | σ(c) = c}

Note: K is a subfield of E.

Given 0 6= (a0, . . . , am) ∈ Em+1, (f1, . . . , fd) ∈ Ed

Find a basis of{
(g , c1, . . . , cd) ∈ E×Kd |

a0 g + a1 σ(g) + · · ·+ am σ
m(g) = c1 f1 + · · ·+ cd fd

}

Definition

PLDEs are solvable in (E, σ) ⇔ for given ai , fi ∈ E one can compute
a basis of its solution space.

Will be a field by construction
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Problem: Solving PLDEs in fields

A difference field (E, σ) is a field E with an automorphism σ : E→ E.
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Solving PLDEs in ΠΣ-fields

Definition (Karr, 1981)

Let (E, σ) be a difference field that is built by a tower of field extensions

K = E0 ≤ E1 ≤ · · · ≤ Ee = E

where Ei = Ei−1(ti ) is a rational function field,

σ(c) = c ∀c ∈ K

and for 1 ≤ i ≤ e we have

σ(ti ) = ai ti with ai ∈ E∗
i−1 (a product)

σ(ti ) = ti + ai with ai ∈ Ei−1 (a sum)

(E, σ) is called a ΠΣ-field over K if constσE = K.

Theorem (Abramov/Bronstein/Petkovšek/CS, JSC 2021)

One can solve PLDEs in a ΠΣ-field.

[The first-order case has been solved by Karr’81]
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Example

The PLDE solver

contains creative telescoping as a special case

is a key step to compute hypergeometric and d’Alembertian solutions
(see again Abramov/Bronstein/Petkovšek/CS, JSC 2021)(

1 + Hn + nHn

)2(
3 + 2n + 2Hn + 3nHn + n2Hn

)2
G (n)

−(1 + n)(3 + 2n)Hn

(
3 + 2n + 2Hn + 3nHn + n2Hn

)2
G (n + 1)

+(1 + n)2(2 + n)3Hn

(
1 + Hn + nHn

)
G (n + 2) = 0ySigma.m{

c1 Hn

n∏
l=1

Hl + c2H
2
n

n∏
l=1

Hl | c1, c2 ∈ K
}
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Problem: representation of hyp. products

y1 =
n∏

k=1

−13122k(1+k)
(3+k)3 , y2 =

n∏
k=1

26244k2(2+k)2

(3+k)2 ,

y3 =
n∏

k=1

−k(2+k)3

729(5+k) , y4 =
n∏

k=1

−162k(2+k)
5+k
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Problem: representation of hyp. products

y1 =
n∏

k=1

−13122k(1+k)
(3+k)3 , y2 =

n∏
k=1

26244k2(2+k)2

(3+k)2 ,

y3 =
n∏

k=1

−k(2+k)3

729(5+k) , y4 =
n∏

k=1

−162k(2+k)
5+k

y
y1 =

216(−1)n2n (3n)8

(n + 1)2(n + 2)3(n + 3)3n!
, y2 =

9 (2n)2 (3n)8 (n!)2

(n + 3)2
,

y3 =
15(n + 1)2(n + 2)2(−1)n(n!)3

(n + 3)(n + 4)(n + 5) (3n)6
, y4 =

60(−1)n2n (3n)4 n!

(n + 3)(n + 4)(n + 5)
.

in terms of

n! =
n∏

k=1

k , 2n, 3n︸ ︷︷ ︸
ΠΣ-field

and (−1)n
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Consider the difference field (E, σ) with

E = Q(x)
and

σ(x) = x + 1

σ(y) = −y and y2 = 1

(−1)n+1 = −(−1)n

((−1)n)2 = 1
We get

zero-divisors:

(1− y)(1 + y) = 1− y2 = 0 ©◦ ◦
_

elements e0 = 1−y
2 and e1 = 1+y

2 with

e2
i = ei [idempotent]

e0 e1 = 0 [orthogonal]

σ(e0) = e1 and σ(e1) = e0.

