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Part 1: A warm-up example 3

A warm-up example: simplify
∞∑
k=0

∞∑
j=0

( (2j + k + n+ 2)j!k!(j + k + n)!

(j + k + 1)(j + n+ 1)(j + k + 1)!(j + n+ 1)!(k + n+ 1)!

+
j!k!(j + k + n)! (−S1(j) + S1(j + k) + S1(j + n)− S1(j + k + n))

(j + k + 1)!(j + n+ 1)!(k + n+ 1)!︸ ︷︷ ︸
f(j)

)

where

S1(n) =

n∑
i=1

1

i
(= Hn)

where

S1(n) =
n∑
i=1

1

i
S2(n) =

n∑
i=1

1

i2

Arose in the context of
I. Bierenbaum, J. Blümlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006
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In[1]:= << Sigma.m

Sigma - A summation package by Carsten Schneider © RISC-Linz

In[2]:= mySum =
a∑

j=0

( (2j + k + n + 2)j!k!(j + k + n)!

(j + k + 1)(j + n + 1)(j + k + 1)!(j + n + 1)!(k + n + 1)!
+

j!k!(j + k + n)! (−S[1, j] + S[1, j + k] + S[1, j + n]− S[1, j + k + n])

(j + k + 1)!(j + n + 1)!(k + n + 1)!

)
;

In[3]:= res = SigmaReduce[mySum]

Out[3]=
(a+ 1)!(k− 1)!(a+ k+ n+ 1)! (S[1, a]− S[1, a+ k]− S[1, a+ n] + S[1, a+ k+ n])

n(a+ k+ 1)!(a+ n+ 1)!(k+ n+ 1)!
+

S[1, k] + S[1, n]− S[1, k+ n]

kn(k+ n+ 1)n!
+

(2a+ k+ n+ 2)a!k!(a+ k+ n)!

(a+ k+ 1)(a+ n+ 1)(a+ k+ 1)!(a+ n+ 1)!(k+ n+ 1)!

In[4]:= SigmaLimit[res, {n}, a]

Out[4]=
1

n!

S[1, k] + S[1, n]− S[1, k+ n]

kn(k+ n+ 1)
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Part 1: A warm-up example 6

Telescoping

GIVEN
A(n) :=

a∑
k=1

S1(k) + S1(n)− S1(k + n)

kn(k + n+ 1)︸ ︷︷ ︸
=: f(k)

.

FIND g(k) :

and c0(n), c1(n):

g(k + 1)− g(k) = f(k)

for all 0 ≤ k ≤ n and all n ≥ 0.
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(k + n+ 1)(n+ 1)2



Part 1: A warm-up example 6

Zeilberger’s creative telescoping paradigm

GIVEN
A(n) :=

a∑
k=1

S1(k) + S1(n)− S1(k + n)

kn(k + n+ 1)︸ ︷︷ ︸
=: f(n, k)

.

FIND g(n, k) and c0(n), c1(n):

g(n, k + 1)− g(n, k) = c0(n)f(n, k) + c1(n) f(n+ 1, k)

for all 0 ≤ k ≤ n and all n ≥ 0.

Summing this equation over k from 1 to a gives:

g(n, a+ 1)− g(n, 1) =

a∑
k=1

[
c0(n) f(n, k) + c1(n) f(n+ 1, k)

]



Part 1: A warm-up example 6

Zeilberger’s creative telescoping paradigm

GIVEN
A(n) :=

a∑
k=1

S1(k) + S1(n)− S1(k + n)

kn(k + n+ 1)︸ ︷︷ ︸
=: f(n, k)

.

FIND g(n, k) and c0(n), c1(n):

g(n, k + 1)− g(n, k) = c0(n)f(n, k) + c1(n) f(n+ 1, k)

for all 0 ≤ k ≤ n and all n ≥ 0.

Summing this equation over k from 1 to a gives:

g(n, a+ 1)− g(n, 1) =

a∑
k=1

c0(n) f(n, k) +

a∑
k=1

c1(n) f(n+ 1, k)



Part 1: A warm-up example 6

Zeilberger’s creative telescoping paradigm

GIVEN
A(n) :=

a∑
k=1

S1(k) + S1(n)− S1(k + n)

kn(k + n+ 1)︸ ︷︷ ︸
=: f(n, k)

.

FIND g(n, k) and c0(n), c1(n):

g(n, k + 1)− g(n, k) = c0(n)f(n, k) + c1(n) f(n+ 1, k)

for all 0 ≤ k ≤ n and all n ≥ 0.

