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In this report we use a previously published algorithm for finding rational general solutions of algebraic
ODEs to do some statistical investigation of AODEs from famous collections. For all first-order AODEs
in these lists we give either a strong rational general solution or the decision that such a solution cannot
exist,.

1 Introduction

In [3] we gave an algorithm for deciding the existence of a rational general solution of strongly parametrization
first-order AODEs (SP1AODESs). This report shall give, on the one hand a list of strongly parametrizable AODEs
and their solutions and on the other hand a statistical investigation on the relative number of such AODEs in well
known collections such as Kamke [1] and Polyanin and Sajzew [2]. For detailed explanations on the algorithm in use,
we refer to [3]. To get some insight we also give some intermediate computations of the algorithm here. The given
first-order AODE is considered as an algebraic curve over K(z). We need a strong rational parametrization of the
curve. Then we compute an associated ODE, which, in order to allow a rational solutions, has to be of a specific
form. A rational general solution of the associated ODE leads to a rational general solution of the original AODE.

In the following we write NORATGENSOL, if an AODE does not have a rational general solution. If it just does not
have a strong rational general solution we write NOSTRONGRATGENSOL.

2 First-Order AODEs from Kamke [1]

In this section we give rational general solutions of strongly parametrizable AODEs from Kamke [1]. We also list
those AODEs which do not have a rational general solution. Table 1 shows the absolute and relative numbers of
certain classes of ODEs in Kamke’s collection. Figure 1 shows these classes on a more illustrative basis.

Type # of ODEs in Kamke | % %
first-order 576 100
first-order AODE | 369 64.41 | 100
SP1AODE 329 57.11 | 89.61

Table 1: Number of AODEs in Kamke
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Figure 1: first-order ODEs in Kamke [1]
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Note, that around one third of Kamke’s collection is not in the class of AODEs. Some of those ODEs depend on
arbitrary functions. For certain choices of these functions these ODEs are however algebraic and then of course the
algorithm of [3] is applicable.

Kamke is not very precise on the domains of occurring parameters. As long as possible, we chose them to be in a
suitable domain to get an AODE. Parameters which appear as coefficients, are usually considered to be in generic case,
i.e. there might be exceptional cases where the AODE is reduced to another one or where the given parametrization
is not defined. Such exceptional cases are not treated in this paper. Furthermore, when we say there is no rational
general solution, then we mean that there is no parametric rational general solution. For certain specific choices of
parameters there might be still a rational general solution.

Important for our considerations are those parameters which appear in the exponents. Obviously the exponents of y
and 3’ have to be non-negative integers, otherwise the ODE would not be algebraic. We assume furthermore, that
these integers are in fact positive, otherwise the ODE might be reduced to a simpler one, or even to an algebraic
equation. Let F' define an AODE. In general we require F' to be polynomial in z as well. We might weaken this
requirement by assuming that all exponents of = are at least integers. In such a case the ODE can be easily transformed
into an AODE. Hence, throughout this report, we assume that all parameters appearing in the exponents of x are
integers.

The following tables include all AODEs from Kamke’s collection. Each subsection of Kamke is given in a separate
table (Table 2 to 5 for AODEs where 3 has degree 1 to 4 (or higher) respectively). Table 6 is a collection of factors
of reducible AODEs in Kamke.
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Table 2: First-order AODEs of degree one in 3’ (continued).
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Table 2: First-order AODEs of degree one in 3’ (continued).

Parametrization Solution of AODE
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Table 2: First-order AODEs of degree one in 3’ (continued)
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Table 2: First-order AODEs of degree one in 3’ (continued).
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Table 2: First-order AODEs of degree one in 3’ (continued).

Parametrization Solution of AODE
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2 2
1.285 | 3y’ +2)22 + 2y(y’ + Bz + v2(4y’ + 1) (t, _ﬁ%) NORATGENSOL
x T
2
1.286 | (—3z + 2y + 1)y’ — (22 — 3y + 4)? t, (‘:’;:23(113) ) NORATGENSOL
—oT
2
1.287 | (—da 42y + 12y — (y — 22)2 t, %) NORATGENSOL
"4z
3t2-1)a
1.288 —3yy’z2 — 3y%22 + = + 692y’ + o’ By v ry NORATGENSOL
—ox
1.280 | —6y2 4+ 20y + a + (¢ — 6y)2y’ (t, 7%) NORATGENSOL
-
2 2
1.290 | dz2 + c(2y + zy’)z + y(by + ay’y + 2bzy’) (t, —2—2%2) NORATGENSOL
a(m2a2+w(2tﬁ—1)a+t2[32) —bta
1.291 a(zo + yB)2 — (az + by)a +y’ (b(ma + yﬁ)2 — (az + by)B) t, NORATGENSOL
azB—b(:2a2+2t13a+tﬁ(tﬁ—1))
5
1.202 | y'(c+ ba + ay)? + (ya + 28 + )2 (t, —%) NORATGENSOL



Table 2: First-order AODEs of degree one in 3’ (continued).

Parametrization Solution of AODE
3
Stax—2t
1.293 2y3 + z(yy’ — 5)y — 322y’ t, 2tr—2ts NORATGENSOL
t2 -3z )z
t(t2+m2+a)
1.294 (m2 + y2) (zy’ —y) — a(y + zy’) t, ———— NORATGENSOL
m(t2+w2—a
t(—t2+act+z )
1.295 —y' 23 4y + D22 + 2+ Do — 3 t, NORATGENSOL
(7127:1:t+m2)
45,2 25,3
4 Tx3 — 2y2g2 2 = Pl | o e 2 ) NORATGENSOL
1.206 | 2% + (v + 1)y'2® — 29222 + 2y e — 243 (m
3 2 2 2\ ,/ + 3 —ta? NORATGENSOL
1.207 | y3 — 22y + 2z (522 +42)y T ToaBiar?
2 t
1.298 ¥+ (3y2y’ = 2) (t, F = ﬁ) NORATGENSOL
3
t3—2¢
1.299 y3 + z(3yy’ — 2)y — zzy' (t, —MT_;E) NORATGENSOL
3
2t
1.300 | 243 + 6ay’y2 + @ (t, _ ﬁ) NORATGENSOL
3
3t° —t
1.301 —3y3 + z(6yy’ + )y + 22y’ (t, m) NORATGENSOL
1.302 avzy’y2 + v+ my’ (t, — m) NORATGENSOL
t(t212+1)
1.303 | 2243 4y + (zy — 1)2y’ b T NORATGENSOL
t(5t212+tz—3)
1.304 | 522¢3 + (IOy/ms L a:) y2 + (m%’ = 3) y + 2zy’ By = A NORATGENSOL
z(10t2 2+tw+2)
/3 2 ! 3t—a” NORATGENSOL
1.305 | y'y3 — 3y 422 — 3zy t e
2
1.306 —y'23 — 22y + 43y’ (t, ﬁ{?) NORATGENSOL
x (t2+ac2—a)
1.307 a(yy' —x) + (mz + y2) (z + yy') t, ————— NORATGENSOL
t(t2+12+a
z(zz—tz)
1.308 —23 4 42z 4+ 243y t =t NORATGENSOL
3 3 ’ 20340 NORATGENS
1.309 —2z° —x + (2y + y) y t, Z_tm ORATGENSOL
3 'x2 4 5y2 293y’ (t _ 234520 ) NORATGENSOL
1.310 z° + 5yy'z® + 5y“x + 2y°y > mz s
3 2
’ 3 ’ 2 3,20, _ 3 ’_q 17 —6xt” —9x"t—dx NORATGENSOL
1.311 By +4)z” + 3y(2y" + 3)z 3y“(y 2)z + y°(20y ) (t: 20033262+ 62211323
p 5 % (t2—b) a2+b(t2+z2+b) a+b2a:2)
1.312 % + &= +% ) +uy) t, — NORATGENSOL
@ t((t2+b) a2+b(t2+:c2—b) a+b2w2)
3_ 42 2
P 2 122 2 (0l ’ , at®—ct”—bx”(3t+22) NORATGENSOL
1.313 | b3y —x(y’ —2))z" +¢ (y =% +y ) +ay?(2y'y —y + 3y’ ( a@iTsn 2 e (omba)
Tzt 4 2yad 4 293y x — ¢4 (t 42tz ) NORATGENSOL
1.315 —y'z® +2yx° + 2y°y 'z —y v gy o
2
4-2t TGENS
1.316 20y’ y3 +2y2 + oy y — 4 (t, 2—3—) NORATGENSOL
xto 4+t
(=0
1.317 | v2 —zy+= (2y3 +y+ cc) u! t, (&=0) NORATGENSOL
z‘ 2t34t4a )
1.318 y (y3 +3zy’y? — 2y — day’ + y’) reducible see Table 6
t(t3—5)
1.319 vd 4+ 729"y + (v — 5)y — 52y’ R s NORATGENSOL
247 y3 Ty — t L ) NORATGENSOL
1.320 | 22y'yd +ay’y —1 (m



Table 2: First-order AODEs of degree one in 3’ (continued).

