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THE THEOREMA SYSTEM: OVERVIEW

B Theorema is a mathematical assistant system aiming at communication with users in
natural style.

Theorema tries to support as many typical activities of a working mathematician as
possible (computation & proving).

Natural style input: not only formulas but entire documents.
General focus on automated proving.
Natural style output: generate proofs in human-readable style.

Developed on the basis of Mathematica, Theorema code is open source
GPL-licensed.

User Interface: prepare mathematical document + support activities whose results get
incorporated into the document.

JxU RISC.w 1119



EXAMPLE (USER INTERFACE)

Alice prepares lecture notes for Linear Algebra.
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Alice prepares lecture notes for Linear Algebra.
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EXAMPLE (USER INTERFACE)

Alice prepares lecture notes for Linear Algebra.

She writes structured text (sections, subsections, etc.) into her mathematical document.
Text will also contain definitions and theorems (should appear in a familiar style).
Document should contain example computations.

Document should contain proofs.

ALL IN ONE DOCUMENT

JxU RISC.w 2/19



THEORY DEVELOPMENT

Theorema Theory = Theorema notebook + Theorema archive

Theorema notebook: mathematical document (see above).
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THEORY DEVELOPMENT

Theorema Theory = Theorema notebook + Theorema archive

Theorema notebook: mathematical document (see above).
Theorema archive:

B file containing formulas only
H in a format that can be imported into Theorema again
B in other formats to be read by other systems, eg. MMT (Kohlhase/Rabe)
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SUPPORT FOR THEORY DEVELOPMENT

Work in progress: Automatically maintain and display a formula graph such as

Dy

Dy T Dy D, Ly b T % Lo

Theorem(vickrey efficient) Theorem(vickrey dominant)

where

B vertices are formula labels and
B X — Y means: formula X is needed in the proof of formula Y.
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SUPPORT FOR THEORY DEVELOPMENT

Features supported in the interactive graphical user interface (Theorema commander):

B Tooltip over label shows entire formula (see labels in proofs).
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SUPPORT FOR THEORY DEVELOPMENT

Features supported in the interactive graphical user interface (Theorema commander):

B Tooltip over label shows entire formula (see labels in proofs).

B Color-coding of labels indicates theory membership.

B Mouse-click on labels jumps to formula definition in the notebook.
|

Zoom-out in order to switch to theory level, ie. vertices are theories and X — Y
means: some formula of X is needed in the proof of some formula in Y.

Show/Hide theories via checkboxes.

Apply graph algorithms in order to investigate theory structure.

JxU RISC.w 5/19



FORMULA DEPENDENCIES

Prerequisite for dynamically maintaining the formula graph: tracking of formula
dependencies.
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FORMULA DEPENDENCIES

Prerequisite for dynamically maintaining the formula graph: tracking of formula
dependencies.

Input to an automated prover: proof goal G, knowledge base (&1, ..., k,), etc.
Naive approach: Add edges (k1,G), ..., (k., G) to the formula graph.
But: It is not guaranteed, that all of the k4, ..., k,, are really required for proving G.

Solution:

PROOF SIMPLIFICATION.

JxU RISC.w 6/19



PROOF SIMPLIFICATION

1. Eliminate unnecessary paths in the proof tree
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DETECTION OF UNNECESSARY FORMULAS

Proof tree node: proof situation (proof goal + knowledge base + additional prover info)
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DETECTION OF UNNECESSARY FORMULAS

Proof tree node: proof situation (proof goal + knowledge base + additional prover info)
Proof tree node (detail): proof info + proof situation

Proof info: contains information necessary for displaying proof in human-readable form,
eg. formulas needed to perform the proof step.

Proof info cannot be extracted automatically, it has to be specified when implementing the
prover.

JxU RISC.w 8/19



PROOF INFO: EXAMPLE

Proof Step: Reduce proof goal g by knowledge k; to new goal ¢'.
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PROOF INFO: EXAMPLE

Proof Step: Reduce proof goal ¢ by knowledge %; to new goal ¢'.

Node Proof Situation Proof Info
N g,(k17...7ki,...,kn)

1 L
child of N g (ks ki k)

JxU RISC.w 919



PROOF INFO: EXAMPLE

Proof Step: Reduce proof goal g by knowledge k; to new goal ¢'.

