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A warm-up example: simplify
ii( (25 + k+ n+ 2)JK (5 + k+ n)!
— N (j+E+ D) +n+ )G+ E+ DG+ n+ DIE+n+1)!
k=03=0

LIRGH R+ (=50) + SGHE) + S0+ n) — SG+E+n)

G+ k+ DG+ n+ Di(k+n+1)! )
f0)
where
"1
Si(n) = Z F (= H,)
=1

Arose in the context of

|. Bierenbaum, J. Bliimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006



Part 1: A warm-up example 3

A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
;0;((% E+1)(G+n+1)G+k+DIG+n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+DIG+n+ DY k+n+1)!

f4)

FIND g¢(3):

fG) =9+ 1) — g(j)
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A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
kz::oj;((ﬂ E+1)(G+n+1)G+k+DIG+n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+DIG+n+ DY k+n+1)!

f4)

FIND g¢(3):

fG) =9+ 1) — g(j)

1 summation package Sigma

N GHRED) Gt DARG ) (81.()— 81 (GHR) = S1 (74 n) 451 (+h4n) )
90) = knG kD) Gt D) (k1)



Part 1: A warm-up example 3

A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
kz::oj;((ﬂ E+1)(G+n+1)G+k+DIG+n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+DIG+n+ DY k+n+1)!

f4)

FIND g¢(3):

fG) =9+ 1) — g(j)

Summing the telescoping equation over j from 0 to a gives

> 1) = gla+1) — ¢(0)

J=0



Part 1: A warm-up example 3

A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
kz::oj:zo((ﬂ E+1)(G+n+1)G+k+DIG+n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+DIG+n+ DY k+n+1)!

f4)

FIND g¢(j):

fG) =9+ 1) — g(j)

Summing the telescoping equation over j from 0 to a gives

> fi) = gla+1) — g(0)
J=0
(a+D)'(k—D)!(a+k+n+1)!(S1(a)—S1(a+k)—S1 (a+n)+S1 (a+k+n))
n(a+k+1)!(a+n+1)!(k+n+1)!
S1(k)+S1(n)—S1(k+n) + (2a+k+n+2)alk!(atk+n)!
kn(k+n+1)n! (a+k+1)(a+n+1)(a+k+1)!(a+n+1)!(k+n+1)i

~~
a—r00

_|_




Part 1: A warm-up example 3

A warm-up example: simplify

& (25 + k+ n+ 2)JK (5 + k+ n)!
k;j;((ﬂ E+1)(G+n+1)G+k+DIG+n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+DIG+n+ DY k+n+1)!

f0)
s N Sl(k) + Sl(n) — 51(k+ TL)
>_fi) = kn(k+n+ 1)

J=0
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In[1:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

- mysum = 3° (2 + k + 0+ 2)ik!G + k + n)! +

SNG+k+D(+n+ DG +k+ DG +n+ Dk +n+1)!
3'1G + k + n)! (—=S[1,4] + S[1,j + k] + S[1,j +n] — S[L,j + k+ n]))
GHEk+1D)!1G+n+)!I(k+n+ 1)

k]
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In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

- mysum = 3° (2 + k + 0+ 2)ik!G + k + n)! +

SNG+k+D(+n+ DG +k+ DG +n+ Dk +n+1)!
3G+ k 4+ 0)! (=S[1,5] + S[1,5 + k] + S[1,j +n] — S[L,j +k+ n]))
GHEk+1D)!1G+n+)!I(k+n+ 1)

k]

In[3]:= res = SigmaReduce[mySum]
(a4 1)!(k—1)!(a+k+n+1)!(S[1,a] —S[1,a+ k] — S[1,a+n] + S[1,a +k+n])
n(a+k+ 1)l (a+n+1)l(k+n+1)!
S[1,k] + S[t,n] — S[1,k + n] (2a+k+n+2)alk!(a+k +n)!
kn(k +n+ 1)n! (a+k+1)(a+n+1)(a+k+1)(a+n+1)!(k+n+1)!

Out[3]= +
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In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

- (2j + k 4+ 0+ 2)jik!(j 4 k 4 n)!
n[2]:= S =
nieh= mySum jzzo((j+k+1)(j+11+1)(j+k+1)!(j+ﬂ+1)!(k+n+1)!+
KIG -+ et u)t (S04 S+ S[L o] = Sl + kot u]) )
G+k+ DG+t D)ik+nt D

k]

In[3]:= res = SigmaReduce[mySum]

(a+ D& —1)(a+k+n+1)!(S[t,a] —S[t,a+k —S[t,a+n]+S[t,a+k+n]) N

O =
ul nat+k+1)!(at+n+1)(k+n+1)
S[1, %] + S[t,n] — S[1,k + n] (2a+k +n+ 2)alk!(a+k +n)!
kn(k +n+ 1)n! (a+k+1)(a+n+1)(a+k+1)(a+n+1)!(k+n+1)!

In[4]:= SigmaLimit[res, {n}, a]

1 S[1,k] + S[1,n] — S[1,k +n]
n! kn(k +n+1)

Out[4]=
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A warm-up example: simplify

& (25 + k+ n+ 2)JK (5 + k+ n)!
k;j;((ﬂ E+1)(G+n+1)G+k+DIG+n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+DIG+n+ DY k+n+1)!

f0)
s N Sl(k) + Sl(n) — 51(k+ TL)
>_fi) = kn(k+n+ 1)

J=0



A warm-up example: simplify
g+k+ ]+n+1)(J+k+1) (j+n+ )(k+n+1)!
+]'kl( j+k+n)! (- Sl()+S1(]+k)+51(]+n)—Sl(j+k+n)))
G+E+DIG+n+ DY k+n+1)!

f4)

k=0j=0

S Sy (k) + Si( Si(k+mn
>3y =y A0 R

k=1j=0
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Telescoping
GIVEN “ S (k

k=1

+S1 Sl(k—i—n)
kn( k+n+ 1) '

= 1)

FIND g(k) :

[g(k+1) — g(k) | = | f(R) |

forall0 < k<mnandall n>0.



Part 1: A warm-up example 6

Telescoping
GIVEN “ S (k

k=1

+S1 Sl(k—i—n)
kn( k+n+ 1) '

= 1)

FIND g¢(k) :

[g(k+1) — g(k) | = | f(R) |

forall0 < k<mnandall n>0.

no solution @



Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

GIVEN = Si(k) + Si(n) — Si(k+n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)
FIND g(n, k)

Lg(n k+1) — g(n. k) | = | fin, k) |

forall0 < k<mnandall n>0.

no solution @



Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

GIVEN S (R) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f(n, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + e () fln+ 1, B) |

forall0 < k<mnandall n>0.
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Zeilberger's creative telescoping paradigm

GIVEN S (R) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f(n, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + e () fln+ 1, B) |

forall0 < k<mnandall n>0.

|Sigma computes: | co(n) = —n, ¢1(n) = (n+2) and

kS (k) + (—n—1)S1(n) — kS1(k+n) — 2

g k) = (k+n+1)(n+1)2
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Zeilberger's creative telescoping paradigm

GIVEN S (R) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + e () fln+ 1, B) |

forall0 < k<mnandall n>0.

