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Abstract. The dynamic pattern calculus described in this paper inte-
grates the functional mechanism of the lambda-calculus and the capa-
bilities of pattern matching with hedge variables, i.e., variables that can
be instantiated by any finite sequence of terms. We propose a generic
confluence proof, where the way pattern abstractions are applied in a
non-deterministic calculus is axiomatized. Moreover, we present a typed
version of the calculus and show that it satisfies the subject reduction
and strong normalization properties.

1 Introduction

In the foreword to [19], Bernhard Steffen characterized the pattern calculus as
an attempt “to provide a unifying approach, bridging the gaps between different
programming styles and paradigms according to a new slogan — computation is
pattern matching.” Patterns describe data structures. Matching provides func-
tionality. The more flexible the patterns are, the more powerful the calculus
is. Dynamic patterns are the most expressive ones: they can be instantiated,
generated, and reduced.

There have been several approaches to design pattern calculi, extending the
A-calculus with pattern matching. One can mention the A¢-calculus [35], Pure
Pattern Calculus [20], the p-calculus [10], the A—calculus with constructors [2],
and the typed versions thereof, e.g., [5,30].

Pattern calculi are expressive, but, on the other hand, there is a price to pay
for that: Confluence is lost and various restrictions have to be imposed to recover
it. Cirstea and Faure in [9] proposed a generic confluence proof for dynamic
pattern calculi with unitary matching algorithm. There are some conditions the
matching function should satisfy, in order the guarantee the confluence.

Strong normalization is another property which does not come granted. For
instance, for quite some time it was an open problem whether the Pure Pattern
Calculus is strongly normalizing, until the positive answer was given in [38].

In this paper, we introduce yet another dynamic pattern calculus, which per-
mits the use of hedge variables. These are variables which can be instantiated by
finite, possibly empty, sequences of terms, called hedges. Pattern matching with
hedge variables has interesting applications in programming languages [40, 39,



7], rewriting [18], knowledge representation [27], logic [24, 21], program synthe-
sis [8], XML processing [11]. An example of such a pattern is f(X,a,Y’), where
X and Y are hedge variables. It matches, e.g., a term f(a, b, a,c) in two different
ways with {X — ¢, Y — (b, a,c)} and {X — {a,b),Y — c}, where € is the empty
sequence. Our calculus permits hedge variables in the argument positions.

Matching with hedge variables is finitary, i.e., may have finitely many incom-
parable solutions, thus applying a function with a pattern-abstraction gives rise
to different possible results. This makes the resulting calculus non-deterministic,
but rather than having a purely non-deterministic notion of evaluation, we de-
fine a reduction which introduces a formal sum of terms, representing all possible
results of a non-deterministic computation. We generalize the calculus to a gen-
eral formalism for pattern-based calculi with finitary matching and give sufficient
confluence conditions for the general case.

After having introduced the untyped calculus we present a typed version of
it, which essentially extends simple types by star types and introduces a cor-
responding subtyping relation. We then show the subject reduction property
of our type system, i.e., that evaluation preserves types, and the termination
of the evaluation of well-typed terms (strong normalization of the typed cal-
culus). Technically our approach is similar to the proofs of similar properties
for A-calculus with the extra difficulties of ensuring the correct handling of the
matching process and the non-determinism of the calculus.

Compared to the other dynamic pattern calculi, the main contributions of
this paper are dealing with hedge variables, formulating the generic confluence
proof for finitary matching, and proving subject reduction and strong normal-
ization properties for the typed version of the calculus with hedge variables. The
other related work is briefly discussed below.

Languages with hedge variables and unranked terms: There are programming
languages that deal with hedge variables. Probably the most prominent one is
Mathematica [40], with a powerful rule-based programming language that uses
(essentially first order, equational) matching with hedge variables [23]. Systems
such as Pplog [14] and XCentric [12] extend logic programming with the capabil-
ities of solving equations over hedge variables. Pplog is based on rewriting, it has
an underlying operational semantics based on SLD resolution with backtracking
(See also Sect. 4). XCentric is a first-order logic programming language with
an SLD-resolution based semantics. The main difference from our formalism is
that the calculus presented here is functional, higher-order and, along the lines
of the A-calculus, is both a general computational model and a foundation for a
functional programming language with hedge variables.

Regular type systems: Regular type systems were defined before, mostly
motivated by XML-processing. Examples are the type systems of XDuce [16],
CDuce [6], and XHaskell [34]. These systems have regular expression types that
play a key role in the pattern matching algorithm itself, i.e., pattern matching is
done with types, not between values. They use semantic subtyping as the under-
lying theory and are not based on an algebra of unranked trees — the unranked
properties of these systems are obtained indirectly by typing with regular types.



Our calculus is based directly on the elegant algebraic theory of unranked terms
and hedge variables. It is closely related to the A-calculus, in the sense that all
functions are curried, thus we have a natural way of expressing partial applica-
tion of a function. Our language also has a clear separation between terms and
types: pattern-matching is defined in the term language and types are used only
to filter values and guarantee correctness with respect to the type system.

Non-determinism: The idea of transforming a non-deterministic calculus into
a deterministic one with the help of sums is not new. It has been exploited in a
way or another in, e.g., differential A-calculus [15], linear-algebraic A-calculus [3,
13], resource calculus [29]. The idea closest to us is described in [13], as a non-
deterministic extension of the call-by-value A-calculus, which corresponds to the
additive fragment of the linear-algebraic A-calculus. The + there is associative,
commutative, and distributes over application both from right (corresponds to
parallel composition) and left (corresponds to call-by-value). There is also the
neutral element for the sum, expressing the impossible computation. The authors
define a type system and prove subject reduction and strong normalization.

In our calculus, sums originate from sets of different matchers. Hence, besides
being associative and commutative, + is also idempotent. We do not have the
neutral element: This would correspond to the case when there is no matcher
between a pattern and a term. But in this case the reduction is not possible.
We do not introduce a term to express this impossible reduction in the language
itself. Like the sum in [13], our + is also left and right distributive over applica-
tions. Moreover, our language has the other features as well: Patterns, unranked
symbols, and hedge variables, which really make a difference.

2 The Untyped Calculus

In this section, we define the syntax and the operational semantics of the untyped
dynamic pattern calculus with hedge variables and study its confluence.

2.1 Syntax

The alphabet consists of the set A} of term variables, A} of hedge variables and

F of constants. They are disjoint and countably infinite. The symbols z, X and

f range over X;, A}, and F, respectively, and v ranges over the set Xy U Ay.
Terms are defined by the following grammar:

M,Nu=x| f|(MN)|(MX)|\WMN|M+N

where (M N) is an application of a term to a term and (M X) is an application
of a term to a hedge variable. The set V in the abstraction \yM.N is a subset
of the set of variables of M and represents the set of variables bound by the
abstraction. In Ay M.N we call the term M a pattern. We consider + to be
associative, commutative, and idempotent that distributes over applications. We
write ACID for this property. Distributivity is both left and right distributivity.



The letters M, N, P,Q,W are used to denote terms, while s is used for a
hedge variable or a term. Application associates to the left, therefore we can write
(M sy ---sp) for ((--- (M s1) - --)spn). When there is no ambiguity, the outermost
parentheses are omitted as well. The set of terms is denoted by 7.

The sets of free and bound variables of a term P, denoted fv(P) and bv(P)
respectively, are defined inductively as follows:

fv(z) = {z} tv(f) =g bv(z) = & bv(f) =g
fv(M N) = fv(M) v fv(N) bv(M N) =bv(M) U bv(N)
f M X) =bv(M)

( (
(M (
v(M X) = fv(M) v {X} b (
fv(AYM.N)) = (fv(M) v £v(N))\V bv(
fv(M + N) = fv(M) v fv(N) bv(M

Note that, unlike the A-calculus, we abstract not only on variables but on
terms. The set of variables bound by an abstraction is not necessarily the same
as the set of free variables of the corresponding pattern. Intuitively, in the term
Ay M.N, the set V represents the set of variables bound by the abstraction and
VY < fv(M). We adopt Barendregt’s variable name convention [4], i.e. free and
bound variables have different names. This can be fulfilled by renaming bound
variables. We identify terms modulo a-equivalence, therefore expressions that
differ only in the names of bound variables are identified.

Below we assume that terms are in the ACID normal form with respect to +
and application. First-order ACID-unification and matching are decidable and
the rewrite system corresponding to the ACID equations is convergent [1].

Ezample 1. The term Ag, xy(fz + go)X. fx(gx + gX + gz) is not in the ACID
normal form, while A\, x3(f2X + gz X).(fz(g92) + fr(gX)) is

Note that our functions do not take multiple arguments (or an n-tuple of argu-
ments). They are defined in their Curry form, i.e. a function with multiple ar-
guments is represented as a chain of functions each with a single argument.

