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PROBLEM: SoLVING PLDES IN FIELDS

o A difference field (E,¢) is a field E with an automorphism o : E — E.

@ The set of constants is defined by
K = const,E = {c € E | o(c) = ¢}

Note: K is a subfield of E.

Given 0 # (ag, ...,am) € E™ (R,...,fy) € B4

Find all g € E and (cy, ..., cq) € K9 with

agtao(g@)+t---+amocm(g)=cfit+---+cafy

Parameterized Linear Difference Equation (PLDE)
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PROBLEM: SoLVING PLDES IN FIELDS

o A difference field (E,¢) is a field E with an automorphism o : E — E.
@ The set of constants is defined by
K = const,E = {c € E | o(c) = ¢}
Note: K is a subfield of E.
Given 0 # (ag, ...,am) € E™1 (f,...,fy) € E9
Find a basis of
{(g,cl,...,cd) cEx K|
apg+aio(g)+ -+amo"(g)=a f1+-'-+cdfd}

DEFINITION

PLDEs are solvable in (E, o) < for given a;, f; € E one can compute
a basis of its solution space. 1
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SoLviING PLDES IN MX-FIELDS

DEFINITION (KARR, 1981)

Let (E, o) be a difference field that is built by a tower of field extensions

K=FEy<E; <---<E.=E
where E; = E;_1(t;) is a rational function field,
e o(c)=c VceK
and for 1 < j < e we have
e o(t;) = aj tj with a; € E7_; (a product)
e o(tj) = ti + a; with a; € E;_1 (a sum)

(E, o) is called a NMX-field over K if const,E = K.

THEOREM (ABRAMOV/BRONSTEIN/PETKOVSEK/CS, JSC 2021)

One can solve PLDEs in a X -field.

[The first-order case has been solved by Karr'81]



EXAMPLE

The PLDE solver

@ contains creative telescoping as a special case

@ is a key step to compute hypergeometric and d'Alembertian solutions
(see again Abramov/Bronstein/Petkoviek/CS, JSC 2021)

(1+ Hp + nHa)? (3 + 2n + 2H, + 3nH, + n*H,)>G(n)

—(1+ n)(3 4 2n)Hn (3 + 20 + 2H, + 3nH, + n*H,) > G(n + 1)
+(1+n)?(2+ n)*Hy (1 + Hyp + nH,) G(n +2) =
lSigma.m
{Cl H, H H, + C2H,2, HH/ | C1,Co € K}
=1 =1
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PROBLEM: REPRESENTATION OF HYP. PRODUCTS

n n
_ —13122k(1+k) _ 26244k%(24-k)?
n= H SET y2 = T Btk
k=1 k=1
_ Tk 2+k)3 _ . 162k(24k)
3= 729((5+k)) ) Y4 = H T 5tk
k=1 k=1
B 216(—1)"2" (3")® ~9(27)(3M% (n!)?
A D)2+ 23(n+3)3n” 27 (n+32
_15(n+1)%(n+2)?(—1)"(n!)3 _60(—1)"2" (3")* n!

(113t Hn+5) )P T (3 (nra)nt5)
in terms of
n! = f[k, 2", 3" and (-1)"

Mx-field

ot
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Consider the difference field (E, o) with
E=Q(x)
and
e o(x)=x+1
(-1)7* = —(-1)"
(-1)m2=1



Consider the difference ring (E, o) with

E = Q(x)ly]
and
=x+1

(

e o(x)
° U(Y) = —y and y2 =1 (—1)”"’1 = —(-1)"

(-1)")? =1



Consider the difference ring (E, o) with
E = Q(x)ly]

and

e o(x)=x+1 L
_ _ (-1)7+1 = (-1
o o(y)=-yandy*=1 (~1)")2 =1
We get

@ zero-divisors:

(I-y)1+y)=1-y>=0
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PROBLEM: SoLVING PLDES IN RINGS

e A difference ring (E, o) is a ring E with an autom. 0 : E — E.