Summing this equation over k from 1 to a gives:

g(n, a+ 1)− g(n, 1) = c0(n)

a∑
k=1

f(n, k) + c1(n)

a∑
k=1

f(n+ 1, k)



Part 1: A warm-up example 6

Zeilberger’s creative telescoping paradigm

GIVEN
A(n) :=

a∑
k=1

S1(k) + S1(n)− S1(k + n)

kn(k + n+ 1)︸ ︷︷ ︸
=: f(n, k)

.

FIND g(n, k) and c0(n), c1(n):

g(n, k + 1)− g(n, k) = c0(n)f(n, k) + c1(n) f(n+ 1, k)

for all 0 ≤ k ≤ n and all n ≥ 0.

Summing this equation over k from 1 to a gives:

g(n, a+ 1)− g(n, 1) = c0(n)A(n) + c1(n)A(n+ 1)



Part 1: A warm-up example 6

Zeilberger’s creative telescoping paradigm

GIVEN
A(n) :=

a∑
k=1

S1(k) + S1(n)− S1(k + n)

kn(k + n+ 1)︸ ︷︷ ︸
=: f(n, k)

.

FIND g(n, k) and c0(n), c1(n):

g(n, k + 1)− g(n, k) = c0(n)f(n, k) + c1(n) f(n+ 1, k)

for all 0 ≤ k ≤ n and all n ≥ 0.

Summing this equation over k from 1 to a gives:

g(n, a+ 1)− g(n, 1) = c0(n)A(n) + c1(n)A(n+ 1)

|| ||
(a+1)(S1(a)+S1(n)−S1(a+n))

(n+1)2(a+n+2) − nA(n) + (2 + n)A(n+ 1)

+ a(a+1)
(n+1)3(a+n+1)(a+n+2)



Part 1: A warm-up example 7

(n+ 2)A(n+ 1)− nA(n) =
(n+ 1)S1(n) + 1

(n+ 1)3

recurrence finder

A(n) =
∞∑
k=1

S1(k) + S1(n)− S1(k + n)

kn(k + n+ 1)

{c× 1

n(n+ 1)

+
S1(n)

2 + S2(n)

2n(n+ 1)
|c ∈ R}

where

S1(n) =
n∑
i=1

1

i

S2(n) =
n∑
i=1

1

i2
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(n+ 2)A(n+ 1)− nA(n) =
(n+ 1)S1(n) + 1

(n+ 1)3

Summation package Sigma
(based on difference field/ring algorithms/theory

see, e.g., Abramov, Karr 1981, Bronstein 2000, Schneider 2001/2004/2005a–c/2007/2008/2010a–c)

A(n) =
∞∑
k=1

S1(k) + S1(n)− S1(k + n)

kn(k + n+ 1)
=

0× 1

n(n+ 1)

+
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where
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1

i
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1
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Part 1: A warm-up example 8

In[5]:= mySum =
a∑

k=1

S[1, k] + S[1,n]− S[1, k + n]

kn(k + n + 1)
;

Compute a recurrence
In[6]:= rec = GenerateRecurrence[mySum,n][[1]]

Out[6]= −nSUM[n]+(1+n)(2+n)SUM[n+1] ==

(a+ 1) (S[1, a] + S[1, n]− S[1, a+ n])

(n+ 1)2(a+ n+ 2)n!
+

a(a+ 1)

(n+ 1)3(a+ n+ 1)(a+ n+ 2)n!

In[7]:= rec = LimitRec[rec,SUM[n], {n}, a]

Out[7]= −nSUM[n] + (1+ n)(2+ n)SUM[n+ 1] ==
(n+ 1)S[1, n] + 1

(n+ 1)3

Solve a recurrence
In[8]:= recSol = SolveRecurrence[rec, SUM[n]]

Out[8]= {{0,
1

n(n+ 1)
}, {1,

S[1, n]2 +
n∑

i=1

1

i2

2n(n+ 1)
}}

Combine the solutions
In[9]:= FindLinearCombination[recSol, {1, {1/2},n, 2]

Out[9]=
S[1, n]2 +

∑n
i=1

1
i2

2n(n+ 1)
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In[7]:= rec = LimitRec[rec,SUM[n], {n}, a]

Out[7]= −nSUM[n] + (1+ n)(2+ n)SUM[n+ 1] ==
(n+ 1)S[1, n] + 1

(n+ 1)3

Solve a recurrence
In[8]:= recSol = SolveRecurrence[rec, SUM[n]]

Out[8]= {{0,
1

n(n+ 1)
}, {1,

S[1, n]2 +
n∑

i=1

1

i2

2n(n+ 1)
}}

Combine the solutions
In[9]:= FindLinearCombination[recSol, {1, {1/2},n, 2]

Out[9]=
S[1, n]2 +

∑n
i=1

1
i2

2n(n+ 1)
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A warm-up example: simplify
∞∑
k=0

∞∑
j=0

( (2j + k + n+ 2)j!k!(j + k + n)!

