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In this paper, we consider the class of first-order algebraic ordinary differ-
ential equations (AODEs), and study their rational solutions in three differ-
ent approaches. A combinatorial approach gives a degree bound for rational
solutions of a class of AODEs which do not have movable poles. Algebraic
considerations yield an algorithm for computing rational solutions of quasi-
linear AODEs. And finally ideas from algebraic geometry combine these
results to an algroithm for finding all rational solutions of a class of first-
order AODEs which covers all examples from the collection of Kamke. In
particular, parametrizations of algebraic curves play an important role for a
transformation of a parametrizable first-order AODE to a quasi-linear differ-
ential equation.

1 Introduction

Algebraic differential equations have been studied a lot and there is a bunch of solution
methods for special classes of such ODEs. In this paper we are particularly interested in
rational solutions. A degree bound of Eremenko [2] for such solutions can be used for an
ansatz. Implicit solutions can be found by computing Gröbner bases (see Hubert [12]).
Using algebraic geometry Feng and Gao [3, 4, 1] provide polynomial time algorithms
for solving first-order autonomous AODEs. The main idea in these algorithms is to
regard the AODE as an algebraic equation defining an algebraic curve. Then rational
parametrization of the curve can be used to solve the ODE.
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These ideas were generalized to non-autonomous AODEs of first order [20, 22, 21, 26]
and higher order [11]. A similar approach can also be used for solving one-dimensional
systems of ODEs [16]. Parametrizations of general algebraic varieties yield a further
generalization to partial differential equations can be found in [6, 7]. The method, as
well as its specialization to ODEs [10, 5], is not restricted to finding rational solutions.
However, theory is mainly developed for this case.
So far still no general solution algorithm exists. Though, there exist solution algorithms
for special classes of AODEs, e. g. autonomous (c. f. [3]) and linear ones. In this paper
we give an algorithm for computing all rational solutions of a special class of first-order
AODEs. We consider the class of first-order AODEs, F (x, y, y′) = 0, for which rational
parametrizations of the corresponding algebraic curve exist over K(x) such that x also
appears rationally in the parametrization. These parametrizations allow to transform an
arbitrary first-order AODE into another ODE. We show that there is a correspondence
between the original AODE and this so called associated ODE. Depending on the form
associated ODE we propose two major approaches. A combinatorial idea gives a degree
bound for rational solutions of a class of AODEs which do not have movable poles.
Algebraic considerations yield an algorithm for computing rational solutions of quasi-
linear AODEs. Together with the geometric computations an algorithm for finding all
rational solutions of strongly parametrizable AODEs is given.
In Section 2 we present the necessary notations and definitions. Section 3 describes the
combinatorial ideas for finding a degree bound for rational solutions of a class of AODEs
which do not have movable poles. In Section 4 we show how algebraic considerations
can be used to find rational solutions of quasi-linear AODEs. Finally in Section 5 we
combine the results with algebraic geometric ideas and give an algorithm for finding all
rational solutions of a strongly parametrizable AODE.

2 Preliminaries

By K, we denote an algebraically closed field, e. g. in practise we might think of algebraic
numbers Q or the field of complex numbers C. Furthermore, we assume that K is
equipped with a trivial derivation. The trivial derivation on K is naturally extended to
a derivation on the field K(x) of rational functions for which the derivation of x is equal
to 1. We always denote the derivation by d

dx
, or ′ for short. In this section, we recall

some basic notations on first-order AODEs and their rational solutions.
A first-order AODE is a differential equation of the form

F (x, y, y′) = 0 , (1)

where F ∈ K[x, y, z]\K[x, y]. Without loss of generality, we always assume that F is an
irreducible polynomial. A rational solution of the differential equation (1) is a rational
function y(x) ∈ K(x) such that F (x, y(x), y′(x)) = 0. A first-order AODE may have
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no rational solution at all, it might have only finitely many, or a one-parameter class of
rational solutions.
To study global properties of rational solutions, we sometimes pass through algebraic
function fields. Let K be an algebraic function field over K of transcendence degree
one. A K−valuation ring in K, or briefly, if the ground field is clear, a valuation ring,
is a ring O ( K such that K ⊂ O and for every x ∈ K, either x ∈ O or x−1 ∈ O.
The valuation ring O admits a unique maximal ideal, say P , which is the set of all
non-invertible elements. Moreover, P is principle, and every ideal of O forms a power
of P . A generator of P , say t, is called a local uniformizer. For every x ∈ K∗, there
exists a unique pair (u, n) ∈ (O∗,Z) such that x = u · tn, where O∗ is the group of units.
Notice that the power n does not depend on how the local parameter t is chosen. We
call n the valuation of x at P . We define the map νP : K∗ → Z by νP (x) = n.
As a convention, we can extend νP to K by setting νP (0) :=∞. It is easy to check that
νP satisfies the following properties for all x, y ∈ K:
(i) νP (xy) = νP (x) + νP (y)
(ii) min{νP (x), νP (y)} ≤ νP (x+ y) ≤ max{νP (x), νP (y)}

The map νP is called a valuation of K (with respect to P ).
By PK/K, or briefly PK if the ground field K is clear, we denote the set of all ideals
which are maximal in some valuation ring of K over K. Elements of PK are called prime
divisors of K. For each prime divisor P , we denote by νP the corresponding valuation.
Let x ∈ K. If νP (x) > 0, we say x has a zero of order νP (x) at P . In case νP (x) < 0,
we say x has a pole of order −νP (x) at P .
Let P ∈ PK be a prime divisor, OP and νP the corresponding valuation ring and valu-
ation respectively. Since K is algebraically closed, the residue field OP/P is isomorphic
to K. Therefore, there is a natural ring projection O → O/P ≡ K. We usually denote
the image of x ∈ O in K by x(P ).
We want to collect sufficient information such that an element of K is uniquely deter-
mined (up to multiplication by a non-zero constant). The object which gathers all such
information about poles and zeroes is called a divisor. Formally, a divisor of K is an ele-
ment of the free abelian group ⊕

P∈PK
ZP . For divisors δ, δ′, we say δ ≥ δ′ if all coefficients

of δ − δ′ are non-negative. The relation ≥ defines a partial order on the set of divisors
of K. For a divisor δ = n1P1 + n2P2 + . . . + nrPr, we define deg δ := n1 + . . . + nr as
the degree of δ. We also denote, by suppPK (δ) the set of prime divisors having non-zero
coefficient in δ.
Among divisors, principle divisors are natural examples. For each x ∈ K∗, the principle
divisor of x in K is denoted by [x] := ∑

P∈PK
νP (x)P . Notice that, the sum is always finite.

For some technical purposes, we sometimes split the negative and positive part of [x],

3



denoted by

[x]− = −
∑
P∈PK
νP (x)<0

νP (x)P , [x]+ =
∑
P∈PK
νP (x)>0

νP (x)P ,

respectively. Therefore [x] = [x]+ − [x]−, and deg[x]+ = deg[x]−.
The simplest algebraic function field over K is the field K(x) of rational functions in x.
In this case, there is a one-to-one correspondence between prime divisors of K(x) and
the set K∪{∞}. Therefore, we might identify PK(x) with K∪{∞}. By abuse of notation
we denote by νx0 , for x0 ∈ K∪ {∞} the valuation of the prime divisor corresponding to
x0, and call it the valuation at x = x0. A local uniformizer at x0 ∈ K is x− x0, and at
∞ it is 1

x
. The corresponding valuation rings are the localization K[x](x−x0) and K[ 1

x
]( 1
x)

respectively.
Let u(x) = ∏r

i=1(x − xi)ni ∈ K(x) be a rational function, where n1, . . . , nr ∈ Z. The
valuation of u at x = x0 ∈ K is equal to ni if x0 = xi for some i = 1, . . . , r or is equal to
0 otherwise. The valuation of u at infinity is equal to −

r∑
i=1

ni, which is also equal to the
difference of the degree of the denominator and the degree of the numerator. Therefore
the principle divisor of u in K(x) is [u] :=

r∑
i=1

niqxi −
(

r∑
i=1

ni

)
q∞, where qxi denote the

prime divisor corresponding with xi in K(x). In this particular case we have seen that
the degree of a principle divisor is always zero, and we also know that every divisor of
degree zero is principle. The first property also holds for a general algebraic function
field, while the latter is a particularity of purely transcendental fields of degree one over
K.
We also denote by ordx0(u) := −νx0(u) and call it the order of u at x0 ∈ K∪ {∞}. The
order satisfies the following properties for all u, v ∈ K(x):
(i) ordx0(uv) = ordx0(u) + ordx0(v)
(ii) min{ordx0(u), ordx0(v)} ≤ ordx0(u+ v) ≤ max{ordx0(u), ordx0(v)}
(iii) If ordx0(u) 6= 0, then the order of the derivative is

ordx0(u′) =

ordx0(u) + 1 , if x0 ∈ K ,

ordx0(u)− 1 , if x0 =∞ .