Hedges are finite (possible empty) sequences of terms and hedge variables.
We use h to denote them. For the empty hedge we use e. For readability, we put
hedges in angle brackets if they have more than one element, e.g., (M, X, N).

A substitution is a mapping from term variables to terms, and from hedge
variables to hedges, such that all but finitely many term and hedge variables are
mapped to themselves. We use ¢ and 9 to denote substitutions. Each substitution
 is represented as a finite set of pairs {vy — @(v1),..., vy — @(v,)} wWhere the
v’s are all those variables for which ¢(v;) # v;. The sets Dom(yp) = {v1,...,v,}
and Ran(p) = {p(v1),...,o(v,)} are called the domain and the range of o,
respectively. The set Var(¢) is defined as Var(¢) = Dom(p) v fv(Ran(p)).

The application of a substitution ¢ to a term M replaces each free occurrence
of a variable v in M with ¢(v). It is defined inductively:

zp = p(x), if € Dom(p). (MX)p=Mpsi,...Ssn,
xp =z, if x ¢ Dom(p). if p(X)={s1,..+,8n).



fe=1. (M X)p = Mg if p(X) = e
(M N)p=MpNep. (MY)p=MpY if Y ¢ Dom(y).
(M +N)p=Mp+ No. (AWM.N)p = ApyMp.Nep.

In the abstraction, it is assumed that Var(¢) nV = &. This can be achieved by
properly renaming the bound variables. Hence, the equality here is a-equivalence.

The remark above about the Curry form explains how substitution is defined
in our calculus, especially the rule for substituting a hedge variable X by a hedge
($1,.-.,8nyin a term M X that, to be consistent with the Curry form of terms,
gives the resulting term (--- (Mp s1)---sy,), written as M@ sy, ... sp.

Example 2. Let M = Az vy fX2Y.y(9X)zZ and ¢ = {x > gx,y = \;2.fxa,
Z - e, X » Qgpr.x, \px.(z + fz))}. Then My (in the ACID normal form) is

Mp = Mo v (fOaz.2) Apz.2)2'Y + f(Apz.a)(Apz. fr)z'Y).
(Apz.fra)(g(hsz.x)(Apz.x))z" + (Npz. fra)(g(Apz.z) Nz f2)) '

The composition of substitutions is defined in the standard way, as the com-
position of two mappings. We use juxtaposition to denote it, writing v for the
composition of ¢ and ¥. For all M, we have M@ = (M¢)?.

The restriction of a substitution ¢ to a set of variables V, denoted ¢y, is
defined as ¢|y (v) = p(v) if v e V, and ¢|y(v) = v otherwise.

2.2 Reduction

Evaluation in the dynamic pattern calculus with hedge variables is given by three
binary relations 1, 82, and 83 on terms, written in the form of reduction rules
below. The relation 3; defines the way how pattern-abstractions are applied. It
is parametrized by a function (the pattern matching algorithm) Sol, which takes
as parameters two terms M and @ and a set of variables V and returns a finite
set of substitutions. We denote it by Sol(M <y Q). The relations B2 and fs
define how + distributes over abstraction:

B1: (AWM.N)Q — Ny + -+ Ng,,where M and @ are not of the form
Wi + Wy and Sol(M <y Q) = {¢1,...,¢on}, n = 1.

Ba i AyMy + My N — A\pM;.N + A\pMs.N.

Bs : AWM.N1 + Ny — Ay M.Ny + Ay M.No.

A binary relation of compatibility — g is defined with the help of the inference
rules below. They hold for any M, N, M’', N’, X, and V.

M—>RM’ M—>RMI M—>RMI
NM —r NM' MN —p M'N MX g M'X
M—>RMI M—>RMI N—>RNI

M+N—>R MI+N AvM.N—>R AvMI.N )\vMN —R /\VM.N/
In what follows, — g3, denotes the compatible closure of the union of 1, 3>
and f3 relations and — g, denotes the reflexive and transitive closure of —g,,.



Ezample 3 (Matching with Hedge Variables). As a concrete example, consider
matching between terms with hedge variables without A-abstractions and +. A
matching equation is written as P «’ M. Its solution (a matcher) is a substi-
tution ¢ such that Py = M. Matching problem I7 is a finite set of matching
equations. A state is a pair {(I1, ) of a matching problem and a substitution. The
matching procedure [22,26] with hedge variables is reformulated here as a set of
state transformations of the form ({P «? M} U IT,9) v ((IT U IT' )¢, V). Each
of the transformations is characterized by a rule of the form P «’ M woa g, T
There are four rules: (e stands for the identity substitution.)

M« M v, .
Py Py «" My My v {Py < My, Py «* My}, where Py Py # My M,.
<" Mo O

PX «" Msy---5,8)-5

m

YW X (8,80, 0} {P <<? Msy--- 571}7 n,m = 0.

We can define Sol(P <y M) as a partial function from the triple P, M,V
(where £v(M) NV = &) to a set of A-abstraction- and +-free substitutions with
the following conditions:

Cl. If P or M contains a A-abstraction or +, or if fv(P) # V, then Sol is
undefined.

C2. Otherwise, Sol(P <y M) transforms P «’ M by the rules above in all
possible ways as long as possible and collects substitutions ¢ from the success
states (&, ¢y in the set M of computed matchers (which is complete and
finite [26]). If M is empty, then Sol(P <y M) is undefined. Otherwise
Sol(P <y M) = M.

Then the following example illustrates — g, reductions with the just defined Sol:
Ax vy f XY Ayw.gX) fa —p. May2.(97 + gax) =0 Az 2.9T + Ay 7.9ax.

2.3 Confluence
The function Sol defined in Example 3 above leads to diverging reductions:

Example 4. Let Sol be the function based on the matching with hedge variables
as defined in 3. Then the term M = (A1 fZ.(\x,yv} [XY.fX)fZ)fab reduces
to two different normal forms:

1. M —Bc (/\ZfZ-(f + fZ))fab —Bc f + fab-
2. M —p, (v} [XY.fX) fab =, [+ fa+ fab,

Our goal is to impose restrictions on Sol so that confluence is guaranteed. The
confluence proof will be based on the standard method due to Tait and Martin-
Lot [4]. It requires the notion of parallel reduction which is defined as follows:

S1 =85 1 . Sn =B S M =g, M' s=g, 5

S =5, S (815 Sny =p0 (Shy. oy S Ms =5, M's'



Mz}ﬁc M’ NZ}BC N’ M1 =>BC M{ Mg :>/3c Mé N=>50 N’
Ay M.N =5, ApyM'.N' Ay (M + My).N =5, AyM|.N'+ Ay M}.N'

]\4=>gC M’ NZ}ﬁc N’ M=>gc M’ N1 =8¢ N{ N2 =Bc Né
M+ N =Bc M’ + N’ )\VM(N1 + NQ) =Bc AvM/N{ + )\VM/Né

Mz}ﬁc M’ NZ}ﬁc N’ Qz},@c QI
(AWM.N)Q =5, N'pr+ -+ Ny,

Note that the parallel reduction is compatible. Its definition is extended
to substitutions having the same domain by setting ¢ =g, ¢’ if for all v €
Dom(p) = Dom(y'), we have vp =3, vy'.

Now we are ready to define the conditions imposed on Sol. As already men-
tioned, the terms are in the ACID normal form.

it Sol(M' <y Q') = {pi | 1 <i < n).

Hy: If o € Sol(P <y M), then Dom(p) =V and fv(Ran(p)) € £v(M).

H;: If Sol(P <y M) = {¢1,...,¢n}, n = 1, then for all ¥ with Var(9)nV = &,
we have Sol(PY <y MY) = {(p19)|y, ..., (en?)|v}.

H,: If Sol(P <y M) ={¢1,...,¢n},n =1, P =5, P and M =3, M’, then
Sol(P' <y M) ={¥},..., ¢}, m=1, and
(a) for all 1 <i < n there exists 1 < j < m such that ¢; =45, ¢} and
(b) for all 1 < j < m there exists 1 < i < n such that ; =5, ¢}

These conditions extend the ones for the core dynamic pattern calculus
from [9]. We will show that they are sufficient for proving confluence of our
calculus. We assume that the relations — 3., and =g, in the lemmas and in the
theorem below use a Sol which satisfies Hy, H;, and Hy. We do not state this
explicitly in the conditions.

Lemma 1. The following inclusion hold: —g,S=5,S—3, .

Proof. First we prove —g,S=3,.