Node Proof Situation Proof Info
N @,(kl,---77---7kn>
1 b
child of N , (K1, ki k) Formulas needed: g, k;, g’
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PROOF INFO: EXAMPLE

Proof Step: Reduce proof goal ¢ by knowledge %; to new goal ¢'.

Node Proof Situation Proof Info
N gy (K1, kiyooy kn)
l L
child of N gy (K1, kiyeo o kn) Formulas needed: g, k;, ¢’

Proof info allows to generate text:

“In order to prove g, because of k;, it is sufficient to prove g'.”

JxU RISC.w 919



PROOF INFO: FORMULAS NEEDED

Instead of plain list (f1,..., fx)
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PROOF INFO: FORMULAS NEEDED

Instead of plain list (f1,..., fx)
— ((ury e oyum), (G1s- s gm))

where
u,; are sets of formulas used and
g; are sets of formulas generated in a node, st.

all formulas in u; are needed to generate the formulas in g;.
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PROOF INFO: FORMULAS NEEDED

Instead of plain list (f1,..., fx)
— ((ury e oyum), (G1s- s gm))

where
u,; are sets of formulas used and
g; are sets of formulas generated in a node, st.

all formulas in u; are needed to generate the formulas in g;.
Example above: (({g, k:}), ({'}))-

JxU LS.
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DELETING UNNECESSARY FORMULAS

Node Proof Info Necessary Formulas

Terminal Node ((u1), ({})) F=uwu
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Node Proof Info Necessary Formulas
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DELETING UNNECESSARY FORMULAS

Node Proof Info Necessary Formulas
N (g, ), (9155 9m))
1
Terminal Node ((u1), ({})) F=uwu

where

gi=9NF

, u; ifgl#0
u, =
0 ifgi=0

JXU RISC% 11/19



DELETING UNNECESSARY FORMULAS

Node Proof Info Necessary Formulas
N ((u/l aaaaa u;n) (94 ----- g'l/n)) F:FU’U/l UUU’Zm
1
Terminal Node ((u1), ({})) F=uwu
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DELETING UNNECESSARY FORMULAS

Node Proof Info Necessary Formulas
parent of N ((ug,..., Um)s (g1, - - s Im))
1
N ((ul, ..., ul), (g s ) F=FuUu,U---Uu
l
Terminal Node ((u1), ({})) F=u
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DELETING UNNECESSARY FORMULAS

Node Proof Info
parent of N ((uf, ... uk
+
N ('
+
Terminal Node ((u1), ({}))

where

9 =9iNF

JxU

Necessary Formulas

o fus g £0
'u?'/ —
0 ifgr=190
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DELETING UNNECESSARY FORMULAS

Node Proof Info Necessary Formulas
parent of N ((uf, ... us), (g5, ..., gx)) F=FUujU---Uu},
1
N ((ul, ..., ul), (g s ) F=FUu,U---Uul,
+
Terminal Node ((u1), ({})) F=uwu
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DELETING UNNECESSARY FORMULAS

Node Proof Info Necessary Formulas
parent of N ((uy,...;us), (95,1 95) F=FUujU---Uu},
!
N ((uyoeul), (ghy ooy i) F=FUuU---Uul,
1
Terminal Node ((u1),({})) F=u

Upon termination: F' contains all necessary formulas!
Root node proof info: (({}), (K™*)) where K* contains just those formulas of the original
knowledge base that were actually needed.

JxU RISC.w 1119



DEMO: PROOF SIMPLIFICATION

LeEMMA (WINNER'S PAYMENT)

v
b,x,p,1

If b; wins and also b;, , wins, then i pays the same amount because the maximum of the others did not change:

secondPriceAuctionWinner b, x, p, i] =

v secondPriceAuctionWinner[bi s, ¥, @, i) = Pi=qi AXj =1Ay; =
¥4,

If b; wins and b;. . loses, then a is not the maximum bid, hence the maximum of the rest must be greater or equal to a:

secondPriceAuctionWinner b, x, p, i] =

v secondPriceAuctionLoser[bia, ¥, 4, i] =g =0AXj =1Ay; =0ABza-p;
¥:9,a

If b; loses and b;, , wins, then a is the maximum bid and, hence, greater or equal the payment, because this is the maximum of the rest:

secondPriceAuctionLoser [b, x, p, i] =

v secondPriceAuctionWinner b, a, ¥, q, ] = pj = 0A X =
¥,4,a

If b; loses and also b;., loses, then i does not get anything and has to pay nothing:

secondPriceAuctionLoser [b, x, p, i] =

v secondPriceAuctionLoser[bj_a, ¥, g, ] = Pj = @AXj =B0AY; =0Aq{ =
¥,9,a

Ayj=1Aa-gjz8

JxU LS.
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DEMO: PROOF SIMPLIFICATION