We might extend the domain and the values of a rational function to the affine line
K ∪ {∞}. Let u(x) ∈ K(x) be a rational function. Then the value u(x0) is defined for
all x0 in K but roots of the denominator. We may extend the domain of u to the whole
affine line K ∪ {∞} as follows.
• If x0 is a root of the denominator, we define u(x0) :=∞.
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• If x0 =∞ and u(x) = anxn+...+a0
bmxm+...+b0

, with anbm 6= 0, then

u(x0) :=


0 , if n < m ,

∞ , if n > m ,
an
bm
, if n = m.

If r := ordx0(y(x)) > 0, we say that y(x) has a pole of order r at x = x0. In case
r < 0, x0 is called a zero of order r of y(x). Poles of a rational function are roots of the
denominator, and probably at infinity. The degree of a rational function (which is the
maximum of the degrees of the numerator and the denominator) is equal to the number
of poles in K ∪ {∞} counting multiplicities. We recall partial fraction representation of
y(x).

Proposition 2.1.
Every rational function y(x) ∈ K(x) can be represented in the form

y(x) =
n∑
i=1

ri∑
j=1

cij
(x− xi)j

+
N∑
k=0

cix
i . (2)

In this formula we use the following notation.

n number of poles of y(x) in K,
x1, . . . , xn poles of y(x) in K,
r1, . . . , rn orders of y(x) at x1, . . . , xn respectively,
N order of y(x) at infinity, and
cij, ck coefficients in K

3 Combinatorial aspect of first-order AODEs without
movable poles

In this section we locally study rational solutions of first-order AODEs. We describe
how partial fraction decomposition and a bound on the order of a rational solution
can be used to define a class of first-order AODEs which can be proven to be without
movable poles. For this class the ideas also yield an algorithm for finding the solution
by coefficient comparison.

3.1 A bound for the order of the p-adic part

In this subsection, we determine for each x0 ∈ K ∪ {∞} an upper bound for the order
at x = x0 of a rational solution of the differential equation (1). An algorithm for finding
such a bound is then presented.

5



Theorem 3.1.
Let F (x, y, z) = ∑

i,j fij(x)yizj ∈ K[x][y, z] \ K[x][y]. Assume further that F is not
homogeneous as a polynomial in y and z with coefficients in K[x]. Then for each x0 ∈
K ∪ {∞}, there is a non-negative integer ρ = ρ(x0, F ), depending only on x0 and F ,
such that the order of every rational solution of the differential equation F (x, y, y′) = 0
at x = x0 does not exceed ρ.

Proof. We are going to determine the order bound ρ(x0, F ) in an algorithmic way. Let
us fix an x0 in K. A bound ρ(∞, F ) for the order at infinity is constructed similarly.
Assume that y(x) is a rational solution of the differential equation (1), F (x, y, y′) = 0,
and that y(x) has a pole of order r > 0 at x = x0. Then y′(x) has a pole of order r + 1
at x = x0. For each (i, j) ∈ N2, we denote αij = ordx0(fij), i. e. the order at x = x0 for
fij. Note, that αij is non-positive. Let

E := {(i, j) ∈ N2 | fij 6= 0}
n := max {i+ j | (i, j) ∈ E}
A := {(i, j) ∈ E | i+ j = n}
d := max {j + αij | (i, j) ∈ A}
D := {(i, j) ∈ A | j + αij = d}

Note, that d is different for the case x0 = ∞. Since F is not homogeneous, E \ A is a
non-empty set. It is clear that D is also non-empty, and is contained in A. For each
(i, j) ∈ D, we rewrite fij(x) as

fij(x) = aij(x− x0)−αij + hij(x) ,

where aij ∈ K, hij(x) ∈ K[x] such that ordx0(hij(x)) < αij. Since y = y(x) is a
solution the differential equation, we have that F (x, y(x), y′(x)) = 0. We gather terms
of F (x, y(x), y′(x)) into different groups as follow:∑

(i,j)∈D
fij(x)y(x)iy′(x)j +

∑
(i,j)∈A\D

fij(x)y(x)iy′(x)j +
∑

(i,j)∈E\A
fij(x)y(x)iy′(x)j = 0 .

Therefore,
∑

(i,j)∈D
aij(x− x0)−αijy(x)iy′(x)j +

∑
(i,j)∈D

hij(x)y(x)iy′(x)j +
∑

(i,j)∈A\D
fij(x)y(x)iy′(x)j

= −
∑

(i,j)∈E\A
fij(x)y(x)iy′(x)j . (3)

The orders at x = x0 of terms in the first sum are equal to nr+d, which is always larger
than the order of terms in the second and the third sum. It does not mean that the
order of the left hand side is equal to nr + d. Two cases arise.
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Case 1: The order at x = x0 of the first sum in (3) is equal to nr + d:
Then the order of the left hand side of (3) is exactly nr + d. By comparing
with the order of terms on the right hand side, we obtain

nr + d ≤ max {(i+ j)r + j + αij | (i, j) ∈ E \ A} .

Therefore,

r ≤ max
{
j + αij − d
n− i− j

| (i, j) ∈ E \ A
}
.

Case 2: The order at x = x0 of the first sum in (3) is smaller than nr + d:
Let

g(x) := (x− x0)nr+d
∑

(i,j)∈D
aij(x− x0)−αijy(x)iy′(x)j .

Then g(x0) = 0. This property of g leads to an upper bound for r. In order
to do that, let z(x) := (x− x0)ry(x). Then z(x0) is neither 0 nor ∞, and

y′(x) = z′(x)(x− x0)− rz(x)
(x− x0)r+1 .

Rewriting g(x) in terms of z(x) and then simplifying the result yields

g(x) =
∑

(i,j)∈D
aijz(x)i(z′(x)(x− x0)− rz(x))j .

By substituting x = x0 and dividing by z(x0)n, we see that r must be a positive
integer root of the algebraic equation∑

(i,j)∈D
aij(−1)jtj = 0 . (4)

Hence, in any case, r must be smaller than either

max
{
j + αij − d
n− i− j

| (i, j) ∈ E \ A
}
,

or the largest positive integer root of the algebraic equation (4).

Theorem 3.1 itself is not interesting. What is useful for us is the proof. There, the bound
for the order at x = x0 of rational solutions of the differential equation is constructed in
an algorithmic way. We summarize this result in Algorithm 1.
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Algorithm 1 An order bound for the p-adic part
Input: x0 ∈ K∪{∞}; F = ∑

fij(x)yizj ∈ K[x, y, z]\K[x, y] non-homogeneous in y and
z.

Output: An upper bound ρ(x0, F ) for the order at x = x0 of all rational solutions of
the ODE, F (x, y, y′) = 0.

1: E = {(i, j) ∈ N2 | fij 6= 0}
2: n = max {i+ j | (i, j) ∈ E}
3: A = {(i, j) ∈ E | i+ j = n}
4: αij = ordx0(fij(x)), for (i, j) ∈ E
5: if x0 ∈ K then
6: d = max {j + αij | (i, j) ∈ A}
7: D = {(i, j) ∈ A | j + aij = d}
8: aij = fij(x)

(x−x0)−αij

∣∣∣∣
x=x0

for (i, j) ∈ D

9: R = the set of positive integer roots of the algebraic equation ∑
(i,j)∈D

aij(−t)j = 0

10: ρ̄ =
⌊
max

{
j+αij−d
n−i−j | (i, j) ∈ E \ A

}⌋
11: else if x0 =∞ then
12: d = max {αij − j | (i, j) ∈ A}
13: D = {(i, j) ∈ A |αij − j = d}
14: aij = the leading coefficient of fij(x), for (i, j) ∈ D
15: R = the set of positive integer roots of the algebraic equation ∑

(i,j)∈D
aijt

j = 0

16: ρ̄ =
⌊
max

{
αij−j−d
n−i−j | (i, j) ∈ E \ A

}⌋
17: end if
18: return ρ = max (R ∪ {ρ̄, 0}).

3.2 First-order AODEs without movable poles

As we have seen in the previous subsection, once a pole is given, one can compute an up-
per bound for the order of rational solutions of a given first-order AODE. Unfortunately
it is not always easy to find possible candidates for the positions of poles. For a linear
ODE, poles of a (rational) solution can be easily determined from the coefficients of the
differential equation itself. In general, it is no longer true when we pass to the class of
non-linear first-order AODEs. In fact, poles of a rational solution of a first-order AODE
may occur at an arbitrary point. For example, for every c ∈ K, the function y(x) = 1

x−c
is a rational solution of the Riccati equation y′ + y2 = 0.
The task of this section is to collect first-order AODEs for which no unexpected poles
occur in their rational solutions. The core of the idea is that we equip the support of F
with a certain partial order. The existence of the greatest element decides whether the
differential equation is in the class of AODEs we are interested in.