Assume that M = (AyM;.Ms)Ms; reduces by 51 to N = Z?:l Msyp; where
Sol(My <y Ms) = {¢1,...,¢n}. Then we trivially have M =5_ N, since the
relation =g, is reflexive. If M = Ay My + My.Ms reduces to N = Ay M. M3 +
Ay Ms. M3 by o or M = Ay, My.Ms + M3 reduces to N = Ay M. Mo + Ay M1. M3
by (s then again by reflexivity of =>3,we have M =3, N. In the other cases
(the reduction does not occur at the head position), the proof directly follows
from the compatibility of the relation =3,.

Now we prove by induction that M =g, N implies M —g, N.

— If M = N then the result follows from reflexivity of =g, .

- If M = MX =3, N = N X with My =3, N1, then by the induction
hypothesis applied to M; we have M; —»g, IN;. Since — g, is compatible,
we get M1 X —g, N1 X.

—If M = M1M2 =Bc N = N1N2 with Ml =B N1 and M2 =Bc NQ, then
by the induction hypothesis applied to M; and M, we have M; —5, N;
and My —g, Na. Since —g,, is compatible, we have MMy —5., N1 My and
N1My =g, N1N3, and by transitivity of —z, we get MMy —g, N1N>.



—If M= Ale.Mg =Bc N = )\VNI.NQ with M1 =B N1 and M2 =8¢ NQ.
Similar to the previous case.

—If M = My + M, =Bc N = N; + Ny with My =Bc Ny and M, =8¢ No,
then by the induction hypothesis applied to M; and M, we have M; =3, Ny
and My —»g, Na. Since —g,, is compatible, we have M; + My —g, N1+ M>
and My + Ny —g, Na + Ni. Since + is ACID, we can write My + N; — g,
Ny + Ny as Ny + My —g, N1 + Ny and by the transitivity of -5, we get
My 4+ My =g, Ny + Ns.

-t M= (Ale.MQ)Mg =Bc N = Z?:l NQQDZ with M1 =B Nl,MQ =Bc
Ny, M3 =3, N3 and Sol(Ny <y N3) = {¢1,...,¢n}, then by the induction
hypothesis we have M; —g, Ni,Ms —g, N, M3 —g, N3. By compati-
bility and transitivity of —g, we have, first, Ay M;.Ms =3, Ay N;.No and
then ()\VMl.MQ)Mg 8o (Ale.Ng)Ng. By (51 we have ()\VNl.NQ)N3 — 8o
> Now;. Hence, (A\y M. Ma)Ms —p., .1 Now;.

—If M = Ale + M. M3 =Bc N = Ale.Ng + AVNQ.N?) with M; =380
Ny, My =g, No and M3 =g, N3 then by induction hypothesis we have
M, —g., Ni,My —»g, Ny and M3z —»g, N3 . By compatibility and tran-
sitivity of —g, we have ApM; + My.Ms —., ApNi + Na.N3. By B2 we
have A\yNj + N3.N3 —g, ApNi.N3 + ApNy.N3 therefore we get A\yM; +
My. Mg —Bc Ay N1.N3 + Ay Ny .Nj.

- If M = ApM;. My + Mg =5, N = AyN;.Ny + ApyN;1.N3 with My =g,
Ny, My =3, Ny and M3 =g, N3. Similar to the previous case.

]

Lemma 2 (Fundamental Lemma). For all terms M and M’ and for all
substitutions ¢ and ¢’ with Dom(p) = Dom(¢'), if M =5, M' and p =5, ¢,
then My =g, M'¢'.

Proof. By induction on the =g, relation.

— If M = M’, then the proof follows by induction on M.

e If M = x and x € Dom(yp), then by the definition of parallel reduction
for substitutions we have xp =3, z¢'.

o If M =yandy¢ Dom(p), then by the assumption we have y ¢ Dom(¢’).
By the definition of substitution application, since yp = y¢’ = y, we can
conclude yp =5, y¢'.

e If M = f, then by the definition substitution application, we have fp =
f and f¢' = f. By the definition of parallel reduction, we get fo =5,
fe'.

o If M = M1 X with M; =3, M, then by the induction hypothesis we
have My =5, Mi¢’. We consider two cases:

x If X ¢ Dom(p), then by hypothesis we have X ¢ Dom(¢'). There-
fore, by the definitions of substitution application and parallel re-
duction, (M1 X)p = (M1p)X =35, (M1¢)X = (M1 X)¢'.

* If X € Dom(y) then by the definition of parallel reduction for substi-
tutions, we have X¢ =5, X¢’. We have two cases: either ¢(X) = ¢
in which case ¢'(X) = €, or p(X) = (s1,...,8,) in which case



O(X) = (sh,...,8)), with s1 =3, s],...,5, =35, §},- By the def-
initions of parallel reduction and substitution application, we have
in the first case (M1 X)p = M1 =5, M1y’ = (M1 X)¢, and in the
second case (M1X)p = (-~ ((Migp)s1)---sn) =5, (- ((Mig')s)
Csh) = (My X))

o If M = MM, with My =3, M; and My =g, M, by induction
hypothesis we have My =35, My’ and Map =3, Msy'. By the
definitions of parallel reduction and substitution application, we have
(M1 Mz)p =g, (M1 Ma)y'.

o If M = A\yM;. My with M; =g, My and My =g, Ms, then we proceed
similar to the previous case.

o If My + M, =B My + M5 with M, =B My and M, =Bc Mo, then we
proceed similar to the previous cases.

o If (Ale.MQ)Mg =Bc ()\VMlMQ)Md with M1 =Bc Ml,MQ =Bc M2
and M3z =3, Ms, then by the induction hypothesis applied to M, M»
and Ms we have Mip =5, M@, Map =g, Moy’ , Msp =g, Msy'.
By the definitions of parallel reduction and substitution application, we
have ((AleMQ)Mg)QO =Bc (()\VMl.MQ)M3)(pI.

o If Ay My + Ms.Mjy =38, AV My + My M3 with My =g, My, My =5, Ms
and M3 =g, M3, then by the induction hypothesis applied to M7, M>
and Ms we have Mip =5, Mi¢', Map =5, Moy’ , Msp =g, Msy'.
By the definitions of parallel reduction and substitution application, we
have ()\le + M2M3)§0 =8¢ ()\VMI + MQ.Mg)(p/.

o If )\VM1~M2 + M3 =Bc AVMl.MQ + M3 with M, =8¢ My, Mo =8¢ M,
and M3 =g, M3, then by the induction hypothesis applied to M, M>
and Ms we have Mip =g, Mi¢', Map =g, May', Msp =g, My .
By the definitions of parallel reduction and substitution application, we
have (Ale.Mz + Mg)(p =380 ()\VMl.MQ + M3)(pl.

- M=MX =3, M'=MX with My =, M{, then by the induction
hypothesis we have My =35, M{¢'. We consider two cases:

o If X ¢ Dom(p), then by hypothesis we have X ¢ Dom(y'). There-
fore, by the definitions of parallel reduction and substitution application,
(MiX)p = (M) X =50 (M) X = (M;X)¢.

e If X € Dom(p) then by the definition of parallel reduction for substi-
tutions, we have X¢ =3, X¢'. We have two cases: either ¢(X) = € in
which case ¢'(X) = ¢, or p(X) = (s1,...,8n) in which case ¢'(X) =
(sh,...,80), with s; =3, $1,..., 5, =3, S, By the definitions of par-
allel reduction and substitution application, we have in the first case
(MiX)p = Myp =5, Mjy¢' = (M{X)¢', and get in the second case
(M1 X)p = (- (Mrg)s1) - $n) =5, (- (MIg)sh) - ) = (M1 X"

—Ift M = M1M2 =Bc M = M{Mé with Ml =8¢ M{ and M2 =B Mé,
then by the induction hypothesis applied to M; and M, we have M =3,
Mi¢" and Map =5, Mjy'. By the definitions of parallel reduction and
substitution application, we have (M; Msz)p =5, (MjM5)¢'.

