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A warm-up example: simplify
ii( (25 +k+n+2)5K( + k+n)!
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)
+j!k!(j +E+n)(=510)+ 51 +k) + 510 +n) = 5i(j+k+n)) )
G+Ee+DIG+n+1)Nk+n+1)!

f@)

k=05=0

where

Sitn) =25 (= Ho)

Arose in the context of

|. Bierenbaum, J. Bliimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006



Part 1: A warm-up example 3

A warm-up example: simplify
ii( (2] +k+n+2)jkG +k+n)!
k=0j=0 G+E+DG+n+1)0G+E+ DG +n+ DIk +n+ 1)

+j!k!(j +hk+n)(=S1G)+S1(G+k)+S1(j+n)—S1(G+k+n)) )
G+HE+DIG+n+D)I(k+n+1)!

f@)
FIND ¢(j):

fG) =90 +1)—g(j)




Part 1: A warm-up example 3

A warm-up example: simplify
ii( (2] +k+n+2)jkG +k+n)!
k=0j=0 G+E+DG+n+1)0G+E+ DG +n+ DIk +n+ 1)

+j!k!(j +E+n)(=510)+ 51 +k) + 510 +n) = 5i(j+k+n)) )
G+ek+DG+n+ 1)1 k+n+1)!
f(G)
FIND ¢(j):

fG) =90 +1)—g(j)

1 summation package Sigma

\ GARD)GntD) R G k) (S1.(5) = S1 (k) — 81 (G+n) 1 (j+k+n))
9(j) = G DI Gnt DI (D!




Part 1: A warm-up example 3

A warm-up example: simplify

ZZ (27 +k+n+ 27!+ k +n)!
= Uk D0 +n+ DG+ R+ DG +n+ DIk +n+1)
'k'(]—Hchn)(

(')+S1(j+k)+51(j+n)—Sl(j—i—k—i-n)))
G+E+DG+n+DNk+n+1)

f@)
FIND ¢(j):

fG) =90 +1)—g(j)

Summing the telescoping equation over j from 0 to a gives

Zf gla+1)—g(0)



A warm-up example: simplify
ZZ (25 + k+n+2)5k!(j + k +n)!
G+HE+D)G+n+ ) G+E+DG+n+)(E+n+1)!

k=05=0
W(]"”“‘*‘”)( ()+S1(J+k)+51(3+n)—51<j+k+n)))
G+E+DIG+n+ DN k+n+1)!
f(G)
FIND ¢(j):

fG) =90 +1)—g(j)

Summing the telescoping equation over j from 0 to a gives

Zf gla+1) —g(0)

_(a+1) (k—1)!(a+k+n+1)!(S1(a)—S1(a+k)—S1(a+n)+S1(a+k+n))
- n(at+k+1)!(a+n+1)I(k+n+1)!
+Sl(k)+51(n)751(k+n) + (2a+k+n+2)alk!(a+k+n)!
R kn(k+n+1)n! (a+k+1)(a+n+1)(a+k+1)! (a+n+1)!(k+n+1)!

~"
a— o0




A warm-up example: simplify
ii( (25 +k+n+2)5K( + k+n)!
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)
+j!k!(j +E+n)(=510)+ 51 +k) + 510 +n) = 5i(j+k+n)) )
G+HE+DIG+n+D)I(k+n+1)!

k=05=0

f(5)
o S1(k) + S1(n) — S1(k + n)
2 f6)= kn(k +n+ 1)

Jj=0
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)= << Sigma.m

| Sigma - A summation package by Carsten Schneider (©) RISC-Linz |

a

-~ mySum = (2j+k+n+2)j!k!(j+k+n)!

Inf2l:= mySu —Z((j+k+1)(j+n+1)(j+k+ HIG+ Di(k+n+1)!

BG4+ k+n)! (- S[l,J]+S[1,J+k]+S[1,J+n]—S[l,‘]_l’_k_'_n]))
G+k+ D! +n+ 1) (k+n+1)!

+




Part 1: A warm-up example 4

n[1]:= << Sigma.m

| Sigma - A summation package by Carsten Schneider (©) RISC-Linz |

a

~ mySum = (2) + k+n+2)jik!( + k + n)!

In[2]:= mySu —Z((j+k+1)(j+n+1)(j+k+ DG +n+ )i(k+n+ 1)

JIKG+k+n)! (— S[l,J]+S[1,J—|—k]+S[1’J+n]_S[l,J_’_k_'_n]))
G+k+1)!Gi+n+1)!(k+n+1)!