Solution of AODE

Parametrization

0T

1.321 | 2a2y/y3 + 22y/y2 — 29y — 22y’ — 1 t, 2zl NORATGENSOL
an 2wt3+mt2—2)
4
4 2.3 2 ’ Szt +ax
1.322 5 10 — 3 -2 t, ———— NoORATGENSOL
eyt bt ( v v ) v ( 710m2t3+3t2+2)
t(btz3+c)
1.323 y (byw3 —+ c) + x (azy?’ —+ c) y/ t, - ——4% NORATGENSOL
I(azt3+c)
3.7 3 ’ t—2t323
1.324 2z°(y" + Dy° —y — zy t, - 53,3 NORATGENSOL
4 3
4 7.3 3 4,71 = =2t x
1.325 = -2 2 t NORATGENSOL
g yy z° +2y°c +y-y (ym) o
x (a3t3+3a2bzt2+b3zs+a(t3+3b2:t2t)
1.326 z (aya + (bx + ay>3) +y (bma + (bx + ay)3) y' t, — NORATGENSOL
t (a3t3 +3a2bxt24+3ab2x2t+b (b2+1) z3)
5
5 4 2,3 ’ 04t
1.327 2 2 t, — NORATGENSOL
Y +y+(zy +2z%y +y+w)y (, Y STy T I ye +2wt+2t+w)
1.328 ax2y’y™ +y — 22y’ (t, %) NORATGENSOL
2z —atTx
T if b= ka, 8 = ka, k € Z\ {0}
o (az™ )L7i | | ( )
cro (ax” + a)na  no if m =0,a| B,naa | (ab — ap
t(bm"tm+ﬁ) ot ’ ’ !
1.329 (o yy™ 4 -/ B
O 5 el Vo 5F B 5 e T cx @, W= =e=00 | %)
(=210
cx o ifm=1,a=n=0,a| (b+ B)
NoORATGENSOL , otherwise
! ( 2 ( )2 3 +
’ ’ t“+(atax )
1.340 e1((ata)y’ —y) ea(yt(a—w)y’) t, NORATGENSOL
2 2,,2)° 2 2,,2)° ep(w—a)
a“42xatx“+y a®—2xa+xz“+y 3
(t2+(a—z)2)

1.368

1.371

1.372

1.374

1.375

1.376

1.377

1.378

1.379

ba? + 4’2 +ay

—a? 4 y2 442

—v3 + 92 + 2
—4y® +ay+y'? 40
(v' —2)y’ — 2

be +y'(a + y')

by +y'(a+y')
y2+(@-2)y —y+1
yiat+az+y) -y
y+y/(—=z+y' - 1)
vz 4+y') -y
v+ v (v — 22)

—ba? —c+y'(ax +y)

Table 3: First-order AODEs of degree two in 3’.

Parametrization

(_ t24ba? i t)

a
(a—at 2at )
1241 0 t2+1
(ﬂ +1,¢% + t)

genus 1
(_ (t—=2)t +2 )
2(t—1)’ 2t—2

reducible over K(x)
t(att

(~ e )

(t2 4 (z — 2)t + 1,t)

(t(a+t+ ), t)

(t(—t+z+1),t)

(t(t + 22), t)

(—t(t — 22),t)

reducible over K(x)

Associated ODE

__t
2(t+x)

t
2t—2x

Solution of assoc. ODE

NORATGENSOL

NORATGENSOL

NORATGENSOL

NORATGENSOL

NORATGENSOL

c

c

NoORATGENSOL

NORATGENSOL

Solution of AODE
NORATGENSOL
NoRATGENSOL
NoRATGENSOL
NOSTRONGRATGENSOL
NORATGENSOL
NOSTRONGRATGENSOL
NoRATGENSOL

2 +(z—2)c+1
cla+tec+m)
c(—c+z+1)
NoRATGENSOL
NoRATGENSOL

NOSTRONGRATGENSOL



1T

ID

1.383

1.396

1.409

1.410

1.411

AODE

cz? + by + v/ (ax + v')

c+y' (b+vy) +azy’ —

—2y’x? + 2y + y'2

a(wy’ — 2y)a? + y'2

v/ (v —2y) — 22

2 _ay'y+y+

—c— bz +y (ay +v)

(bz + ") (ay + v')

—(zy — ) (y2 + y’)

Coy2yed — ayBa2 4 /2

y(@+2y —1) -y
—2y’2? 4 3yx + 2¢/2

v+ 3y — 2z)
x? +ay’e +3y"2 —y

v/ (b+ay’) —y
(v + by )2 + ay’?

v (y+ay)—=
y(ay —y)—=
ey’ — g

2 42— 2y
y'(@y’ —2) —y
v/ (@y’ +4) — 2y
zy' (v +1) —y

a+y'(y+=zy')

—22 4+ 4%z + yy'

3+ 2%+ yy'

—yt +yly + ay’?

z(y’ = 3)y" +y(y +1)

a+y'(zy’ —y)

ay +y'(zy’ —y)

Table 3: First-order AODEs of degree two in ¢’ (continued).

Associated ODE

Parametrizatio

12+azt+c12 )
-5

(c+t(b+t+am) ) t)

reducible

reducible

(st i)
202 (to+2)  2x2 (to+2)

(t(2t +x — 1), t)

2t(z2—t)
—_——,t

3z ’

(t(23 — 3t), t)
(3t2 + dat + 22, t)

(t(b + at), t)

(ba:2+at)

-t
x

—
r~Ii~x TN

D

o+

o
~——

(at %,t
(tzz,t)

(3 (7))
(t(tx — 2), t)

(%t(tm +4), t)

(t(t + l)z t)

zt +a’t

st

( _t2
t +x )
Lt
+3
Tt -t

_ attbt{2cax

2t+ax

B+

_2t(t+1)
TtF3)z

0

a(t—a)
QRa=tz

Solution of assoc. ODE

NORATGENSOL
c

NORATGENSOL

cx

NoORATGENSOL

NORATGENSOL

NoORATGENSOL

NORATGENSOL

NORATGENSOL
xz

¢T3z
NORATGENSOL

NoORATGENSOL

NORATGENSOL
NoORATGENSOL
NORATGENSOL
NORATGENSOL

NORATGENSOL

NoORATGENSOL
NORATGENSOL

NORATGENSOL

NORATGENSOL

NORATGENSOL

@

NoORATGENSOL
c

NORATGENSOL

Solution of AODE

NORATGENSOL

c(b+ctax+1)
a

NORATGENSOL

c (aw2+c)
2a

NoRATGENSOL

NORATGENSOL

NoRATGENSOL
see Table 6
see Table 6

2 —cx2
c(2e+ =z — 1)

NORATGENSOL

NORATGENSOL
2
2 pwe— 2o

NoRATGENSOL

NoORATGENSOL

NORATGENSOL
NoRATGENSOL
NORATGENSOL
NORATGENSOL

NoRATGENSOL

NoRATGENSOL
NORATGENSOL

NORATGENSOL

NORATGENSOL

NORATGENSOL
C

c2 ap=1l

NoORATGENSOL
% + cx

NORATGENSOL



4!

1.419

1.438

1.439

2yy’ + = (y'2 - 1)
a+y (zy’ — 2y)

T (ylz = 1) = 2yy/
x (y'2 + 4) —2yy’

xy'? —2yy’ + 2+ 2y

bx + y' (ay + zy’)

(x+1)y'?2 — (2 + )y +y
Bz + 1)y'? -3y +2)y’ +9
Bz +5)y'2 — (= +3v)y’ + vy

b(zy’ —y) + v/ (c — ay + azy’)

ay’(—y+ 2y’ +1) +b(y — 2y’ +y')

(e2 + ag2)y’? + (e1 + arz + bry)y’

+co + agz + boy
oyt g2 4 a2y2
2+ (a+2y")? - 2ay
(y+ 2@y +2)2% — 4(a + z(z + v))

2 _ozy’y+y+a22y? -

—at 4 (y'2 - 92) 22 — 29y’ @ + 42

y2 +22y'2 — (a + 209)y’

2y? + 32y’y + «2y’?

3y2 + Bay’y + 22y’2

—5y2 + dzy’y + 2242

22y'2 —da(y +2)y’ +4y(y +2)

(v +v")ad + (y/2 + oy’ — 1)) W
—y(y +2v")z + v

y/I2 _ asy2 _ y’

2 (y—20)y'y +22y"2

(ay3 + y') (y'wz + b)

y? — 22y + (z"’ + 1) y'? -1

Table 3: First-order AODEs of degree two in ¢’ (continued).