@ The set of constants is defined by

K = const,E={c € E|o(c)=—c}
@ill be a field by construction)

Note: K is a subring jakli==

Given 0 # (ao,...,am) € E™?1, (f,..., fy) € B9

{(g,cl,...,cd)EEde|
30g+310(g)+"‘+am0m(g):C1f1+"'+cdfd}

is a K subspace of E x K9 with/dithension/4/d 1 m.
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Consider the difference ring (E, o) with
E = Q(x)ly]

and

e o(x)=x+1

o o(y)=—-yand y’=1
We get

@ zero-divisors:
(1-y)l+y)=1-y*=0

o elements gy = 1%}’ and e = HTY with

o €2 = ¢ [idempotent]
o ey e = 0 [orthogonal]
o o(ey) = e and o(er) = €.
@ In particular, we can decomposegthe ring as

N
E=¢gE® akE
N~

=1

(1) = ~(-1)"
(-1



IDEMPOTENT DIFFERENCE RINGS

DEFINITION
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Consider the difference ring (E, o) with
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DEFINITION: AN RMX-rRING (E, o)

e is a ring (containing Q)

E = K(x)

e with an automorphism where o(c) = ¢ for all ¢ € K and where

o(x)=x+1
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DEFINITION: AN RMX-rRING (E, o)

e is a ring (containing Q)

E := K(x)[p1, ,Dl_l][P27 Pg_l] - [pes P 1]

e with an automorphism where o(c) = ¢ for all ¢ € K and where
o(x)=x+1

(nested) products <> o(p1) =a1p1 a; € K(x)*
o(p2) = ap> a2 € K(x)[p1,p; )"

o(pe) = aepe ae € K(x)[p1, P;l] oo [Pe-1, pg—ll]*
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DEFINITION: AN RMX-rRING (E, o)

e is a ring (containing Q)

E = K(x)[p1, p1 1[p2, P3 '] - - - [Pe, P 1[Y]

e with an automorphism where o(c) = ¢ for all ¢ € K and where
o(x)=x+1

(nested) products <> o(p1) =a1p1 a; € K(x)*
o(p2) = ap> a2 € K(x)[p1,p; )"

o(pe) = aepe ae € K(x)[p1, P;l] oo [Pe-1, pg—ll]*
(-1 & dy)=-y y=1
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DEFINITION: AN RMX-rRING (E, o)

e is a ring (containing Q)

E = K(x)[p1, p1 1[p2, P3 '] - - - [Pe, P 1[Y]

e with an automorphism where o(c) = ¢ for all ¢ € K and where
o(x)=x+1

(nested) products <> o(p1) =a1p1 a; € K(x)*
o(p2) =ap2  a € K(x)[p1, p; 1"

U(pe) = dePe e € K(X)[pla pl_l] ce [pe—lv pe__ll]*

« is a primitive Ath Olk o U(y) =ay y>\ -1

root of unity

11



e is a ring (containing Q)

DEFINITION: AN RMX-rRING (E, o)

E = K(x)[p1, py 1[p2, p2 1] - - [Pes pe V] [s1][s2][s3] - - -

(nested) products

« is a primitive Ath

(nested) sums

o(x)=x+1
U(P1) =aip1
o(p2) = a2p2
U(pe = dePe

e with an automorphism where o(c) = ¢ for all ¢ € K and where

a1 € K(x)*
a € K(x)[pr, p; "

ae € K(x)[p1, pr '] - [Pe1, P2 4]"

y =1

fi € K(x)[p1, pr - - - [pe, 2 Y]
f € K()[p1, pr '] - - [Pe, P Iy][s1]
fs € K()[p1, pr '] - - [pe; P2 1 Iy1[suls2]

11



DEFINITION: AN RMX-rRING (E, o)

e is a ring (containing Q)

E = K(x)[p1, py 1[p2, p2 1] - - [Pes pe V] [s1][s2][s3] - - -

e with an automorphism where o(c) = ¢ for all ¢ € K and where

(nested) products

« is a primitive Ath Olk
root of unity

(nested) sums

o(x)=x+1
U(P1) =aip1
a(p2) = a2p2
U(pe) = dePe
a(y) =ay
o(s1)=s1+h
(7(52) =5 +h

a1 € K(x)*
a € K(x)[pr, p; "

ac € K()[p1,py '] - - [Pe—1, P 41"
y =1
fi € K(x)[p1, py '] - - - [pe, P2 1Y)

fo € K(x)[p1, pr '] .- [Pe, P ly]lsi]
fy € K(x)[p1, py ' - [Pe. p2 1Y 1[s1][s2]

such that const, K = {C c E‘O’(C) = C} = K.