Summing this equation over & from 1 to a gives:

a

[o(n,a+1) = g(n, )] =| 3" [co(m) fin, )+ ca(m) fin+ 1,B)|

k=1
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Zeilberger's creative telescoping paradigm
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FIND g(n, k) and ¢o(n), c1(n):
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a a
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k=1 k=1
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Zeilberger's creative telescoping paradigm

GIVEN S (R) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f(n, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + e () fln+ 1, B) |

forall0 < k<mnandall n>0.

Summing this equation over & from 1 to a gives:

a

Lg(n,a+1) — g(n,1) | = | co(m) Y fim. B) + cr(m) Y fin+1,k)
k=1

k=1
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Zeilberger's creative telescoping paradigm

GIVEN S (R) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + e () fln+ 1, B) |

forall0 < k<mnandall n>0.

Summing this equation over & from 1 to a gives:

lg(n,a+1) = g(n,1) | = co(n) A(n) + c1(n) A(n+ 1) |




Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

GIVEN S (R) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f(n, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + e () fln+ 1, B) |

forall0 < k<mnandall n>0.

Summing this equation over & from 1 to a gives:

lg(n,a+1) = g(n,1) | = co(n) A(n) + c1(n) A(n+ 1) |
| |

a S1(a)+S1(n)—S1(a+n
(et (1n(+)1-)i_2(2(+7)l+2)1( 7)) —nA(n) + (2+ n)A(n+1)
+ a(a+1)
(n+1)3(a+n+1)(a+n+2)
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(n+2)A(n+1) — nA(n) = o+ 1)

recurrence finder

kn(k+n+1)

k=1




Part 1: A warm-up example 7

(n+2)A(n+1) — nA(n) = (n+1)5(n) +1

(n+1)3
recurrence solver
— 1 |
Ay = S S8+ Si0) = Skt ) || {ex o
= AR S1(n)2 + Sy(n)
— + 1 2 | c R}
2n(n+1)




Part 1: A warm-up example 7

(n+1)Si(n) + 1
(n+1)3

(n+2)A(n+1) — nA(n) =

Summation package Sigma
(based on difference field/ring algorithms/theory
see, e.g., Abramov, Karr 1981, Bronstein 2000, Schneider 2001/2004/2005a—c,/2007,/2008/201Da—c)

1 +
o = Si(k) + Si(n) = Si(k+n) | | 0x L
A(n) 2 kn(k+n+ 1) Sl((n)ji)&(n)
* 2n(n+1)




Part 1: A warm-up example 8

2, S[1,k] + S[1,n] — S[1,k + n]
Infs]:= mySum = kn(k t a1 1) ;

k=1
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2, S[1,k] + S[1,n] — S[1,k + n]
In[5]:= mySum = E H
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] +S[1,n] — S[1,a +n]) a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!




Part 1: A warm-up example 8

2, S[1,k] + S[1,n] — S[1,k + n]
In[5]:= mySum = E H
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] + S[1,n] — S[1,a+n]) a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]
__ (n+1)S[1,n]+1

out[7)=- —nSUM|[n] + (1 4+ n)(2 + n)SUM[n + 1] at1e
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2, S[1,k] + S[1,n] — S[1,k + n]
In[5]:= mySum = E H
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] + S[1,n] — S[1,a+n]) a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]
1)s|1 1
oufl= —nSUM[a] + (1 + 1)(2 + n)SUMa + 1] —— (B DSl +1
(n+1)3
Solve a recurrence
In[8]:= recSol = SolveRecurrence[rec, SUM|[n]]

1
S[1,n]? + Z =
i=1

ut[8]= 0
outfgl= {{0, T 1)

BAY, i3

n(n+1)



Part 1: A warm-up example 8
a
In[5]:= mySum = Z S[t, 1 + S{1,n] — S[1, k + n] ;
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+ 1) (S[t,a] + S[1,n] —S[l,a+n])+ a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]
_ (@4+1)s[t,n] +1

out[7)= —nSUM[n] + (1 +n)(2 + n)SUMn + 1] = at1e

Solve a recurrence
In[8]:= recSol = SolveRecurrence[rec, SUM|[n]]

]
2
. S[1,n] +;§
Out[8]= {{O’ }7{1:

n(n+1) 2n(n+ 1) H

Combine the solutions
In[9]:= FindLinearCombination[recSol, {1, {1/2}, n, 2]
s[t,n2+ 3%, &

Outlol= 2n(n+1)
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A warm-up example: simplify
(2j+k+n+2)K G+ k+ n)!

;;); G+k+DG+n+ 1)+ k+ DG+ n+ DI(k+n+ 1)!

+]'kl( j+k+n)(— Sl()+S1(]+k)+51(]+n)—Sl(j+k+n)))
G+E+DIG+n+ DY k+n+1)!

f4)

S Sy (k) + Si( Si(k+mn
>3y =y A0 R

k=1j=0
:i51( n)% 4+ S(n)
nl 2n(n+1)

where

= Z% S2(n) = Z%‘z
=1

i=1



Part 1: A warm-up example 9

A warm-up example: simplify

& (25 + k+ n+ 2)JK (5 + k+ n)!
k;j;((ﬂ E+1)(G+n+1)G+k+DIG+n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+DIG+n+ DY k+n+1)!

f(n7 k?j)

SO fink = S350

l
pur g 2n(n+1)!

where



Part 2: The difference ring machinery for symbolic summation

Part 2: The difference ring machinery
for symbolic summation



Part 2: The difference ring machinery for symbolic summation

1. Creative te|eSCOpIng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum
A(n) =" fin,k);
k=0

FIND a recurrence for A(n)

f(n, k): indefinite nested product-sum in k;
n: extra parameter




Part 2: The difference ring machinery for symbolic summation

1. Creative te|eSCOpIng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
A(n) = Zf(m k;); f(n, k): indefinite nested product-sum in k;
k=0

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), ..., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ + ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, JSC 2021)




Part 2: The difference ring machinery for symbolic summation

(1+ Si(n) + nSl(n))2(3 +2n+ 281 (n) + 3nS;(n) + nQSl(n))2 (n)
— (1—|—n)(3—|—2n)S1(n)(3+2n—|—251(n)+3n51(n)+n251(n )2 (n+1)
+ (1 +n)*2+n)3S1(n) (1 + Si(n) + nSi(n))A(n+2) =0

A
A

lSigma.m

n

{asim) [T810) + i [T (0 | a1 2 € K}
=1

=1



Part 2: The difference ring machinery for symbolic summation

—2(1+n)*(3 + n)n*A(n)
+(1+n)(8+9n+2n*)nlA(1+n) — A(2+n) =0

lSigma.m

n

n n n
{01 Hi!-l—cQ(—an!Hi!—l—%Hz’!ZTﬂ) | c1, co EK}
=1 =1 =1

i=1



Part 2: The difference ring machinery for symbolic summation

1. Creative te|eSCOpIng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
A(n) = Zf(m k;); f(n, k): indefinite nested product-sum in k;
k=0

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), ..., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ + ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, JSC 2021)




Part 2: The difference ring machinery for symbolic summation

1. Creative te|eSCOpIng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
A(n) = Zf(m k); f(n, k): indefinite nested product-sum in k;
k=0

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), ..., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ + ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, JSC 2021)

3. Find a “closed form”

A(n)=combined solutions in terms of indefinite nested sums.