In particular, we can decompose the ring as

E = e0 E
σ
&&

⊕ e1 E
σ

`` ©◦ ◦
^
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Problem: Solving PLDEs in fields

A difference field (E, σ) is a field E with an automorphism σ : E→ E.

The set of constants is defined by

K = constσE = {c ∈ E | σ(c) = c}

Note: K is a subfield of E.

Given 0 6= (a0, . . . , am) ∈ Em+1, (f1, . . . , fd) ∈ Ed
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a0 g + a1 σ(g) + · · ·+ am σ
m(g) = c1 f1 + · · ·+ cd fd

}
is a K subspace of E×Kd with dimension ≤ d + m.

Will be a field by construction
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Idempotent Difference Rings

Definition

(E, σ) is called idempotent difference ring (IDR) of order λ if there are
such idempotent orthogonal elements e0, . . . , eλ−1 with

E = e0 E
σ
&&

⊕ e1 E
σ

!!⊕ . . .

σ
&&

⊕ eλ−2 E
σ
&&

⊕ eλ−1 E

σ

kk .

[M. van der Put, M.F. Singer. Galois theory of difference equations, 1997.
A. Ovchinnikov and M. Wibmer. σ-Galois theory of linear difference equations, 2015,...]

An RΠΣ-ring is such an IDR of order λ

each component ei E is an integral domain

taking the quotient field Q(ei E) we get a ΠΣ-field

(Q(ei E), σλ)
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Definition: An RΠΣ-ring (E, σ)

is a ring (containing Q)

E := K

(x)[p1, p
−1
1 ][p2, p

−1
2 ] . . . [pe , p

−1
e ][y ][s1][s2][s3] . . .

with an automorphism where σ(c) = c for all c ∈ K and where

σ(x) = x + 1

σ(p2) = a2p2 a2 ∈ K(x)[p1, p
−1
1 ]∗

...

σ(pe) = aepe ae ∈ K(x)[p1, p
−1
1 ] . . . [pe−1, p

−1
e−1]∗

σ(s2) = s2 + f2 f2 ∈ K(x)[p1, p
−1
1 ] . . . [pe , p

−1
e ][y ][s1]

σ(s3) = s3 + f3 f3 ∈ K(x)[p1, p
−1
1 ] . . . [pe , p

−1
e ][y ][s1][s2]

...
such that constσE = {c ∈ E|σ(c) = c} = K.

GIVEN f ∈ E;
FIND, in case of existence, a g ∈ E such that

σ(g)− g = f .

We get a ∈ E plus
an embedding τ from (E, σ) into the ring of sequences s.t.

τ(a) = 〈A(ν)〉ν≥0

Reinterpreting a in terms of these nested sums and products yields B(k)
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Idempotent Difference Rings

Definition

(E, σ) is called idempotent difference ring (IDR) of order λ if there are
such idempotent orthogonal elements e0, . . . , eλ−1 with

E = e0 E
σ
&&

⊕ e1 E
σ

!!⊕ . . .

σ
&&

⊕ eλ−2 E
σ
&&

⊕ eλ−1 E

σ

kk .

[M. van der Put, M.F. Singer. Galois theory of difference equations, 1997.
A. Ovchinnikov and M. Wibmer. σ-Galois theory of linear difference equations, 2015,...]

An RΠΣ-ring is such an IDR of order λ

each component ei E is an integral domain

taking the quotient field Q(ei E) we get a ΠΣ-field

(Q(ei E), σλ)

12
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Main strategy for an RΠΣ-ring (E, σ)

Given ai , fi ∈ E
find all ci ∈ K, g ∈ E for

E = e0E⊕ · · · ⊕ eλ−1E

a0 g + a1σ
1(g) + · · ·+ am σ

λ(g) = cf

yg = e0 g0 + · · ·+ eλ−1gλ−1

b0,i (ei gi ) + b1,iσ
λ(ei gi ) + · · ·+ bm,iσ

λm(ei gi ) = κϕ

y solver in ΠΣ-field (Q(ei E), σλ)

(e0 g0 + · · ·+ eλ−1gλ−1, c1, . . . , cd) ∈ E×Kd

13
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Example[
(1+n)(2+n)