Definition 3.2.
On N2 we define a relation � as follows. For (i1, j1), (i2, j2) ∈ N2, we say (i1, j1) �

8



(i2, j2) iff either i1 + j1 = i2 + j2 and j1 > j2, or (i1 + j1)− (i2 + j2) > max{0, j2 − j1}.

It is easy to check that � is a strict partial ordering on N2, i. e. the following properties
hold for all u, v, w ∈ N2:
(i) irreflexivity: u 6� u

(ii) transitivity: if u� v and v � w then u� w

(iii) asymmetry: if u� v then v 6� u.
For u, v ∈ N2, we say u and v are comparable if either u � v or v � u. Otherwise,
they are called incomparable. Not every pair of elements from N2 is comparable. In
other words, the order � is not a total order on N2. For example, (2, 0) and (0, 1) are
incomparable.

Figure 1: Comparable and incomparable points for a given point

In Figure 1 we consider a given point (in black) and show all the comparable and in-
comparable points in some surrounding. All smaller points in that eary are highlighted
in green (with green background), the greater points are in blue. The symbol at the re-
spective points ilustrates the class of points according to the inequalities in the definiton.
The points with symbol are incomparable to the given one. All such incomparable
points except the given one are drawn in red. Let (i1, j1) be our given point, and (i2, j2)
a smaller point. Then one of the following cases has to be fulfilled.

i1 + j1 = i2 + j2 and j1 > j2,
or (i1 + j1)− (i2 + j2) > max{0, j2 − j1} and furthermore

j2 < j1, or
j2 = j1, or
j2 > j1.
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Note, that this shows, that for a given point, the number of points which are incompa-
rable to this one, is finite.
Let S be a subset of N2. An element u ∈ S is called a greatest element of S if u � v
for every v ∈ S \ {u}. The set S has at most one greatest element. Since � is not a
total order, a subset of N2 may have no greatest element. This motivates the following
definition.

Definition 3.3.
Let F = ∑

i,j fij(x)yizj be a polynomial in K[x][y, z]. Let E(F ) ⊆ N2 be the support of
F , i. e.

E(F ) :=
{

(i, j) ∈ N2 | fij 6= 0
}
.

A polynomial F for which the set E admits a greatest element is called maximally com-
parable. We also call the corresponding differential equation maximally comparable.

Theorem 3.4.
Let F = ∑

i,j fij(x)yizj ∈ K[x][y, z] \K[x][y] be a polynomial, which is non-homogeneous
in y and z. We assume that F is maximally comparable and the greatest element of
E = E(F ) is (i0, j0). Then poles in K of a rational solution of the differential equation
F (x, y, y′) = 0 only occur at the zeros of fi0j0(x).

Proof. We prove the theorem by contradiction. Assume that y(x) ∈ K(x) is a rational
solution of the differential equation F (x, y, y′) = 0, that x0 ∈ K is a pole of order r ≥ 1
of y(x), and that fi0j0(x0) 6= 0. Let A := {(i, j) ∈ E | i+ j = i0 + j0}. It is clear that
(i0, j0) ∈ A and A ( E . Let us substitute y(x) to the differential equation F (x, y, y′) = 0
and group terms on the left hand side as follows.

fi0j0(x)y(x)i0y′(x)j0 +
∑

(i,j)∈A\{(i0,j0)}
fi,j(x)y(x)iy′(x)j = −

∑
(i,j)∈E\A

fi,j(x)y(x)iy′(x)j , (5)

where the sum on the left hand side is just zero if A \ {(i0, j0)} is the empty set. The
order at x = x0 of the first term in (5) is equal to (i0 + j0)r + j0, while the orders of
terms in the sum on the left hand side are (i+j)r+j−νx0(fij) = (i0 +j0)r+j−νx0(fij).
Since (i0, j0) is the greatest element in A, the order of the left hand side is always equal
to the order of the first term, (i0 + j0)r + j0. By comparing with the order of terms on
the right hand side, we have

(i0 + j0)r + j0 ≤ max {(i+ j)r + j − νx0(fij) | (i, j) ∈ E \ A} .

Therefore,

r ≤ max
{
j − j0 − νx0(fij)

(i0 + j0)− (i+ j) | (i, j) ∈ E \ A
}
. (6)

For each (i, j) ∈ E\A, we have (i0, j0)� (i, j) and i0+j0 6= i+j. Thus (i0+j0)−(i+j) >
max{0, j − j0} ≥ j − j0 − νx0(fij). Combination with (6) yields r < 1. This contradicts
with the assumption.

10



The theorem gives us a necessary condition for a first-order AODE having no "unex-
pected" poles. Once the condition is fulfilled, candidates for poles will be easily deter-
mined. Note, that by Theorem 3.4 maximally comparable AODEs cannot have movable
poles. It is not clear whether the inverse direction also holds, but it is not important
to us. The previous subsection provides a bound for the order of these pole candidates.
Thus we have enough ingredients to determine the form of a rational solution in a certain
finite number of indeterminate coefficients. By an ansatz we find all possible rational
solutions.
Before we give an algorithm for finding all rational solutions of first-order AODEs with-
out movable poles, we analyze different features of Theorem 3.4 by discussing the fol-
lowing questions.

1. What if F is homogeneous as a polynomial in y and z with coefficients in K[x]?
2. How can we check the existence of the greatest element of E effectively, and find

it in the affirmative case?
3. How likely is an E which admits a greatest element?

To answer Question 1, let us consider a homogeneous polynomial of degree n ≥ 1 as a
polynomial in y and z,

F (x, y, z) := fn,0(x)yn + fn−1,1(x)yn−1z + . . .+ f0,n(x)zn ,

where fi,j(x) ∈ K[x]. We assume F to be irreducible as a polynomial in K[x, y, z], and
consider the differential equation F (x, y, y′) = 0. The differential equation always has
the solution 0. Assume that the differential equation admits a non-zero rational solution
y(x), then y′(x)

y(x) is a rational solution of the algebraic equation

fn,0(x) + fn−1,1(x)t+ . . .+ f0,n(x)tn = 0 .

Since F is irreducible, this is only possible if n = 1. In case n = 1, the differential
equation is linear, therefore it can be solved easily by known methods.
For the Question 2, the naive way would be to check the existence of the greatest
element of E by comparing all pairs of its elements. However, there is a much simpler
and intuitive way. Figure 2 shows how to proceed. We first take the set of points which
have the greatest total degree. Within these we take the element, say p = (p1, p2) which
has the smallest first component. Now we check for each remaining point (x, y) whether
or not it satisfies y ≥ 2p2+p1−x

2 . If one point does, it is incomparable to the point p and
hence, there is no greatest element. Otherwise p is the greatest element.
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Figure 2: Check the existence of a greatest element

We are going to answer Question 3. We rewrite the differential equation in the form
F0(x, y) + F1(x, y)y′ + . . . + Fn(x, y)y′n = 0, where n is the degree of F in z and
F0, . . . , Fn ∈ K[x, y]. Then E admits a greatest element if and only if the smaller set
{(degy F0, 0), (degy F1, 1), . . . , (degy Fn, n)} does. Note, that if Fi = 0 for some i < n,
the point (degy Fi, i) is smaller than (degy Fn, n). Therefore, we can state Question 3 in
a different way: Given n ∈ N, and let m0,m1, . . . ,mn be arbitrary natural numbers, how
likely has the set {(m0, 0), (m1, 1), . . . , (mn, n)} a greatest element? In order to answer
the last question, we denote

Aijk :=
{

(m0,m1, ...,mn) ∈ Nn+1 |mi −mj = j − i+ k
}

Aij :=
j−i⋃
k=1

Aijk

A :=
⋃

0≤i<j≤n
Aij

It follows immediately from the definition of � that for 0 ≤ i < j ≤ n, the pairs
(mi, i) and (mj, j) are incomparable if and only if j − i < mi −mj ≤ 2(j − i). There-
fore, a point (m0,m1, . . . ,mn) ∈ Nn+1 is in Aij if and only if (mi, i) and (mj, j) are
incomparable. Hence, for every point (m0,m1, . . . ,mn) ∈ Nn+1 \ A, the set S :=
{(m0, 0), (m1, 1), . . . , (mn, n)} has no incomparable points, or consequently, S admits
a greatest element. We might consider each Aijk as a hyperplane in Nn+1. The set A is
a union of ∑0≤i<j≤n j − i = 1

6n(n + 1)(n + 2) such hyperplanes. Therefore, almost all
first-order AODEs for a given degree n are maximally comparable.
For instance, let us consider m,n ∈ N, the pairs (n, 0) and (m, 1) are comparable iff
n−m 6= 2. In other words, the quasi-linear ODE, F (x, y, y′) = F0(x, y) +F1(x, y)y′ = 0,
with F0, F1 ∈ K[x, y], is out of the scope of Theorem 3.4 iff degy F0−degy F1 = 2. In the
next section, we introduce another approach which covers such a differential equation.
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Algorithm 2 results from the above discussion. It finds all rational solutions of first-order
maximally comparable AODEs. Example 3.5 illustrates Algorithm 2.