—IfM = Ale.MQ =Bc M = )\vM{Mé with Ml =Bc M{ and M2 =Bc Mé,
then we proceed similarly to the previous case.
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— If M = M; + M, =Bc M = M{ +Mé with M, =B M{ and M, =8¢ Mé

then we proceed similarly to the previous cases.
If M = M My + M. M3 =8c M = )\VM{Mé + AvMéMé with My =380
M{, My =g, M) and M3 =g, M by induction hypothesis applied to
M, My and M3 we have My =5, My, Moy =5, My’ , M3p =5, Miy'.
By the definitions of parallel reduction and substitution application we have
(A My + Ma.Ms)p = p. (AyMi. Mgz + Ay My Mg)¢'.
If M= Ale.Mg + My =Bc M = AvM{Mé + AvM{Mé with My =80
M1, My =5, M5 and M3 =g. Mj. Similar to the previous cases.
If M= (Ale.Mz)Mg =Bc M = Z?:l MéTl with Ml =Bc M{,MQ =8¢
My, My =5, M4 and Sol(M] <y Mj) = {m,...,7,}, then by the induction
hypothesis applied to M7, Ms and Ms we have Mo =5, M{¢', Map =5,
Myy', Msp =p. M5¢'. By the definition of parallel reduction, we have
(AWM. Map) Msp = 35y (Mg )i, where Sol(M{g' <y Mje') = {m,
-.» Mk} We want to show (37, Mi7;)¢' = Zle(Mécp’)ni. Since Sol(M] <y
M3) = {71,..., T}, by H1 we have Sol(Mi¢" <y M3z¢") = {(T1¢")v;- -5
(Tn¢")jv} (one can always guarantee that Var(¢’')nV = ¢, through a change
of bound variables). Since we have Sol(M{¢' <y Mi¢') = {n,...,m},
therefore, {(T1¢")jv,. .., (Tn") v} = {m,...,mx} and, hence, n = k. So, we

have to show 7;¢" = ¢'(i¢’);y holds for all 1 < i < n, ie., for all v, we
have to show v7;¢" = v¢'(73"))y. The proof proceeds as follows. The are
two cases:

e If v belongs to V then by Hy we have v € Dom(7;). We want to show
ve'(Ti')|y = v’ Since we can assume Dom(y') NV = &, by the
definition of substitution application, we have vy'(7;") )y = v(Tig") v
Since Dom(¢') n Dom(r;) = & (can always bee guaranteed through a
change of bound variables), and since v € Dom(7;), by composition of
two substitutions we have v(7;¢");y = v’

e If v does not belong to V then by Hy we have v ¢ Dom(7;). We want to
show v¢'(130") )y = vTi¢’. By the definition of substitution application,
we have vri" = vg'. Since Dom(7;¢')jy = V, we can rename bound
variables so that Dom(7;¢")|y n fv(Ran(¢')) = &. By the definitions of
substitution application and composition, we have v’ (7;¢")|y = v¢'.

o

Lemma 3 (Diamond Property of Parallel Reduction). For all terms M,
N,
N =8¢ w andQ =8¢ w.

and Q, if M =3, N and M =g, Q, then there exists a term W such that

Proof. The proof is by induction on the structure of M.

— If M = z or M = f then the result holds since we necessarily have M =

N=Q

— If M is an abstraction we consider the following cases:

o if M = )\VMl.MQ then we have N = )\le.NQ with M1 =8¢ Nl,MQ =8¢
Ny and Q = ApQ1.Q2 with My =5, Q1, My =, Q2. Applying the in-
duction hypothesis to M; and to M we get that there exist two terms Wy
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and Ws such that Ny =g, Wa, Q1 =5, W2 and Ny =5, Wi, Q2 =5,

Wi. So, by the definition of parallel reduction, we can conclude N =

)\VNl.NQ :>50 /\VWQ.Wl =W and Q = )\VQl.QQ :>ﬁc )\VWQ.Wl =W.
o if M = Ay M; + My.M3 then we have the following possible cases:

1. N = ApN1.N3 + A\pN>. N3 with M, =3a Ny, M =5c No, M3y =8c
N3 and Q = MWQ1.Q3 + AWQ2.Q3 with My =5, Q1, Mz =5,
Q2, M3 =3, Q3. Applying the induction hypothesis to M;, Ms and
M3 we get that there exist terms Wi, Wy and W3 such that Ny =3,
Wi,Q1 =g, Wi, No =5, W, Q2 =, Waand N3 =5, W3,Q3 =4,
W3. So, by the definition of parallel reduction, we can conclude
N = ApN1.N3 + A\pyN>.N3 =80 MWW W3 + AW W3 = W and
Q = Ale.Qg + )\VQQ.Qg =8c MW W3 + Ay Wo W3 = W.

2. N = )\VNI +N2.N3 with M1 =>50 Nl,MQ :>ﬁc N2,M3 :>ﬁc Ng and
Q = WQ1.Q3 + \WQ2.Q3 with My =5, Q1, M2 =5, Q2, M3 =5,
Q3. Applying the induction hypothesis to M7, My and M3 we get that
there exist terms Wy, Wy and W3 such that Ny =g, Wi,Q1 =3,
Wl,NQ :>BC WQ,QQ :>ﬁc W2 and N3 :>ﬁc Wg,Qg :>ﬁc Wg. SO, by
the definition of parallel we can conclude N = Ay Ny + No.N3 =3,
)\VW1.W3 + )\VWQ.Wg = W and Q = )\le.Q;; + )\vQQ.Qg =380
MW W3+ ApyWo. W3 = W. Analogous for N = Ay N1.N3+ApNo. N3
and Q = A\yQ1 + Q2.Q3

3. The case for N = Ay N7 + No.N3 and @ = \p@Q1 + @2.Q3 is covered
by the case for M = Ay, M. Ms.

o if M = Ay M;.Ms + M3 then we have the following cases:

1. N = ApN1.Ny + A\pNy.N3 with M, =3a Ny, My =3c No, M3y =8c
N3 and Q = )\VQl.QQ =+ )‘VQl-QZi with M1 =Bc Q17M2 =B
Q2, M3 =3, Q3. Applying the induction hypothesis to M;, Ms and
Ms we get that there exist terms Wi, Wy and W3 such that Ny =5,
W1, Q1 =p. W1, Na =5, Wa, Q2 =5, Waand N3 =p5. W3,Q3 =5,
W3. So, by the definition of parallel reduction we can conclude N =
Ay N1.No + A\pN71.N3 =Bc MWW Wy + AW W3 = W and @ =
AQ1.Q2 + A\ Q1.Q3 =5, AvWiL.Wo + MW . W3 = W.

2. if M = AyM{.My + M3 then we have N = AyNi.Ny + N3 with
My =p, N1, My =3, Noy M3 =3, N3and Q = A\pQ1.Q2+ vQ1.Q3
with My =3, Q1, M2 =, Q2, M3 =3, Q3. Applying the induction
hypothesis to My, Ms and M3 we get that there exist terms Wy, Wy
and W3 such that N1 =>5€ Wl;Ql :>ﬁc Wl,NQ =>gc WQ,QQ =>gc
Wy and N3 =g, Ws3,Q3 =3, W3. So, by the definition of parallel
reduction, we can conclude N = ApNi.Ny + N3 =g, ApWi. Wy +
MWW W3 = W and Q = \Q1.Q2 + \vQ1.Q3 =8¢ MWWy +
Ay W1 W3 = W. Analogous for N = A\pyN;.N3 + A\yNo.N3 and Q =
AvQ1.Q2 + Q3

3. The case for N = Ay N1.Noy + N3 and Q = A\pQ1.Q2 + Q3 is covered
by the case for M = Ay, M. Ms.

— If M is a term application then we have following cases:
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If M = MlX and N = NlX and Q = Q1X with M1 :>50 N1 and
M, =5, @1 then by induction hypothesis to M; there exist W; such
that Ny =g, Wi,Q1 =, Wi. By the definition of parallel reduction,
we can conclude N1 X =3, W1 X and 1 X =5, W1 X.

If M =M + My and N =Ny + Ny and Q = Q1 + Q2 with M, =380
Ny, My =5, Ny and My =5, Q1, Mz =3, Q2, then by induction hy-
pothesis to My and My we get that there exist two terms W7 and W5 such
that N1 =g, Wi,Q1 =, W1 and Ny =5, W, Q2 =3, Wa . We con-
clude that N = N; + Ny =34 Wi+ Wy and Q = Q1+ Q2 =3a Wi+ Ws.
If M = M1 M and N = N1 N5 and Q = (Q1Q2 with My =8c Ny, My =3c
Ny and My =3, Q1,Ms =3, @2, then by induction hypothesis to
M; and My we get that there exist two terms W; and W5 such that
Ny =5, W1,0Q1 =5, W1 and Ny =5, Wi, Q2 =5, Wa . We conclude
that N = N1N2 =Bc W1W2 and Q = Qng =B W1W2.