Associated ODE

Solution of assoc. ODE

Parametrization

t2-1)x 3
[ _2_»5—315 NORATGENSOL
T2t xzt4+x
+3
— NORATGENSOL
t2z—a
( ,t) % cx
( t) % cx
t2+1 m .1
2(1:71) 0 T @ g 1
t +b t((a+1)t2+b)
Gyt —_— NORATGENSOL
(b—t2)ac
0 c

t(a:t+t—:c) t)
3
t

(oo 4) o3 -2

(e
(
(ﬁMﬂl t)
(G2l
(

(=}
o)

(=]
o

3t—1 ’
(et (b+at)z)
b+at 0 ¢
Hemorobtm) t) 0 @
2 2
(7 cot®tagxt ‘;;{:b‘tatlft-i-q)"'aor ; t) Ayg30 NORATGENSOL
4.4 2
ta 1 ttzt (tz—1)
(T I e W) o NORATGENSOL
2 2 2
¢ +2tza+(t +1)z + _t241 NORATGENSOL
2a ’ a+tx
2 2 2 2
(—4a+‘fz—4z o=t -l—:;m—élz ) 2 2z + ¢
2
(I 42 =t ;tj:a:) % NORATGENSOL
2 2 _ 2 2
(m 2 (@m14s (m+1)) . (% _ 1) NORATGENSOL
2 2
tZx t
(0 2) : :
reducible - -
reducible — —
reducible - -
( 2tz (tx—4) ) _ 2 __2
(tz—2)2 ' (tz 2)2 2 —
reducible — —
2
t, S NORATGENSOL
22—
(t+z+1)2  (t+z+1)2 = c—=
T T (or)2
reducible — —
i +2 2 _
1('5 (5‘D +1) 1) it2(—itz)2—i t _c
i P T 2i(—ita) i—x L

Solution of AODE

NORATGENSOL

NORATGENSOL

2221
2¢c

NORATGENSOL

c(zctc—z)
@=11

c (m + l) + % —
c(c(3z+5)—=x
3c—1
ci(azcytctba)
b+acy
c(czata+b—bx)

ac—

NORATGENSOL

NoRATGENSOL

NORATGENSOL
c(ct+4z)—4a
Zz‘
NORATGENSOL
NORATGENSOL

c(atcx)
a
see Table 6

see Table 6

see Table 6

2x(x—2c)
c

see Table 6

NORATGENSOL

(c+1)?
c—xz+1

see Table 6

(itz)e? —itax
2c



el

Table 3: First-order AODEs of degree two in ¢’ (continued).

ID AODE Parametrization Associated ODE Solution of assoc. ODE Solution of AODE
1.447 (:2 - 1) y’2 -1 reducible over K(x) — — NOSTRONGRATGENSOL
2 2 2 2
2 3 2 t — +t“4+2tx—1 t xz“—1)+tz—1
2 2 2 t —t2g 2tz +2t+w (
1.448 = w? =1l 1 = NORATGENSOL NORATGENSOL
t +( )y i t222 ¢2 1 t2z2 —t2 1 221
1.449 y2 + Zwy/y =+ (.722 — a2) y’2 reducible — — see Table 6
2
t“—1)x
2 2 ’ 2,72 ( ) a2t t a2c?2 22241
1.450 (y —1): —2yy'z — a?y S -t L cx e

z +a t2+b a2t2+i\/51(t222+b)+a(t2z(:ﬂ+iﬁ) 4;) t(w+i\/5)
2i/at ’ 2at (m2+a) 22+a

1.451 y2 - 2zy’y + (22 =+ a) y’2 +b NoORATGENSOL NORATGENSOL

’ 2 ’ 2 2
(v +2)y? + 229y + (2z + 1) y _Pgmetl

c—x

_t24awt4l 72t271) ®

+ (z2+2) ¥ +1 RN )

(t2—1) a? —2t2a4t2 at((t2+1) a2—2t2a+t2)

1))

—t

1.453 a2z2 (y’2 + 1) —(y — zy’)2 ( ot s 3(a—T)at — A 1)( 2(t2 1) t2) NORATGENSOL NORATGENSOL
a— a — - T

am( —t2—1) 7/ (a—1)az (a—t2—1)+(a—1)m(a+t2—1) \/Et

_ 2 2 2 ’ 2
1.454 a“z® + a (zy 2yy’ + z) z+y 2a—Dtz T NORATGENSOL NORATGENSOL
24/ (a=1)at
’ N2 a_ _ _ 2t c _a _ ¢
1.455 y' (y +zy )z + a ~ tx, t) - oz - =
t2z2-¢2 1 2t (ta2 —t— ) t(t:(z2—1)+1)
2 2 ’ 2 2
1.456 -2 =1 =1 = 9 — 3 —— NORATGENSOL NORATGENSOL
0 (m ) vyte (z ) & e t2z3—t2z—21z2+2t+z t2z3—t2z—2tm2+2t+a: T—x
1.457 zy'(zy’ — 1) —y (tx(tz — 1),t) —% NORATGENSOL NORATGENSOL
1.458 =2 (22 — a2) y’2 — 1 reducible over K(x) = = NOSTRONGRATGENSOL
1.462 yy'2 —1 (212- t) NORATGENSOL NORATGENSOL
1.464 2zy’ +y (y’2 = 1) (7% t) NORATGENSOL NORATGENSOL
1.465 2zy’ 2 9) (— 2tz t) NORATGENSOL NORATGENSOL
zy' +y (y 29’
1.466 12 _ ozy/ ( 2t t) NORATGENSOL NORATGENSOL
Yy Ty +y 2417
1.467 2 _ 4ay’ ( Al t) NORATGENSOL NORATGENSOL
Yy zy +y 241
2
1.468 (y — 4zyl)a2 + yy’2 ( 4 s t) NORATGENSOL NORATGENSOL
@t 4a2 a2—t2)w
t (t2+b) (t2+a+b)
1.469 by + v/ (az + yy') (— %, t) —_ s/ NORATGENSOL NORATGENSOL
o+ a (t2 —b) x
1.470 a3 + yy’2 — 22y (ﬁtwa t) ¢3 NORATGENSOL NORATGENSOL
z2—t2’ ;5
1.471 (v — 1) (= + yy') reducible — — see Table 6
2
t(te—1
1! 2 t(t+2)z ( )
1.472 zy' (y' +2)+y (y — 1) (— W, t — = NoRATGENSOL NORATGENSOL

2(zt2+(z—1)t+1)
1.473 (y —22)y'2 —2(x — 1)y/ +y— 2 T t S NORATGENSOL NORATGENSOL




i

Table 3: First-order AODEs of degree two in ¢’ (continued).

Parametrization Associated ODE Solution of assoc. Solution of AODE
=) 2t (¢24+1
1.474 (5 — 4z)y’ + 2y (y'2 4e 1) ez o) -——= NORATGENSOL NORATGENSOL
2(t2+1)
1.475 2xy’ + 4 2 _ 1 2t t —& NORATGENSOL NoRATGENSOL
. v +y 4y T4’ 2z
3 3
’.3 2 2 Atz 9t
1.476 4y’ x® — 4yx“ 4+ 9yy (m, t) =) NoRATGENSOL NoRATGENSOL
2 ’ ’ t(b—2x) t—at3 - 3 T
1.477 ayy'c — by’ + 2zy" —y (EQ—_l’ t T=o5 NORATGENSOL NORATGENSOL
I a t2+1)
1.478 (b + ay) (yl2 48 1) —c (_ ﬁ t) - NORATGENSOL NORATGENSOL
c asz + b 2 c arz +b ’ 2 2
1.479 (e2 + 020 +520)y™ + (e1 + a1 + b19)y —cat +a2zbt +tc(1btiablaz)t+c0+a0m’t Ayrg NORATGENSOL NORATGENSOL
+eco + agz + boy 0+t(b1+b2
1.480 -2 + 9/ 2z + ay/)y — x2y’2 w M D=l NORATGENSOL NORATGENSOL
: Y Y vy Y a » Ta(tt1) 2t+2
1.481 y'az? +y (y’2 + 1) z + y2y’ reducible — — see Table 6
) 2 _ a2 . _
1.482 yat+yly 1)z+ |a y y genus 1 NOSTRONGRATGENSOL
(t4mi1)? @z—1)t2+2(22+2—1)t+22-1 (t+1)((2m2—1)t2+2(12—1)t+m2—1)
2 2 ’ 2,72 x \
1.483 - 2 1 - - NORATGENSOL NORATGENSOL
ye + z(y +y' + )y z%y 2(t+1)2x 2(t+1) (t(z—1)—D)w 2(t(z—1)—1)a2
, g z—1)t2+2(22—2—1)t—322—40—1 (t—l)( 20241 )2+ (2-622 t+3m2+1)
— 2 2 _ ’ _ 22,0 z _
1.484 y< 4+ 2z (y 3y’ + 1) Y TSy 2(t—1)2m o 3E—Dz(atrirD) 32 (= F2) (et tFD) NORATGENSOL NORATGENSOL
1.485 amyy/2 — (me —+ ay2 —+ c) y' + bxy genus 1 —_ — NOSTRONGRATGENSOL
2
2_.9 2 2
2l ) a((2ta+a) t ) 2at(2e1) (t +(2ta+a) )
1.486 Yy y“+1) —a > > B > > _— NORATGENSOL NoRATGENSOL
21 (2tata) (2tata)2—t 2a2((2m+a)2—t2)
1.487 —6y’ 23 + ayz2 + 4242 genus 1 — — NOSTRONGRATGENSOL
! N 5 N 1 i . N2
o Lo af (2=)t2—2t+(2+4) ) +i(t+i) 2 $+% ) =1 (=) (t+3)
2 / 2 (.2 a(t—i)"+(t+i) = (
1.488 4 — 4 1 — NORATGENSOL NORATGENSOL
a? i +vv)ato? (v2 +1) i1 ' =021 ()% Y P EW ey
1.489 ct+br+y (yy’2 +2zy’ + ay) P4go A489 NORATGENSOL NORATGENSOL
(t2—1)z—i\/§\/5t \/5((—1')\/5()&2—1)+t(t—2\/§)ac+m) ((\/E—z)t—l) (t2+1)
1.490 —22 —2yy’z 4+ a + 92 (y/z L 2) 5 , NORATGENSOL NORATGENSOL
G \/5(12—1)1—21'\/& \/§(t2—1)z—2i\/5t
1.491 (y’2 + 1) v2+(a—1b+a (71,2 +2ay’y + z) Pao1 Ag91 NORATGENSOL NORATGENSOL
2 2 2\ .2 (a—Da(t+1)(tatatt—1) (a—1)<t+1)(ta+a+t—1))
1.492 - - A NORATGENSOL NORATGENSOL
y? + (y a ) y ( 2 Ta2(t+1)2 —2a(tL 1)1’ 2t (tata—1) e
. N2 N2
N2 2 iV2(a(t+i) +(t—i)“=
1.493 | y2 + 2ay’y + (a2 — 2za + yz) y'2 at+i)“+ =% _ Ay NORATGENSOL NORATGENSOL
\/§(t2+1) a(i+i)((\/§+2i)t+2+i\/§)7\/§(t—i)2m
t+1 1—a2(t—1 ia(t+1
a(t+ )I(\/ a®(t—1)z+ia(t+ )) a(t2—1)—2tx /a2
1.494 vy’ (2a + yy') — =2 (a2 (y’2 + 1) — 1) 9 ry P Ago4 NORATGENSOL NORATGENSOL
a(t2—1)+2i1/1—a2tm artwman
1.495 (1 — (a — 1)y’2) z2 + 2ayy’x + y2 (y/2 —a+ 1) reducible — — see Table 6
(%—%)a(tQ-f—i 1(12—1) 2
1.496 (z — )2 (y/2 e 1) —a2(y +1)2 z — o= 2it NORATGENSOL NORATGENSOL
€ 2 +1 m
9 tata® 4342 2t (m4+2t) 16 130012444228 415032441544
1.497 —22 — 2yy/z —+ y2 (3y’2 + 4) 27 tdt I g, T 5 _z 43t T + o+ > z_+ NoORATGENSOL NORATGENSOL
208 4 6tcd+6t2 " x844txd 43t 2134412943225
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Table 3: First-order AODEs of degree two in ¢’ (continued).