+

In[3]:= res = SigmaReduce[mySum)]
(a+)!x—-1)!(a+k+n+1)(S[t,a] —S[t,a+ k] —S[1,a+n] + S[1,a+k +n]) N
n(a+k+1)(a+n+1)(k+n+1)!
S[1,%] + S[1,n] — S[1,k +n] (2a +k 4 n + 2)alk!(a + k +n)!
kn(k +n + 1)n! (a+k+1)(a+n+1)(a+k+1(a+n+1)(k+n+1)

Out[3]=
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n[1]:= << Sigma.m
‘ Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

~ mySum = (23 + k + n + 2)jtKIG + k + n)!

In[2]:= mySu —JZ((j+k+1)(j+n+1)(j+k+ DG+n+ )l (k+n+1)!

IK!IG+Hk+n)! (— S[l,J]+S[1,J+k]+S[1’J+n]_S[l,J+k+n]))
G+k+1)!G+n+1)!(k+n+1)!

+

In[3]:= res = SigmaReduce[mySum)]
(a+ D!k -1 (a+k+n+1)(S[1,a] —S[1,a+ k] —S[1,a+n]+S[1,a+ k +n]) n

Out[3]=
B n(atk+1)(atn+1)(k+n+1)
S[1, %] + S[t,n] — S[1,k + n] (2a+k +n+ 2)alk!(a+ k +n)!
kn(k + 10+ 1)n! (a+k+1)(a+n+1)(a+k+ ) (a+n+ 1) (k+n+1)

In[4]:= SigmaLimit[res, {n}, a]

1 S[1,k] 4 8[t,n] — S[1, k + n]
n! kn(k +n+1)

Out[4]=



A warm-up example: simplify
ii( (25 +k+n+2)5K( + k+n)!
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)
+j!k!(j +E+n)(=510)+ 51 +k) + 510 +n) = 5i(j+k+n)) )
G+HE+DIG+n+D)I(k+n+1)!

k=05=0

f(5)
o S1(k) + S1(n) — S1(k + n)
2 f6)= kn(k +n+ 1)

Jj=0
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A warm-up example: simplify
ZZ (2j+k+n+2)jk(+k+n)
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)

L JEIG+Ek+n) (=S ()+5’1(]+k)+51(j+n)—Sl(j—i—k—i-n)))
G+ek+DG+n+ 1)1 k+n+1)!

f@)

k=05=0

= Sl -I-Sl Sl(k-l-n)
sz( n'z kn( k+n—|—1)

k=1;j=0
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Telescoping

GIVEN Z Sy (k) + Si(n) — Si(k + n)

il knk+n+1)

FIND g(k) :

L9k +1)— g(k) | =| (k) |

forall0 <k <mnandalln>0.




Telescoping

GIVEN Z Sy (k) + Si(n) — Sy (k +n)
kn(k + n+1) '

-~

= f(k)

k=1

FIND g(k) :

L9k +1)— g(k) | =| (k) |

forall0 <k <mnandalln>0.

no solution @



Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

— kn(k+n+1)
= f(n7 k)

FIND g(n, k)

[g(n,k+1) — g(n. k)| =| f(n, k) |

forall0 <k <mnandalln>0.

no solution @



Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

— kn(k+n+1)
=: f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.



Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

GIVEN S 1(n) — S n
A(n)::ZS(k)-I—S() Sy (k+ )‘

— kn(k+n+1)
=: f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

|Sigma computes: | co(n) = —n, c1(n) = (n+2) and

_ kSi1(k) + (=n—1)S1(n) — kS1(k+n) -2
gln, k) = Gtn+ DTl




Zeilberger's creative telescoping paradigm

GIVEN o Su(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

a

[9n.a+1) = g0 1) |=| 3" [eo(n) £, k) + 1 (n) f+ 1,8)]

k=1




Zeilberger's creative telescoping paradigm

GIVEN o Su(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

a

lg(n,a+1) = g(n, 1) |=| " co(n) f(n, k) + Y er(n) f(n +1,k)
k=1

k=1




Zeilberger's creative telescoping paradigm

GIVEN o Su(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

a

[g(n,a+1) = g(n, 1) |=|co(n) Y f(n, k) +c1(n) D f(n+1,k)
k=1 k

=1




Zeilberger's creative telescoping paradigm

GIVEN o Su(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

lg(n,a+1) — g(n,1) | =[co(n) A(n) + 1 (n) A(n + 1)




Zeilberger's creative telescoping paradigm

GIVEN o Su(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

lg(n,a+1) = g(n,1)|=|co(n) A(n) + c1(n) A(n + 1) |
| |

a S1(a)4+S1(n)—S1(a+n
e —nAm) + 2+ mAR )

+ a(a+1)
(n+1)3(a+n+1)(a+n+2)