Part 2: The difference ring machinery for symbolic summation

n—2 j+1 n—j+r—2 1)r+s(J+1) (—j+n+r—2)(_j_|_ n—2)!r

ZZ Z )(s—i—ls)(—j—i-n—i-r)!

=0 =0 s=0

Simple sum
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n—2 j+1 n—j+r—2 1)r+s(J+1) (—j+'fl+7“—2)(—j+ n— 2)!7”!

ZZ Z )(s—l—f)(—j—i—n—i—r)!

=0 =0 s=0 ||

n—2 j+1 | n—j+r—2 (_1)r+s(j+1) (—j+n+r—2)(_j+ n— 2)!7”!

ZZ Z (n—rs)(s—i-f)(—j—i- n+r)!

7=0 r=0 5=0




Part 2: The difference ring machinery for symbolic summation

n—2 j+1 n—j+r—2 1)r+s(J+1) (—j+'fl+7“—2)(—j+ n— 2)!7”!

ZZ Z =) (s+1)(—j+n+r)!

=0 =0 s=0 ||

n—2 j+1 | n—j+r—2 i+1\ (—j —2 .
[ () (o
FZO;O Z (n—s)(s+1)(—j+n+rn)

s=0
I

j+1 (=1)"(=j+ n—2)!7!
( T )((n—i— D(=j+n+r—1)(—j+n+ 7’)!+
(=)™ "G+ D)=+ n—2)(—j+n— 1), )
(n—1Dn(n+1)(=j+ n+ n)l(=j— 1)r(2—n);




Part 2: The difference ring machinery for symbolic summation

n—2 j+1 n—j+r—2 1)r+s(J+1) (—j+'fl+7“—2)(—j+ n— 2)!7”!

ZZ Z =) (s+1)(—j+n+r)!

=0 =0 s=0 ||

1, .
j+1 (=1)"(=j+n—2)7
Z( T )((n+1)(—j+n+r—1)(—j+n+r)!+

r=0

7
[

k”.
[e=]

(=)™ + DN (—j+n—2)(—j+n— 1) )
(n—1)n(n+ 1)(=j+ n+ nl(—j—1)x(2 - n);
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n—2 j+1 n—jt+r—2 (_1)r+s(j+1) (—j+n+r—2)(_j+ n— 2)!7”!
r s

ZZ Z (n—s)(s+1)(—j+n+r)

=0 =0 s=0

(=1)"(=j+ n—2)!"

= g (jt1> ((n+ 1)(
j=0

(~D™ G+ DU+ n = D—j+ 0 — 1!

- - +
—Jj+n+r—1)(=j+n+rn)!

!
(n—Dn(n+ 1) (—j+n+n(—j—1)(2— n)])

n2—n+1

(it n—1)2(i+ 1)

=1

(1= )=+ n = 2)

((n—1)2n2(n+ 1)(2—71)j+ (n+1)(2 —n);

1

(G—n+1)(n+1)2n

)G+t )2 (—jtn=1)
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n—2 j+1 n—j+r—2 1)r+s(J+1) (—j+'fl+7“—2)(—j+ n— 2)!7”!

ZZ Z =) (s+1)(—j+n+r)!

=0 =0 s=0 ||

J (2—71)1
W1 Lo (Titn— 12(i+ 1)
2 <(<n—1>2n2<n+ De-w; T inE-w;

n—2

(=) (=i=2)(—j+n—2)1 . 1
G—n+)(n+1)2n >(]+1)!_(n+1)2(—j+n—1))
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n—2 j+1 n—j+r—2 1)r+s(J+1) (—j+'fl+7‘—2)(—j+ n— 2)!7”!

ZZ Z )(s—i—f)(—j—i—n—i—r)!

=0 =0 s=0 ||

! (2 - n);
n-2 R L (=it n— 1%+ 1)
j; (((n_1)2n2(n+ DE—n); e+ nE-n;

(1P (== 2 (=j+ n=2)N . !
G—n+D(n+1)2nl >(]+1)!_(n+1)2(—j+n—1))

—n?—-n-1 )" (n? 4+ n+1) ~ 28.5(n) Si(n) Sa(n)
n?(n+1)3 n?(n+1)3 n+1 (n+1)2  —n-1

Note: Sy(n) = YN, S8 o e 7\ {0}.

4lal
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In[1]:= << Sigma.m

| Sigma - A summation package by Carsten Schneider © RISC-Linz |

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz |

In[3l:= << EvaluateMultiSums.m
| EvaluateMultiSums by Carsten Schneider © RISC-Linz |
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In[1]:= << Sigma.m

| Sigma - A summation package by Carsten Schneider © RISC-Linz

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz

In[3l:= << EvaluateMultiSums.m

| EvaluateMultiSums by Carsten Schneider © RISC-Linz

n—2j+1n—j4r—2  qyrds (G+1) (—jtntr—2y_ s —2)!r!
=y = (1) () () (= 2t
In[4:= mySum = ZZ Z (n—s)(s+1)(—j+n+r)! 5

j=0r=0 s=0

In5]:= EvaluateMultiSum[mySum, {}, {n}, {1}]
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In[1]:= << Sigma.m

| Sigma - A summation package by Carsten Schneider © RISC-Linz

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz

In[3l:= << EvaluateMultiSums.m

| EvaluateMultiSums by Carsten Schneider © RISC-Linz

n—2j+1n—j4r—2  qyrds (G+1) (—jtntr—2y_ s —2)!r!
=y = (1) () () (= 2t
In[4:= mySum = ZZ Z (n—s)(s+1)(—j+n+r)! 5

j=0r=0 s=0

In5]:= EvaluateMultiSum[mySum, {}, {n}, {1}]

—n?-n—-1 (-1)*(n®+n+1) 28[-2,n]  S[t,n] S[2,n]
n2(n+ 1)3 n2(n+1)° n+1  (m+1)?2  -n—1

Out[5]=
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i Sy (k) =?
k=0

Simplify

1. aformalring A= Q(z) [s
~——
rat. fu. field

polynomial ring



Part 2: The difference ring machinery for symbolic summation

> Si(k) =
k=0

Simplify

1. a formal ring A = Q(z)[s]

2. an evaluation function

ev': Q(z) xN - Q
(M n) N p if g(n) #0
9(z)’ otherwise



Part 2: The difference ring machinery for symbolic summation

i Sy (k) =?
k=0

1. a formal ring A = Q(z)[s]