11



IDEMPOTENT DIFFERENCE RINGS

DEFINITION

(E, o) is called idempotent difference ring (IDR) of order A if there are

such idempotent orthogonal elements ep, ..., ey_1 with
g ag g
~ X\
E = eE® elE/-\ ® exoE @ ey 1E.

(e

[M. van der Put, M.F. Singer. Galois theory of difference equations, 1997.
A. Ovchinnikov and M. Wibmer. o-Galois theory of linear difference equations, 2015,...]

An RIMX-ring is such an IDR of order A
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IDEMPOTENT DIFFERENCE RINGS

DEFINITION

(E, o) is called idempotent difference ring (IDR) of order A if there are

such idempotent orthogonal elements ep, ..., ey_1 with
g ag g
~ X\
E = eE® elE/-\ ® exoE @ ey 1E.

(e

[M. van der Put, M.F. Singer. Galois theory of difference equations, 1997.
A. Ovchinnikov and M. Wibmer. o-Galois theory of linear difference equations, 2015,...]

An RIMX-ring is such an IDR of order A

@ each component ¢ E is an integral domain

e taking the quotient field Q(e; E) we get a MX-field

(QeE), o)



MAIN STRATEGY FOR AN RINYX-RING (E, o)

Given aj, fi € E

find all ; € K, g € E for E=ek®d- - Se

ag+aol(g)+ - +amoig)=cf
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MAIN STRATEGY FOR AN RINYX-RING (E, o)

Given a;,f; € E

find all ; € K, g € E for E=ek®d- - Se

a0g +ao'(g) + - +amo’(g) = cf

lg =€ 8+ -+ exn-18\-1

bo,i(ei gi) + brio™(eigi) + -+ + bmioc” " (e; gi) = ke

13



MAIN STRATEGY FOR AN RINYX-RING (E, o)

Given a;,f; € E

find all ; € K, g € E for E=ek®d- - Se

ag+act(g)+ - +amotg)=cf

lg =€ 8+ -+ exn-18\-1

bo,i(ei gi) + brio™(eigi) + -+ + bmioc” " (e; gi) = ke

l solver in MX-field (Q(e E), o)
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MAIN STRATEGY FOR AN RINYX-RING (E, o)

Given a;,f; € E

find all ; € K, g € E for E=ek®d- - Se

ag+act(g)+ - +amotg)=cf

lg =€ 8o+ -+ ex—18\-1
bo,i(eigi) + biio™(eigi) + -+ + bmioc (e &) = K
l solver in MX-field (Q(e E), o)
(eogo+ -+ +ex-18\-1,C1,...,¢q) € E x K9

13



EXAMPLE

[(1+n)(2+n)((2+n+(1+n)§ )(~1)" - (1+n)2§: C)] 6(n)
Haen@en (@20 3D~ @) 3 5] 6(n+1)
+(14n)? (2+n)((71)"§%+n§ C)]6(n+2)

= (2+n)*+(1+n) Z L o(14n)p(—1)ry G

i=1

14



EXAMPLE

[(1+n)(2+n)((2+n+(1+n)§ )17 = ()3 C)] 6(n)
Haen@en (@20 3D~ @) 3 5] 6(n+1)
+(14n)? (2+n)((71)"§%+n§ C)]6(n+2)

= (2+n)*+(1+n) Z L o(14n)p(—1)ry G

|

Take the RMX-ring (E, o) with E = Q(x)[y][s][5] where

° o(x)=x+1,
° o(y)=-y,
° o(s)=s+
° 0(3) =5+ 4.
Take ¢ = 177}’ and ¢, = HTY

14



EXAMPLE

[(1+X)(2+X)(f§(1+x) 2+s+x+s)y)le

)

+[(1+x)(2+x)( S(1+x)+(2+x+2s(1+x) y}a
+[(1+x )7(2 + x)( sx—f—sy}

-2

=s(1+x)+(2+x)* —25(1 +x)3

T

Take the RMX-ring (E, o) with E = Q(x)[y][s][5] where
e o(x)=x+1,
° o(y)=-vy,
e o(s)=s+ x+1
e o(5)=5+ x+1
14y

Take g = 15 % and e; = —%.
14



EXAMPLE (CONTINUED)