Parametrization

Associated ODE

Solution of assoc. ODE

Solution of AODE

1.498

1.499

1.500

1.501

1.502

1.503

1.504

1.505

1.506

1.507

1.508

1.509

1.510

(2 —39)2y"2 +4(y — 1)

y?2 (92 +1) — a2+ yy')?
a (y2 (y’2 + 1) - b) —b(z + yy')2

dy? — by'y + (ay2 +ec+ bm) y'?

(ay — bx) (b2 + azylz) = 02(b A ay/)2

(e2 +agz + bay)?y'? + (1 + atz + bry)y’
+ag +¢co + boy

yz? +y2y'%e — (z3 +43 - a) y'

—a? 4 y? (y'2 + 2) @ —2y3y’

x2(2y’ — 1)y3 + ((y’ —2)yz3 + 1) y2 — o242

vt (9'2 + 1) —aZ?(y — xy")?

—y? +2ay’y + (y4 + 2 (y2 = 1)) y'?

6ay'yd + 8 (zz _ 1) y2y4 — a2

202y/y5 + 2t (y/2 _ 1) vh — 22ty yB 4 42 _ 52,2

1064t2+8719t+3942

22908t2 119168t —6335 o _ (152¢+73)% NORATGENSOL
(152t+73)2 225162413120t —29663 15394(22516t2+131201—29663)
P99 Agg9 NORATGENSOL
P500 As500 NORATGENSOL
Ps501 As01 NORATGENSOL
zb3+c2b2+at (2c2+ata:) b+a2c2t (b2+a2t2)2
st o NORATGENSOL
a(b2+a2t2) 2abc2 (b+at)
genus 1 — —
genus 2 — —
reducible — —
genus 1 = =
genus 1 — —
_ 2i(t3+t) 2i (t4+t2)
_ % = W W NoRATGENSOL
+1) +42it(t2-1)= t241) 42it(t2—-1 )=
genus 2 — —
genus 3 = =

‘We used the following definitions. Parametrizations which are too long for Table 3.

ot /bgJrélcibtherrz(tg71)z \/E(it2\/b2+4c+(—i)1/b2+4c—2bt+2(t+1)2m)

Pago =

Pag1 = (
Pagg = (
P500 = (
P501 = (

2va (t2 + 1)

—2ty/4(a — )b+ 1 —i (t2 - 1) (2az — 1)

2z‘n/b2+4c+b(t2—1) —2(t2—1)w
,/a—1(t2\/4(a—1)b+1—\/4(a—1)b+1+2i (t—a(t+1)zz))

2\/:(t2 +1)

az (a0a® — 20300t = (a2 = 1) 42)

(t2 — 1) (2aw — 1) — 2ity /4(a — 1)b+ 1
20tz (a3x4 n (az _ 1) t)

ab8 + 2a3 (a2 — 1) tod — (a2 —1)¢2

,
22, /-ab _ 24/ab — x, /-ab valt
a—b a—b

(a2 — 1) (aﬁm8 — 2a3tad — (a2 — 1) tZ)
(—t a—b\/ab—2z1/a—b1/aa—fl)+btz>+ a—b\/ab-{—b:c)

)

\/g (b2 (— (t2 - 1)) + 2bd(t — )2z + 2ed(t — 1)2)

a—b

i\/g (b2 (t2 - 1) — 2bd(t — i)z — 2cd(t — i)2)

(a —b) (t21 (— aajb) +2tVab 4« ab )

2bd (t2 + 1)

s

ib2(t + 1)2 4 2bd(t — )22 + 2cd(t — )2

NORATGENSOL

NoORATGENSOL

NORATGENSOL

NoRATGENSOL

NoRATGENSOL

NOSTRONGRATGENSOL

NOSTRONGRATGENSOL

see Table 6

NOSTRONGRATGENSOL

NOSTRONGRATGENSOL

NoRATGENSOL

NOSTRONGRATGENSOL

NOSTRONGRATGENSOL
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Associated systems which are too long for the table:

(bg + b1t)(ag + t(ag + bg + (ag +b1)t))

Ay3z0 i= —
bo(cy + 2¢cot + ajz + 2agtx) + by (c2t2 + agat? — cq — aoz)
A (bg + t(by + bat))(ag + t(ay + by + t(ag + by + bat)))
479 = —
—bot(2cg + c1t + 2agx + ajte) + bg(ey + 2¢cot + ajx + 2agtx) + by (c2t2 +aget? — cg — aom)
(t2 +1) ((t+1) (a (t2 +1) (t\/b2+4c— A/ b2 +4c—2i(t+1)m) —2(t—1) <t1/b2 +dc+i (t2 - 1) m)) +ib (2a (t3+t) 4+t = 242 +1)>
Aygg =
(7\/b2+4c+t <t\/b2 +4c+2ib74im>> (2“\/172 +4dc+b (t2 - 1) -2 (t2 - 1) m)
(t2 + 1) (1 /4(a — 1)b +1 (at4 +2at3 — 2at —a — t* + 1) — (at4 — 2at3 — 2a(t 4+ 1)2z (—Zat +t2 4 1) — 2at? — 2at 4 a + 2t3 + 21))
Agg1 i=
((t2 — 1) \/4(a —1)b+ 1 — 4iatx +2u) ((ﬂ — 1) (2ax — 1) — 2ity /4(a — 1)b + 1)
2
(t+1)(ta +a+t — 1) (t2+a2(t+1)2 —2a(t+1)+1)
A =
492 8at2(ta +a — 1)2
(1 — it)(t — i)2 (a(t+i) ((ﬁ+4i) 2 —4i+\/§) — (t — )2 ((\/5—2«;) t+2—ix/§) z)
Aggg i=
2 (a(t + )2 — (¢t — i)2w) (a(t + i) ((\/§+ 2¢) t+2+ @\/5) — V2(t — i)2z)
2 3 2 (,2 2 3 3 2 2 2 2 (,2 2 3 (,2 2 (2 2 3.2 2, (,2 2
a(t —1) a3 (t+1) (t +1)a:—2(a —l)a(t +t)w —12(0. —1)tac—a (t —1) +4/1—a2 | —2iz a(t —1) (t +1)af,‘+4(a —1)tac +3at(t —1)
Aggy =
2a2 (t2+1) z2 (a2 (t2 (12+1) +2t+m2+1) —iay/1— a2 (t2 71)z7 (t2+1) m2)
3
al2 (a2 + 1) 216 4 249 (50.4 — 3a2 — 2) tal2 4 6ab (—2a4 +a2 + 1) t228 4+ 243 (—3a6 +4a? 4+ a2 — 2) 324 — (a2 - 1) 4
Aggg i=
2a5 (a2 — 1) x5 (asm8 — 2a3tad — (a2 — 1) t2)
(t2+1) <2bt(t271) aa_bb\/ab+a(t41/a7bvab72t31/aa_bb (vabfw\/afb)+2t‘/aa—_bb(m\/afb«#vab)7 afbvab74bt2a:)>
As00 i=
2(a — b) (tzx/ab + 2twy [ 2be — \/ab) (t2z (7 aa_bb) +2tVab 4+« a“—_bb)
bd(t — i)2(t + i)(t + 1) (b2 (t2 — 1) — (14 i)bd(t — )2z + (=1 — i)ed(t — i)2)
As01 = —
(ibz(t + 1)2 4 2bd(t — )22 + 2cd(t — ¢)2) (int +d(t — )2 (b + c))
Table 4: First-order AODEs of degree three in 3’.
ID AODE Parametrization Associated ODE Solution of assoc. ODE Solution of AODE
1.518 '3 = (a— )2 — y)? genus 1 — — NOSTRONGRATGENSOL
1.520 3+ —y (t3 + ¢, t) §2t+—1 NORATGENSOL NORATGENSOL
1.521 v +ay —y (t (t2 + a:) ,t) 0 c c (c2 + z)
1.522 y3 —(x+5)y +y (t (7t2+m+5) ,t) 0 c c(7c2+m+5)
1.523 z3 — ay’z + y’3 reducible over K(z) — — NOSTRONGRATGENSOL
2
1.524 | 3’3 — 29y’ + 42 (2—‘t—r1, 217—1) % NORATGENSOL NORATGENSOL
1.525 yl3 + ay(2y — zy’) (at2(z — 2t), at(xz — 2t)) % c+ % 7%ac(2c + m)2
1.526 (12 - y’) (zy —y') (y’ - 'y2) reducible — — see Table 6