2. an evaluation function

Simplify

ev': Q(z) xN - Q
oy ifa(n) #0
0 otherwise

ev: Qz)[s§ xN —

ev(s,n) = Sy(n)



Part 2: The difference ring machinery for symbolic summation

> Si(k) =7
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q

Simplify

ev': Q(z) xN - Q
{% if q(n) # 0

q
0 otherwise
ev: Q(x)[s] x N - Q
d d
( Zﬁ s’ n) — Z ev'(fi, n)S1(n)’ ev(s,n) = S;(n)
; =0

Definition: (A, ev) is called an eval-ring



Part 2: The difference ring machinery for symbolic summation

i Sy (k) =?
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q

Simplify

Consider the map
7 A - QN
o= {ev(fin))nzo

It is almost a ring homomorphism :
r@rt) = (0,1,2,3,...)(0,1,3,3,...)

x
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i Sy (k) =?
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q

Simplify

Consider the map
7 A - QN
o= {ev(fin))nzo

It is almost a ring homomorphism :
r@rt) = (0,1,2,3,...)(0,1,3,3,...)

x

0,1,1,1,...)



Part 2: The difference ring machinery for symbolic summation

i Sy (k) =?
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q

Simplify

Consider the map
7 A - QN
o= {ev(fin))nzo

It is almost a ring homomorphism :

T(2)7(2) = (0,1,2,3,...)(0,1,4,4,...)
I
0,1,1,1,...)
H

T(zd)=7(1) = (1,1,1,1,...)



Part 2: The difference ring machinery for symbolic summation

> Si(k) =7
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q

Simplify

Consider the map

: A — QY/~ (an) ~ (by) iff ap, = by
= (ev(fin))n>o from a certain point on

It is a ring homomorphism :
r@rt) = (0,1,2,3,...)(0,1,3,3,...)
|
0,1,1,1,...)

|
T(zd)=7(1) = (1,1,1,1,...)



Part 2: The difference ring machinery for symbolic summation

> Si(k) =7
k=0

1. a formal ring A = Q(z)[s]

2. an evaluation function ev: A x N — Q

Simplify

Consider the map

: A — QY/~ (an) ~ (by) iff ap, = by
= (ev(fin))n>o from a certain point on

It is an injective ring homomorphism (ring embedding):

T(z)7(2) = (0,1,2,3,...)(0,1,4,%,...)
I
0,1,1,1,...)

I
rel)y=7(1) = (1,1,1,1,...)



Part 2: The difference ring machinery for symbolic summation

i Sy (k) =?
k=0

Simplify

1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q
3. a ring automorphism

o Q) - QU
() = r(z+1)



Part 2: The difference ring machinery for symbolic summation

i Sy (k) =?
k=0

1. a formal ring A = Q(z)[s]

2. an evaluation functionev: A x N — Q

Simplify

3. a ring automorphism
o: Q) - Q)
() = r(z+1)
o: Qs — Qz)[s] s,

1



Part 2: The difference ring machinery for symbolic summation

> Si(k) =7
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q

Simplify

3. a ring automorphism
o Qx) — Q(z)
7(x) = r(z+1)

o: Q@)s] — Q(z)s] s 54 ﬁ
d 4 .
gfisf — ;U/(fi) (s-l— ﬁ) Sl(n—kl):sl(n)jLnL+1

Definition: (A, o) with a ring A and automorphism o is called a
difference ring; the set of constants is

constoA ={ce A|o(c)=c}
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Simplify a | |
Z Sy (k) =7 built on Karr's DR
k=0

theory of II3¥-fields
1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q
3. a ring automorphism

o Q) - QU
7(x) = r(z+1)

o: Q@)s] — Q(z)s] s 54 ﬁ
d 4 .
gfisf — ;U/(fi) (s-l— ﬁ) Sl(n+1):sl(n)+%+1

In this example:

const,A={ceA|o(c)=c}=Q

This is a special case of an RIIX-ring



Part 2: The difference ring machinery for symbolic summation
Simplify

a
Z Sl(k) =97 built on Karr's DR
=0 theory of 11X -fields

1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q

3. a ring automorphism o : A — A

ev and o interact:

ev(o(s),n) =ev(s+ ﬁ, n) = S1(n) + ﬁ =ev(s,n+1)
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Simplify a

Z Sy (k) =? built on Karr's DR
theory of II3¥-fields

k=0

1. a formal ring A = Q(z)[s]

2. an evaluation functionev: A x N — Q

3. a ring automorphism o : A — A

ev and o interact:

ev(o(s),n) =ev(s+ ﬁ, n) = S1(n) + ﬁ =ev(s,n+1)
)

7'(0'(8)):(1,1+%,1+%+%,...>:S((O,l,l-ﬁ-%,...)):S(T(s))

shiftdoperator



Part 2: The difference ring machinery for symbolic summation
Simplify a
Z Sy (k) =? built on Karr’s.DR
=0 theory of II3¥-fields
1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q
3. a ring automorphism o : A — A

ev and o interact:

ev(o(s),n) =ev(s+ ﬁ, n) = S1(n) + ﬁ =ev(s,n+1)

7'(0'(8)):(1,1+%,1+%+%,...>:S((O,l,l-ﬁ-%,...)):S(T(s))

T is an injective difference ring homomorphism:

K(z)[s] K(z)s]
A
KN/ ~ KN/ ~
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Simplify

> Si(k) =7
k=0

1. a formal ring A = Q(z)[s]

2. an evaluation functionev: A x N — Q

3. a ring automorphism o : A — A

ev and o interact:

ev(o(s),n) = ev(s + 7. m) = Si(n) + 17 =

7'(0'(8)):(1,1—{—%,1—|—%+%,...>:S(<0,1,1+%,...

0

T is an injective difference ring homomorphism:

(K(2)[s], o)

124

(7(Q(2)) [(S1 (7)) n>0], 5)
——

rat. seq.

built on Karr's DR
theory of II3¥-fields

ev(s,n+1)

< (KY/ ~,9)
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(A,0) = (T(IT|)7S) < (K ~,8)
7(Q()) [(51(k)) k=0l




Part 2: The difference ring machinery for symbolic summation

> Si(k) =?
k=0

Given: f(k) = Si(k)
Find: g = (g(k))i>0 € T(A) s.t.

g(k+1) — g(k) = S1(k)

(A,U) = (T(ITR? S) < (KN/ ~ S)
7(Q())[(S1(k)) k=0
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a

> Si(k) =?

k=0

Given: f(k) = Si(k)
Find: g = (g(k))i>0 € T(A) s.t.

g(k+1) — g(k) = S1(k)

Find: g€ A:
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a

> Si(k) =?

k=0

Given: f(k) = Si(k)
Find: g = (g(k))i>0 € T(A) s.t.

g(k+1) — g(k) = S1(k)

Find: g€ A:

Output: g=zs—=z




Part 2: The difference ring machinery for symbolic summation

a

> Si(k) =?

k=0

Given: f(k) = Si(k)
Find: g = (g(k))i>0 € T(A) s.t.