Algorithm 2 Rational solutions of maximally comparable first-order AODEs
Input: F = ∑

fij(x)yizj ∈ K[x, y, z] \ K[x, y] maximally comparable, and (i0, j0) the
greatest element of the set E(F ) = {(i, j) | fij 6= 0}

Output: All rational solutions of the ODE, F (x, y, y′) = 0.
1: Sol = ∅
2: if F is homogeneous of order n as polynomial in y and z then
3: if n > 1 then
4: Sol = {0}
5: else if n = 1 then
6: Solve the linear ODE, F (x, y, y′) = 0, and

append all rational solutions to Sol.
7: end if
8: else
9: Pol = {x0 ∈ K | fi0j0(x0) = 0}

10: Use Algorithm 1 to compute ρ(x0, F ) for all x0 ∈ Pol
11: Use Algorithm 1 to compute ρ(∞, F ), a bound for the degree of the

polynomial part.
12: Make an ansatz for

y(x) =
∑

x0∈Pol

ρ(x0,F )∑
j=1

cx0,j

(x− x0)j +
ρ(∞,F )∑
k=0

ckx
k ,

with indeterminate coefficients cx0,j, ck
13: Solve the obtained algebraic system in cx0,j and ck, and

append the results to Sol
14: end if
15: return Sol

Example 3.5.
We consider the differential equation

F (x, y, y′) = 3x8yy′2 − 2x9y′ − x6y3 + 4x4(x3 + 2)y + 52x3 + 152 = 0 . (7)

Among the terms of F as a polynomial in y and y′, the term 3x8yy′2 has the largest
power (which is (1, 2)) with respect to �. Therefore, poles of a rational solution of
the differential equation (7) occur only at x = 0 and probably at infinity. By applying
Algorithm 1, the orders of a rational solution at x = 0 and infinity are at most 2 and
1 respectively. Making an ansatz with y(x) = c1

x2 + c1
x

+ c3 + c4x, and then solving the
obtained algebraic system in c1, c2, c3, c4, we see that the differential equation (7) has
only a rational solution y(x) = −2

x2 − x.
Remark 3.6.
Another interesting result of the combinatorial aspect is that it provides an algorithm
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for determining all polynomial solutions of an arbitrary first-order AODE. It is based
on the fact that a non-constant polynomial has only a pole at infinity, and the order
of this pole is exactly the degree of the polynomial. Assume that we are looking for all
polynomial solutions of the differential equation F (x, y, y′) = 0. If F is homogeneous as
a polynomial in y and y′ then either the differential equation has only a zero polynomial
solution or it is a linear first-order ODE which can be easily solved by known methods.
Otherwise Algorithm 1 provides a bound for the degree of a polynomial solution. All
polynomial solutions can be computed by the undeterminate coefficient method.
The question of finding all polynomial solutions of first-order AODEs was already ad-
dressed and solved in [15]. In fact this paper considers also higher order AODEs, but
for higher order there is no full decision. The methods and results are rather similar to
those presented here both restricted to polynomial solutions of first-order AODEs.

4 Algebraic aspect and quasi-linear first-order AODEs

A quasi-linear first-order ODE is a differential equation of the form y′ = f(x, y) for some
f ∈ K(x, y). By multiplying both sides of the differential equation with the denominator
of f , we also view it as a first-order AODE of degree 1 in y′. Although Algorithm 2 works
on a generic class of first-order AODEs, its scope does not cover the class of quasi-linear
first-order ODEs. In particular if the subtraction of the degree of the numerator of f by
the degree of the denominator is equal to 2, then Algorithm 2 is invalid. In this section
we approach rational solutions of first-order AODEs in the global meaning by using a
tool from algebraic function field theory. Together with Algorithm 2, the new approach
provides another puzzle piece for an algorithm covering the whole class of quasi-linear
first-order ODEs.
The following idea is derived from [2]. In order to find all rational solutions of a quasi-
linear first-order ODE, we first study a degree bound for all rational solutions. Once a
degree bound is determined, we can make an ansatz for rational solutions with unde-
terminate coefficients. In [2], Eremenko studies a degree bound for rational solutions of
first-order AODEs. He corresponds each first-order AODE with an algebraic function
field over K(x). The function field is moreover a differential field with the derivation
extended from the usual derivation of K(x). In case the differential function field satis-
fies the Fuchs condition (without movable critical points), it can be classified up to an
isomorphism of differential fields by using the theory of Matsuda [19]. Hence, Eremenko
reduces the differential equation to several simpler ones according to the classification,
and then estimates a degree bound for rational solutions of such particular cases.
Eremenko [2] theoretically investigates the determination of a degree bound of rational
solutions of first-order AODEs. Based on some of his ideas we give a different and
more explicit algorithm for actually computing this bound. In the scope of this paper,
we study such an algorithm for the class of quasi-linear first-order ODEs. Although
our idea is based on Eremenko’s results, we study the problem without the theory of
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Matsuda on classification of differential function fields. Our algorithm is therefore much
simpler.

4.1 Algebraic function fields

We start the discussion by giving an important class of algebraic function fields over the
field K(x) of algebraic functions. Let H ∈ K[x, Y, Z] be a trivariate polynomial such
that H is irreducible as an element in K(x)[Y, Z]. The algebraic equation H(x, Y, Z) =
0 defines an irreducible algebraic curve in the affine plane A2(K(x)). The set of all
rational functions over the curve is a field and it is isomorphic to the fraction field of the
coordinate ring, i. e. K := Frac

(
K(x)[Y, Z]/(H)

)
. The field K is an algebraic function

field of degree one over K(x). The set PK/K(x) of all prime divisors of K over K(x) is in
general not easy to determine.

Lemma 4.1. (Eremenko [2])
Let K be an algebraic function field over K(x) of transcendence degree one, and y, z ∈ K
such that [y]− ≤ [z]−. Let m :=

∣∣∣K(x)(y, z) : K(x)(z)
∣∣∣ be the degree of the field extension.

Then there exists a unique irreducible polynomial G ∈ K(x)[Y, Z] of the form

G(Y, Z) = Y m −
∑

i+j≤m
0≤i≤m−1

0≤j≤m

gij(x)Y iZj ,

with gij ∈ K(x), such that G(y, z) = 0 in K.

The result of the following lemma is used in the proof of Lemma 1 in [2] without giving
a detailed proof.

Lemma 4.2.
Let K be an algebraic function field over K(x) of transcendence degree one, and y, z ∈ K
such that [y]− ≤ [z]−. Since Lemma 4.1 is applicable we let G ∈ K(x)[Y, Z] be a
polynomial with this property. Denote by L ⊂ K(x) an algebraic function field over
K containing x and all coefficients gij of G. Let P ∈ PK/K(x) be a prime divisor. If
y(P ), z(P ) belong to L, then

suppPL/K ([y(P )]−) ⊆ suppPL/K ([z(P )]−)
⋃⋃

i,j

suppPL/K ([gij]−)
 .

Proof. We prove the lemma by contradiction. Assume that the conclusion does not hold.

Then there is a prime divisor q ∈ PL/K not in suppPL/K ([z(P )]−)⋃(⋃
i,j

suppPL/K ([gij]−)
)
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but in suppPL/K ([y(P )]−). This implies that νq(y(P )) < 0 and furthermore νq(z(P )) ≥ 0
and νq(gij) ≥ 0 for all i, j. From Lemma 4.1 we have

ym =
∑

i+j≤m
0≤i≤m−1

0≤j≤m

gij(x)yizj .

Therefore,

m · νq(y(P )) ≥ min
i,j
{i · νq(y(P )) + j · νq(z(P )) + νq(gij)}

≥ (m− 1) · νq(y(P )) + min
i,j
{j · νq(z(P )) + νq(gij)} .

It implies that
νq(y(P )) ≥ min

i,j
{j · νq(z(P )) + νq(gij)} .

Because the right hand side is a non-negative integer, the last inequality can not happen.