(1 +x)24x)(=5(1 +x)* + (2+ s+ x + sx)y)|g
+[(1+x)2+x)(=5(1+x) + 2+ x +25(1 + x))y)|o(g
+[(1 4+ x)2(2 + x)(3x + sy)]o?
=s(14+x)+ (2 +x)* - 25(1 + x)3y
llinear algebra
bo,o(e0go) + bo,15°(e0go) + bo.20* (e0go) = eoo
bio(eigr) + bo102(e1g1) + bo20*(e181) = €01
ll‘lZ—soIver
g =5+ c + s+ 5+ 2x — 4sx — 25x) c, e
gl:—5+d1+d2(—5+§—2X—|—4$X—2§X) di,dr €Q
lcombine

g = —sy — K1y + k2(5 — 25x — sy — 2xy — 4sxy) K1,k2 € Q



EXAMPLE (CONTINUED)

i

(-1

—

[(1+n)(2+n)((2—|—n+(1+n);%)(— ) — (1+n)2z:
Z

—

Ham@+m)((2+n+214+0) S 1) (-1)" — (14+0) 3 52

)
i=1 ( ’1 l)
)
)

@+ (- 1) 2 +nz -1

= 4P+ (1+n) S L — 214 (—1)n 3 EX

i=1 i=1

lPLDESolver.m

o= 21— (L an)(-1) 2 3+ 3 S (1 - 2m)

16



EXAMPLE (CONTINUED)

(1 +x)24x)(=5(1 +x)* + (2+ s+ x + sx)y)|g
+[(1+x)2+x)(=5(1+x) + 2+ x +25(1 + x))y)|o(g
+[(1 4+ x)2(2 + x)(3x + sy)]o?
=s(14+x)+ (2 +x)* - 25(1 + x)3y
llinear algebra
bo,o(e0go) + bo,15°(e0go) + bo.20* (e0go) = eo¢o
bio(eigr) + bo102(e1g1) + bo20*(e181) = €01
ll‘lZ—soIver
g =5+ c + s+ 5+ 2x — 4sx — 25x) c, e
gl:—5+d1+d2(—5+§—2X—|—4$X—2§X) di,dr €Q
lcombine

g = —sy — K1y + k2(5 — 25x — sy — 2xy — 4sxy) k1, k2 € Q .



EXAMPLE (CONTINUED)

o Plug g = eggo + e181 into the given equation.
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EXAMPLE (CONTINUED)

o Plug g = epgo + e141 into the given equation.

o Apply o/ for j =0 and project to the second component:
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EXAMPLE (CONTINUED)

o Plug g = epgo + e141 into the given equation.
e Apply o/ for j =0 and project to the second component:

0=—5(1+x)+25(14+x)> -2+ x)>+ (1 +x)2+x)2+ 5+ x+sx — 51 +x)*)a
(14 x)(2+x)(2 4 x +25(1 + x) = 5(1 + x))o(g0) + (1 + x)*(2 + x)(s + 5x)o’(g1)

18



EXAMPLE (CONTINUED)

o Plug g = epgo + e141 into the given equation.

e Apply o/ for j =0,1 and project to the second component:
0=—s(1+x)+251+x)° — 2+ %)%+ 1+ x)(2+ )2+ 5+ x + sx — 5(1 + x)°)Z1

40+ 0@+ x25(1 4+ x) — 51+ x0)0(0) + (1 + 022 + x)(s + 590°(81),
1

2 3, 1 1
0=—0B+x) —22+x)’G— ——)— 2+ x)(s+ H7X)+(2+X)(3+X)(_3_S_X_

1 1+x 1 1+ x

— @ - ) = (6 + N0 (80) + @B (-3 —x - 240G - )
1 2 ’ 1 _ 1 3

— 224+ + N0 (g1) + @+ %23+ x)(—s — T AENE- e (80).

18



EXAMPLE (CONTINUED)

o Plug g = epgo + e141 into the given equation.
e Apply o/ for j =0,1,2 and project to the second component:

0=—s(1+x)+251+x)° — 2+ %)%+ 1+ x)(2+ )2+ 5+ x + sx — 5(1 + x)°)Z1

0=—(4+x)°+2B+x°GE -

F (14 x)2+ )2+ x +2s(1 + x) — 51+ x)0(&o) + (1 +x)2(2 + x)(s + §X)O’2(g1),
1

2 3 1 1
0=—0B+x) —22+x)’G— ——)— 2+ x)(s+ m)+(2+x)(3+x)(—3—s—x—

1 1+x 1 1+ x

— @ - ) = (6 + N0 (80) + @B (-3 —x - 240G - )
1 2 ’ 1 _ 1 3

— 224+ + N0 (g1) + @+ %23+ x)(—s — T AENE- e (80).