g(k+1) — g(k) = S1(k)

Output: g(k) = kSi1(k) — k

Find: g€ A:

Output: g=xs—
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> Si(k) = gla+1) - g(0)
k=0

Given: f(k) = Si(k)
Find: g = (g(k))i>0 € T(A) s.t.

gk + 1) g(k) = S1(k)

Output: g(k) = kS1(k) —

Find: g€ A:

Output: g=xs—
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> Si(k) = gla+1) - g(0)=(a+1)Si(a+1) — (a+1)
k=0

Given: f(k) = Si(k)
Find: g = (g(k))i>0 € T(A) s.t.

gk + 1) g(k) = S1(k)

Output: g(k) = kS1(k) —

Find: g€ A:

Output: g=xs—




Part 2: The difference ring machinery for symbolic summation

Simplification of nested product-sum expressions

A(k): nested product-sum expression (sums/products not in the denominator)

l SigmaReduce [A,k]

B(k): nested product-sum expression (sums/products not in the denominator)

» such that

A(N) = B(\) for all A € N with A > &
(5 can be computed explicitly)



Part 2: The difference ring machinery for symbolic summation

Simplification of nested product-sum expressions

A(k): nested product-sum expression (sums/products not in the denominator) ‘

J SigmaReduce [A,k]

B(k): nested product-sum expression (sums/products not in the denominator)

» such that

A(N) = B(\) for all A € N with A > &
(5 can be computed explicitly)

» and such that
the arising sums and products in B(k) (except the alternating sign)
are algebraically independent
(i.e., they do not satisfy any polynomial relation)



Part 2: The difference ring machinery for symbolic summation

Simplification of nested product-sum expressions

A(k): nested product-sum expression (sums/products not in the denominator)

l SigmaReduce [A,Xk]

B(k): nested product-sum expression (sums/products not in the denominator)

Application 1: the expression B(k) is usually much smaller
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Application 2: Canonical representations

A Ay expressions in
a term algebra
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a term algebra
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Application 2: Canonical representations

A Ay expressions in
a term algebra

SigmaReduce
Bl BZ

Vn>0 ev(A,n) =ev(By,n) ev(By, n) = ev(Az, n)



Part 2: The difference ring machinery for symbolic summation

Application 2: Canonical representations

A Ay expressions in
a term algebra

SigmaReduce
Bl BZ
Vn>0 ev(A,n) =ev(By,n) = ev(By, n) = ev(Az, n)
canonical simplifier

By = By



Part 2: The difference ring machinery for symbolic summation

Application 2: Canonical representations

ev(A1, n) - ev(Ap, n)  expressionsin
a term algebra

SigmaReduce
Bl B2
Vn >0 ev(Ai,n) =ev(B,\n) = ev(Bg, n) = ev(Aa, n)
canonical simplifier

B = B



Part 2: The difference ring machinery for symbolic summation

Application 2: Canonical representations

ev(Ai,n) - ev(Ap, n)  expressionsin
a term algebra

SigmaReduce
By By

Vn >0 ev(Ai,n) =ev(B,\n) = ev(Bg, n) = ev(Aa, n)

canonical simplifier

By = B
Application 3: We solve the zero-recognition problem.

Aj (k) evaluates to 0 from a certain pointon < By =0
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1. Creative te|eSCOpIng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
A(n) = Zf(m k); f(n, k): indefinite nested product-sum in k;
k=0

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), ..., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ + ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, JSC 2021)

3. Find a “closed form”

A(n)=combined solutions in terms of indefinite nested sums.
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Part 3: Challenging applications
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Part 3: Challenging applications

in number theory



Part 3: Challening applications in number theory

Example: a challenging email

From: Doron Zeilberger
To: Robin Pemantle, Herbert Wilf
CC:Carsten Schneider

Robin and Herb,
I am willing to bet that Carsten Schneider's SIGMA package
for handling sums with harmonic numbers (among others)

can do it in a jiffy. I am Cc-ing this to Carsten.

Carsten: please do it, and Cc- the answer to me.
-Doron



Part 3: Challening applications in number theory 25

[arose in the bounds on the run time of the simplex algorithm on a polytope]

The problem

From: Robin Pemantle [University of Pennsylvania]
To: herb wilf; doron zeilberger

Herb, Doron,

I have a sum that, when I evaluate numerically, looks
suspiciously like it comes out to exactly 1.

Is there a way I can automatically decide this?

The sum may be written in many ways, but one is:

2 S (k1) — 1| Si(9)
Z k(k+1) Zj(j—i—k)

k=1 j=1

with



Part 3: Challening applications in number theory

The inner sum

#/AL@ —(k+1)(2k+ DA(k+1) + (k+ 1)(k+ 2)A(k+2) =

.
kit 1

Sigma.m Recurrence finder

N 510
A= ; j(j1+ k)
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The inner sum
1

PA) — (k+1)2k+ DAk +1) + (k+ 1) (k+2)A(k+ 2) = T

Sigma.m Recurrence solver Sigma.m

00 ; S1(k) 1 kSi(R)® =25 (k) + k5'2(k)/
A(k)—z .51(]) c {01 o toert 512 C1702€R}
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The inner sum
1

PA) — (k+1)2k+ DAk +1) + (k+ 1) (k+ 2)A(k+ 2) = ]

Sigma.m Recurrence solver Sigma.m

o0 ; Sl(k) 1
A(k)zz‘bjl(ﬁ _ | 0P @)

kSy (k) — 25, (k) + kSg(k)/
+ 242
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Simplify Z ,'Sjl(]) .

k‘Sl(k)Q — 251(]{3) + kSQ(k) + QkC(Q)
2k2




Part 3: Challening applications in number theory
S S~ 185 510
—~  kk+1) = 3G+ k)
1

i Si(k+1) -1 kS1(k)? — 281 (k) + kS2(k) + 2k¢(2)
k(k+1) 2k2
||telescoping + limit calculations

—4¢(2) —2¢(3) +4¢(2)¢(3) +2¢(5)
I

0.999222... # 1

k=1



Part 3: Challening applications in number theory
[Arose in the context to explore rational approximations of ((4)]

Conjecture (Wadim Zudilin) For integers n > m > 0, define two rational
functions

(t—n)m (t—2n~+ m)an—m

R() = Run(t) = (~1)"(t+ 3)

ml (2n — m)!
(t+n+1)p (t+n+1ap_m ( n! )2
(O)nt1 (D)2n—m+1 (D)nt1

and

R = R = g 2 Z( > (- i) e,

2n m+1
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[Arose in the context to explore rational approximations of ((4)]

Conjecture (Wadim Zudilin) For integers n > m > 0, define two rational
functions

(t—n)m (t—2n~+ m)an—m

R() = Run(t) = (~1)"(t+ 3)

ml (2n — m)!
(t+n+ 1) (t+n+Dap_m ( n! )2
(t)nt1 (H)2n—m+1 (Dn+1
and
2on % ol (t—n)2n-m 2n—m—+ 7\ (t—j)n
BH) = Bnmlt) = (t)nr1(t)2n—mt1 Z( ) ( ) nl
Then B
1 = dR(t)| 1= BR(Y)
3 > dt - EZ a2 | _
v=n—m+1 = v=1 t=v
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[Arose in the context to explore rational approximations of ((4)]