(j + k + 1)(j + n+ 1)(j + k + 1)!(j + n+ 1)!(k + n+ 1)!

+
j!k!(j + k + n)! (−S1(j) + S1(j + k) + S1(j + n)− S1(j + k + n))

(j + k + 1)!(j + n+ 1)!(k + n+ 1)!︸ ︷︷ ︸
f(j)

)

∞∑
k=1

∞∑
j=0

f(j) =
1

n!

∞∑
k=1

S1(k) + S1(n)− S1(k + n)

kn(k + n+ 1)

=
1

n!

S1(n)2 + S2(n)

2n(n+ 1)

where

S1(n) =

n∑
i=1

1

i
S2(n) =

n∑
i=1

1

i2
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A warm-up example: simplify
∞∑
k=0

∞∑
j=0

( (2j + k + n+ 2)j!k!(j + k + n)!

(j + k + 1)(j + n+ 1)(j + k + 1)!(j + n+ 1)!(k + n+ 1)!

+
j!k!(j + k + n)! (−S1(j) + S1(j + k) + S1(j + n)− S1(j + k + n))

(j + k + 1)!(j + n+ 1)!(k + n+ 1)!︸ ︷︷ ︸
f(n, k, j)

)

∞∑
k=0

∞∑
j=0

f(n, k, j) =
S1(n)2 + 3S2(n)

2n(n+ 1)!

where

S1(n) =

n∑
i=1

1

i
S2(n) =

n∑
i=1

1

i2
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1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger’s algorithm (1991))

GIVEN a definite sum

A(n) =
n∑
k=0

f(n, k); f(n, k): indefinite nested product-sum in k;
n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving
GIVEN a recurrence a0(n), . . . , ad(n), h(n):

indefinite nested product-sum expressions.

a0(n)A(n) + · · ·+ ad(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkovšek/CS, JSC 2021)



Part 2: The main summation tools 12

1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger’s algorithm (1991))

GIVEN a definite sum

A(n) =
n∑
k=0

f(n, k); f(n, k): indefinite nested product-sum in k;
n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving
GIVEN a recurrence a0(n), . . . , ad(n), h(n):

indefinite nested product-sum expressions.

a0(n)A(n) + · · ·+ ad(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkovšek/CS, JSC 2021)
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(
1 + S1(n) + nS1(n)

)2(
3 + 2n+ 2S1(n) + 3nS1(n) + n2S1(n)

)2
A(n)

− (1 + n)(3 + 2n)S1(n)
(
3 + 2n+ 2S1(n) + 3nS1(n) + n2S1(n)

)2
A(n+ 1)

+ (1 + n)2(2 + n)3S1(n)
(
1 + S1(n) + nS1(n)

)
A(n+ 2) = 0ySigma.m{

c1 S1(n)

n∏
l=1

S1(l) + c2S1(n)2
n∏
l=1

S1(l) | c1, c2 ∈ K
}
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− 2(1 + n)3(3 + n)n!2A(n)

+ (1 + n)
(
8 + 9n+ 2n2

)
n!A(1 + n)−A(2 + n) = 0

ySigma.m
{
c1

n∏
i=1

i! + c2

(
− 2nn!

n∏
i=1

i! + 3
2

n∏
i=1

i!
n∑
i=1

2ii!
)
| c1, c2 ∈ K

}
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1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger’s algorithm (1991))

GIVEN a definite sum

A(n) =
n∑
k=0

f(n, k); f(n, k): indefinite nested product-sum in k;
n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving
GIVEN a recurrence a0(n), . . . , ad(n), h(n):

indefinite nested product-sum expressions.

a0(n)A(n) + · · ·+ ad(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkovšek/CS, JSC 2021)

3. Find a “closed form”

A(n)=combined solutions in terms of indefinite nested sums.
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In[1]:= << Sigma.m

Sigma - A summation package by Carsten Schneider © RISC-Linz

In[2]:= << HarmonicSums.m

HarmonicSums by Jakob Ablinger © RISC-Linz

In[3]:= << EvaluateMultiSums.m

EvaluateMultiSums by Carsten Schneider © RISC-Linz

In[4]:= mySum =
∞∑

k=0

∞∑
j=0

( (2j + k + n + 2)j!k!(j + k + n)!