1 1 1
+—)=CB+x)s+ —+—)+CB+x)@+x)(4+s+x+
14+ x 24+ x 1+ x 2+ x 1+ x

2

_ 1 2
A v AR X+%?”" (81) + G+ x4+ x4 +x 1
- 2
7(3+x)(sfm+$)+2(3+x)(s+m+m))0 (g0) + B+ @+ 0+ - + 5
4
+EHNE- s+ 00 (8),

18



EXAMPLE (CONTINUED)

o Plug g = epgo + e141 into the given equation.

e Apply o/ for j =0,1,2,3 and project to the second component:
0=—s(1+x)+251+x)° — 2+ %)%+ 1+ x)(2+ )2+ 5+ x + sx — 5(1 + x)°)Z1

40+ 0@+ x25(1 4+ x) — 51+ x0)0(0) + (1 + 022 + x)(s + 590°(81),
1

2 3, 1 1
0=—0B+x) —22+x)’G— ——)— 2+ x)(s+ 17)+(2+X)(3+x)(—3—s—x—

1 1+x 1 + x 1+ x
- @+x% - T’ — @R+ =0 (g0) + 2 +1x)(3+x)(—3 - x —1(2+x>3(§— )
22+ x)(s + —) o?(81) + @+ 2@+ x)(—s - T a6 00 (80),

1 1 1
+—)=CB+x)s+ —+—)+CB+x)@+x)(4+s+x+
14+ x 24+ x 1+ x 2+ x 1+ x

2, 1 2
s TG T ) @A o 0 (81) + B+x)(@+x)(4+x

- 1 3 2 1
- B+xGE- H—X+?)+2(z+x)(s+l+—x+2+—x))o (80) + B +x)2(@+x)(s+ =t

o*(g1),

1 1 1 1 1
+ ——)—@G+x)(s+ — +

0=—(4+x)°+2B+x°GE -

+ 2+ x)(5—

1
+
1+ x 24+ x

1
+ — )+ @+ x)5+x)(-5
1+ x 2+ x 3+ x 1+ x 2+ x 34+ x
1 2, 1 1 1 1
e e (@) (F - b = ) — (B (s +
1+x 2+ x 3+ x 1+x 2+ x 3+ x 1+x 2+ x
3 1 1 1 1
o +(4+x)(5+x) (=5 —x — (4+x)(5 — to T g AR
77307 (80) + (4 +(5 4 20(=5 —x = (842006 — 1 e = Som) = 240 ErAETE

4 » 1 1 1 1 1
t 30 (81) s - - e s TB G Tt s~ ) (go)

0=—(5+x)°—2(4+x°3GE—




o
a
>
Z
=
%
©,
S
&
—
s
=
=
o
£

This is the linear system

I~ A~ A~ A~~~
o~~~ o~~~
— N N N N

— N N N N

e N R N R

N N N N N

where

(1+x)3

1n

e=s(1+x)+(2+x)?-2
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EXAMPLE (CONTINUED)

@/I € Q(x, s,5)**° has full rank)

This is the linear system

R

R

R

where
o =s(1+x)+(2+x)?—251+x)*

Thus we can solve the system in 6 — 4 = 2 variables
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EXAMPLE (CONTINUED)

We get the solutions:
o(&0) -o(80)
o* (&) -o° (&)

0_5 (gO) 1640 + 3485x + 2734x2 + 1011x% + 178x* + 12x° + 4s(138 + 337x + 304x* + 129x° + 26x* + 2x°) + 5(276 + 674x + 608x> + 258x> + 52x* + 4x°)

(2+x)(3+ x)2(4 + x)(5 + x)(5 + 5x + x? + 25(2 + 3x + x2) + 5(2 + 3x + x2))

(98 + 158x + 81x2 + 16x> + x* + 25(24 + 50x + 35x% + 10x> + x*) + 5(24 + 50x + 35x% + 10x°> + x‘))O’(go)
(3+ x)(4 + x)(5 + 5x + x2 + 25(2 + 3x + x?) + 5(2 + 3x + x?))