Theorem (CS, Sigma, Zudilin) For integers n > m > 0, define two
rational functions

R(1) = Ru(t) = (-1 (14 D)2 (2 20 W20

ml (2n — m)!
(t+n+1)n (t+n+Donm [ o\
) (t)n—l—l (t)2n—m+1 ((t)n+1>
and
= _onl(t—1n)2n-m 2n—m+ 7\ (t— 7
R(t) B Rn’m(t) B (t)nJrl 2n— m+1 Z ( ) ( ) n! '
Then
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Proof tactic: Both sides of

v=n—m+1

satisfy the same recurrence:
ag(n, m)Z(n, m) + aq1(n, m)Z(n, m+ 1) + aa(n, m)Z(n,m+2) =0
with
ag(n, m) = (2n—m)>,
a1(n,m) = —(4n—2m — 1)(6n* — 24n®m + 22n*m? — 8nm?® + m* — 24n°
+ 30n%m — 1dnm? + 2m? + 8n? — 10nm + 2m? — 4n + m),
as(n,m) = —(2n—m—1)>(4n — m)(m + 2).




Part 3: Challening applications in number theory

Proof tactic: Both sides of

v=n—m+1

satisfy the same recurrence:

ag(n, m)Z(n, m) + aq1(n, m)Z(n, m+ 1) + aa(n, m)Z(n,m+2) =0

:S(An,m)
1 “n o n—1 n
RHS:—( ZGl(nam7j7V)+Z Z GQ(nam7]7V)
j=0 v=1 j=0 v=j+1
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n oo n\ 2 (j—m+2n v idu4m
s<n,m)=ZZ( () (T (4 9)mgan( =i+ v+ W) 14
S\t v+ M+ v 1) _pan( + Wiy — m+20)°

2 j ! S
x (@m0 —m+ (===t (= =g = B)

+251(v+n) —S1(v+2n) —S1(v —m+3n) —Si(—j+v+n)
+Sl(u—m+2n)+51(—j+u+2n))

1
_y(]—u—n)(u—m+2n)(—m—Sl(v)+251(u+n)—51(u+2n)
—Sl(u—m+3n)—Sl(—j+I/+n)+Sl(u—m+2n)+31(—j+u+2n))

1
+u(u+n)(u—m+2n)(—m—Sl(u)+231(u+n)—sl(u+2n)
7S1(1/7m+3n)731(7j+u+n)+Sl(ufm+2n)+5'1(7j+u+2n))
1

—G—v— mtom) (- —— g8 28
G=v=mEtn—mt2n (- = = S10) + 2510 + 1)
— S1(vr+2n) — S1(v —m+3n) —S1(—j+v+mn)

+ S1(v —m+ 2n)+Sl(—j+V+2n))

+u(j—u—n)(u+n)(u—m+2n)(— m — So(v) +2S2(v +n)

— Sa(v +2n) — Sa(v —m+3n) — Sa(—j+v+mn)
+ 8a(v — m+ 2n) + Sa(—j+ v + 2n) )
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4+ 4G+ n)(v + n) —3(V+n)2 + n(—m+ n) —j(m+2n))
,2(1/+n)(7 v(ij—v—n)(v+n)(v—m+ 2n)(7 m — S1(v)

+251(v+n) = S1(v+2n) — S (v —m+3n) — S1(—j+v+n)
+Sl(l/—m+2n)+51(—j+l/+2n))
+2jn(m = n) + 2G+ W) (v +n)? = (v + )® = (v + n) (n(m — n) + j(m + 2n)) )

=30 = met 20 (= vl = )=t 20— e =S )

+251(v+ 1) — S1(v+2n) — S1(v — m+3n) — S1(—j+v+n)
+Sl(u7m+2n)+51(fj+u+2n))

+ 2jn(m — n) + 2(j + n)(u+n)2 - (u+n)3 — (v +n)(n(m—n) +j(m+2n)))

v

—j+v+2n

= S1(v) +281(v + n) = S1(v +2n) — S1(v = m+3n) = S1(—j+v+n)

+81(v — m+ 2n) + S1(=j+ v + 2n))

— (V+n)(1/7m+2n)(7 v(ij—v—n)(v+n)(v—m+ 2n)(7

+2jn(m = n) + 2G4+ W) (v +n)? = (v + w)® = (v + n) (n(m = n) + j(m + 2n)) )
x (= S1(v+mn)+ S1(v +2n))
1
—j+v+42n
—S1(v)+25(v+n)—S1(v+2n) — S1(v—m+3n) — S1(—j+v+n)

+(V+n)(u7m+2n)(7u(j7ufn)(u+n)(ufm+2n)(f
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+Sl(u—m+2n)+51(—j+u+2n))
+ 2jn(m — n) + 2(j + n)(u+n)2 — (V+n)3 — (V+n)(n(m7 n)+j(m+2n))>
x (= S1(v) + S1(v — m+ 2n))
1
—j+v+2n
= S1(¥) + 251 (v +n) = S1(v+2n) = S1(v —m+3n) = S1(—j+v+n)

—(v+n)v-—m+ 2n)(— v(ij—v—n)(v+n)(v—m+ 2n)(—

+Sl(u—m+2n)+51(—j+u+2n))
+ 2jn(m — n) + 2(j + n)(t/Jrn)2 — (V+n)3 — (v +n)(n(m— n)+j(m+2n))>
X (= S1(v+mn)+ Si(v — m+ 3n))
1
—j+v+2n
= S1(v) + 251 (v +n) = S1(v+2n) = S1(v —m+3n) — S1(—j+v+n)

+(u+n)(u—m+2n)(—u(j—u—n)(l/+n)(u—m+2n)(—

+ 81(v —m+2n) + S1(—j+ v+ 2n))
+ 2jn(m — n) + 26+ n) (v + 1) — (v +n)°
= W+ n)(n(m = n) + j(m + 2n)))

1
x (— m —Sl(-]+l’+”)+Sl(—J+V+2")))>
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S(n,m) :ZZF(n,m,j,l/)

7=0 v=1
T(n7 m7j)

Sigma.m with
DR-creative telesoping

00(71, ma]) T(na ma]) + al(na ma]) T(na m,j+ 1)
+ a2(n7 ma]) T(na m,j+ 2) = ag(n, m, ])
T(n7 ,m+ 1) = bO(”? m, J) T(nv m, ]) + bl(n7 m, ]) T(?’L, m,j+ 1) = b2(na m, ])
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n o0
S(n,m) = Z Z F(n,m,j,v)
7=0 v=1
T(n,m.j)