(j + k + 1)(j + n + 1)(j + k + 1)!(j + n + 1)!(k + n + 1)!
+

j!k!(j + k + n)! (−S[1, j] + S[1, j + k] + S[1, j + n]− S[1, j + k + n])

(j + k + 1)!(j + n + 1)!(k + n + 1)!

)
;

In[5]:= EvaluateMultiSum[mySum, {}, {n}, {1}]

Out[5]=
1

n!

S[1, n]2 + S[2, n]

2n(n+ 1)



Part 2: The main summation tools 15

In[1]:= << Sigma.m

Sigma - A summation package by Carsten Schneider © RISC-Linz

In[2]:= << HarmonicSums.m

HarmonicSums by Jakob Ablinger © RISC-Linz

In[3]:= << EvaluateMultiSums.m

EvaluateMultiSums by Carsten Schneider © RISC-Linz

In[4]:= mySum =
∞∑

k=0

∞∑
j=0

( (2j + k + n + 2)j!k!(j + k + n)!

(j + k + 1)(j + n + 1)(j + k + 1)!(j + n + 1)!(k + n + 1)!
+

j!k!(j + k + n)! (−S[1, j] + S[1, j + k] + S[1, j + n]− S[1, j + k + n])

(j + k + 1)!(j + n + 1)!(k + n + 1)!

)
;

In[5]:= EvaluateMultiSum[mySum, {}, {n}, {1}]

Out[5]=
1

n!

S[1, n]2 + S[2, n]

2n(n+ 1)



Part 3: A challenging application: particle physics 16

Application: The simplification of
Feynman integrals
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Evaluation of Feynman Integrals

behavior of particles

∫
Φ(N, ε, x)dx

Feynman integrals

LHC at CERN

∑
f(N, ε, k)

complicated
multi-sums

• What did the universe look like in the first second
• Do the 4 fundamental forces unite at high energies?
• Do the properties of the new particle agree with

the predicted Higgs-Boson?
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Feynman integrals

N−3∑
j=0

j∑
k=0

(
N − 1

j + 2

)(
j + 1

k + 1

)

∫ 1

0
xN dx
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Feynman integrals

N−3∑
j=0

j∑
k=0

(
N − 1

j + 2

)(
j + 1

k + 1

)

×
∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

xN1 (1 + x1)
N−j+k

(1− x1)1+ε
. . . dx1 dx2 dx3 dx4 dx5 dx6
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Feynman integrals
a 3-loop massive ladder di-
agram [arXiv:1509.08324]

N−3∑
j=0

j∑
k=0

(
N − 1

j + 2

)(
j + 1

k + 1

)
||

×
∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
θ(1− x5 − x6)(1− x2)(1− x4)x−ε2

(1− x2)−εxε/2−14 (1− x4)ε/2−1xε−15 x
−ε/2
6[

[−x3(1− x4)− x4(1− x5 − x6 + x5x1 + x6x3)]
k

+ [x3(1− x4)− (1− x4)(1− x5 − x6 + x5x1 + x6x3)]
k

]
× (1− x5 − x6 + x5x1 + x6x3)

j−k(1− x2)N−3−j

× [x1 − (1− x5 − x6)− x5x1 − x6x3]N−3−j dx1 dx2 dx3 dx4 dx5 dx6
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Evaluation of Feynman Integrals

behavior of particles

//
∫

Φ(N, ε, x)dx

Feynman integrals

LHC at CERN

∑
f(N, ε, k)

complicated
multi-sums

• What did the universe look like in the first second
• Do the 4 fundamental forces unite at high energies?
• Do the properties of the new particle agree with

the predicted Higgs-Boson?
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Evaluation of Feynman Integrals

behavior of particles

//
∫

Φ(N, ε, x)dx

Feynman integrals

DESY

��

LHC at CERN

expression in
special functions

∑
f(N, ε, k)

complicated
multi-sums

advanced difference ring theory

(Sigma-package)
oo

• What did the universe look like in the first second
• Do the 4 fundamental forces unite at high energies?
• Do the properties of the new particle agree with

the predicted Higgs-Boson?
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Feynman integrals
a 3-loop massive ladder di-
agram [arXiv:1509.08324]
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)(
j + 1

k + 1

)
||

×
∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
θ(1− x5 − x6)(1− x2)(1− x4)x−ε2