If M = (AyM;.Ms)Ms we consider the following cases:

1N =" Nyg; and Q = 3| Qo) with

My =g, N1 and M; =35, Q1
My =3, No and My =35, Q2
M3 =3, N3 and M3 =3, Q3
Sol(Ny <y N3) ={¢1,---,0n}
Sol(Q1 <y Q3) = {¥h, -, ¥}
then we apply the induction hypothesis on M7, Ms and M3 and get

N1 =>ﬂc Wl and Ql =>50 W1
N2 =Bc W2 and QQ =8¢ Wg
N3 :>5c W3 and Qg =>5€ W3

Applying Hs to N7 and Na, we get Sol(W7 <y W3) = {o], ..., ¢}
where each ¢; reduces with the parallel reduction to at least one
¢} and every ¢/ is the parallel reduction of some ;. Then by ap-
plying Lemma 2 we conclude that Nap; =3, Wgcpg , by the defini-
tion of parallel reduction and by the ACID property of +, we have
S Now; =p. Do Wap!!. Again by applying Hs to Q1 and Q2 we
have Sol(W; <y W3) = {¢f, ..., ¢ } with each ¢; reduces with par-
allel reduction to at least one ¢/ and every ¢ is the parallel reduction
of some ;. By Lemma 2 we can conclude that Qa¢; =3, Wgcpg,
therefore by the definition of parallel reduction and by the ACID
property of +, we have Zle Q2 = 2iq Wol.
2. N = Z?:l Ng(pi and Q = ()\le.QQ)Qg with

My =g, N1 and My =35, Q1
My =g, Ny and My =35, Q2
M3z =3, N3 and M3 =3, Q3
Sol(N1 <y N3) = {¢1,...,¢n}
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then we apply the induction hypothesis on M7, Ms and M3 and get
N1 =Bc W1 and Q1 =Bc W1
NQ :>ﬁc W2 and Q2 :>BC W2
N3 =Bc W3 and Qg =8¢ W3

By applying Ha we have Sol(W; <y W3) = {¢f, ..., ¢! } with each
(p; reduces with parallel reduction to at least one ap;»’ and every <p;’
is the parallel reduction of some ;. Then by applying Lemma 2
we conclude that Nogp; =3, W2<p;-’ and by the definition of parallel
reduction and by the ACID property of +, we have Y.\ | Now; =g,
>t Wag!. In other hand we have (A\yQ1.Q2)Q3 =5, Diivy Wagl.
Analogous for N = (AyN1.N2)N3 and Q = Y7, Qap;

3. The case for N = (AyN1.N2)N3 and Q = (AyQ1.Q2)Q3 is covered

by the case for M = My M.
|

Theorem 1. For all terms M, N, and Q, if M —g., N and M —g, Q then
there exists a term W such that N -, W and Q —., W.

Proof. From Lemma 1 we get that the reflexive-transitive closure of the relations
—g. and =g, are the same. By Lemma 3, the relation =3, has the diamond
property and, therefore, its reflexive-transitive closure is confluent. Hence, we
conclude that the relation — g, is confluent.

This theorem shows that under the condition of Sol satisfying Hy, Hy, and
H,, the relation — g, (and, hence, the calculus) is confluent.

Ezxample 5. Looking back to Example 4, is it not surprising that confluence
does not hold there: Sol used in that example violates the H; property. Just
take P = f(X,Y),M = f(2),V = {X,Y}, and ¥ = {Z — {a,by}. Then we get
Sol(P <y M) ={{X €Y — Z}{X — Z)Y > €}} and Sol(PY <y M) =
X o €Y o> (@, b)), (X o 0, ¥ o b}, {X (0,0, Y — e},

We now define Sol slightly differently from that in Example 3. In particular,
it should satisfy all the conditions from Example 3 and, in addition, one more:

C3. If M contains a hedge variable, then Sol(P <y M) is undefined.

This Sol satisfies Hy, Hy, and Hs (and, thus, it defines a non-trivial matching
algorithm with hedge variables which makes the calculus confluent). The condi-
tions trivially hold when Sol(P <y M) is undefined. Assume Sol(P <y M) is
defined. Then, by condition C2, it returns a nonempty set of substitutions. Hy
follows from the facts that £v(P) = V (condition C1) and fv(M)nV = &. H
is implied by C3, because the absence of hedge variables in M guarantees that
the structure of P and @ are maintained in PY and Q¢: For each subterm M’
of M, M'9 is again a single term. If an x from P matched M’ with z¢p = M’,
now we have xpt) = M’'¢¥. The same holds for an X from P: In M¢, X ¢t will
match the instance of the same hedge, to which X matched in M. As for Ho, it
trivially holds because P and M do not contain A-abstractions and sums. This
solving algorithm makes the first reduction in Example 4 impossible.
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3 The Typed Calculus

In this section, we introduce types in our calculus and show that the Subject
Reduction and Strong Normalization properties hold.

3.1 The Type System

Let A be a set of type atoms. The set of term types over A, denoted T, or
simply T, is defined inductively: « € A = a € T, 1, € T = (11 —» 7o) € T,
and 71,72 € T = (77 — 72) € T. The set of star types (over A), denoted T} or
simply T* is defined as e T = 7e T* and 7€ T = 7* € T*.

Note that if a type does not contain a star type, then it is a standard simple
type. We denote the set of simple types by S. The letter 7 will be used to denote
elements of T, the letter p for elements of T*, o for elements of S. As usual,
p1— -+ — p, — 7 stands for (p1 = (p2 = - = (pp = 7)--+)).

The subtyping relation is the preorder generated by the relation < defined as:

/ /7

7 !
™ s R o S L T

< <
< if i< pr—=Ti<p2—=T if pp<prand 7 <™

We denote the subtyping relation with < as well. Notice that simple types
are the maximal types with respect to this relation. Also, two distinct simple
types are not comparable with respect to <.

We assume that each f € F has the unique associated type, type(f) € T. A
type assignment statement is an expression of the form z : o, X : o*, and M : 7
with x € X, X € X,, M € T\X;, 0 € S, 7 € T. The types o, 7, 7* are the
predicate and x, X, M are the subject of the statement.

A declaration is a statement whose subject is a term variable or a hedge
variable. A basis I is a set of declarations I' = {x1 : 01,..., %y : 09, X1 1 07F, ...,
X 2o}, where all ’s and X'’s are distinct.

By Subject(I") we denote the set of variables that are subjects of the state-
ments in I': Subject(I") ={v|v:pel}.

Note that the variables are assigned simple types or starred simple types,
while constants may have an arbitrary type from T.

A statement s : p is derivable from a basis I', written I' —s: p, if '~ s:p
can be produced by the following rules:

F,x:crl—x:o(lv) F,X:O'*I—X:O'*(HV)
(FON) I'-M:p—>r Fl—s:p(APP)
I'+ f: type(f) I'-Ms:Tt
I'-M:t FI—N:TSUM I'—M:mn 7'1<7'2SUB
I'-M+N:1 ( I'-M:m BB

NA-M:n INARN:7n Subject(A) =V
I'-AXpMN :1 > 1y

(ABS)
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The typing relation extends to hedges by the following typing rule:

Fl_slzpla"wrl_s’n:pn PLXPy. s Pn X P
I'{s1,.y8nyip

(HED)

The notion of substitution extends to the typed setting in the usual way, requir-
ing that the substitutions preserve types. In particular, we say that substitution
@ is well-typed in a basis I' if and only if for all v € Dom(p), there exist types
p1 and ps with py < p; such that v : py € I' and I' - vy : pa. In this case, we
write @ to indicate that ¢ is well-typed in the basis I'.

From now on assume that the substitutions computed by Sol are well-typed.
An example of such a solving algorithm would be a reformulation of the hedge
matching algorithm from Example 5 in the typed setting. The simplest such
reformulation would be to add an additional condition, which requires from Sol
to keep only well-typed substitutions from the computed ones. (Such an approach
is quite common in unification, producing solutions in the unsorted setting and
keeping only the well-sorted /typed ones, see, e.g., [32,28,33].)

Two properties we would like to prove for the typed version of our calculus
are Subject Reduction (SR) and Strong Normalization (SN). Subject Reduction
means that types are preserved under reduction. Strong Normalization means
that there are no infinite reduction chains. Comparing to the proofs from the
lambda calculus, we have to show that the handling of star types and the non-
determinism represented by sums are done properly. Note that SN does not hold
in the untyped calculus. Even more, it would not hold if we had not restricted
the types of variables to be constructed over simple types (the same holds for
the SR property). We will see the corresponding counterexamples below.

3.2 Subject Reduction

Subject reduction is based on two lemmas: The Generation Lemma and the
Substitution Lemma.

Lemma 4 (Generation Lemma).

—IfT'+x:0,then (x:0')eTl, and o’ < 0.

— IfI'+ X 0%, then (X :07) eI, and of < o*.

— IfI' ~ Ms : o, then there exists p such that ' = M : p—> T and I' - s : p,
and T X 0.