Part 1: A warm-up example 7

(n 4+ 1)Sy(n) + 1
(n+1)>3

(n+2)A(n+1) —nA(n) =

recurrence finder

kn(k +n+1)

k=1




Part 1: A warm-up example 7

(n+2)A(n+1) —nA(n) = (n+1)Si(n) +1

(n+1)3
recurrence solver
| 50 1 l
Ay = S SR) +Sim) =Skt | | {ex om
k=1 kn(k +n+1) S1(n)? + Sa(n) ceR)
2n(n + 1)
where

n



Part 1: A warm-up example 7

(n 4+ 1)Sy(n) + 1
(n+1)>3

(n+2)A(n+1) —nA(n) =

Summation package Sigma
(based on difference field/ring algorithms/theory
see, e.g., Abramov, Karr 1981, Bronstein 2000, Schneider 2001/2004 /2005a—c/2007 /2008 /201pa—c)

1 +
o) = o~ S1(k) + Si(n) = Si(k+n) | _ 0%
An) 2 kn(k+n+1) N ((n)ji)sg(n)
2n(n + 1)
where § -
S=Y:  Sm=)

i=1 i=1



Part 1: A warm-up example 8

2. S[1,k] + S[1,n] — S[1,k + n]
In[s]:= mySum = Z H
= knk+n+1)




Part 1: A warm-up example 8

2. S[1,k] + S[1,n] — S[1,k + n]
In[s]:= mySum = E ;

= knk+n+1)
Compute a recurrence

Infe]:= rec = GenerateRecurrence[mySum, n][[1]]

outfs]= —nSUMIn]+(1+4n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] + S[1,n] fS[l,a+n])+ a(a+1)
(n+1)2(a+n+ 2)n! (n+1)3(a+n+1)(a+n+2)n!




Part 1: A warm-up example 8

2. S[1,k] + S[1,n] — S[1,k + n]
In[s]:= mySum = E ;
= knk+n+1)
Compute a recurrence

Infe]:= rec = GenerateRecurrence[mySum, n][[1]]

outfs]= —nSUMIn]+(1+4n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] +S[1,n] — S[1,a +n])

a(a+1)
(n+1)2(a+n+ 2)n!

(n+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]

out[7]l= —nSUM[n] + (1 +n)(2 + n)SUM[n + 1] == %



Part 1: A warm-up example 8
a
st mySum = 37 S[1, k] + S[1,n] — S[1,k + n]
= knk+n+1)
Compute a recurrence

Infe]:= rec = GenerateRecurrence[mySum, n][[1]]

outfs]= —nSUMIn]+(1+4n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] + S[1,n] 78[1,a+n})+ a(a+1)
(n+1)2(a+n+ 2)n! (n+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]
oufl= —nSUMIn] + (1 + n)(2 + n)SUM[n 4 1] == BF DSILn/+1
(@+1)?

Solve a recurrence

Infg]:= recSol = SolveRecurrence[rec, SUM]|n]]

|
2
. S[l,n] +;§
ugl= {{0 1 =
Outfg] {{,n(n+1)},{, 2t 1)

i3



Part 1: A warm-up example 8
2. S[1,k] + S[1,n] — S[1,k + n]
In[s]:= mySum = E ;
= knk+n+1)
Compute a recurrence

Infe]:= rec = GenerateRecurrence[mySum, n][[1]]

outfs]= —nSUMIn]+(1+4n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] + S[1,n] 75[1,a+n})+ a(a+1)
(n+1)2(a+n+ 2)n! (n+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]

out[7]l= —nSUM[n] + (1 +n)(2 + n)SUM[n + 1] == %

Solve a recurrence

Infg]:= recSol = SolveRecurrence[rec, SUM]|n]]

— 1
2
. S[1,n] +lz::1§
Out[8]= {{O’ }7{1:

n(n+1) 2n(n+1)

i3

Combine the solutions
in[9}:= FindLinearCombination[recSol, {1, {1/2}, n, 2]
S[1,n]? + iy %2

Outlo]= 2n(n+1)



Part 1: A warm-up example 9

A warm-up example: simplify
ZZ (2j+k+n+2)jk(+k+n)
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)

L JEIG+Ek+n) (=S ()+Sl(j+k)+51(]+n)—Sl(j—i—/c-i-n)))
G+ek+DG+n+ 1)1 k+n+1)!

f@)

k=05=0

= Sl -I-Sl Sl(k-l-n)
;]Z:%f( n'z kn( k;+n—|—1)
_ 1.51(n)* + Sz(n)

n!  2n(n+1)

where



A warm-up example: simplify
ZZ (25 + k+n+2)5k!(j + k +n)!
JHE+D)G+n+D)E+E+DIG+Hn+DI(k+n+1)!