((
2+n+(1+n)

n∑
i=1

1
i

)
(−1)n − (1+n)2

n∑
i=1

(−1)i

i

)]
G (n)

+
[
(1+n)(2+n)

((
2+n+2(1+n)

n∑
i=1

1
i

)
(−1)n − (1+n)

n∑
i=1

(−1)i

i

)]
G (n+1)

+
[
(1+n)2(2+n)

(
(−1)n

n∑
i=1

1
i +n

n∑
i=1

(−1)i

i

)]
G (n+2)

= (2+n)2 +(1+n)
n∑

i=1

1
i − 2(1+n)3(−1)n

n∑
i=1

(−1)i

i

Take the RΠΣ-ring (E, σ) with E = Q(x)[y ][s][s̄] where

σ(x) = x + 1,

σ(y) = −y ,

σ(s) = s + 1
x+1 ,

σ(s̄) = s̄ + −y
x+1 .

Take e0 = 1−y
2 and e1 = 1+y

2 .
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Example[
(1 + x)(2 + x)(−s̄(1 + x)2 + (2 + s + x + sx)y)

]
g

+
[
(1 + x)(2 + x)(−s̄(1 + x) + (2 + x + 2s(1 + x))y)

]
σ(g)

+
[
(1 + x)2(2 + x)(s̄x + sy)

]
σ2(g)

= s(1 + x) + (2 + x)2 − 2s̄(1 + x)3yx
Take the RΠΣ-ring (E, σ) with E = Q(x)[y ][s][s̄] where

σ(x) = x + 1,
σ(y) = −y ,
σ(s) = s + 1
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Example (continued)[
(1 + x)(2 + x)(−s̄(1 + x)2 + (2 + s + x + sx)y)

]
g

+
[
(1 + x)(2 + x)(−s̄(1 + x) + (2 + x + 2s(1 + x))y)

]
σ(g)

+
[
(1 + x)2(2 + x)(s̄x + sy)

]
σ2(g)

= s(1 + x) + (2 + x)2 − 2s̄(1 + x)3yylinear algebra

b0,0(e0g0) + b0,1σ
2(e0g0) + b0,2σ

4(e0g0) = e0ϕ0

b1,0(e1g1) + b0,1σ
2(e1g1) + b0,2σ

4(e1g1) = e0ϕ1yΠΣ-solver

g0 = s + c1 + c2(s + s̄ + 2x − 4sx − 2s̄x) c1, c2 ∈ Q
g1 = −s + d1 + d2(−s + s̄ − 2x + 4sx − 2s̄x) d1, d2 ∈ Qycombine

g = −sy − κ1y + κ2(s̄ − 2s̄x − sy − 2xy − 4sxy) κ1, κ2 ∈ Q
15



Example (continued)
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n∑

i=1

1
i − 2(1+n)3(−1)n

n∑
i=1

(−1)i

iyPLDESolver.m
−

n∑
i=1

1
i (−1)n − κ1(−1)n

+κ2

(
− 2(−1)nn − (1 + 4n)(−1)n

n∑
i=1

1
i +

n∑
i=1

(−1)i

i (1− 2n)
)
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Shift Projection Matrix

Let (E, σ) be an IDR of order λ with idempotent elements es ∈ E with
0 ≤ s < λ.

Definition (Projection)

π : E→ E with π(g) 7→ g0 where g =
∑λ−1

s=0 esgs is called a projection.

Definition (Shift Projection Matrix)

For a = (a0, a1, . . . , am) ∈ Em+1 we define the ((m + 1)λ−m)× (m + 1)λ
shift projection matrix by

Mσ,π(a) :=


π(a0) π(a1) · · · π(am) 0 0 · · · 0

0 π(σ(a0)) · · · π(σ(am−1)) π(σ(am)) 0 · · · 0

.

.

.
. . .