—If ' = AyM.N : o, then there exist 71,72, A such that 7 = 7 — Ty,
Subject(A) =V, A M:1 and I A+ N : 75, and 7 < 0.

—IfI'+-M+N:o,thenI’'-M:7and '+ N:7, and 7 < 0.

Proof. By induction of the length of derivation.

— If the derivation of I' - x : ¢ is by rule IV then we have (z : 0) € I" and
c<o.IfI'+x:0isbyrule SUB then I' - z : ¢/ and ¢’ < ¢. By induction
hypothesis z : ¢” € I' and ¢” <X ¢’ X 0.
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If the derivation of I' = X : o* is by rule HV then we have (X : %) € I',
and o* < o*. If the derivation of I' — X : 7* is by rule SUB then we have
I'- X : 7 and 7"* < 7%, by induction hypothesis we get (X : 7/*) € I,
and 7* < 7F < 7*.
If the derivation of I" -+ M s : o is by rule APP then there exist p’ such that
I'-M:p -oand I' - s: p'. So, we can conclude I' - M : p’ — 7 and
I'+ s:p', with 7 = o. If the derivation of I' — Ms : ¢ is by rule SUB then
we have I' = Ms : ¢’ and ¢’ < 0. By induction hypothesis there is p, 7 such
that T'M :p—> 7, '+ s:pand 7 <o’ Therefore ' - M : p —» 7 and
I'+s:pand T <0’ Xo.
If the derivation of I' = Ay M.N : o is by rule ABS then there exist 71,75, A
such that o = 71 — 79, Subject(A) =V, A+ M : 7 and IA - N : 7.
The result follows considering 7 = ¢. If the derivation of I" — Ay M.N : o
is by rule SUB then we have I' - A\yM.N : ¢’ and ¢’ < 0. By induction
hypothesis there is 7, 71,79, A such that 7 = 7 > 7, LA+ M : 7y and
I' A+ N : 79 and 7 < ¢’. The result follows with 7 < ¢/ < 0.
If the derivation of I' - M + N : o is by rule SUM then I' - M : o
and I' = N : 0. The result follows considering 7 = o. If the derivation of
I'- M+ N :7is by rule SUB then we have I' — M + N : ¢’ and ¢’ < 0.
By induction hypothesis I' = M : 7 and I' = N : 7 and 7 < ¢’. Therefore
weget 'FM:7and ' N:7and7<0' Xo.

O

Lemma 5 (Substitution Lemma). Let ¢ = {v; — hy,...v, — h,} be a

well-typed substitution with respect to I',v1 1 Ty, ...,V : Tp. If Iv1 171, ..., 0 ¢
Tk M:oand foralll <i<n I+ h;:7, with7 <7, then ' = My : T
and T X o.

Proof. By structural induction on M:

If M = x then we consider two cases: if x ¢ Dom(y) then My = x and

I' -z :0;if ¢ € Dom(y), then by Lemma 4,  : 0/ € I' and ¢’ < 0. Let

T = x;, then by Lemma 4, x; : 7; € I' and 7; < 0 and xzp = N;, therefore

I'-N;:7/and 7/ <7 < 0.

If M is f then f = fo, therefore the result follows trivially.

If M is M1 M> then by Lemma 4 there exist p, 7 such that I xy : 7q,..., 2, :

M :p—>Tand I,z :7m,...,2, : T + My : pand 7 < 0. By induction

hypothesis I' - My : 0’ and ¢’ < p’ — 7' (which implies ¢/ = p” — 7" and

p<p, 7 <7)and I + Msp : p”, with p"” < p. Therefore I' - Msyp : p,

since p” < p < p, which implies I' = (M1 M) : 7/, therefore, since 7/ < 7,

I'- (MiMs)p:7and 7 < 0.

If M is My X then by Lemma 4 there exist p*, 7 such that I xy : 7,..., 2, :

Tn b= My 2 p* > 7and wy @ 71,y 2 T B X 2 p*, p" € INay

Tlyeee, Tyt Tn, with p* < p* and 7 < 0. We consider two cases:

1. ¢(X) = ¢, in which case (M1X)p = M. By induction hypothesis we

have I' = My : p'* — 7/ and p* < p'*, 7/ < 7. Since p’* - 7/ <7/ X 7,
one concludes I' — My : 7 with 7 < 0.
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2. ¢(X) = €, in which case (M1X)p = ((Mip)s1...s,). By induction
hypothesis we have I' = Myp : p"* — 7" and p* < p'*, 7/ < 7. Since
($1:P1s--y8n : pn) = p"* one has p; < p"*,1 <i < nand p"™* < p*. By
SUB rule one can derive I' = My : p* — ... > p™* — 7/. Since p; <

%—_/

n
p"* < p* < p'*, by the contravariance rulewe have p'* — ... — p'* —
—_—

n
7TLpr—opF .. o p* -7 s0by SUB we have I' - Myp : p1 —
—_

n—1
/%

P — ... > p* = 7" and by APP rule we finally have I' = Mips; :
ﬁ_—/
n—1

p* — ... — p* — 7'. Finite application of the process described above
NE—

—_

leadsto I' = Mypsy ... 8, = (MlX)go : 7" and since 7/ < 7 one concludes
' (MiX)e: T, with 7 <

— M is Ay M;y. M, then by Lemma 4 there exist 7,72, A such that 7 = 7, —
7o, Subject(A) =Vand I'xy i 11, @ i Ty, A My i1, Ixy o 71,0y gy
Tn, A+ My : 79 and 71 — 7 < 0. By 1nduct10n hypothesis I A - Myp : 71
and IV A + Map @ 75 with 71 < 71, 75 < 72 and Subject(A) = V. Since
71 < 71 implies I A — My : 71 and 75 < 7o implies I, A + Map : 2. So,
we get ' Ay Myp. Moy : 171 — 5 and 1 — T2 < 0.

— If M is My + M5 then by Lemma 4 we have I',x1 : 7q,...,%p : T = My : T
and I'yxy : T1,...,%p : Tp = My : 7 and 7 < 0. By induction hypothesis
I'-Me:7, '+ Myp: 7™ and 7" < 7, 7" < 7. Therefore I' — Myp : 7
and I' = Msp : 7, thus we can conclude I' - My + Msyp : 7 with 7 < 0.

|

These two lemmas imply the SR property of the typed version of the calculus.

Theorem 2 (Subject Reduction). theorem If s —p, &', then I' - s: p =
I'+s":p.

Proof. Suppose I' = s : p and s —g. s’ in order to show that I' - s’ : p, then
the result follows by induction on the derivation of I" - s : p.

Case 1. If s is either z, X or f then it is in normal form with respect to — g,
so the result follows trivially.

Case 2. Assume I' - s = NQ : p. By Lemma 4 there exist 7/, 7 such that 7 < p
and ' N:7" > 7and I' - Q : 7. We have the following subcases:
Subcase 2.1. s’ = N'Q with N —g, N’: By the induction hypothesis and

by the SUB rule we have I" I s’ : p.
Subcase 2.2. s’ = NQ' with Q —p. Q'. Similar to the Subcase 2.1.
Subcase 2.3. If I' + (A\yM1.M>)Q@ : p by Lemma 4 there exist 71 such
that I' = (A\AWM1.Ms) : 71 > 7and I' - @Q : 71 and 7 < p. By Lemma
4 there exist 77,7', A such that Subject(A) = V,IA + M; : 71 and
A My:7m and 7 <7, 7 <71 . If Sol(M; <y Q) = {¢1,...,0n}
then (A\yM1.M2)Q —p. >, Map;. By Lemma 5 (considering that
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Subject(A) = V) we have I' - Myy; : 7; with 7; < 7/ < 7 < p, therefore
'3 Mpi:p.