Sigma.m with
DR-creative telesoping

(l()('fl, ma]) T(’fl, ma]) + 01(7L, m?]) T(TL, m7]+ 1)
+ a2(n7 ma]) T(”? ma]+ 2) = a3(nv m, ])
T(”v ,m+ 1) = bO(”v m, ]) T(’I’L, m, ]) + bl(n7 m, ]) T(’I'L, m7]+ 1) = bQ(TL, m, .7)

Sigma.m with
Holonomic-DR approach
(2n — m)®S(n, m)

— (4n—2m—1)(6n* —24n*m+22n2m? — 8nm? +m* —24n> + 300> m—14nm?
+2m> + 8n% — 10nm + 2m?* — 4n+ m)S(n, m + 1)
— (2n—m—1)3(4n— m)(m+ 2)S(n, m+ 2) = R(n, m)
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Proof tactic: Both sides of

v=n—m+1

satisfy the same recurrence:

ag(n, m)Z(n, m) + ar(n, m)Z(n, m+ 1) + aa(n, m)Z(n,m+2) =0

SigmaReduce

:S(An,m)
1 “n o n—1 n
RHS:—( ZGl(nam7j7V)+Z Z GQ(nam7]7V)
=0 v=1 7=0 v=j+1
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Proof tactic: Both sides of

1 i drR(t)| li P R(t)
dt |_, 6 e |
v=n—m+1 v v=1 v

satisfy the same recurrence:

ag(n, m)Z(n, m) + ai(n, m)Z(n, m+ 1) + as(n, m)Z(n,m+2) =0

Finally, check 2 initial values: another round of non-trivial summation...
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On January 22, 2020 | received the following email by Doron Zeilberger:

Dear Carsten,

I (and Shalosh) just posted a paper
https://arxiv.org/abs/2001.06839

with a challenge to you (see the middle of page 4)

Can you (and Sigma) extend theorem 5 of that paper
to the general case with k absent-minded passengers?

If you and Sigma can do the fourth moment, and derive
the asymptotic in n (with a fixed but arbitrary k), I will
donate $100$ to the OEIS in your honor.

Best wishes,
Doron

36




Part 3: Challening applications in combinatorics

On January 22, 2020 | received the following email by Doron Zeilberger:

Dear Carsten,

Thi ovoked various heavy cal-

cul eans of computer alge-
bra that'solved fully the above challenge
(based on beautiful results of Doron)

In the following only the symbolic sum-
mation aspect is illustrated.

If you and d derive
the asymptotic in n\wes e arbitrary k), I will
donate $100$ to the OEIS in your honor.

Best wishes,
Doron

37
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Part 3: Challening applications in combinatorics 38
n > 2 passengers take step-wise their seats in a plane with n seats.

1. The first k> 1 passengers are absent-minded, i.e., they lost their seat
ticket and take a seat uniformly at random.

2. Each of the remaining n — k passengers takes the dedicated seat if it is
still free; otherwise, they choose uniformly at random one of the still
available free seats.

l[Henze/Last:arXiv:1809.10192]

The expected value for the passengers sitting in the wrong seat is
—k+n
E(X,
(Xn) = + Z 1—i4n
and the variance is

Kn—1) <X (1—i—k+n)(1— 55k

X,) =~
V(&n) n? +; 1—¢+n

k —k+n 1—j—k+n 1—j—k+n

+2 k ZZ —j+n ; 1—j+n

=1 j=1
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—k+n
k(n—1) k
Tat X

|n[6]::E: —_—
1—i+n

in[7]:= EvaluateMultiSum[V, {}, {k, n}, {1, 2}, {n, Infinity }]
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—k+n
k(n—1) k
n6l=E = ——= u——
Inf6] re D DI s
in[7]:= EvaluateMultiSum[V, {}, {k, n}, {1, 2}, {n, Infinity }]

—kS[1, k] + kS[1, 0] + k(n — 1)

n

Out[7]=
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—k+n
k(n—1) k
n6l=E = ——= S ——
Infs] re D DI s
in[7]:= EvaluateMultiSum[V, {}, {k, n}, {1, 2}, {n, Infinity }]

—kS[1,k] + kS[1,n] + k(n — 1)

n

Out[7]=

2 —
n = 1—i+n

In[gl:= V

Kk —kfn 1=j—ktn _ 1—j—k+n>
b

k—1)k —j+n —j+n
+2<2§n 1;n2+2 Z = =

n
i=1 j=1

In[9]:= EvaluateMultiSum[V, {}, {k, n}, {1, 2}, {n, Infinity }]
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—k+n
k(n—1) k
n6l=E = ——= S ——
Infs] re D DI s
in[7]:= EvaluateMultiSum[V, {}, {k, n}, {1, 2}, {n, Infinity }]

—kS[1,k] + kS[1,n] + k(n — 1)

n

Out[7]=

2 —
n = 1—i+n

In[gl:= V

Kk —kfn 1=j—ktn _ 1—j—k+n>
b

k—1)k —j+n —j+n
+2<2§n 1;112 +Z Z = n =

i=1 j=1
In[9]:= EvaluateMultiSum[V, {}, {k, n}, {1, 2}, {n, Infinity }]

k(2 S[1,k] k(2 S[1
outfo]= — (2+ )81, ]+ (2+ 0)S[t, 0] +k2s[2, k] — k?S[2,n]
n n
2k — k? — 2n — 2kn + 2k?n + 2n° — kn?
(n—1)n?
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Feynman integrals

/1 N1+ )N i
0

(1 _ x)lJrs
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Feynman integrals

1:1,‘N1+I1
// 1_x11+5...d:1:1dx2
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Feynman integrals

11,‘NI+CL’1
/// 1—$11+E' .d:rldxgd{l?g
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Feynman integrals

1:ENl-I—:c
/ / / / 1_1:1 11+s . dxl d$2 d:l?g d.’I?4
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Feynman integrals

Va1 4 2N
///// 1—1:111+8"d$1d$2d$3d564dx5
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Feynman integrals

I‘TN1+$
[ oo o
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Feynman integrals

SN0

j=0 k=0

UalN(1 4 gy ) N-otk
X/O///// (1—z)i+e oo dy dxp dr3 dag dos drg
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Toon
Feynman integrals m@
N-3

i agram [arXiv:1509.08324]
S(L))
0 o N2/ ARE

></0/0/0/0/01/019(1—365—"166)(1—11”2)(1—fL“4)952_E

(1 - 1'2)_5332/2_1(1 . .734)8/2_1%’;_1158/2

a 3-loop massive ladder di-

-

[—a3(1 — 24) — 24(1 — 75 — 26 + 2571 + 7623)]"

+ w1 — 2a) — (1 — @) (1 — a5 — 26 + 2571 + 2673)]"

X (1 — x5 — 26 4 w5m + 2513) F(1 — 29) V37

X [z — (1 — 25 — xg) — 2521 — !176.%'3]N_3_j dxy dxo dxs dxy dos dxg
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Feynman integrals