Table 4: First-order AODEs of degree three in ¢’ (continued).

Parametrization Associated ODE Solution of assoc. ODE Solution of AODE
1.527 yB —aylyd 4 yf3 3 _ 5 2t a2
T R t2—z3)2 z
13 2 —t3+at?2—abz b(a+t)
1.528 y'? —ay'® + abxz + by _—lt —_— NORATGENSOL NORATGENSOL
b (2a—3t)t
1.529 2@ +y) -y (t2(t + ), t) 3t1+;2tm NORATGENSOL NORATGENSOL
2
3 2 2 1 1 (t—1t=
1.530 ¥y —yy'“+uy (m, m—) —"3r—2 NORATGENSOL NORATGENSOL
1.531 (7:2 - y’) (a:y2 - y’) (y’ - y4) reducible — — see Table 6
1.532 —d—y+y'(c+y (b+ay’)) (t(c + t(b + at)) — d, t) — i NORATGENSOL NORATGENSOL
3at2+2bt+c
1.533 I —y)y'? ( o 4t ,t) 0 a
(zy Yy < +a ?2-+ac c & few
3
1.534 azy’3 (3 — 6 ’2) ( C Tk t) NORATGENSOL NORATGENSOL
zy'® +y Y 6t2—3’ ?
3 —
/3 2 8t°x 4t 3
1.535 8zy’3 +y (9 — 12y ) (m, t) = NORATGENSOL NoORATGENSOL
1.536 (bz + y/) (—a2y/2 —+ mzy/2 —+ 1) reducible — — see Table 6
(z—t) (t2 (w5+1)—2t2+m2) (z—t) (t2 (2z5+1) —2tm+w2) (2t ) ac(a:c2+1)
—x
1.537 y’a:e — 2ym5 + y'azs — 3yy'2:c2 —+ Syzylm — y3 35 N 3.0 o2 7—F
2 4t4x
1.538 @ N3 — yy! (—3-'5 s —gt ) = NORATGENSOL NORATGENSOL
@ =) vy 2(t+x) 2(t+z) t—2z
1.540 2y’ — 1) (yy’z + .7:) reducible — — see Table 6
1.541 y2y/3 +2zy’ —y genus 1 — — NOSTRONGRATGENSOL
1.542 16y2y’3 + 22y’ — y genus 1 — — NOSTRONGRATGENSOL
~ 1.543 y'z3 + (y2y’3 4e y’) z — y3y’2 — 22y genus 2 — — NOSTRONGRATGENSOL
1.544 y2y/2z7 — SySy'2m6 =+ 3y4y’m5 — z4y5 + y'2 genus 1 — — NOSTRONGRATGENSOL

Table 5: First-order AODEs of degree four and higher in 3’.

Parametrization Associated ODE  Solution of assoc. ODE Solution of AODE
1.545 v 4+ (a— )3 —y)2 genus 1 — — NOSTRONGRATGENSOL
4 2
t 3(xz—1)t 3t+3x
1.546 | 3a (y'2 + 1) ar off (;/3 — 3y’ — 6y + 3) %, t) pt NORATGENSOL NORATGENSOL
4 / 2 atr—2)2 4(te—2)2 t2 2 2 2
1.547 Yyt —dy(zy’ — 2y) e e T -5 -3 c“(c —x)
1.548 y/'6 — (a— iy —b)3 genus 1 = = NOSTRONGRATGENSOL
3 J—
1.549 | z3 (y’2 + 1) — a2 reducible over K(z) — — NOSTRONGRATGENSOL
x + c ((L‘ + C)2 .
_— ifm=n=2 — ifm=n=2
2(a + b) 4(a + b)
x4+ c (z + 0)2
2 ifm=0,n=2 =T ifm=0n=2
'm m m n t ’ > a + s if m ,m
1.553 | ay'™ + by'™ — y (at + bt ,t) ST b b
z 4+ c 2
i — — x + c
Pl Wm=2n=0 ;+b, T —
a
NORTETEEN ilierE NORATGENSOL , otherwise

_ c, ifno=1 ez — 1), ifn =1
1.554 | y'Ma™"l —nyle 4y (ntw —tngn—1, t) tont
n NoRATGENSOL , otherwise NORATGENSOL , otherwise



Table 6 gives results of the algorithm for factors of AODEs from Kamke. The factors are numbered by the original numbering from Kamke with an additional index.

Table 6: Factors of reducible first-order AODEs.

31

ID AODE Parametrization Associated ODE Solution of assoc. ODE Solution of AODE
1.318.1 v (0, t) — — —
—3 t(t2—2)
1.318.2 —dxy’ 4 ( 2 | 3ay’y — 2) (1’ 2t—t ) _ NORATGENSOL NORATGENSOL
=g 3 7' 5 B (27 5F 87D 3zt2 —4z+1 3t2z—4x+1
1.391.1 ay + y’ (t, —at) —at NORATGENSOL NORATGENSOL
2 2
1.391.2 b + y' (t, —bx) —bx c— ‘7% c— b%
1.396.1 (zy — ') (t, xt) tx NORATGENSOL NORATGENSOL
2 ’ @ .2 1 1
1.396.2 (y +uy ) (t, —t2) t L L
’ t t c <
1.438.1 v+ zy (t,—;) -1 < <
’ 2t t @ c
1.438.2 2y + 2y (t,—T) —2% % <%
3 4 V3 / —iV3t—3t 1,iv3+43 S
1.439.1 (E + T) Y+ zy (t, T) 7tT NORATGENSOL NORATGENSOL
1.439.2 (% — “2/5) y + zy’ (t, @) lti\/g—73 NORATGENSOL NORATGENSOL
) 2 =
— zy’ t t
1.440.1 Yy xy (t, m) = cx cx
’ _ 5t _st c c
1.440.2 5y 4+ zy (f,, Z ) 5 = %
’ t(l—x) z—1
1.442.1 (z — 1y + 2y t, = —t= NORATGENSOL NORATGENSOL
2
1.442.2 | a(z+1y') —y (t, - z) =z (c — x)x (c —x)z
1.445.1 ay3 + y’ (t, —at3) —at3 NoRATGENSOL NoORATGENSOL
’.2 _ b _b b b
1.445.2 y'x< 4+ b (t, ;2-) ) = F @ = aF @
’ t t c c
1.449.1 | y+ (z — a)y (t, a_z) L= < £
v —_t __t —c —c
1.449.2 y+ (a+ )y (t, a+a:) = TR T
1.471.1 y -1 (t, 1) 1 c+a c+
1.471.2 z + yy' (t, — %) — % NORATGENSOL NORATGENSOL
’ t t c c
1.481.1 y+xy (t,fz) -z - -
1.481.2 z + yy' (t, — %) — % NORATGENSOL NORATGENSOL
A/ a—1lt—x A/ a—1lt—z
1.495.1 7/ a— 1(zy’ —y)+ =+ yy’ t, Y——— e NoORATGENSOL NoORATGENSOL
A/ a—1lxz+t A/ a—1lxz+t
A/ a—1lt+x A/ a—1t+x
1.495.2 — a—1(zy’ —y) + =+ vy’ t, ———— - NORATGENSOL NORATGENSOL
A/ a—lz—t A/ a—lz—t
1.505.1 z — yy' (t, %) z NORATGENSOL NORATGENSOL
2 2 2 2
1.505.2 22 + yy'z — 242 (t, Zt%) 2*tt$_z NORATGENSOL NORATGENSOL
3 3
1.526.1 z2 — o' (t,:c2) 22 Lot -t
1.526.2 zy —y' (&, team)) tam NORATGENSOL NORATGENSOL
’ 2 2 2 1 1
1.526.3 v -y (t,t ) t == ==
3 3
1.531.1 z2 — o/ (t,zz) 22 -t ot
2 ’ 2 2 2c 2c
1.531.2 — t,t t -5 -5
i Y ( w) * cx<+1 cxe+1
1.531.3 T t, t4) 4 NORATCGENSOL NORATCGENSOL
2 2
1.536.1 bx 4+ y’ (t, —bzx) —bx c— b% c— b%
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Table 6: Factors of reducible first-order AODEs (continued).