Case 3. Assume I' -+ s = AyN.Q : p. By Lemma 4 there exist 71,73, A such
that 71 — 72 < p, Subject(A) =V and A+ N:7mand I'T'A+ Q : 7.
Subcase 3.1. s’ = A\yN'.QQ with N —g, N'. By the induction hypothesis

we have I' - s’ : 71 — 7o, therefore since 11 > 2 < p, ' - 5" : p.
Subcase 3.2. s’ = ApyN.Q' with Q —g, Q’. Similar to the Subcase 3.1.
Subcase 3.3. If I' = Ay My + Ms.Mj3 : p by Lemma 4 there exist 71,70, A

such that 71 — 7o < p, Subject(A) = V and I''A - My + My : 7y
and I A + Ms : 7o. By Lemma 4 again we get I A — M; : 7{ and

INA+ My:7and 7 <7.BySUBand 7] <7 wehave [, A+ M; : 7y

and Iy A+ Ms : 71, and by ABS rule we have I' = AyM1.M3 : 11 — 7o

and I' - Ay My . M3 : 7y — 19. By SUM rule we get I' — Ay M;.Ms +

Ay My M3 : 11 — Ty, therefore, since 77 — 7 < p, I' = Ay M;.M3 +

)\VMQ.MB L P
Subcase 3.4. If I' = Ay M;.Ms + M3 : p by Lemma 4 there exist 7,79, A

such that 71 — 75 < p, Subject(A) =V and I''A+ My : 7 and I, A

My + M3 : 72 and by Lemma 4 again we get I A - My : 75 and

I' A+ Ms : 75 and 75 < 72. By typing rules first we have I' = Ay, M7 .My

71 — 74 and I' - AyM1.M3 : 71 — 75 and since 75 < 79, we have

I — Ty <X T1 — T, therefore, I' = A\yM71.Ms + AyM1.Ms : 71 > 7

which implies I' = Ay M. Ms + Ay M. Ms : p.

O

Ezample 6. If variables were permitted to have arbitrary types instead of simple
types or starred simple types, then the Subject Reduction theorem would not
hold: Assume (z : 7* — 7) € I' and type(a) = 7. Then we have I' -z : 7 — T,
I'xz:7, '+ Ax.(xx) : 7 — 7 and, finally, I' - (Az.(x x)a) : 7. However, (aa),
that is obtained by reducing (Az.(x x) a), is not typeable anymore.

3.3 Strong Normalization

We concentrate now on the property of Strong Normalization of well-typed
terms, using techniques from [31]. This property guarantees the existence of
a normal form and in our case, as the calculus is confluent, we can also conclude
the uniqueness of normal forms.

We start with defining some technical notions. First, a term is called strongly
normalizing if there is no infinite reduction starting from it. We denote the set of
strongly normalizing terms by SN . A saturated set S is a subset of SN, satisfying
the following conditions:

1. For all m = 0 and for all Q1,...,Q.,, € SN, we have Q1 ---Q,, € S for all
x of the corresponding type.
2. For all m > 0, for all Q1,...,Q,, € SN, and for all P,M € SN, if Sol(P <y

M) = {(p17-~-a§0n} and N‘plQl"'Qm"‘"' +N§0nQ1"'Qm € S, then



19

The set of all saturated sets is denoted by SAT.
Next, we interpret types in the set of terms. Given a type p, its interpretation

[p] is a set of terms defined as follows:

[o] = SN.
[r—>7'] ={W | WQ e [] for all Q € []}.
[T* =7 ={W | WQ1--Qm € [r]for all m >0 and Q1,...,Qm €[]}
[7*] = {Q1, ..., Qm) | for all m = 0 and for all Q1,...,Qm € [7]}.

The SN property is based on several lemmas:

Lemma 6 (Types are Saturated Sets).

1.
2.
3.
4
5. [r] € SAT for all types .

SN € SAT.

If 81,52 € SAT, then {W | WQ € Sy for all Q € S1} € SAT .

If 81,52 € SAT then {(W | WQ1...Qn €S2 for allm = 0 and for all terms
Q1,...,Qn€ S1} e SAT .

If {S;}ier is a collection of members of SAT, then MierS; € SAT.

Proof. 1. One has SN € SN and satisfies condition (a) in the definition of

saturation. As to condition (b), suppose X Np;Q1...Q, € SN and
P,M,Qq...Qm € SN with Sol(P <y M) = {p1,...,¢n}. We claim that
also (A\WP.N)MQ1 ...Q,, € SN. Indeed, reduction inside the terms P, M, N,
Q1,-..,Q, must terminate, since these terms are in SN by assumption.
Hence, in finitely many steps, reducing the terms in (AyP.N)MQ1...Q, €
SN we obtain (A\yP'.N')M'Q} ...Q,, € SN. Furthermore, its contraction
gives > N'¢iQ, ..., Q, with Sol(P" <y M') = {¢},...,¢L}, which is
a reduct of > | Np;Q1...Qp € SN. Since this term is in SN, the terms
S N'@QY ... QL and (\WWP.N)MQ; ...Qy, are in SN as well.

Suppose S1,53 € SAT, then we have to show {W e T | for all Q € S;,WQ €
Sa}. Since S, So are saturated then we have W@Q € SN and @ € SN therefore
W e SN. So, indeed {W | for all Q € S1,WQ € So} € SN. Further, for [, for
all Q1,...,Q, € SN and for all Q € 51, 1Q1 ... QnQ € Sa, because Q € SN
and 80 IQ1...Qm € {W | forall Q € S;,WQ € Sy} € SAT. Finally, for
all m > 0 and for all Q1,...,Qm,N,P € SN with ¥.I" | Mp;Q1...Qy, €
{(W | forall Q € S1,WQ € Sy} where Sol(P <y N) = {p1,...,pn} we
have to show (AWVP.M)NQ1...Qm € {W | forall Q € S1,WQ € Sz}. We
know that 3" | M@;Q1...QnQ € S1 = (WP.M)NQ1...QnQ € Sz and
0 AWPM)NQ;...Qpme{W |forall Qe S;,WQ € Sa}.

Suppose S1,S52 € SAT and we have to show {W | for all m > 0 and for all
Q1,. -, Qum €S, WQ1...Qm € S} € SAT. Since Sy, Ss are saturated then
we have WQ1...Q, € SN and Q1,...,Q,, € SN therefore W € SN. So,
indeed {W | for all m > 0 and for all Q1,...,Qm € S1,WQ1...Qu € S2} €
SN. Since Sy is saturated for all k,m > 0 and for all My,..., M, € SN
and for all Qq,...,Q.,, € S1 we have IMy... M;Q:...Q,, € S2 and so
IMy ... My e {W |forall m >0 and for all Q1,...,Qm € S1,WQ1...Qm €
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Sy} € SN. Finally, for all k¥ > 0 and for all My,..., My, N,P € SN with

S MeiMy ..M, € {W | forallm > 0and for all Q1,...,Qn € Si,

WQi...Qm € So} where Sol(P <y N) = {¢1,...,¢,} we have to show

(AWP.MYNMy...M, € {W | forallm > 0 and for all Q1,...,Q.m € S,

WQi...Qm € S2}. We know that >\ | Mo My ... MpQ1...Qm € Sz =

()\VPM)NMl Mle Qm € B and so (AvPM)NMl ..My € {W |

for all m > 0 and for all Q1,...,Q. € S1,WQ1...Q, € Sa}.

Suppose {S;}icr € SAT, then by the definition of saturated sets for any m > 0

and for any Q1,...,Q, € SN we have Q1 ...Q, € 5; and, so Q1 ... Qm, €

NierS;. Finally, for any m > 0 and for any Q1,...,Q.m,, N, P € SN with

Y MpiQi ... Qn € S; where Sol(P <y N) = {¢1,...,¢n} we have to

show (AWP.M)NQ;...Qm € NierSi- We know that Z?zl MpiQi...Qm €

Si = ()\VpM)NQl e Qm € Sl and so ()\V_PM)NQl .. Qm € mieISi~

We prove it by induction on the generation of 7.

(a) 7 = « then by the definition of interpretation of a type and (1) of Lemma
6 we immediately have [a] € SAT.

(b) T = 7 — 7o then by the definition of interpretation of a type we have
[mom] ={WeT|foral @ e [n],WQ € [r]}. Assume [r1] € SAT
and [72] € SAT then by (2) of Lemma 6 [r—72] € SAT.

(¢) 7 = 17§ — 7o then by the definition of interpretation of a type we
have [rf—m] = {W | forallm = 0and for all @Q1,...,Qm € [m1],
WQi...Qm € [m2]}. Assume [11] € SAT and [r2] € SAT then by (3) of
Lemma 6 [7{f—>72]] € SAT.

O

Lemma 7. If W € [7f - 72, then WQ1...Qy € [1{ — 7] for alln =0 and

for all Qq,...,Q, € [11]-

Proof. Assume W € [17 — 72]. By the definition of interpretation of a type we
have [r{f—7] = {W | for all n > 0 and for all Q1,...,Q, € [11], WQ1...Qp €
[m2]} and so we have WQ; ...Qy, € [rf = w] for all n > 0,Q4,...,Qx € [11].

[}

The notion of satisfiability is defined for substitutions and bases: Let ¢ be a

substitution and I" be a basis. Then

— o satisfies s : p, written ¢ = s: p, if sp € [p].
— o satisfies I, written o =T, if o v :p forall (v:p)el.
— I' satisfies s : p, written I' = s : p, if ¢ = I" implies ¢ = s : p for all ¢.