(1− x2)−εxε/2−14 (1− x4)ε/2−1xε−15 x
−ε/2
6[

[−x3(1− x4)− x4(1− x5 − x6 + x5x1 + x6x3)]
k

+ [x3(1− x4)− (1− x4)(1− x5 − x6 + x5x1 + x6x3)]
k

]
× (1− x5 − x6 + x5x1 + x6x3)

j−k(1− x2)N−3−j

× [x1 − (1− x5 − x6)− x5x1 − x6x3]N−3−j dx1 dx2 dx3 dx4 dx5 dx6
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= F−3(N)ε−3 + F−2(N)ε−2 + F−1(N)ε−1 + F0(N)

Simplify ||
N−3∑
j=0

j∑
k=0

k∑
l=0

−j+N−3∑
q=0

−l+N−q−3∑
s=1

−l+N−q−s−3∑
r=0

(−1)−j+k−l+N−q−3×

× (j+1
k+1)(

k
l)(

N−1
j+2 )(−j+N−3

q )(−l+N−q−3
s ) (−l+N−q−s−3

r )r!(−l+N−q−r−s−3)!(s−1)!
(−l+N−q−2)!(−j+N−1)(N−q−r−s−2)(q+s+1)[

4S1(−j +N − 1)− 4S1(−j +N − 2)− 2S1(k)

− (S1(−l +N − q − 2) + S1(−l +N − q − r − s− 3)− 2S1(r + s))

+ 2S1(s− 1)− 2S1(r + s)

]
+ 3 further 6–fold sums
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F0(N) =

7

12
S1(N)4 +

(17N + 5)S1(N)3

3N(N + 1)
+
(35N2 − 2N − 5

2N2(N + 1)2
+

13S2(N)

2
+

5(−1)N

2N2

)
S1(N)2

+
(
−

4(13N + 5)

N2(N + 1)2
+
(4(−1)N (2N + 1)

N(N + 1)
−

13

N

)
S2(N) +

(29
3
− (−1)N

)
S3(N)

+
(
2 + 2(−1)N

)
S2,1(N)− 28S−2,1(N) +

20(−1)N

N2(N + 1)

)
S1(N) +

(3
4
+ (−1)N

)
S2(N)2

− 2(−1)NS−2(N)2 + S−3(N)
(2(3N − 5)

N(N + 1)
+
(
26 + 4(−1)N

)
S1(N) +

4(−1)N

N + 1

)
+
( (−1)N (5− 3N)

2N2(N + 1)
−

5

2N2

)
S2(N) + S−2(N)

(
10S1(N)2 +

(8(−1)N (2N + 1)

N(N + 1)

+
4(3N − 1)

N(N + 1)

)
S1(N) +

8(−1)N (3N + 1)

N(N + 1)2
+
(
− 22 + 6(−1)N

)
S2(N)−

16

N(N + 1)

)
+
( (−1)N (9N + 5)

N(N + 1)
−

29

3N

)
S3(N) +

(19
2
− 2(−1)N

)
S4(N) +

(
− 6 + 5(−1)N

)
S−4(N)

+
(
−

2(−1)N (9N + 5)

N(N + 1)
−

2

N

)
S2,1(N) +

(
20 + 2(−1)N

)
S2,−2(N) +

(
− 17 + 13(−1)N

)
S3,1(N)

−
8(−1)N (2N + 1) + 4(9N + 1)

N(N + 1)
S−2,1(N)−

(
24 + 4(−1)N

)
S−3,1(N) +

(
3− 5(−1)N

)
S2,1,1(N)

+ 32S−2,1,1(N) +

(
3

2
S1(N)2 −

3S1(N)

N
+

3

2
(−1)NS−2(N)

)
ζ(2)

S1(N) =
N∑
i=1

1

i

S2(N) =

N∑
i=1

1

i2

S−2,1,1(N) =

N∑
i=1

(−1)i
i∑

j=1

j∑
k=1

1

k

j

i2

ζ(2) =
∞∑
k=1

1

k2
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Evaluation of Feynman Integrals

behavior of particles

//
∫

Φ(N, ε, x)dx

Feynman integrals

DESY

��

LHC at CERN

expression in
special functions

∑
f(N, ε, k)

complicated
multi-sums

advanced difference ring theory

(Sigma-package)
oo

• What did the universe look like in the first second
• Do the 4 fundamental forces unite at high energies?
• Do the properties of the new particle agree with

the predicted Higgs-Boson?
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The difference ring approach has many applications in
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I analysis of algorithms
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