The next theorem reads similar to Lemma 1 in [2]. However, it yields more information
on the poles and their order and it explicitly describes the constant. In fact Theorem 4.3
implies Lemma 1 in [2].
Theorem 4.3.
With notations as above. Let A := ⋃

i,j
suppPL/K ([gij]−) ⊆ PL/K, and for each q ∈ A, let

σq =
⌊
max
i,j

{
−νq(gij)
m−i

}⌋
. Then, σ := ∑

q∈A
σq · q is an effective divisor in L, i. e. σ ≥ 0. Let

P ∈ PK/K(x) be a prime divisor. If y(P ), z(P ) belong to L, then

[y(P )]− ≤ [z(P )]− + σ

as divisors in PL/K.

Proof. Let q be an arbitrary prime divisor of L such that q ∈ suppPL/K ([y(P )]−). Then
νq(y(P )) < 0. We need to prove that:

−νq(y(P )) ≤ max
i,j
{0,−νq(z(P ))}+ max

i,j

{
−νq(gij)
m− i

}
.

Due to Lemma 4.1, we have

m · νq(y(P )) ≥ min
i,j
{i · νq(y(P )) + j · νq(z(P )) + νq(gij)} .

Hence,

νq(y(P )) ≥ min
i,j

{
j

m− i
νq(z(P )) + νq(gij)

m− i

}

≥ min
i,j
{0, νq(z(P ))}+ min

i,j

{
νq(gij)
m− i

}
.

The last inequality concludes the theorem.
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Theorem 4.3 works for algebraic functions. In fact, we need the result only for rational
functions. Application of Theorem 4.3 to rational functions can be seen in Corollary 4.4.
We get a result comparable to Lemma 1 in [2] for the case of rational functions but we
are able to explicitly determine the constant C.

Corollary 4.4.
Let y = y1

y2
, z = z1

z2
∈ K(x, t), where y1, y2, z1, z2 ∈ K[x, t] such that gcd(y1, y2) =

gcd(z1, z2) = 1. Assume that y2 divides z2 and degt y1 − degt y2 ≤ max{0, degt z1 −
degt z2}. Then there exists a constant C = C(y, z) depending only on y and z such that:
for every t(x) ∈ K(x), with z2(x, t(x)) 6= 0, we have deg y(x, t(x)) ≤ deg z(x, t(x)) + C.

Proof. We consider y, z as elements of the algebraic function field K := K(x)(t) over
K(x). From this point of view, the condition [y]− ≤ [z]− as divisors in K is equivalent
to the assumption that y2 divides z2 and degt y1 − degt y2 ≤ max{0, degt z1 − degt z2}.
We apply Theorem 4.3 with K as above and L := K(x). The sets PK/K(x) and PL/K of
prime divisors are exactly K(x)∪{∞} and K∪{∞} respectively. For each t(x) ∈ K(x),
the image of y in L is y(x, t(x)). Since the assumptions of Lemma 4.1 are fulfilled,
we know that there exists G ∈ K(x)[Y, Z], determined by coefficients gij, such that
G(y, z) = 0. By Remark 4.5 we even know that G ∈ K(x)[Y, Z]. Note, that A, as
defined in Theorem 4.3, is the set of poles of gij in K ∪ {∞}. Theorem 4.3 yields

[y(x, t(x))]− ≤ [z(x, t(x))]− +
∑
x0∈A

σx0qx0 ,

for all t(x) ∈ K(x) such that z2(x, t(x)) 6= 0, where σx0 is the largest integer which does
not exceed max

i,j

{−νx0 (gij)
m−i

}
, and qx0 the prime divisor corresponding with x0 in L. By

taking the degree of divisors on both sides, we obtain

deg y(x, t(x)) ≤ deg z(x, t(x)) +
∑
x0∈A

σx0 .

The constant C := ∑
x0∈A

σx0 depends only on y and z and it is independent of t(x).

Remark 4.5.
The polynomial G defined in the last proof can be constructed by using Gröbner bases.
We first compute a reduced Gröbner basis of the ideal 〈y2Y − y1, z2Z − z1〉 in K[x, t, Y, Z]
with respect to lexicographic order such that t > Y > Z > x. Let H be an element in the
basis with the smallest leading term. Then H must be in K[x, Y, Z]. Finally we consider
H as a polynomial in K[x][Y, Z] and divide H by the leading coefficient (with respect to
lexicographic order such that Y > Z). The result, which is an irreducible polynomial in
K(x)[Y, Z], is the polynomial G we are looking for.
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4.2 Quasi-linear first-order ODEs

As a nice application of Corollary 4.4, we present here an algorithmic way for computing
all rational solutions of a quasi-linear first-order ODE

y′ = f(x, y) , (8)

for some f ∈ K(x, y).
We denote bym and n the degree in y of the denominator and the numerator of f respec-
tively. Let us first consider the differential equation (8) with the additional assumption
that degy f = max{n,m} ≥ 3. We define

f̂ :=

f , if n ≤ m,
1
f
, if n > m ,

where denom(f̂) denotes the denominator of f̂ . Considering t, f̂(x, t) and denom(f̂)(x, t)
as elements of K(x, t), we see that the pair of rational functions tdegy(f), denom(f̂)(x, t)
satisfies the assumptions of Corollary 4.4. Thus, there is a constant C1 depending only
on f such that

deg
(
t(x)degy f

)
≤ deg(denom(f̂)(x, t(x))) + C1

and similarly using the functions and 1
denom(f̂)(x,t) , f̂(x, t) there exists C2 such that

deg
(

1
denom(f̂)(x, t(x))

)
≤ deg(f̂(x, t(x))) + C2 .

The inequalities hold for all t(x) ∈ K(x) for which f(x, t(x)) is neither 0 nor ∞. Notice
that deg denom(f̂)(x, t(x)) = deg 1

denom(f̂)(x,t(x)) and deg f̂(x, t(x)) = deg f(x, t(x)). The
two inequalities imply

degy f · deg t(x) ≤ deg f(x, t(x)) + C1 + C2 .

Now let us assume that y(x) ∈ K(x) is a non-constant rational solution of the differential
equation (8). Replacing t(x) by y(x) in the last inequality yields

degy f · deg y(x) ≤ deg y′(x) + C1 + C2

≤ 2 deg y(x) + C1 + C2 .

Since degy f ≥ 3, we have

deg y(x) ≤ C1 + C2

degy f − 2 . (9)

The constants C1, C2 are determined as in the proof of Corollary 4.4.
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The inequality (9) gives an effective way to determine a bound for the degree of a
rational solution of the quasi-linear ODE (8) with degy f ≥ 3. It can be used for making
an ansatz, and then computing all rational solutions. Most of such quasi-linear ODEs
are also in the scope of Algorithm 2. Note, that in these cases the constants C1 and C2
from Corollary 4.4 might be rather high and hence Algorithm 2 is recommended.
Now let us gather the two approaches to propose an algorithm for computing ratio-
nal solutions of the general quasi-linear ODE (8). Let n and m be the degree of the
numerator and the denominator of f , respectively. As we have seen, Algorithm 2 can
rationally solve such an ODE in all cases but n−m = 2. If n−m = 2 and n ≥ 3, the
inequality (9) gives an upper bound for the degree of a rational solution, and then gives
a chance to find all of them. The only remaining case is (n,m) = (2, 0). In this case, (8)
is a classical Riccati equation. Fortunately algorithms for finding rational solutions of
Riccati equations are well established in literature. In the next section, we recall such
an algorithm.
We conclude this section by summarizing an algorithm for finding all rational solutions
of a given quasi-linear first-order ODE (see Algorithm 3) and giving an example thereof.

Example 4.6.
We consider the differential equation

y′ = f(x, y) = x3y4 − 5xy − x3 + 5x2 − 3
x3(y2 + x) . (10)

Let P and Q be the numerator and the denominator of f , respectively. Since degy P −
degyQ = 2, the differential equation (10) is out of the scope of Algorithm 2. We use
the algebraic method described in this section to compute a degree bound for a rational
solution. Keeping the notations as in Algorithm 3, we first find the polynomial G1 ∈
K(x)[Y, Z] such that G1 (y4, P (x, y)) = 0. It can be done by Gröbner bases. In fact,
we compute a reduced Gröbner basis of the ideal 〈Y − y4, Z − P 〉 in K[y, Y, Z, x] with
the lexicographic order y > Y > Z > x. The polynomial in the basis with the smallest
leading term, say G, is the unique one containing only x, Y, Z, and it has the form

G = x12Y 4 + terms of smaller lex order

Therefore, G1 = G
x12 . Poles of coefficients of G1 occur only at x = 0. The constant

C1, as defined above, is equal to 1. Similarly, G2 is a polynomial in K(x)[Y, Z] such
that G2

(
1

P (x,y) ,
Q(x,y)
P (x,y)