0 0 · · · 0 π(σ(m+1)λ−m−1(a0)) · · · π(σ(m+1)λ−m−1(am))



18



Example (continued)[
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]
σ2(g)

= s(1 + x) + (2 + x)2 − 2s̄(1 + x)3yyM = Mσ,π has full rank

b0,0(e0g0) + b0,1σ
2(e0g0) + b0,2σ

4(e0g0) = e0ϕ0

b1,0(e1g1) + b0,1σ
2(e1g1) + b0,2σ

4(e1g1) = e0ϕ1yΠΣ-solver
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Summary of our PLDE machninery

Let (E, σ) be an RΠΣ-ring;

a = (a0, . . . , am) ∈ Em+1 with am 6= 0 and fi ∈ E.

a0 or am are not zero-divisors (regular) (simple criterion)

⇓

6⇑

Mσ,π(a) has rank

⇓
PLDE in the ai and fi is solvable

20
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Example: zero-divisors

σ(x) = x + 1

σ(y) = −y
Take the PLDE

1 + y

2
g + xσ(g) + xσ2(g) +

1 + y

2
σ3(g) = 0

Note: leading and the trailing coefficients are zero-divisors.

But:

Mσ,π(a) =

( 0 x x 0 0 0 0 0
0 1 x+1 x+1 1 0 0 0
0 0 0 x+2 x+2 0 0 0
0 0 0 1 x+3 x+3 1 0
0 0 0 0 0 x+4 x+4 0

)
has full rank

yPLDESolver.m
g = c · y , c ∈ Q
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Conclusion (further results)

a PLDE-solver for RΠΣ-rings

simplified algorithms that avoid the heavy ΠΣ-field machinery

works also for the quotient ring of an RΠΣ-ring

a general algorithmic framework for

idempotent difference rings

for RΠΣ-extensions defined over “computable” difference fields
(not only (K(x), σ))

also interesting if the matrix Mσ,π(a) does not have full rank...

new applications: e.g., summation of C 2-finite sequences
(see Philipp Nuspl’s talk (Veronika’s project))
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Conclusion (further results)

a PLDE-solver for RΠΣ-rings

simplified algorithms that avoid the heavy ΠΣ-field machinery

works also for the quotient ring of an RΠΣ-ring

a general algorithmic framework for

idempotent difference rings

for RΠΣ-extensions defined over “computable” difference fields
(not only (K(x), σ))

also interesting if the matrix Mσ,π(a) does not have full rank...

new applications: e.g., summation of C 2-finite sequences
(see Philipp Nuspl’s talk (Veronika’s project))
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Example: not full rank

Take the PLDE

(y − 1)g + x(y + 1)σ(g) + (y − 1)σ2(g) + x(y + 1)σ3(g) = 0

The shift projection matrix is

Mσ,π(a) =

−2 0 −2 0 0 0 0 0
0 0 2(1+x) 0 2(1+x) 0 0 0
0 0 −2 0 −2 0 0 0
0 0 0 0 2(3+x) 0 2(3+x) 0
0 0 0 0 −2 0 −2 0


which doesn’t have full rank.

Still our machinery gives further inside:

g = e0g0 + e1g1 ∈ E is a solution

⇓
g0 satisfies g0 + σ2(g0) = 0

g1 cannot be bounded
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Further (technical) details
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Example (continued)[
(1 + x)(2 + x)(−s̄(1 + x)2 + (2 + s + x + sx)y)

]
g

+
[
(1 + x)(2 + x)(−s̄(1 + x) + (2 + x + 2s(1 + x))y)

]
σ(g)

+
[
(1 + x)2(2 + x)(s̄x + sy)

]
σ2(g)

= s(1 + x) + (2 + x)2 − 2s̄(1 + x)3yylinear algebra

b0,0(e0g0) + b0,1σ
2(e0g0) + b0,2σ

4(e0g0) = e0ϕ0

b1,0(e1g1) + b0,1σ
2(e1g1) + b0,2σ

4(e1g1) = e0ϕ1yΠΣ-solver

g0 = s + c1 + c2(s + s̄ + 2x − 4sx − 2s̄x) c1, c2 ∈ Q
g1 = −s + d1 + d2(−s + s̄ − 2x + 4sx − 2s̄x) d1, d2 ∈ Qycombine

g = −sy − κ1y + κ2(s̄ − 2s̄x − sy − 2xy − 4sxy) κ1, κ2 ∈ Q
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Example (continued)

Plug g = e0g0 + e1g1 into the given equation.