3
(158 + 253x + 133x% + 28x> + 2x* + 45(24 + 50x + 35x> + 10x* + x*) + 25(24 + 50x + 35x> + 10x° + x*))T (go)
i

(3+ x)(4 + x)(5 + 5x + x® + 25(2 + 3x + x2) + 5(2 + 3x + x?))

15 4 20x + 8x% + x* + s(7 + 10x + 3x®) — 25(—3 — 3x + 3x* + 4x* + x*)

81-

(L+ )3+ x)(5 + 5x + x2 + 25(2 + 3x + x?) + 5(2 + 3x + x?))

3
(5 4+ 5x + x> + 5(1 + x)*(2 + x) +3s(z+3x+x2))0'(g0) N (14 x)Q2+x)(s+ 3500 (go)
5+ 5x + x2 + 25(2 + 3x + x) + 5(2 + 3x + x?) 5+ 5x + x2 + 25(2 + 3x + x2) + §(2 + 3x + x?)

5+ 8x + 5% + x> — 25(1 + x)(2 + x)* — (2 + 3x + x2)

o’(g1) -

T2+ )3+ x5+ 5x + X2+ 25(2 + 3x + x2) + 5(2 + 3x + x2))

3
(1+x)(1+5(2+x)+§(2+x)2)a-(g0) . 2+ x)(—2 — x — s(L+x) +5(1 +x))T (go)
54 5x + x2 + 25(2 + 3x + x2) + 5(2 + 3x + x?) 5 4 5x + x2 + 25(2 + 3x + x2) + 5(2 + 3x + x?)

0_4(g1) 215 + 254x + 106x° + 18x° + x* — 25(3 + x)*(11 + 18x + 8x* + x*) + (24 + 41x + 20x* + 3x°)
B (34 x)2(4 + x)(5 + 5x + x2 +25(2 + 3x + x?) + 5(2 + 3x + x?))

(24 x)(—13 — 8x — x* + 5(1 + x)(3 + x)* — s(3+4x+x7))0'(g0)
(34 x)(5 + 5x + x2 +25(2 + 3x + x2) + 5(2 + 3x + x?))

3
(41 + 49x + 1852 + 2 — 5(2 + x)?(3 + 4x + x2) + 3s(6 + 11x + 6x> + x*))T (go)

(3 + x)(5 + 5x + x2 + 25(2 + 3x + x?) + 5(2 + 3x + x?))
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EXAMPLE (CONTINUED)

Finally, we plug this solution into the desired recurrence for k = 0, 1:

2
Z br,i(07) (ex k) = ex Px-
i=0
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Finally, we plug this solution into the desired recurrence for k = 0, 1:

2
Z br,i(07) (ex k) = ex Px-
i=0

lcoeff. comparison w.r.t. 1, o(go), o> (&)

linear system with 3 eq. in 4 unknowns (by o, bk 1, bk 2, ¥«)
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EXAMPLE (CONTINUED)

Finally, we plug this solution into the desired recurrence for k = 0, 1:

2
Z br,i(07) (ex k) = ex Px-
i=0

lcoeff. comparison w.r.t. 1, o(go), o> (&)

linear system with 3 eq. in 4 unknowns (by o, bk 1, bk 2, ¥«)

l

bo,o =x (29 + 125 + 65 + 33x + 225x + 118x + 11x% + 125x% + 63x> + x° + 2sx° + §x3) ,

bpy = — x (41 4 245 + 125 + 49 + 44sx + 225x + 185 + 24sx? + 125x% + 2x° + 4sx> + 2§x3) ,
bo,2 =x(2 + x)(3 + x)(2 + 25 + 5 + x + 2sx + 5x),
by =20 + 125 — 65 + 33x + 22sx — 115x + 11x* + 125x° — 65x° + x° + 25> — 5x°,
by 1 = — 41 — 24s + 125 — 49x — 44sx + 225x — 18x> — 24sx* + 125x% — 2x° — 4sx® + 257,
b2 =(24+ x)(3 + x)(2 4+ 25 — 5+ x + 2sx — 5x),
x (292 + 88s + 445 + 559x + 212sx + 1065x + 387x% + 180sx> + 905x> + 114x% + 64sx> + 325x> + 12x* + 8sx* + £
(14 x)(2+ x)(4+x)
292 4 885 — 445 + 550x + 212sx — 1065 + 387x% + 180sx® — 905x + 114x° 4 64sx® — 325x% + 12x* + gsx* — 45x*
(14 x)(2+ x)(4 + x) 21

Yo = —




EXAMPLE (CONTINUED)

@/I € Q(x, s,5)**° has full rank)

This is the linear system

R

R

R

where
o =s(1+x)+(2+x)?—251+x)*

Thus we can solve the system in 6 — 4 = 2 variables
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SHIFT PROJECTION MATRIX

Let (E, o) be an IDR of order A with idempotent elements e; € E with
0<s< A

DEFINITION (PROJECTION)

7 :E — E with 7(g) — go where g = Zi‘;& esgs is called a projection.