)
= 0 and thus C2 = 11. Then the degree of a rational solution of

the differential equation (10) does not exceed C1+C2
degy f−2 = 6. By using the indeterminate

coefficient method, we see that y(x) = −1+x
x

is the only rational solution of the differential
equation (10).
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Algorithm 3 Rational solutions of quasi-linear first-order ODEs
Input: A quasi-linear ODE, y′ = f(x, y).
Output: All rational solutions.
1: n = degy num(f) and m = degy denom(f)
2: if n−m 6= 2 then
3: return the result of Algorithm 2
4: else if (n,m) = (2, 0) then
5: return the result of Algorithm 4
6: else
7: f̂ = 1

f

8: denom(f̂) = the denominator of f̂
9: Construct the polynomials in K(x)[Y, Z],

G1(Y, Z) = Y m1 −
∑
i,j

g1ijY
iZj , G2(Y, Z) = Y m2 −

∑
i,j

g2ijY
iZj ,

such that G1(tn, denom(f̂)) = G2

(
1

denom(f̂) , f̂
)

= 0, as in Corollary 4.4.
10: A1 = {poles of g1ij in K | i, j ∈ N}
11: A2 = {poles of g2ij in K | i, j ∈ N}
12: C1 = ∑

x0∈A1

⌊
max
i,j

{−νx0 (g1ij)
m1−i

}⌋
13: C2 = ∑

x0∈A2

⌊
max
i,j

{−νx0 (g2ij)
m2−i

}⌋
14: r =

⌊
C1+C2
n−2

⌋
15: Make an ansatz

y(x) = a0 + a1x+ . . .+ arx
r

b0 + b1x+ . . .+ brxr
,

with indeterminate coefficients ai, bj, and solve the obtained algebraic system.
16: return all solutions y(x)
17: end if

4.3 Riccati equations

In this subsection, we restrict our work to the class of Riccati equations. A Riccati
equation is a differential equation of the form

ω′ = b0(x) + b1(x)ω + b2(x)ω2 , (11)

where b0, b1, b2 ∈ K(x), b2 6= 0. We normalize (11) by transforming with y = −b2(x)ω −
b′2(x)
2b2(x) −

b1(x)
2 . The obtained differential equation is

y′ + y2 = a(x) , (12)

where a = 1
4

(
b′2
b2

+ b1
)2
− 1

2

(
b′2
b2

+ b1
)′
− b0b2. A differential equation of the form (12) is

called a rational normal Riccati equation. Since this is always possible we only consider
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Riccati equations in normal form and study their rational solutions.
The problem of finding rational solutions of Riccati equations has been intensively stud-
ied. An algorithm for finding rational solutions of a Riccati equation can be found for
instance in [23, Alg. 2.2,p. 21]. In [14, Case 1] Kovacic also considers rational solutions
of Riccati equations, as a step in the computation of Liouvillian solutions of second-
order ODEs. Here we summarize the most important aspects of Kovacic’s algorithm for
Riccati equations.
First we collect necessary conditions for a rational normal Riccati equation having a
rational solution. To avoid triviality we always assume that a is not a constant, or
equivalently, a(x) has at least one pole in K ∪ {∞}.

Proposition 4.7. (Kovacic [14])
If the rational normal Riccati equation (12) has a rational solution, then
(i) every pole of a(x) on K must be either a simple pole or a multiple pole of even

order,
(ii) the valuation of a(x) at infinity ν∞(a(x)) must be even or be greater than or equal

to 2.

Assume that y(x) ∈ K(x) is a rational solution of the differential equation (12). A pole
of y(x) which is also a pole of a(x) is called a non-movable pole. Otherwise, it is called
a movable pole. According to Kovacic’s algorithm (see [14]), y(x) must have the form

y(x) =
n∑
i=1

ri∑
j=1

cij
(x− xi)j

+
m∑
i=1

1
x− χi

+
N∑
i=0

dix
i , (13)

where x1, . . . , xn ∈ K are poles of a(x), χ1, . . . , χm ∈ K are movable poles of y(x),
the indices N, n, r1, . . . , rn can be determinded from a(x), and each of the vectors
(d0, d1, . . . , dN), (ci1, . . . , ciri) over K is determined up to at most 2 choices. Every
such choice determines the potential number m of movable poles.
For details on the possible choices, we separate into several cases depending on the
property of a(x) at the pole x0 ∈ K ∪ {∞}. The first sum in (13) corresponds to the
property of a(x) at finite poles x1, . . . , xn, while the last sum is defined by the property of
a(x) at infinity. In all cases the coefficents can be obtained from Laurent series expansion
of a and y. Then we substitute into the ODE and compare coefficients.

Case 1: x0 = xi ∈ K is a double pole of a(x).
In this case, y(x) has a simple pole at x = xi. The Laurent series expansion
of a(x) and y(x) at x = x0 are

a(x) = ai2
(x− xi)2 + ai1

(x− xi)
+
∞∑
k=0

ai,−k(x− xi)k ,

y(x) = ci1
(x− xi)

+
∞∑
k=0

ci,−k(x− xi)k .
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By substituting these Laurent series to (12) and comparing coefficients of (x−
xi)−2 both sides, we see that the ci1 has two options

ci1 = 1±
√

1 + 4ai2
2 . (14)

Notice that ci1 is also the residue of y(x) at x = xi.
Case 2: x0 = xi ∈ K is a multiple pole of degree 2ri of a(x), (ri ≥ 2).

In this case, y(x) has a pole of degree ri at x = xi. The Laurent series expansion
of a(x) and y(x) at x = x0 are

a(x) = ai,2ri
(x− xi)2ri

+ ai,2ri−1

(x− xi)2ri−1 +
∞∑
k=2

ai,2ri−k
(x− xi)2ri−k

,

y(x) = ci,ri
(x− xi)ri

+ . . .+ ci,1
(x− xi)

+
∞∑
k=0

ci,−k(x− xi)k .

Again, we substitute these Laurent series to the differential equation (12) and
then identify the coefficients of (x − xi)j on both sides with j = 2ri, 2ri −
1, . . . , ri + 1. We see that ci,ri has two possibilities, and once a choices is fixed,
ci,ri−1, . . . , ci1 are determined uniquely. In particular, the vector (ci,ri , . . . , ci1)
is determined by

ci,ri = ±√ai,2ri ,

ci,s = 1
2ci,ri

ai,ri+s − ri−1∑
j=s+1

ci,jci,ri+s−j

 , s ∈ {2, . . . , ri − 1} ,

ci,1 = 1
2ci,ri

ai,ri+1 −
ri−1∑
j=2

ci,jci,ri+1−j − rici,ri

 .

(15)
The residue of y(x) at x = xi in this case is ci1.

Case 3: x0 = xi is either a simple pole of a(x) or a movable pole.
Then y(x) has a simple pole at x = xi with the residue 1. The Laurent series
expansion of y(x) at xi is y(x) = 1

x−xi +∑∞
k=0 ci,−k(x− xi)k.

Case 4: x0 =∞ satisfying ν∞(a(x)) = −2N < 0 for some N ∈ N.
Then the valuation of y(x) at infinity is −N . The Laurent series expansion of
a(x) and y(x) at infinity, respectively, are

a(x) = a2Nx
2N + a2N−1x

2N−1 +
∞∑
k=2

a2N−kx
2N−k ,

y(x) = dNx
N + dN−1x

N−1 +
∞∑
k=2

dN−kx
N−k .

With the same technique as above, by substituting these Laurent series to the
differential equation (12) and comparing corresponding coefficients on both
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sides, we obtain the following two possibilities for the vector (d0, d1, . . . , dN):
dN = ±√a2N ,

ds = 1
2dN

aN+s −
N−1∑
j=s+1

djdN+s−j

 , s ∈ {0, . . . , N − 1} .
(16)

Notice that the residue of y(x) at infinity in this case is

−d−1 = −1
2dN

aN−1 − dN −
N−1∑
j=0

djdN−1−j

 .

Case 5: x0 =∞ satisfying ν∞(a(x)) = 0.
We take N = 0. Then the valuation of y(x) at infinity is 0. The Laurent series
expansion of a(x) and y(x) at infinity, respectively, are

a(x) = a0 + a−1

x
+
∞∑
k=2

a−k
xk

,

y(x) = d0 + d−1

x
+
∞∑
k=2

d−k
xk

.

These Laurent series must satisfy the differential equation (12). Therefore
d0 = ±√a0 and d−1 = a−1

2d0
. The residue of y(x) at infinity in this case is

−d−1 = −a−1
2d0

Case 6: x0 =∞ satisfying ν∞(a(x)) ≥ 2.
In this case, the valuation of y(x) at infinity is positive. Therefore, we just
simply replace the last sum in (13) by zero, i. e. N = −1. The Laurent series
of a(x) and y(x) at infinity are of the form

a(x) = a−ν∞(a(x))

xν∞(a(x)) +
∞∑
k=1

a−ν∞(a(x))−k

xν∞(a(x))+k ,

y(x) = d−1

x
+
∞∑
k=2

d−k
xk

,

respectively. The possible residue at infinity of y(x) in this case is −d−1 =
−1±

√
1+4s∞
2 , where s∞ = lim

x→0
1
x2a

(
1
x

)
.