Apply σj

for j = 0

, 1, 2, 3

and project to the second component:
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Example (continued)

Plug g = e0g0 + e1g1 into the given equation.

Apply σj for j = 0

, 1, 2, 3

and project to the second component:

0 = − s(1 + x) + 2s̄(1 + x)3 − (2 + x)2 + (1 + x)(2 + x)(2 + s + x + sx − s̄(1 + x)2)g1

+ (1 + x)(2 + x)(2 + x + 2s(1 + x) − s̄(1 + x))σ(g0) + (1 + x)2(2 + x)(s + s̄x)σ2(g1)
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Example (continued)

Plug g = e0g0 + e1g1 into the given equation.

Apply σj for j = 0, 1

, 2, 3

and project to the second component:
0 = − s(1 + x) + 2s̄(1 + x)3 − (2 + x)2 + (1 + x)(2 + x)(2 + s + x + sx − s̄(1 + x)2)g1

+ (1 + x)(2 + x)(2 + x + 2s(1 + x) − s̄(1 + x))σ(g0) + (1 + x)2(2 + x)(s + s̄x)σ2(g1),

0 = − (3 + x)2 − 2(2 + x)3(s̄ −
1

1 + x
) − (2 + x)(s +

1

1 + x
) + (2 + x)(3 + x)(−3 − s − x −

1

1 + x

− (2 + x)2(s̄ −
1

1 + x
) − (1 + x)(s +

1

1 + x
))σ(g0) + (2 + x)(3 + x)(−3 − x − (2 + x)(s̄ −

1

1 + x
)

− 2(2 + x)(s +
1

1 + x
))σ2(g1) + (2 + x)2(3 + x)(−s −

1

1 + x
+ (1 + x)(s̄ −

1

1 + x
))σ3(g0),

0 = − (4 + x)2 + 2(3 + x)3(s̄ −
1

1 + x
+

1

2 + x
) − (3 + x)(s +

1

1 + x
+

1

2 + x
) + (3 + x)(4 + x)(4 + s + x +

1

1 + x

+
1

2 + x
− (3 + x)2(s̄ −

1

1 + x
+

1

2 + x
) + (2 + x)(s +

1

1 + x
+

1

2 + x
))σ2(g1) + (3 + x)(4 + x)(4 + x

− (3 + x)(s̄ −
1

1 + x
+

1

2 + x
) + 2(3 + x)(s +

1

1 + x
+

1

2 + x
))σ3(g0) + (3 + x)2(4 + x)(s +

1

1 + x
+

1

2 + x

+ (2 + x)(s̄ −
1

1 + x
+

1

2 + x
))σ4(g1),

0 = − (5 + x)2 − 2(4 + x)3(s̄ −
1

1 + x
+

1

2 + x
−

1

3 + x
) − (4 + x)(s +

1

1 + x
+

1

2 + x
+

1

3 + x
) + (4 + x)(5 + x)(−5

− s − x −
1

1 + x
−

1

2 + x
−

1

3 + x
− (4 + x)2(s̄ −

1

1 + x
+

1

2 + x
−

1

3 + x
) − (3 + x)(s +

1

1 + x
+

1

2 + x

+
1

3 + x
))σ3(g0) + (4 + x)(5 + x)(−5 − x − (4 + x)(s̄ −

1

1 + x
+

1

2 + x
−

1

3 + x
) − 2(4 + x)(s +

1

1 + x
+

1

2 + x

+
1

3 + x
))σ4(g1) + (4 + x)2(5 + x)(−s −

1

1 + x
−

1

2 + x
−

1

3 + x
+ (3 + x)(s̄ −

1

1 + x
+

1

2 + x
−

1

3 + x
))σ5(g0)
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Example (continued)
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+
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+
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−

1

2 + x
−

1

3 + x
− (4 + x)2(s̄ −
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+
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2 + x
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3 + x
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1