JxU

-gnul knowledge |built-in |prover | submit Inxpsc'(_

PREPARE l ok et ]
PROVE  Filtereany:
(COMPUTE -
SOLVE
v | Formalizing Vickrey’s
Theorem for Second—Price Auctions
v/ | Prerequisites
INFORM > | DEFNITION (AUCTION CoNCEPTS)
B[] Lewa (VALUATIONS AND BiDS)
> Lewwia (ALLocation)
» | DERNTION (PAYOFE)

¥[ | Second—FPrice Auctions
¥ X DerviTon (sECOND—PRICE AUCTION)
% zecondpricesuction
®  auccionwinner

% aucrionioser

» | LEMMA (SECOND PRICE AUCTION)
> LEMMA (WINNER'S PAYMENT)
¥/ | Vickrey's Theorem
» | DERNITION (WEAKLY DOMINANT STRATEGY)
» | DERNITION (EFFICIENCY)
> TuEouem (Vickrey, 1901)
OK, next

RISC
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DEMO: PROOF SIMPLIFICATION

JxU

goal |knowledge [buili-in prover | submit | inspect

PREPARE ( p— ]
=
CET—
COMPUTE
SOLVE
¥ | Formalizing Viekrey's
Theorem for Second—Price Auctions
vl | Prerequisites
INFORM (| DErNmoN (AucTIoN ConcErTs)
> ] Lewoia (VALUATIONS AND Bios)
> (] Lewon (ALLocaTion)
> | DTN (Pavorr)

¥[ | Second—FPrice Auctions
¥ X DerviTon (sECOND—PRICE AUCTION)
% zecondpricesuction
®  auccionwinner

% aucrionioser

» | LEMMA (SECOND PRICE AUCTION)
> LEMMA (WINNER'S PAYMENT)

¥/ | Vickrey's Theorem
>

DEFINITION (WEAKLY DOMINANT STRATEGY )

» | DERNITION (EFFICIENCY)

OREM (VICKREY, 1961)

OK, next

RISC

goal |knowledge |built-in | prover | submit | inspect
PREPARE

e —
PROVE
(GOMPUTE

[=]

SOLVE

INFORM

=
NHI

[ Abort proof

13/19



DEMO: PROOF SIMPLIFICATION

v & Proof of (lose—win) #4: Show proof

knowledge built-in ~ prover Restore settings

secondPriceAuction, auctionWinner, auctionLoser

JxU
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DEMO: PROOF SIMPLIFICATION

Theorema Proof - Wolfram Mathematica 11.1

sert Format Cell Graphics Evaluation Palettes Window Help

> Proof Simplification
We prove:

byx,p

| ¥ secondPriceAuctionLoser (b, x, p, il =

dose-winy

( ¥ secondPriceAuctionWinner thia, ¥, ¢, il = ((pi ) A ((a-ai) ;en]

e
under the assumptions:
v secondPriceAuction(b, x, p, n] ie bid(b, n] Aallocation(x, n] Apayment(p, n] A
b
»
condPrice uction
3 secondPriceAuctionWinner(b, x, p, i1 A| v secondPriceAuctionLoser(b, x, p, j1||,
¥ secondPriceAuctionWinner (b, x, p, il e (b =max(b]) A (xi = 1) A (p; = maxtbi1) , auctionWinser
by

v secondPriceAuctionLoser (b, x, p, il ) A (pi =0) A (b < max[bi])

boxpi

(=

We have several alternatives to continue the proo.
@ Alternative 1:
| For proving (lose=win) e choose b, X, p, and i arbitrary but fixed and show.