DESY

> f(N,e. k)
complicated
multi-sums
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Feynman integrals
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Toon
Feynman integrals m@
N-3

i agram [arXiv:1509.08324]
S(L))
0 o N2/ ARE

></0/0/0/0/01/019(1—365—"166)(1—11”2)(1—fL“4)952_E

(1 - 1'2)_5332/2_1(1 . .734)8/2_1%’;_1158/2

a 3-loop massive ladder di-

-

[—a3(1 — 24) — 24(1 — 75 — 26 + 2571 + 7623)]"

+ w1 — 2a) — (1 — @) (1 — a5 — 26 + 2571 + 2673)]"

X (1 — x5 — 26 4 w5m + 2513) F(1 — 29) V37

X [z — (1 — 25 — xg) — 2521 — !176.%'3]N_3_j dxy dxo dxs dxy dos dxg
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j’s’ LR

] = F_3(N)e? + Fa(N)e ™ + Fi(N)e ™" +| Fo(N)
Simplify I
-3 J k —j+N-3 —l+N—q—3 —l+N—q—s—3

Z >0 Z Z S (L) RNy

7=0 k=0 (=0 r=0

(iii)(’i)(’fl%)( J*;V‘ ) “”;" %) M ) A b N s-3) (- 1)!
x (V== (—FN-1)(N=g-—r—s=2)(¢5+1)

451(—j+ N-1) —451(—j+ N-2)— 251(k)
—(S1(=l+N—-—qg—2)+ S (-l+ N—g—r—5—-3) =281 (r+59))

+281(s—1) —281(r+ s)| + 3 further 6-fold sums
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Fo(N) |=
(17TN+5)S1(N)3 35N> —2N—5  13S3(N)  5(-1)N
BSl(N)4 TN D ( 2NZ(N + 1)2 2 2N2
_1\N
(- iy + (o E ) - Bsm + (5 - 050

)S1(N)?

+ (24 2(=1)V) Sy, 1 (N) — 2855 1 (N) + ;3((1\—]1)1‘1’))51(1\0 N (% D)5

—2(=1)NS_5(N)2 + S_s(M(i(,?;vV; 15)) + (26 4+ 4(-1)N) S (V) + 4](\:)1N)

+ ((;Nj(% — S2)Sa(N) + 52 (M) (1081(N)? + (%

+ ]\(I(N+11))S %+(722+6(71)N)S2(M7N(1\1/7(11))
(%—*)S(Mﬂf (—1)M)S4(N) + (— 6+ 5(—1)N)5_s

. W — )82 (W) + (20 4+ 2(-1)%) 82, 3(N) + (= 17+ 13(-1)") S5,1(W)

) (_1)N(2JJ\\I/(J;\/2T)4(9N+ D s 0 0(N) — (244 4(-1)M)S_s.1(N) + (3~ 5(~1)") Sa.1.1 (W)

3

+325 511 (N) + <2 Ssl(N)

51(N)? — ( DVS_s (N)> (2)
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Fo(N) | =

s 4
1251(N) +

(17TN+5)S1(N)3 35N> —2N—5  13S3(N)  5(-1)N
3N(N+ 1) ( 2N2(N+1)2 2 2N?

nNeN+1) 13 29 N
- )W+ (5 - (DY) SN
(N+1) 3

51(N) = Z 20(-1)”

i=1 i 85_21(N) + N2(N+1))51(N)+(%"'(_1)]\7)52(]\[)2
(3N—5) 4(_1)N
N(N+1) N1

(-1 N(5 3N) 5 8(—1)N(2N+ 1)
+ (m ~ 53) S0+ S2 (M) (1081 (P + (R

48N -1) 8(—1)N(3N+ 1) 16
)W Wﬂfmw(fl)”)sz(m—m)

(=1)N(ON +5)

(W—*ﬁ S+ (= 2= SN + (= 6+ 5(-1)") s

NN
+ (- 4N)(N(i 1)+ o TV)Sz,l(N) +(20+2(=1)") 82,2 (M) + (= 17+ 13(=1)") 5.1 (V)

- (_1)N(2JX/(+NIE)4(9N+ D6 aa (0~ (244 408 510 + (3~ 5-1)M) 211 (M)

+32S2,171(N)+<251(N)2 Ssl(N) (1)Ns (N)>C(2)

)S1(N)?

+ (26 +4(-1)M) S (N) +

—2(=1)NS_o(N)2 + S_3(N)(
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Fo(N) | =
(17TN+5)S1(N)3 35N> —2N—5  13S3(N)  5(-1)N
ESI(N)4+ 3N(N+1) (2N2(N+1)2 2 o )5 (?
N
+( Ny 1)(N(i]i)“)—g)sw+(— ()Y s(M)
Sl(]V) = Z n 0( _1)N
+ (2 =1 ' p8S_s, 1(N)+W ) S2(N)?
N—
N -
_\N
N
“M%SB‘*)S W+ (2 M8+ (— 645154
N
+ (- W - 7\,)52,1(1\]) + (20 + 2(=1)M) S5, o (N) + (= 17+ 13(=1)M) 3,1 (N)
_1\N
- (2Jx(+ArllT>4(9N+1)S—zl(m—(24+4(—1>N)S—3,1(N>+(3—5(—1>N)Sz,1,1(N>

3

+325_2,1,1(N)+<251(N)2 3R 4 2N, (N)) 8
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Fo(N) | =
(17TN+5)S1(N)3 35N> —2N—5  13S3(N)  5(-1)N
ESl(N)4 N 3N(N+ 1) ( 2N2(N +1)2 2 one )51
HN@2eN+1) 13
+( () = Z TRy ——)S(JCJH(— (=1")Ss(N)
+ (2 =1 : 85_2,1(N) + N27((1 & ) S2(N)?
N—
—2(=1)VS_5(N)? + S_3(N)( J\(/?N+ 15)) ( )
N -
+ ((1;751\7) — iﬂ)Sz(N) + S—z(N)(10j51(1\7)2 + (
4(3N 1 N __ 16
+ (S C ’“:1_ M+ (= 6+5(-1)M)5 4
)l =1
+ (- uG S_211(N) = Z 2 Sa,—a(N) + (= 17+ 13(=1)") 83,1 (N)
i =1
LG DiaS NN D) s =(zaFa—1)") S5 1 (N) + (3 = 5(=1)") S2,1,1(N)
+32z2,1,1(N)+ <251(N)2 351(N) ( HNS_y (N)> (2)
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Evaluation of Feynman Integrals

W@;@m / O(N, e, 7)dx

behavior of particles

Feynman integrals

DESY

LHC at CERN

applicable

> f(N,e. k)
expression in complicated
special functions (Sigma-package) multi-sums

advanced difference ring theory
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Evaluation of Feynman Integrals

o5

CRLIE

Ty
o

ETTTTIY
G HTQ I
99900509

behavior of particles

Lr

T
e,

/@(N,e,x)dz

Feynman integrals

o What ,se look like in the first second
e Do the 4 fundamental forces unite at high energies?

e Do the properties of the new particle agree with DESY
the predicted Higgs-Boson?

applicable

// Zf(N, €, k)

expression in advanced difference ring theory complicated

special functions (Sigma-package) multi-sums