Solution of assoc. ODE Solution of AODE

Parametrization Associated ODE
1.536.2 (:r2 = a2) v'2+1 reducible over K(z) = — NOSTRONGRATGENSOL
1.540.1 2y’ —1 (t,%) % %m+c c+ g
3
1.540.2 yy'2 +x (— ﬁ- B t) % W NORATGENSOL NORATGENSOL



3 First-Order AODEs from Polyanin and Sajzew [2]

In this section we give rational general solutions of strongly parametrizable AODEs from Polyanin and Sajzew [2].
We also list those AODEs which do not have a rational general solution. Table 7 shows the absolute and relative
numbers of certain classes of ODEs in this collection.

Type # of ODEs in Polyanin and Sajzew | % %
first-order 347 100
first-order AODE | 109 31.41 | 100
SP1AODE 104 29.97 | 95.41

Table 7: Number of AODEs in Polyanin and Sajzew

Note, that the first Section 1.1 in [2] contains only ODEs depending on arbitrary functions. For certain choices of
these functions the ODEs might be algebraic and then of course the algorithm of [3] is applicable. However, we do
not treat them here. Each section of [2] is given in a separate table (Table 8-11).

Concerning parameters in the AODEs, we assume the same setting as in the previous section.

Figure 1 shows these classes on a more detailed and illustrative basis what is given in Table 7.

reducible or higher genus
no rational general solution

strongly parametrizable

AODEs

solution for

arbitrary function .
\ parameter choice

rational solution

radical in others

Figure 2: first-order ODEs in Polyanin and Sajzew [2]

20



1¢

1.2.1

AODE
—ay? +c—ba+y’
—ay22? + 4’22 + b

4y ylat g a2

n

—bz™ — ay? + o'

—az? — bz —y2 —c+y’

—aZ2g4 + y212 + a(l — b)m2 — y/mz

bxd ™1 4 ayzd + 42 — o/

anwn71 _ a2x2n + y2 _

ca =1 4 pa2n 4 oay2 o

az? +be +y2 +c—y + y(za+ B)

—abz™ + ayz™ — b2 + y2

b —2 + ay2zn _ yl

—(k + 1)y?2

zay? + By — a2y’ + oy + 6

ca?l — y'z 4 ay? + by

cx™ — y’z + ay2 + by

a2 — ylz 4+ ay? + (bIn
" +y2z —y'z +ay

byz™ + ay222n — g+l

’

-y

+n)y

+ec

— b(b+ 1)

k _ az™—1 + ayzk+m _ y/

Table 8: First-order Riccati AODEs.

Solution of AODE

t,12+a22+c+bz)

x

(t —a2z4+t2m2+am2 —abx2 —b(b+1)

(t, bxd— L 4 atzq + 12)

(t, anm"71 - a2:c2n =+ t2)

(t, cae™ 1 4 ba2m 4 at )

(t, +z‘o¢t+ﬁt+az +c+bm)

(t,fabz + atz™ —b2+t)

(t,bz” 2 1 a2z ")

(t, —kt22F — 422k _ gpm—1 + atmk+m)

( wa12+Bt+z +5>

2b+at2+bt )
t cmnj:at2ibt
’ T
(t btw"+c:cz"+at2+nt)

x

(t b:c"+t2:c+at )
’ z

(t, g—n—1 (btz" + atZz2m 4 c))

)

NORATGENSOL

NoRATGENSOL

NORATGENSOL

7ck+c+kmk +a;k
2acx + 2azk+1
NoRATGENSOL ,

NORATGENSOL

NORATGENSOL

ifn=—2, ab=

2

otherwise

c(—a+n—1)—(a+n+1)z™

2z (c + ™)
NoRATGENSOL ,
—ck +c+ (k+1)zk

2x (c =+ a:k)

NORATGENSOL ,

—c1k 4+ ¢y +kzk +a:k

2acix 4 2axk+l

NORATGENSOL ,

NORATGENSOL

NORATGENSOL

L.
{

—ck + ¢ + km —+ :t
2acx + 2a1k+1
NORATGENSOL ,

c(a+k—n+1)+wn(a+k+n+1)

s

1—mn
—,n €2\ {0}
4

ifg=—1,4b—a(24+a)=1—n%,nez\ {0}

otherwise

ifn=—1, —a(l +a) = Lk ez\ {0}
otherwise
2
ifn=—1,a(b+c) = ,kez\ {0}
otherwise
1 — k2
if n =0,ab = ,keZ\ {0}

otherwise

2(k + Dak+l (c + an)

NORATGENSOL ,

NORATGENSOL

|
8
8
{
§

cl—w)

2a (c1 + 2™)

ifb=0,1— b2

B

NORATGENSOL otherwise
(57ar) o)
2a (cl + )
NoRATGENSoL 9
Cl +x ) ( — Cl)
2a (cl + :ck)
NORATGENSOL ,

c(—a+k—1)—(a+k+1)z

2z (c + :ck)

NORATGENSOL ,

z—2n—1 (b(n + 1)z t2 4k (

_2¢1
cq+ak

otherwise

L i —m=k+1,(a—k)?

tdac=1-n2necz\ {0}

ifn=0,1— b2+ 4ac =

otherwise

ifn=0,—1+b% — dac

otherwise

4+ k—2a=n

1- k2, Kk ez\ {0}

=k2 -1,k ez\ {0}

ifn=—1,2a+a’ —4b=k? — 1,k € Z\ {0}

otherwise

)

NoRATGENSOL ,

2a

if (n + b)2

otherwise

—1—4ac=k

—1,n€Z\ {0}

—1,keZ\ {0}
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Table 8: First-order Riccati AODEs (continued).

Parametrization Solution of AODE
2 2a, b+2 Lom20 (a2 _1) 42 ifb+2=2a,—1+a%+2ab+b2—a=k?>_1,kez\{0}
_ > = 2a, = .
1.2.20 | y2229 4 252 _ y/e 4 (b — a)y (t, w> 2 ¢+ ak
NORATGENSOL , otherwise
5 w_"(fb#»k(%fl —n
2 ce™ fatz™ bt c1tz
1.2.21 | ca™ + ay?a™ — y'z + by (t%) ifm =—n,—1+0b2+2bn+n% —dac=k? -1,k €Z\ {0}
2a
NORATGENSOL , otherwise
b— —2ck_ |k
P ’ bta™ tat2z2" fe—nt __ etak ifn=0—1+4+b2—dac=k2—1,k€Z\ {0
1.2.22 aymnfym{»c#»(bm"fn)y (h?) o8 ’ i 0 S Wy + €6 S vk ez\ {0}
NORATGENSOL , otherwise
z— " (c(k: —b) — (b+ k)mk)
) 2 2
M ppemAn o 2 mA2n ,  ifm=-n,-14b% —dac=k" -1,k €2\ {0}
1.2.23 ca™ + ayZzmt2n _ g 4 (bwm+" - n) v (t, cx T tbtx ‘;“ z ud 2a (C N a:k)
NORATGENSOL , otherwise
2 2
—boAt® —agx At —bit—ajxt—by—agx
1.2.24 by + agz + (b1 + a1z)y + (bg + agz) (Agﬂ 4 y’) (t, 0 (i} b0+aloz 1 292 ) NORATGENSOL
2 5,2
1.2.25 | —2za? + 292 + a2y — 2224/ (t, _ 2za ;Zt —tx NORATGENSOL
x
D) oy
1.2.26 | —2wa2 + 292 + 32y — 222y’ (t, 72“—_223ﬁ) NORATGENSOL
T
2.2
1.2.27 | ay222 — y/22 + byz + ¢ (t, MZM) NORATGENSOL
x
.9 2 2
1.2.28 cy2m2 — y/:t2 + ax? + Bx + (az‘2 + ba:) y+ v (t, @ o FOUT A FET +btz+ﬂw+7) NoORATGENSOL
=

c1(1 — k) +aF(k+1)