Once vectors (d−1, d0, . . . , dN) and (ci1, . . . , ci,ri) for i = 1, . . . , n are chosen, the number
of non-movable poles can be estimated. By the residue theorem, the sum of all residues
of y(x) over K ∪ {∞} is equal to zero. Since the residue of y(x) at movable poles is
always equal to 1, the number of movable poles is m = d−1 −

∑n
i=1 ci1.

After determining the number m of movable poles, we can make an ansatz. Let y(x) :=
y(x) −

m∑
i=1

1
x−χi , and let P (x) := (x − χ1) · . . . · (x − χm). Then y(x) can be written in
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the form y(x) + P ′(x)
P (x) . By substituting to the differential equation (12), P must be a

polynomial solution of degree m of the following linear second-order ODE:

P ′′(x) + 2y(x)P ′(x) + (y′(x) + y(x)2 − a(x))P (x) = 0 . (17)

Finding all polynomial P of degree m of the differential equation (17) can be done by
linear algebra.
Summarize this discussion we can recall Kovacic’s algorithm for rationally solving Riccati
equations.

Algorithm 4 Rational Solutions of Riccati equations (Kovacic [14])
Input: The Riccati equation ω′ = b0(x) + b1(x)ω + b2(x)ω2, with bi ∈ K(x) and b2 6= 0
Output: The set Sol of all rational solutions.
1: Set y = −b2ω − b′2

2b2
− b1

2 and transform to the rational normal Riccati equation:
y′ + y2 = a(x), where a = 1

4

(
b′2
b2

+ b1
)2
− 1

2

(
b′2
b2

+ b1
)′
− b0b2

2: Sol = ∅, preSol = ∅
3: If a = 0, then preSol = preSol ∪

{
1
x−c

}
.

4: If a ∈ K \ {0}, then preSol := preSol ∪ {±
√
a}.

5: Determine poles of a(x) in K, say x1, . . . , xn, and their orders. Compute ν∞(a(x)).
6: Based on the results of the previous step, determine all possible vectors

(d−1, d0, . . . , dN), and (ci1, . . . , ciri) for i ∈ {1, . . . , n} as discussed above.
7: for all possible combinations of these vectors do
8: Compute m = d−1 −

n∑
i=1

ci1.

9: Denote y(x) =
n∑
i=1

ri∑
j=1

cij
(x−xi)j +

N∑
i=0

dix
i.

10: if m is a non-negative integer then
11: Find polynomial solutions of degree m, say P (x), of the differential equation

P ′′ + 2y(x)P ′ + (y′(x) + y(x)2 − a(x))P = 0 .

12: For each P , append y(x) + P ′(x)
P (x) to preSol

13: end if
14: end for
15: For each y(x) ∈ preSol, append ω := −1

b2

(
y + b′2

2b2
+ b1

2

)
to Sol

16: Return Sol.

5 Geometric aspect and strongly parametrizable
first-order AODEs

In this section we study first-order AODEs from a geometric point of view. In particular
we work on the class of first-order AODEs which satisfy a certain geometric condition.

24



They shall be called strongly parametrizable first-order AODEs. Beside, we construct for
each such differential equation a quasi-linear first-order ODE which we call the associated
differential equation. The key point is that the solution sets of a differential equation
and ist associated ODE have a faithful relation.
In the second part of this section we investigate an application of the geometric idea to
a specific ODE for computing Zolotarev polynomials.

5.1 Strong parametrizability

We consider the first-order AODE, F (x, y, y′) = 0, where F ∈ K[x, y, z] \ K[x, y]. We
are going to approach the differential equation from a geometric point of view. In order
to do so, let us consider the algebraic curve C in A2(K(x)) defined by F (x, y, z) = 0.

Definition 5.1.
C is called the corresponding curve of the differential equation F (x, y, y′) = 0.

To connect rational solutions of the differential equation to properties of the correspond-
ing curve, a natural way is using rational parametrization aspects of algebraic curves.
We recall here the definition of parametrizations.

Definition 5.2.
Let C be an irreducible algebraic curve in A2(K(x)).
• A rational parametrization, or briefly a parametrization, of the curve C is a rational
map P : A1(K(x))→ C ⊆ A2(K(x)) such that the image of P is dense in C w. r. t.
Zariski topology.
• If furthermore P is a birational equivalence, it is called a proper parametrization.
• If P has the form P(x, t) = (p1(x, t), p2(x, t)) for some p1, p2 ∈ K(x, t), P is called
a strong parametrization. An algebraic curve having a strong parametrization is
called strongly parametrizable.

Not all algebraic curve have a rational parametrization. It is well-known that an alge-
braic curve has a rational parametrization if and only if its genus is zero (see [24]). Once
an algebraic curve has a rational parametrization, it always admits a proper parametriza-
tion. There are several algorithms for computing proper parametrizations of an algebraic
curve of genus zero. Readers are referred to see [24] for such an algorithm.
The proper algorithm obtained from Algorithm Optimal-Parametrization in [24,
Chap. 5] is, moreover, optimal in the sense that the field of coefficients of the parametriza-
tion is as small as possible. In particular, let C be an algebraic curve in A2(K(x)) defined
by G(x, y, z) = 0 for some G ∈ K(x)[y, z], and assume that C is irreducible and of genus
zero. The smallest possible coefficient field of a proper parametrization of C is either
K(x) or a quadratic extension of K(x). In the first case the curve is strongly parametriz-
able. In other words, Algorithm Optimal-Parametrization can decide whether a
given algebraic curve is strongly parametrizable.
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Definition 5.3.
A first-order AODE, F (x, y, y′) = 0, is called strongly parametrizable if its corresponding
curve is strongly parametrizable.

Note, that all quasi-linear first-order ODEs are strongly parametrizable. Furthermore,
almost all of the first-order AODEs listed in the collection of Kamke [13] are strongly
parametrizable. In fact 89% are strong, irreducible AODEs. The remaining ones consist
of two classes. One part contains the reducible AODEs, hence, parametrizability of the
factors can be considered. Most of the reducible AODEs have strongly parametrizable
factors. The other part consists of AODEs for which the corresponding curve has genus
greater than 0. Note, further, that there are only three first-order AODEs in Kamke’s
collection (1.372, 1.545 and 1.548) which are neither strongly parametrizable, nor max-
imally comparable. These three equations are autonomous, and hence by Corrolary 5.7
cannot have a rational solution.
The class of first-order AODEs covers around 64 percent of the entire collection of first-
order ODEs in Kamke. Some of the remaining ODEs contain arbitrary functions. For
certain choices of these functions, the ODEs might be algebraic. For further details on
statistical investigations of Kamke’s list we refer to [9]. We give here an example from
Kamke’s collection.

Example 5.4. (Kamke 1.527)
We consider the differential equation

F (x, y, y′) = −y5 − xy4y′ + y′3 = 0 . (18)

Its corresponding curve F (x, y, z) = 0 has a strong parametrization

P(t) :=
(

t3

x3(t2 − x3) ,
−t5

x4(t2 − x3)2

)
.

Therefore, it is a strongly parametrizable first-order AODE.

Next we derive for each strongly parametrizable first-order AODE a quasilinear first-
order AODE, for which rational solutions of the one can be obtained from the other.
Let us consider the strongly parametrizable first-order AODE (1), F (x, y, y′) = 0,
where F ∈ K[x, y, z] \ K[x, y], such that the corresponding curve, say C, is strongly
parametrizable. We might assume that a strong parametrization is given, for instance
P(t) := (p1(x, t), p2(x, t)) for some p1, p2 ∈ K(x, t). Let y(x) ∈ K(x) be a rational
solution of the differential equation. Since F (x, y(x), y′(x)) = 0, the pair of rational
functions (y(x), y′(x)) can be seen as a point on the corresponding curve. Comparing
with the image of the rational map P , two cases arise:
Case 1: (y(x), y′(x)) /∈ imP , where imP is the image of P . Then (y(x), y′(x)) lies on

the finite set C \ imP .
Case 2: (y(x), y′(x)) = P(ω(x)) for some ω(x) ∈ K(x).
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Let us go further with Case 2. Since P is birationally equivalent, we know that if such
an ω exists, then it must be a rational function. In that case, it satisfies the condition:{

p1(x, ω(x)) = y(x) ,
p2(x, ω(x)) = y′(x) .

Therefore,
d

dx
p1(x, ω(x)) = p2(x, ω(x)) .

By expanding the left hand side, we have

ω′(x) · ∂p1

∂t
(x, ω(x)) + ∂p1

∂x
(x, ω(x)) = p2(x, ω(x)) .