DEFINITION (SHIFT PROJECTION MATRIX)

For a = (a0, a1, ---,am) € E™! we define the ((m -+ 1)\ — m) x (m+ 1)\
shift projection matrix by

Mo,r(a) :=
m(ap) m(ar1) s 7(am) 0 [ 0
0 m(o(20)) - 7(o(am-1)) m(o(am)) U 0
0 0 . 0 m(o(MtDA=m=1(5y) co m(o(mEDA=m=1(g

23



EXAMPLE (CONTINUED)

(1 +x)24x)(=5(1 +x)* + (2+ s+ x + sx)y)|g
+[(1+x)2+x)(=5(1+x) + 2+ x +25(1 + x))y)|o(g
+[(1 4+ x)2(2 + x)(3x + sy)]o?
=s(14+x)+ (2 +x)* - 25(1 + x)3y
| M = M, - has full rank
bo,o(e0go) + bo,15°(e0go) + bo.20* (e0go) = eo¢o
bio(eigr) + bo102(e1g1) + bo20*(e181) = €01
ll‘lZ—soIver
g =5+ c + s+ 5+ 2x — 4sx — 25x) c, e
gl:—5+d1+d2(—5+§—2X—|—4$X—2§X) di,dr €Q
lcombine

g = —sy — K1y + k2(5 — 25x — sy — 2xy — 4sxy) k1, k2 € Q 04



SUMMARY OF OUR PLDE MACHNINERY

Let (E, o) be an RMX-ring;

a=(ap,...,am) € E™? with a, #0 and f; € E.

M, ~(a) has full rank

(e
PLDE in the a; and f; is solvable
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SUMMARY OF OUR PLDE MACHNINERY

Let (E, o) be an RMX-ring;

a=(ap,...,am) € E™? with a, #0 and f; € E.

ap or an, are not zero-divisors (regular)  (simple criterion)

¢oF
M, »(a) has full rank

(e
PLDE in the a; and f; is solvable



EXAMPLE: ZERO-DIVISORS

o(x)=x+1
oly) =~y
Take the PLDE
1+y 1+y
—5 g txo(g) +xo%(g) + o) =0

Note: leading and the trailing coefficients are zero-divisors.
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EXAMPLE: ZERO-DIVISORS

o(x)=x+1
oly) =~y
Take the PLDE
1+y 1+y
—5 g txo(g) +xo%(g) + o) =0

Note: leading and the trailing coefficients are zero-divisors. But:

0x x 0 0
01lxflx+l 1 0 0 O
My (@)= {00 0 x+2x+2 0 0 0 has full rank
00 O
00 O 0 0 x+4 x+40

lPLDESolver.m

g=c-y, ceQ

26



CONCLUSION (WHAT YOU FIND IN THE ARTICLE)

o a PLDE-solver for RIX-rings
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CONCLUSION (WHAT YOU FIND IN THE ARTICLE)

o a PLDE-solver for RIX-rings

e simplified algorithms that avoid the heavy ¥ -field machinery
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MAIN STRATEGY FOR AN RINYX-RING (E, o)

Given a;,f; € E

find all ; € K, g € E for E=ek®d- - Se

ag+act(g)+ - +amotg)=cf

lg =€ 8o+ -+ ex—18\-1
bo,i(eigi) + biio™(eigi) + -+ + bmioc (e &) = K
l solver in MX-field (Q(e E), o)
(eogo+ -+ +ex-18\-1,C1,...,¢q) € E x K9

28



SIMPLIFIED SOLVERS

Given a;,f; € E

find all ¢; € K, g € E for el ® - Dex-1

ag+act(g)+ - +amotg)=cf

lg =€g t "t ex-18\ -1
bo,i(ei i) + b1ioc* (e &) + -+ + bmic (e &) = K
‘simplified solver in (K, 0?)