) 2
2. 2 . ifn =0, 4a(b =1-k%2 kez\ {0
1.2.29 | ba™ + ay222 — y'22 + ¢ (t, %) zaz(er 1 2F) if n a(b + c) \ {0}
NoRATGENSOL , otherwise
k
—B+k—2) - (B+k+2
M2 2 = ) S m—1,—dad+ g%+ 4B 43— k2 1,k €2\ {0}
1.2.30 yx™ — y'a:2 + y2amz + yBx + 6§ (t, MEQM) 20z (c -t zk)
x
NORATGENSOL , otherwise
k
—BHk—1)—(B+k+1
m om 2 2 < ) — ¢ s L ifm=0,—da(v+8) +B2+28=k%—1,kez\ {0}
1.2.31 | 82" + v22™ 4 y2a22 + yBz — 22y’ (t, Sty Mt o “B””> 2az (c + zk)
x
NORATGENSOL , otherwise
k(eq — a®) = (a+ b+ 1)(cq +2F) 2 2
n 2n 2.2 1.2 . ifn =0, b Z b) — 4 =k —1,kez\ {0
250 Ba™ + az?™ + cy?2? — 4z . Be+ax?iate™ 1y ct2e? dbtaty von (o1 1 ok if n (a+b)% +2(a+0b) —de(a + B+ ) \ {0}
’ +(aw”+b)y1+’v ’ x a
NORATGENSOL , otherwise
(—12+21t—1))\
1.2.33 (m2 - 1) v+ (y2 — 2ay + 1) Y t Sy NORATGENSOL
22—
B9
1.2.34 | ay? + oBy + (a:c2 + b) yli 2leee) 7, SEef —tmie=abh=b8 NoORATGENSOL
(az2+b)a
2
1.2.35 | ay? + 2By + (a12 + b) v+~ (t, —=ft-ta—y NORATGENSOL
ax®+b
2 D)
1.2.36 | (1 —a)z2 — 2y +y2 — b+ (a:c2 a b) ' (t, %’Tb*’*b) NORATGENSOL
ax

a012+a1 z+ag

1.2.38 Vit k(z+y—a)e+y—b)+ (z—a)(z— by NORATGENSOL

ak(b—t—z)—bk(t+z)+(k+1)t2+2kta+kz? )

(a—z)(xz—b)

x

_ 2,2 2_ 2_ _ —
1.2.37 c+(b1+b0€v)y+(a0w2+a1w+a2) (y2+y’) gt agrTtT —agt —ajwt —byt—bowt C) NORATGENSOL

2 3 2
1.2.39 v2ax3 + 6z — a3y’ + y (:czﬂ — 'y) t, MI—WEM) NORATGENSOL
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Table 8: First-order Riccati AODEs (continued).

Parametrization Solution of AODE
2.3 2
1.2.40 ay2:::3 — y’a:3 + (¢ + bz)yx + ax + B t, il Selol e e NORATGENSOL
x
2 _ .2 2 ’ t2+az t+cttbot—a?
1.2.41 e — y® + (az + bz + c) (zy" — v) NoORATGENSOL
x aa:2+bw+c)
2
1.2.42 (cz2 + b) @4k @ (12 + a.) (cxy2 + y’) + 2B 2aad—cta® —at?aw—po—bt NORATGENSOL
(2
2,3 2
1.2.43 (a + ) ()\yQ + y') 22 4 (c + bax)yz + az + B ( —t*xzd —bta? _2‘? +)\z) —ctz—az—f NORATGENSOL
a x
25,4 2
1.2.44 (12 + a) (Ay2 + y’) 22 4 (bm2 + z:) vz + a 220 —btad —at?re? —ctz—a NORATGENSOL
2( 2+a)
4 2
1.2.45 | az? + a(z — 1)2 ()\y2 + y’) 22 4 Bz + ~ —at? 22t 42at? 203 —at?Ao? Bz —a’a—y NORATGENSOL
azx?(x2 —2x+41
az? + B + (z2 = l) ype + art24~y—z (m (aAtZ( 2—2) +a) +B+nut (:cz—l))
1.2.46 2 5 NORATGENSOL
om0 () ()
1.2.47 (y2 + y’) (aa:2 + b + c)2 +A (t t2) NORATGENSOL
’ (m(am+b)+c)
m m 2 N\ 2 C;+37 2ckk+k+1 )
_ —a 2 — 2a) —4(a — 1)A 5 K2 —1
e | +(azm = 1) (32 +0') @ e ™ _atxa™ 2 162 na? _thas Toa TRk PR @@ B2 20 A DAG+S) _ ez (o)
. m 22 (az™ 1) 22z 4(a — 1)2 4
+y (az™ +8) z+ 6
?, otherwise

Table 9: First-order Abel AODEs.

Parametrization Associated ODE Solution of assoc. ODE Solution of AODE
1.3.1 —A—y+yy ( A+t) # NORATGENSOL NORATGENSOL
1.3.2 —B — Az — y + yy’ (t, B+t+A$ w NORATGENSOL NORATGENSOL
3 2 3 _ g2 2
1.3.5 —Az* — y2® 4 yy'2® - B2? + B? (i» %jaz— z (Az+tt) B +Bz NORATGENSOL NORATGENSOL
x x
k 2. .2k—1 k—1 k 2. ,.2k—1
1.3.6 zk—1 _ Bkzk + B2pg2k—1 +A+y—yy < =1l +]i Lo +A+t> z =L +€ L st NORATGENSOL NORATGENSOL
3 2 2 2 3 2
1.3.7 yad —yy'a® 22 — A2 + A (t, e +zt 3A +A) % NORATGENSOL NORATGENSOL
x x
2(m+Da ’ ( Az mo_ 2(mil)z ) Az™ _ 2(mil)x
1.3.10 Az™ — — t 1 — 1 NORATGENSOL NORATGENSOL
(mis2 YTV : T itz T Hmis)2
2, 2 2.2 3 2
4 4 4 2, 3 2 2 2 2 —4A“m“4+4Am“z“+ax (4m t+2mz+z)
1.3.13 % +oyxd — yy' a3 + Ax2 — A2 (t, —2maz” —x 4m4tz2t gAm zZ+4A ) TZia3 NoRATGENSOL NORATGENSOL
m m x m x
2.2
2 23 2 z(QA ) +9Aa:+2) —+9t
1.3.14 24243 + 2422 =+ %@ + v - yy' (t, Ll +18Az +4I+9t) 9% NORATGENSOL NORATGENSOL
1.3.16 A ’ Atte A
.3. —A —zy + zyy t, ——— iz +1 NORATGENSOL NoRATGENSOL
3
1.3.19 —223 — y22 + yy'z2 — A (t, MELA) ?42- 4 2T‘” 4l NORATGENSOL NORATGENSOL
@
1.3.33 —ywz + yy’:c2 — A (t, w) t% +1 NoRATGENSOL NoRATGENSOL
x
2 , 9 6254252 4625A4t—9 Ax? 9
1.3.44 —Az® —y+yy + E?EA (t, —633Ar =~ AT +1 NORATGENSOL NORATGENSOL
2_ 6z
Ax®— 3%
1345 | —Az2 4 82 _y 4y (t, w) —25 1 NORATGENSOL NORATGENSOL
Aw2+ 6x
1.3.46 —Az? — %‘g —y+ gy’ (t, %A%EM) Tﬁ +1 NORATGENSOL NORATGENSOL
5
1.3.54 — 625 — y:c4 =+ yy’z4 — A (t, MLA) ﬁ- + STE +1 NoRATGENSOL NoRATGENSOL
x




ve

Table 9: First-order Abel AODEs (continued).

Parametrization

Associated ODE Solution of assoc. ODE Solution of AODE

1.4.4

1.4.5

1.4.6

1.4.7

1.4.10

1.4.11

1.4.12

1.4.13

1.4.14

8 1508 +4ta”+4A
1.3.56 | —182= — a7 4 yy/a” — A (t, %)

4o —3y(y+ 1) + 8y — Dy’
—yz—zy—b+(12+yz+a)y'
12+2yw+b+(12+y2+a)y'

—By2 — boy — Azy — cg — agx

n (Aw2 + a1z + Byz + 1 + b1y) W'
axy® + by? -y’
(b + az)y® + cy? + (b + az)?y’

x (by3 + (aw + by)3) +y (az3 + (az + by)s) y’

Azk — Bys — o/

—y 4 agM-n—mnyn 4 ,m

by + (wy" + a) v’
(a(2n + 1)a? + ca + b(2n — 1)) ya 2

—g2n—3 (a2nz4 + acz3 + dz? + bex + bzn) — gy’

bmn—kyk FaxTMy™ 4oy zy’

ayd + gy? + (bz" + ayx) y’

57 + % 4l NORATGENSOL

Table 10: First-order AODEs with other linear derivative y/'.