k=05=0
'k'(]—l—k—i—n) (=S1(5 )+S1(]+k)+51(]+n)—Sl(j—i—k—l-n)))
G+E+DG+n+DNk+n+1)
f(n,k,j)
e Sl( ) +3Sz(n)
kzzojgof(n k) = 2n(n +1)!
where
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Part 2: The main summation tools
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1. Creative teleSCODInE (for the special case of hypergeometric terms see Zeilberger's algorithm (1991)
GIVEN a definite sum

n: extra parameter

n
A(n) = Z f(n7 k); f(n,k): indefinite nested product-sum in k;
k=0

FIND a recurrence for A(n)




Part 2: The main summation tools 12

1. Creative teleSCODInE (for the special case of hypergeometric terms see Zeilberger's algorithm (1991)
GIVEN a definite sum

n
A(n) = Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=0

n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), ..., aaq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkovdek/CS, JSC 2021)




Part 2: The main summation tools

(14 S1(n) + 151 (n))? (3 + 2n 4 251 (n) + 3051 (n) + 025, (n))* A(n)
— (14 n)(342n)S1(n)(3 + 2n + 251 (n) + 3nS1(n) + n251(n))2A( +1)
+ (1 +n)%2+n)*Si(n)(1 + Si(n) + nSi(n))A(n +2) =0

lSigma.m
n n

{cl Si(n) [T $1(0) + 281 () [ $1(0) | er.ez € K}

=1 =1



Part 2: The main summation tools

—2(14n)*(3 +n)n!?A(n)
+(1+n)(8+9n+2n*)nlA(l+n) — A2+n) =0

s
|
—
-
|
—
.
I
—
-
Il
—
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1. Creative teleSCODInE (for the special case of hypergeometric terms see Zeilberger's algorithm (1991)
GIVEN a definite sum

n
A(n) = Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=0

n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), ..., aaq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkovdek/CS, JSC 2021)




Part 2: The main summation tools 14

1. Creative teleSCODInE (for the special case of hypergeometric terms see Zeilberger's algorithm (1991)
GIVEN a definite sum

n
A(n) = Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=0

n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), ..., aaq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkovdek/CS, JSC 2021)

3. Find a “closed form”

A(n)=combined solutions in terms of indefinite nested sums.




Part 2: The main summation tools

In[1]:=

In[2]:=

In[3]:=

In[4]:=

In[5]:=

<< Sigma.m
‘ Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

<< HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz ‘

<< EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider (©) RISC-Linz ‘

mySum =
ii( (2j + k +n+ 2)j'k!(§ + k + n)!
== GHEk+D0+n+D0+k+D!G+n+ DIkt !
Jk!G+k+n)! (=S[1,j] +S[1,j + k] +S[1,j+n] = S[1,j + k + n]))_
G+k+1)G+n+1)!(k+n+1)! ’

EvaluateMultiSum|[mySum, {}, {n}, {1}]



Part 2:

The main summation tools

In[1]:=

In[2]:=

In[3]:=

In[4]:=

In[5]:=

Out[5]=

<< Sigma.m
‘ Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

<< HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz ‘

<< EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider (©) RISC-Linz ‘

mySum =
ii( (2j + k +n+ 2)j'k!(§ + k + n)!
== GHEk+D0+n+D0+k+D!G+n+ DIkt !
Jk!G+k+n)! (=S[1,j] +S[1,j + k] +S[1,j+n] = S[1,j + k + n]))_
G+k+1)G+n+1)!(k+n+1)! ’

EvaluateMultiSum|[mySum, {}, {n}, {1}]

1 8[1,n]? + S[2,n]
n! 2n(n+1)



Part 3: A challenging application: particle physics

Application: The simplification of
Feynman integrals



Part 3: A challenging application: particle physics

Evaluation of Feynman Integrals

behavior of particles



Part 3: A challenging application: particle physics

Evaluation of Feynman Integrals

WQ,:E}W / B(N, e, 2)dx

behavior of particles

Feynman integrals



Part 3: A challenging application: particle physics

Feynman integrals

1
/ 2V dx
0



Part 3: A challenging application: particle physics

Feynman integrals

1
/ V(1 +2)N do
0



Part 3: A challenging application: particle physics

Feynman integrals

1N N
/ 2V (1+x) i
0

(1 —x)tte



Part 3: A challenging application: particle physics

Feynman integrals

1—i—a:1
// 1—.(81 1+6 . .dxld.’l,‘g



Part 3: A challenging application: particle physics

Feynman integrals

1+x
/ / / 1—.271 11_1_8 . .d.’L‘l d$2d$3
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