(eogo+ -+ +ex-18\-1,C1,...,¢q) € E x K9
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CONCLUSION (WHAT YOU FIND IN THE ARTICLE)

o a PLDE-solver for RIX-rings
o simplified algorithms that avoid the heavy NX-field machinery

@ works also for the quotient ring of an RI1X-ring
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MAIN STRATEGY FOR AN RINYX-RING (E, o)

Given a;,f; € E

find all ; € K, g € E for E=ek®d- - Se

ag+act(g)+ - +amotg)=cf

lg =€ 8o+ -+ ex—18\-1
bo,i(eigi) + biio™(eigi) + -+ + bmioc (e &) = K
l solver in MX-field (Q(e E), o)
(eogo+ -+ +ex-18\-1,C1,...,¢q) € E x K9
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BonNus: soLVING PLDES IN QUOTIENT RINGS

Given a;,f; € E

find all ¢; € K, g € E for Q(E) = Q(E) & - - - & Q(ex—1E)

a0g+act(g)+ - +amotg)=cf

lg =€ 8o+ -+ ex—18\-1
bo,i(eigi) + biio™(eigi) + -+ + bmioc (e &) = K
l solver in MX-field (Q(e E), o)
(eogo+ -+ +ex-18\-1,C1,...,¢q) € E x K9
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BonNus: soLVING PLDES IN QUOTIENT RINGS

Given a;,f; € E
findall ¢; € K, g € Q(IE) for Q(E) = Q(eoE) & - - - & Q(ex—1E)

ag + alal(g) + - +am UA(g) =cf

lg =e€ego+ -+ ex-18-1
bo (e gi) + brio e gi) + - + bmioc* (e gi) = ke
l solver in ME-field (Q(e E),o™)
(eogo+ -+ ex-18\-1,C1,.--,¢4) € Q(E) x K¢

30



CONCLUSION (WHAT YOU FIND IN THE ARTICLE)

o a PLDE-solver for RIX-rings
o simplified algorithms that avoid the heavy NX-field machinery
@ works also for the quotient ring of an RINMX-ring

e a general algorithmic framework for
e idempotent difference rings

o for RIMX-extensions defined over “computable” difference fields
(not only (K(x), o))
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CONCLUSION (WHAT YOU FIND IN THE ARTICLE)

o a PLDE-solver for RIX-rings

simplified algorithms that avoid the heavy X -field machinery

works also for the quotient ring of an RINX-ring

a general algorithmic framework for
e idempotent difference rings

o for RIMX-extensions defined over “computable” difference fields
(not only (K(x), o))

e also interesting if the matrix M, .(a) does not have full rank...

31



EXAMPLE: NOT FULL RANK

Take the PLDE

(v = Dg +x(y + 1o(g) + (v — 1)o’(g) + x(y + 1)o°(g) = 0
The shift projection matrix is

0 -2 0 0 0 0 ©
02(14+x) 02(1+x) 0 0 0

My (a) = 0 -2 0 -2 0 0 0
o, 0 0

0 0

0 02(34x) 02(3+x)
0 0 —2 0 -2

OOOOM

which doesn’t have full rank.
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EXAMPLE: NOT FULL RANK

Take the PLDE

(v = Dg +x(y + 1o(g) + (v — 1)o’(g) + x(y + 1)o°(g) = 0
The shift projection matrix is

0 -2 0 0 0 0 ©
02(14+x) 02(1+x) 0 0 0

My (a) = 0 -2 0 -2 0 0 0
o, 0 0

0 0

0 02(34x) 02(3+x)
0 0 —2 0 -2

OOOOM

which doesn’t have full rank.
Still our machinery gives further inside:

g = epgo + e181 € E is a solution

\
o gy satisfies go + 02(gy) =0

@ gy cannot be bounded
32



CONCLUSION (WHAT YOU FIND IN THE ARTICLE)

o a PLDE-solver for RIX-rings

simplified algorithms that avoid the heavy X -field machinery

works also for the quotient ring of an RINX-ring

a general algorithmic framework for
e idempotent difference rings
o for RIMX-extensions defined over “computable” difference fields

(not only (K(x), o))

e also interesting if the matrix M, .(a) does not have full rank...

new applications: e.g., summation of C?-finite sequences
(Friday, 17:00-17:30; Jiménez-Pastor/Nuspl/Pillwein)
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