Parametrization

8t—1

( 2
(- S3)
(

3t24+3t—4a )

t m§+tz‘+a

¢ =z 72tw7b)
" t2422+a

+ Bt2+b2t+Azt+c2+a2z
’ Az2+a11:+Btz+c1 +byt

. t2(ct+bttatz)
* T b2 2azbtala?
t, —

t((aztbt)3 taxd)

z((az+bt)3+bt3) >

(t, Azk — Bts)

(t, azm—n—mnn | bmm)

(4~ sty

Py,12

(t,bmnfkfltk +awn7m71tm + %

. _t2(tat+B)
* T bz Fatx

Solution of AODE
NORATGENSOL
NoRATGENSOL

NoRATGENSOL
NORATGENSOL

NoRATGENSOL

NoRATGENSOL

NORATGENSOL
Agk+1

k1
—cn 4+ c+ ne™ 4+ 2™

2Bcz + 2Bznt1

— Bz +c, ifs=0,ke€Z\{-1}

, ifs=2k=—-2,n€z\{0}

NORATGENSOL , otherwise
(a + b)a™t1
B — c, ifn=0

m + 1
pem+1
+cza, ifn=1,a €

—a+m+1
zmt1 (c(k+m+1)+(—k+m+1)zk)

2a (c + a:k’)

NORATGENSOL , otherwise
NoRATGENSOL
NORATGENSOL
( (a+b)z™
— | zc, if k=m =
n — 1

ko (a:’“ = c)

- —_— if k=0,m
2a(c+mk)
b+l
- —_—, if k=1,m
azb+ac
2-n _ _ — 1k
@ c(—k+n—-1)+(k+n— Dz
5 if k=m =

2(a + b) (c + wk)

cx, if k =m >
NORATGENSOL , otherwise
ca~ k| ifn=1ka=g kb=a,kec2\{0}
NORATGENSOL , otherwise

NORATGENSOL

Z

L ifn=24dab—m((2+m)=1—k2 kez\ {0}

0,n#1

—2,n=1,14+4ab=1—1n2,n €2\ {0}

=2,b€z\ {0}

2,n=1%kkez\{0}

2,b=—a
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ID AODE

1.4.15 z" (by + azy’)y™ + By + zy’a

1.4.16

1.4.17

Parametrizations which are too long for the table:

AODE
am2+bw7y'2+c+y

—wy/2 + a+ bz + zyA
y'2 +ayy’ —c—ba

beyz? + ay’z + y'?
az? +y'z +y'2 +b+d—y+ ey’
ay’z? + byz + y'?

xy'? —ayy’ + b

2y’? + ayy’ + be

ay’a? +y" %z + e+ by’ —yy'

vu'? + awy’ + by

zy'? 4+ (a — )y’ +b

(c2 + agz + bay)y’? + (a2 + byy + 1y’
+co + apz + boy

axyy’? — (bz2 +ay? + C) v’ + bay

71‘2 — 2yy’:c =+ (zz — a) y’2

y (bmzk+myk + d) +x (anyk+nzk + d) y' , —

azk + bryzn =1 4 (aym + b2 + d) v+ 8

Table 10: First-order AODEs with other linear derivative 3 (continued).

Parametrization

[ (bz”tm+3)

ty = z(az™t+a)

t(bmmk+mtk+d)
P N

T (antk+"zk+d)

o —azk+1—bntm"—§m
T 2@t b Fd)

Solution of AODE

, ifb=ka,B =ka,k € Z\ {0}

£ b _ B

cz@ (az™ +a)na na , ifm=0,a|pB, naa | (ab— aB)
b+8

cx—a fm=n=a=0,a|(b+8)
e

cx @, ifm=1,a=n=0,a]| (b+B)

NORATGENSOL , otherwise

bex + bem+1 ’

ifk=1,n=0,m e 2\ {0}

NORATGENSOL , otherwise
azktl 4 (k+ 1) (Bz — ¢) X
— 9 if m =0
(k + 1) (a + bz™ + d)
NORATGENSOL , otherwise

z™ 3 (tz(m(a(?n + a4+ c)+b(2n — 1)) — ™ (m2(am(anm +e)+d)+b2n + bcz))

Pa12 = | ¢,
t

Table 11: First-order AODEs with nonlinear derivative 3.

Parametrization Associated ODE

t27az27cfbw,t) %
2
zt“—a—bx 1
(=== (- w)
5 t(b—at2)
(—t +ctba t)
at ’ batctt?
_ 3
B t(t+aw) . @ (u:t bex +2t)
bexZ z(az+2t)
(t2+ct+zt+aw2 +b+d, t) _j_c_'_zatm_'_m
( t(az2+t) t(t—z2(a+b))
— ot -
bx ax3 42tz
(zt2ib . (a—1)t3
at ’ t4x—b
(—t2—b)x t((a+1)t2+b)
at 2 @
z(b—tZ)
wt2+am2t+bt+c t) 2at2z
t ’ c—t2z

(
(—#50) az (12-0)
(

2
xt +tat+b ; t) 0

7c2t27a2mt27a1mt7tfcofaoz
ot )t As513
ot%+byt+bg
genus 1 —
_ 7z2t2+at2+z2 t t
2tx ’ z

() er01)

Solution of assoc. ODE

NoORATGENSOL

NORATGENSOL

NORATGENSOL

NoRATGENSOL

NORATGENSOL

NoRATGENSOL

NORATGENSOL

NoRATGENSOL

NORATGENSOL

NoRATGENSOL

NORATGENSOL

Solution of AODE
NORATGENSOL

NORATGENSOL
NORATGENSOL

NoRATGENSOL

NORATGENSOL
NoRATGENSOL
NORATGENSOL
NoRATGENSOL
NORATGENSOL
NoRATGENSOL
a+ % + ez
NORATGENSOL

NOSTRONGRATGENSOL

a02+02 (—22)+1
2c
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Table 11: First-order AODEs with nonlinear derivative y' (continued).

Parametrization Associated ODE Solution of assoc. ODE Solution of AODE
2 2 2 2 t —atz
'i(t (a+ac )+b) —b+t (\/E-F'iz)
1.5.16 y2 — 2ay’y + (zz + a) y'2 4+ N R PTGV - 2 NORATGENSOL NORATGENSOL
a a T atx a-+x
2_m
2 2 (m+1)(a(m+3)“z™ —x
IOk 2 (m+D)x 2 1 1
1517 | azmtl _ (ot — 240 12— b— ax™tl g 1 NoRarGexSor NoRATGENSoL
2mt3)2 Y Tetvy 2(m1)Z T G 2(m+3)2¢t P
CaemAl_ 2,2 m
1.5.18 b:cm+1 —+ azz — y’2 +c+ yAr (W, t) M NORATGENSOL NORATGENSOL
1.5.19 b y™ + ay'y + zy/2 genus depends on parameters — — —
1.5.23 z3 — ay’z + y’3 reducible over K(z) — — NORATGENSOL
3 2
1.5.24 y’3 + ay’z + d + abx + by (w, t) —% NoRATGENSOL NoRATGENSOL
1.5.25 cy'mMtL L by/2 4oy’ + a2 +d—y (ctm+1 +bt2 + ot + ax? + d, t) 72“_*_0(7%“% NORATGENSOL NORATGENSOL
1.5.26 by/™ 4+ ay’™ — z reducible over K(z) — — NORATGENSOL
x + c (z + 6)2 .
—_— ifm=n=2 _— ifm=n=2
2(a + b) 4(a +b)
zte (z + )2
2 , ifm=0,n=2 —_ 4+ ifm=0,n=2
m mo_ m n t s )
1.5.27 by'™ + ay y (bt + at ,t) T a A
x4+ c 2
i — — x + c
ol fm=2n=0 et EFT 2o
b
NoRarGenSor , otherwise NORATGENSOL , otherwise
1.5.28 ay'™ +zy’ —y (at”’ + xt, t) 0 c ac™ + cx
c, ifm=1,n=0 cla + ), ifm=1,n=0
c, ifm=n=1,a=0 zec, ifm=n=1,a=0
° f 1 2 < f
—1 —_ ifm=n=1,a = — - -, ifm=n=1,a = -2
1.5.20 | az"y'™ f a2y’ —y (azntm + ot t) —_angmgnol - :
amt™ x4+
c cx
- ifm=1,n=2 [ ifm=1,n=2
(az + 1)2 ax 4+ 1
NORATGENSOL , otherwise NORATGENSOL , otherwise
1.5.30 ay/2Mz™ 4 2y'z — y (atZ"a:” + 2tx, t) —ﬁ NORATGENSOL NORATGENSOL
1.5.32 —y'k 4 Ba" 4+ AyS genus depends on parameters — — —
t(t—at” 1-a 1
rm mo_ m n c(az +b) a if m=mn=1,a=%+1 c(az +b)a ifm=mn=1,a= %1
1.5.33 | by'™ + azy y (bt + azt ,t) T s , s ' ,
NORATGENSOL , otherwise NORATGENSOL , otherwise
anz™t1 nt+l _ 1
2 4, ifm=o0 2T —elntD o
n 4+ 1 n+1
2
1 cx
1.5.34 | az™(zy’ — y)™ — 3’ (aacn+1tm —t,az"tm) % v ifmo=1,m=—2 , ifm=1n=—2
t—amtMax — 2 a—x
(z —a)
) ifm=1,n=0 claz — 1), ifm=1,n=0
NORATGENSOL , otherwise NORATGENSOL , otherwise

Associated ODEs which are too long for the table:

(t (bat + b1) + bg) (t (azt +aq 4 bot? 4 byt + bo) +a0)

Ag 13 = —
’ bg (2agtx + ajz + 2¢ot + 1) + agbit2z — ajbgt?z — agaz (2bgt + by) + byegt? — 2bgeqt — byeg — bat?
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