I secondPriceAuctionLoser (b, X, p, 1] =

( v secondPriceAuctionWinner (b, ¥, g5 /1= ((pi=8) A (xi =8) A (y; =1) A ((a-g) 2 en]4 LD
We have several alternatives to continue the proo.
@ Alternative 1:
In order to prove (G£0) we assume
secondPriceAuctionLoser (b, X, p, /1 ) E]
al an

100% [
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DEMO: PROOF SIMPLIFICATION

sert Format Cell Graphics Evaluation Palettes Window Help

¥ Proof Simplification
" % Eliminate failing/pending branches
® Eliminate superfiuous steps
® Eliminate unused formulae

i Display with new settings

We prove: ﬁ
¥ secondPricehuctionLoser (b, x, p, il =
0 ( v secondPriceAuctionWinner [bicas ¥ @5 i1 » ((pi =8) A (i = 8) A (yi =1) A ((a-a) zsn)
yida

under the assumptions:
v secondPriceAuction(b, x, p, n] ie bid(b, n] Aallocation(x, n] Apayment(p, n] A

»
I
3 secondPriceAuctionWinner(b, x, p, ilA| v secondPriceAuctionLoser(b, x, p, j1||,
v secondPriceAuctionWinner (b, x, p, i] e (b =max(b]) A (xj =1) A (p; =max[bi.]), auctionWinner
secondPriceAuctionLoser [b, x, p, i] e (vi = 8) A (pi = 0) A (b < max[bi1). —_—
We have several alternatives to continue the proof.
@ Alternative 1:
For proving (lose=in) we choose b, X, p, and i arbitrary but fixed and show’
secondPriceAuctionLoser (b, X, p, 1] =
( v secondPriceAuctionWinner (B, v, g5 /1= (P =8) A (X; = 8) A (y; = 1) A ((a-q;) 2 8)) =
s
We have several alternatives to continue the proof. g
(I )

JXU o RIsc o

1]
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DEMO: PROOF SIMPLIFICATION

goal | knowledge |built-in | prover | submit |inspect

PREPARE [« [ol-
PROVE
COMPUTE
SOLVE Y
~
INFORM
~
»
~
# ~ » >
A A
- - " ~
W
Vi
( Abort proof ]
Vi

JxU
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DEMO: PROOF SIMPLIFICATION

JxU

* Proof Simplification w Time spent for simplifying the proof: 0.018791s
We prove: -
secondPriceAuctionLoser (b, x, p, il =
bynpsi
B [ v secondPriceAuctionWinner (bia, ¥, g il = dore-iey
yida
I (P =) A=) A i = 1) A ((a-a) 20))]
|
under the assumptions:
| v secondPriceAuctionWinner (b, x, p, il i=
byrapii

Theorema Proof - Wolfram Mathematica 11.1

Insert Format Cell Graphics Evaluation Palettes Window Help

(bi = max[b]) A (% = 1) A (pi =max[bi])

¥ secondPriceAuctionLoser (b, x, p, il = (xi
b5,

©) A (bi s maxtbic]) «

) A (P

(uctionLoser)

For proving (lose-win) we choose b, X, p, and i arbitrary but fixed and show

secondPriceAuctionLoser (b, X, p, 1] = [ v secondPriceAuctionWinner (b, v, g, /1 =
st

.
(P =) A (=) A (3= 1) A (a-g) 20D
In order to prove (#0) we assume
secondpriceAuctionLoser (b, ¥, p, i1 o
and then prove
v secondpriceAuctionWinner (b, 7, 4, /1 =

(P =8) A (X =0) Ay =1)A((a-g) 20)).
For proving (G#3) we choose , , and a arbitrary but fixed and show

secondPriceAuctionWinner (biay ¥ 4, 11> (5 =0) A (X

DA(@-G)20). @

In order to prove (G£7) we assume

secondPriceAuctionWinner [bi.a, ¥, G, /] (As
and then prove
ori=0aw=1RISCe o @
< D

100% I
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CONCLUSION

B Theory exploration/development is an important aspect of knowledge/information
management.
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CONCLUSION

B Theory exploration/development is an important aspect of knowledge/information
management.

B Formula dependency graph is a nice/valuable tool for theory exploration/development.

B Proof simplification is a necessary requirement, if we want to automatically maintain a
formula dependency graph.

JXU RISC <&
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