1 + x
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2 + x
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1

1 + x
+

1

2 + x

+
1

3 + x
))σ4(g1) + (4 + x)2(5 + x)(−s −

1

1 + x
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1

2 + x
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1

3 + x
+ (3 + x)(s̄ −

1

1 + x
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1

2 + x
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3 + x
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Example (continued)
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) − (4 + x)(s +

1

1 + x
+

1

2 + x
+

1

3 + x
) + (4 + x)(5 + x)(−5

− s − x −
1

1 + x
−

1

2 + x
−

1

3 + x
− (4 + x)2(s̄ −

1

1 + x
+

1

2 + x
−

1

3 + x
) − (3 + x)(s +

1

1 + x
+

1

2 + x

+
1

3 + x
))σ3(g0) + (4 + x)(5 + x)(−5 − x − (4 + x)(s̄ −

1

1 + x
+

1

2 + x
−

1

3 + x
) − 2(4 + x)(s +

1

1 + x
+

1

2 + x

+
1

3 + x
))σ4(g1) + (4 + x)2(5 + x)(−s −

1

1 + x
−

1

2 + x
−

1

3 + x
+ (3 + x)(s̄ −

1

1 + x
+

1

2 + x
−

1

3 + x
))σ5(g0)
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Example (continued)

This is a linear system

M ·



σ0(g1)
σ1(g0)
σ2(g1)
σ3(g0)
σ4(g1)
σ5(g0)

 =


π(σ0(ϕ))
π(σ1(ϕ))
π(σ2(ϕ))
π(σ3(ϕ))


where

ϕ = s(1 + x) + (2 + x)2 − 2s̄(1 + x)3

M = Mσ,πQ(x , s, s̄)4×6 has full rank
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Example (continued)

This is a linear system

M ·



σ0(g1)
σ1(g0)
σ2(g1)
σ3(g0)
σ4(g1)
σ5(g0)

 =


π(σ0(ϕ))
π(σ1(ϕ))
π(σ2(ϕ))
π(σ3(ϕ))


where

ϕ = s(1 + x) + (2 + x)2 − 2s̄(1 + x)3

Thus we can solve the system in 6− 4 = 2 variables

M = Mσ,πQ(x , s, s̄)4×6 has full rank
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Example (continued)

We get the solutions:

σ(g0) =σ(g0)

σ3(g0) =σ3(g0)

σ5(g0) = −
1640 + 3485x + 2734x2 + 1011x3 + 178x4 + 12x5 + 4s(138 + 337x + 304x2 + 129x3 + 26x4 + 2x5 ) + s̄(276 + 674x + 608x2 + 258x3 + 52x4 + 4x5 )

(2 + x)(3 + x)2 (4 + x)(5 + x)(5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 ))

−
(98 + 158x + 81x2 + 16x3 + x4 + 2s(24 + 50x + 35x2 + 10x3 + x4 ) + s̄(24 + 50x + 35x2 + 10x3 + x4 ))σ(g0)

(3 + x)(4 + x)(5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 ))

+
(158 + 253x + 133x2 + 28x3 + 2x4 + 4s(24 + 50x + 35x2 + 10x3 + x4 ) + 2s̄(24 + 50x + 35x2 + 10x3 + x4 ))σ3(g0)

(3 + x)(4 + x)(5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 ))

g1 =
15 + 20x + 8x2 + x3 + s(7 + 10x + 3x2 ) − 2s̄(−3 − 3x + 3x2 + 4x3 + x4 )

(1 + x)(3 + x)(5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 ))

−
(5 + 5x + x2 + s̄(1 + x)2 (2 + x) + 3s(2 + 3x + x2 ))σ(g0)

5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 )
+

(1 + x)(2 + x)(s + s̄x)σ3(g0)
5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 )

σ2(g1) =
5 + 8x + 5x2 + x3 − 2s̄(1 + x)(2 + x)3 − s(2 + 3x + x2 )

(2 + x)(3 + x)(5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 ))

−
(1 + x)(1 + s(2 + x) + s̄(2 + x)2 )σ(g0)