Thus ω(x) is a rational solution of either the algebraic system
∂p1

∂t
(x, ω) = 0 ,

∂p1

∂x
(x, ω) = p2(x, ω) ,

(19)

or the quasilinear differential equation

ω′ =
p2(x, ω)− ∂p1

∂x
(x, ω)

∂p1
∂t

(x, ω)
. (20)

Definition 5.5.
We use notations from above.
• The system (19) is called the associated algebraic system of the differential equation
F (x, y, y′) = 0, with respect to P.
• The quasilinear differential equation (20) is called the associated differential equa-
tion of the differential equation F (x, y, y′) = 0, with respect to P.

The discussion above yields a nice relation between rational solutions of the differential
equation F (x, y, y′) = 0 and its associated algebraic system and associated differential
equation.

Theorem 5.6.
With notations as above, a rational function y(x) ∈ K(x) is a solution of the differential
equation F (x, y, y′) = 0 if and only if one of the following holds:
(i) (y(x), y′(x)) lies in the finite set C \ imP.
(ii) y(x) = p1(x, ω(x)) for some ω(x) ∈ K(x) a rational solution of the associated

algebraic system.
(iii) y(x) = p1(x, ω(x)) for some ω(x) ∈ K(x) a rational solution of the associated

differential equation.
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Proof. Clear from above discussion.

Corollary 5.7.
If an autonomous AODE, F (y, y′) = 0, has a rational solution then it is strongly
parametrizable.

Proof. Let y(x) be a rational solution of the AODE, then y(x + c) is also a solution of
the AODE (see [3]) and hence, (y(x+ c), y′(x+ c)) is a strong parametrization.

As a consequence of Theorem 5.6, the problem of determining all rational solutions of
a strongly parametrizable first-order AODE reduced to three smaller ones: determining
the complement of imP in C, finding rational solutions of a system of two algebraic
equations, and finding rational solutions of a quasilinear first-order ODE. The first two
problems are well-known, and therefore, quite easy. The last one has been investigated
in the previous section. Thus Theorem 5.6 yields the following algorithm for determining
all rational solutions of a strongly parametrizable first-order AODE (see Algorithm 5).

Algorithm 5 Rational Solutions of strongly parametrizable first-order AODEs
Input: A strongly parametrizable first-order AODE, F (x, y, y′) = 0, with a strong

parametrization P = (p1, p2) of the associated curve.
Output: All rational solutions.
1: Sol = ∅
2: Determine the finite set C \ P
3: for all y(x) ∈ C \ P with y(x) ∈ K(x) and F (x, y(x), y′(x)) = 0 do
4: append y(x) to Sol
5: end for
6: Find all rational solutions ω = ω(x) of the associated algebraic system

∂p1
∂x

(x, ω) = 0 ,
∂p1
∂t

(x, ω) = p2(x, ω) ,

append p1(x, ω(x)) to Sol
7: Use Algorithm 3 to rationally solve the associated differential equation

ω′ =
p2(x, ω)− ∂p1

∂x
(x, ω)

∂p1
∂t

(x, ω)
.

For each of the rational solution ω = ω(x), append p1(x, ω(x)) to Sol
8: return Sol.

Example 5.8.
Let us return to the differential equation (18) from Example 5.4:

F (x, y, y′) = −y5 − xy4y′ + y′3 = 0 .
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As we have seen, the corresponding curve, say C, has a strong parametrization P(t) :=(
t3

x3(t2−x3) ,
−t5

x4(t2−x3)2

)
. The rational map P−1 : C → A1(K(x)) given by P−1(y, z) = −x2y2

z

is an inverse of P. Therefore, C \ im(P) = ∅. The associated algebraic system and the
associated differential equation of (18) with respect to P are

−ω4(ω2−5x3)
x4(ω2−x3)3 = 0 ,

−3ω3(ω2−2x3)
x4(ω2−x3)2 = − ω5

x4(ω2−x3)2 ,

and
ω′ = 2ω

x
,

respectively. This algebraic system and the differential equation are quite easy to solve.
The algebraic system has only the zero solution, while the differential equation has a one-
parameter class of rational solution, ω(x) = cx2. Hence, the set of all rational solutions
of the differential equation (18) is the one-parameter class of functions y(x) = c3

c2x−1 .

5.2 An application: Zolotarev Polynomials

In approximation theory Zolotarev polynomials are defined to be those polynomials
which deviate least from zero. The precise definition is not important to us here. What
is interesting, however, is that Zolotarev polynomials y(x) = Zn(x) satisfy a first-order
AODE (compare [18, 25]),

n2(x− β)2(1− y2)− (1− x2)(x− γ)(x− δ)y′2 = 0 (21)

This AODE is strongly parametrizable over K(x) by P(t) = (p1, p2) with

P =
(

4n2t2 + (x2 − 1) (x− γ)(x− δ)
4n2t2 − (x2 − 1) (x− γ)(x− δ) ,

4n2t(x− β)
4n2t2 − (x2 − 1) (x− γ)(x− δ)

)
.

Using this parametrization in Algorithm 5 we transform the AODE to an ODE of degree
1 in the derivative. Kovacic’s algorithm (Algorithm 4) provides a method to solve this
ODE. However, we have to deal with the additional parameters β, γ, δ. According to [25]
the so called proper Zolotarev polynomials form a one-parameter class of solutions of the
above AODE. The algorithm from [9] shows that there is no rational general solution.
Hence, there has to be a certain relation between the parameters in order to admit a non-
constant polynomial solution. We modify Algorithm 4 slightly in order to attack this
additional requirement. In step 11 we need to solve a second order ODE by coefficient
comparison. We want to solve the system of equations not only in the coefficients of the
undetermined polynomial P but also w. r. t. the parameters β, γ, δ. This means we have
an algebraic curve in higher dimensional space. By Gröbner basis computations we can
project the space curve to a plane curve which we can try to parametrize.
For n ∈ {2, 3, 4} a rational parametrization of the plane curve can be found and hence,
explicit expressions of proper Zolotarev polynomials can be computed. For higher degree
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this is still subject of further research. According to [25] so far explicit expressions have
already been found up to degree 4 and methods have been investigated to determine
Zolotarev polynomials algebraically (c. f. for instance [17]). Our method is able to com-
pute explicit expressions also for degrees 5 and 6 and gives an algebraic expression in
any case. In this paper we show as a motivating example the case of degree 4, which is
interestig enough as an application of our method, but does not require further consid-
erations. For more details as well as for higher degrees and possible issues thereof we
refer to [8].

Example 5.9.
We compute the one-parameter class of proper Zolotarev polynomials of degree n = 4.
Coefficient comparison in Step 11 yields a set of algebraic equations in β, γ, δ, c0, where
c0 is the constant coefficient of the polynomial P which solves (17). Note, that in this
specific case we have m = 1. By Gröbner basis computation we eliminate γ and c0 and
get the equation

256β4 − 128β3(3δ − 1) + 64β2
(
3δ2 − 2δ − 1

)
− 8β

(
5δ3 − 5δ2 − 9δ + 1

)
+ (δ + 1)2

(
3δ2 − 18δ + 11

)
= 0 .

This equation defines an algebraic curve which can be properly parametrized by Q(t) =(
t4−2t2−3

8t , t
4+2t3−1

2t

)
. Hence, we conclude that

β = t4 − 2t2 − 3
8t , γ = t4 − 2t3 − 1

2t , δ = t4 + 2t3 − 1
2t , c0 = 1

2
(
1− t− t2 − t3

)
.

Then the solution of the associated ODE is

ω(x) = −(x+ 1) (−t3 + t2 − t+ 2x− 1) (−t4 − 2t3 + 2tx+ 1)
16t (t3 + t2 + t− 2x− 1) .

Hence, we get a proper Zolotarev polynomial

Z4(x, t) = p1(x, ω(x)) = a0 + a1x+ a2x
2 + a3x

3 + a4x
4

(t2 − 1)3 (t2 + 1)2 ,

with

a0 = 2t
(
3t6 + t4 + t2 − 1

)
, a1 = t10 − t8 − 2t6 − 10t4 − 7t2 + 3 ,

a2 = −2t
(
3t6 + t4 + t2 − 5

)
, a3 = 4

(
3t4 + 2t2 − 1

)
,

a4 = −8t .

Note, that this is exactly the same expression as described in [25].
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6 Conclusion

In constrast to several previous papers here we concentrate on determining all rational
solutions of AODEs. For two classes of first-order AODEs we give algorithms for finding
all rational solutions. These classes are maximally comparable and strongly parametriz-
able AODEs. Together they form a big part of the family of first-order AODEs. In
Kamke’s collection only three of the first-order AODEs are not covered. These three are
autonomous and not strongly parametrizable, so they cannot have a rational solution.
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