5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 )
+

(2 + x)(−2 − x − s(1 + x) + s̄(1 + x)2 )σ3(g0)
5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 )

σ4(g1) =
215 + 254x + 106x2 + 18x3 + x4 − 2s̄(3 + x)2 (11 + 18x + 8x2 + x3 ) + s(24 + 41x + 20x2 + 3x3 )

(3 + x)2 (4 + x)(5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 ))

−
(2 + x)(−13 − 8x − x2 + s̄(1 + x)(3 + x)2 − s(3 + 4x + x2 ))σ(g0)

(3 + x)(5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 ))

−
(41 + 49x + 18x2 + 2x3 − s̄(2 + x)2 (3 + 4x + x2 ) + 3s(6 + 11x + 6x2 + x3 ))σ3(g0)

(3 + x)(5 + 5x + x2 + 2s(2 + 3x + x2 ) + s̄(2 + 3x + x2 ))
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Example (continued)

Finally, we plug this solution into the desired recurrence for k = 0, 1:

2∑
i=0

bk,i (σ
λ)i (ek gk) = ek ϕk .

ycoeff. comparison w.r.t. 1, σ(g0), σ3(g0)

linear system with 3 eq. in 4 unknowns (bk,0, bk,1, bk,2, ϕk)y
b0,0 =x

(
29 + 12s + 6s̄ + 33x + 22sx + 11s̄x + 11x2 + 12sx2 + 6s̄x2 + x3 + 2sx3 + s̄x3

)
,

b0,1 = − x
(

41 + 24s + 12s̄ + 49x + 44sx + 22s̄x + 18x2 + 24sx2 + 12s̄x2 + 2x3 + 4sx3 + 2s̄x3
)
,

b0,2 =x(2 + x)(3 + x)(2 + 2s + s̄ + x + 2sx + s̄x),

b1,0 =29 + 12s − 6s̄ + 33x + 22sx − 11s̄x + 11x2 + 12sx2 − 6s̄x2 + x3 + 2sx3 − s̄x3
,

b1,1 = − 41 − 24s + 12s̄ − 49x − 44sx + 22s̄x − 18x2 − 24sx2 + 12s̄x2 − 2x3 − 4sx3 + 2s̄x3
,

b1,2 =(2 + x)(3 + x)(2 + 2s − s̄ + x + 2sx − s̄x),

ϕ0 = −
x
(

292 + 88s + 44s̄ + 559x + 212sx + 106s̄x + 387x2 + 180sx2 + 90s̄x2 + 114x3 + 64sx3 + 32s̄x3 + 12x4 + 8sx4 + 4s̄x4
)

(1 + x)(2 + x)(4 + x)

ϕ1 =
292 + 88s − 44s̄ + 559x + 212sx − 106s̄x + 387x2 + 180sx2 − 90s̄x2 + 114x3 + 64sx3 − 32s̄x3 + 12x4 + 8sx4 − 4s̄x4

(1 + x)(2 + x)(4 + x)
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Example (continued)

Finally, we plug this solution into the desired recurrence for k = 0, 1:
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(1 + x)(2 + x)(4 + x)
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Example (continued)

Finally, we plug this solution into the desired recurrence for k = 0, 1:

2∑
i=0

bk,i (σ
λ)i (ek gk) = ek ϕk .ycoeff. comparison w.r.t. 1, σ(g0), σ3(g0)

linear system with 3 eq. in 4 unknowns (bk,0, bk,1, bk,2, ϕk)y
b0,0 =x

(
29 + 12s + 6s̄ + 33x + 22sx + 11s̄x + 11x2 + 12sx2 + 6s̄x2 + x3 + 2sx3 + s̄x3
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,
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b1,0 =29 + 12s − 6s̄ + 33x + 22sx − 11s̄x + 11x2 + 12sx2 − 6s̄x2 + x3 + 2sx3 − s̄x3
,

b1,1 = − 41 − 24s + 12s̄ − 49x − 44sx + 22s̄x − 18x2 − 24sx2 + 12s̄x2 − 2x3 − 4sx3 + 2s̄x3
,
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