Lemma 8 (Soundness of Subtype Ordering). If p1 < p2, then [p1] S [p2].

Proof. We prove by induction on the derivation of subtyping:

1.

p = 757" < p = 7" >7*>7'. By the definition of interpretation of a
type [r*—>1*>7'] = {W | forallm > 0 and for all Qq,...,Qm € [7],
WQi...Qm € [t*—7']} and by Lemma 7 we can conclude [p] < [¢].
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2. p=1*>7" < p’ = 7. By the definition of interpretation of a type [7*—7'] =
{W | for all m > 0 and for all Q1,...,Qm € [7], WQ1...Qm € [7']} and by
Lemma 7 we can conclude conclude [p] € [p']

3. p =17 < p = 7% By the definition of interpretation of a type [r*] =
{(Q1,...,Qm) | forallm > 0and for all Q1,...,Qn € [7]} and we can
conclude [p] € [p'] (take m = 1).

4. p =1 < p =75 if 1 < 7. By the definition of interpretation of a type
[T = {(@Q1,...,Qm) | for all m > 0 and for all Q1,...,Qm € [11]} and
[7%] = {(Q1,...,Qm) | for all m > 0 and for all Q1,...,Qm € [r2]}. By
induction hypothesis we have [71] € [72] and so if W € [7;] then W € [72].
So, if (Q1,...,Qm) € [1F] we have (Q1,...,Qm) € [7].

5. p=1 > 1o X p =13 > 74 if 3 < 71 and 5 X 74. By the definition of inter-
pretation of a type [p] = [n—72] = {W e T | for all Q € [n1], WQ € [r=]}
and [p] = [ms—m] = {W e T | for all Q € [13], WQ € [r4]}. By induction
hypothesis [72] € [74] and [73] € [71] it follows [r1—72] € [r3—74].

6. p=1 > 1< p =73 > 1yif 13 < 7] and 7 < 74. By the definition of inter-
pretation of a type [rff—72] = {W | for all m > 0 and for all Q1,...,Qm €
M, WQ1...Qm €[]} and [r3—m] = {W | for all Q € [73], WQ € [74]}.
By induction hypothesis [m2] € [m4] and [3] € [757] it follows [ —72] S
[r3—74] (take m = 1).

7. p=1f > n<p =7 > nif rf <7 and 7, < 74. By the definition of in-
terpretation of a type [rf—72] = {W | for all n > 0 and for all Qy,...,Q, €
[M],WQ1...Qn € [r=]} and [rf -] = {W | for all m > 0 and for all
Q1,---,Qm € [13], WQ1 ...Qm € [14]}. By the induction hypothesis [r2]
[r4] and [73] € [71]. So, we can conclude [ —72] S [75—74].

o

The Soundness Theorem below states that if a statement can be derived from
a basis, then the basis satisfies that statement.

Theorem 3 (Soundness). If '+ s:p then I' = s: p.
Proof. By the structural induction on s:

1. If s is either z or X then trivially holds.

2. I' = M : 7 with M = MM, is a direct consequence of I"' — My : 7/ — 7
and I' = My : 7. Suppose ¢ = I' in order to show ¢ = MjiMs : 7. Then
oEM: 7 >7tand p =My : 7 ie. Mipe[r' - 7] ={W | forall Qe
[7'],WQ €[]} and Map € [7']. But then by the definition of interpretation
of a type (M1 Ms)p = MypMap € 7], i.e. ¢ = M1 My : 7.

3. ' M : 7 with M = M;X is a direct consequence of I' — M; : 7* — 7
and I" - X : 7"*. Suppose ¢ = I' in order to show ¢ = M1 X : 7. Then
wEM T s7andp = X 7™ ie. Mype [t - 7] = {W | for all m >
0 and for all @1,...,Qm € [7'],WQ1...Qm € [7]}, and Map € {Q1...Qy, |
for all m > 0 and for all Q1,...,Qm, € [7']} But then by the definition of
interpretation of a type (MyMa)p = MypMap € [7], i.e. ¢ |= M1 My : 7.
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4. '+ M : 7 with M = Ay My.M5 and 7 = 71 — 79 is a direct consequence of
I''- M, : 7 and I' - My : 75. By the induction hypothesis we have I' =
M : 1 and I' = Ms : 75. Suppose ¢ |= I in order to show ¢ = Ay M;.Ms :
71 — 72. That is, we must show A\, M;.MopN € [12] for all N € [r1]. That is
we must show > | Moy, € [12] where Sol(M; <y N) = {¢1,...,¢,} and
it holds according typing system and Lemma 5, i.e. ¢ = ApM7. M : 7.

5. ' — M : 7 with M = M; + Ms is a direct consequence of I' — M; : 7
and I' = My : 7. Suppose ¢ = I' in order to show ¢ | My + My : 7.
Then ¢ = My : 7 and ¢ = M : 7, ie. [Mi], € [7] and Mayp € [7]. So,
My + Map = (Myp + Map) € [7], 1e. o | My + Ms : 7.

6. ' - M : 75 is a direct consequence of I' - M : 7 and 71 < 7T2. By
induction hypothesis we have I' = M : 7y . Suppose ¢ = I in order to show
o E M : 7. Since I' | M : 71, we have ¢ = M : 7, i.e., My € [r1]. By
Lemma 8 [11] € [72], hence My € [2], which shows that ¢ = M : 7».

|

These results imply Strong Normalization of the calculus:

Theorem 4 (Strong Normalization). If '+ s : p, then s € SN.
Proof. Similar to the proof of the analogous theorem from [31].

Ezxample 7. If variables were permitted to have arbitrary types instead of simple
or starred simple types, then the SN theorem would not hold: Assume (z : 7* —
7) € I' and type(a) = 7. Then we can type the term (Az.(xz) Ax.(zx)) as
I' (Az.(zx) Ax.(zx)) : 7. But its reduction does not terminate.

4 Application and Final Remarks

Jay in [19] underlines flexibility of pattern calculi, saying that “by making the
class of patterns sufficiently generous, all the main programming styles can be
expressed within a single, small calculus.” In [17], the authors illustrate the
power of patterns on the examples of XML manipulation with a general-purpose
language bondi.

In this section we would like to follow the same approach, illustrating the
power of patterns with hedge variables on the example of a rule-based language
PpLog [14]. It is designed to perform conditional transformations on hedges,
which may contain term, hedge, function, and context variables. Function and
context variables are second-order variables of the type ¢* — ¢ and ¢ — o,
respectively. Pattern matching should instantiate function variables with terms
of the form Axy,...,x,.h(x1,...,2,), where h is a function symbol or a func-
tion variable. Context variables are instantiated by contexts: terms of the form
Ax.M, where x occurs in M freely exactly once [36]. Its rules are built from
atoms rule(strategy((hi1)),<{ha)), usually written as strategy :: hy = ha. The left
hand side is a pattern. Pattern matching will use the corresponding matching
algorithm from [25].
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PpLog is built on top of Prolog and inherits its evaluation strategy and
built-in primitives. It does not have explicit typing, but one can restrict pos-
sible instantiations of variables by regular (hedge or context) languages, spec-
ifying the corresponding constraint. It can use Prolog clauses in its code. We
are not going to describe PpLog in detail here. The interested reader can find
the description of the main features in [14]. The code is freely available from
http://www.risc. jku.at/people/tkutsia/software.html. Here we are in-
terested in the illustration of its capabilities, taking advantage of the flexibility
the patterns provide. This we do for an XML query used for the same purposes
in [17], emphasizing how the pattern structures can be declared. Hedge variables,
higher-order variables, and unranked symbols come particularly handy.

Consider geographical data of the form data(country*), consisting of fi-
nite (possibly empty) sequence of countries. Each country is represented as
country(name,area(n) ,pop(m) ,province*), where name is the name of the
country, area(n) is the area, pop(m) is the population. Each province is repre-
sented as province (name,area(n) ,pop(m),city*) and each city is represented
as city(name, pop(m) ,rivers(rname*)), where rnamex is the sequence of river
names running through the city. The relative order of the area and population
terms in not fixed, i.e, we may have province(...,area(n),pop(m),...) as
well as province(...,pop(m), area(n),...).

We may want to extract a sequence of names of cities whose population is
bigger than 300 (in units of thousands). Instead of writing PpLog clauses for
this particular query, we can write a more generic one, which can be used for
extracting also province names whose population is greater or less than a given
number, or whose area is greater or less than a given number, and the same for
the countries. The code consists of the following three clauses:

extract_all(f_dist, f_pa, i_test)
c_X(f_dist(i_n,s_,f_pa(i_x),s_)) ==> (i_n,s_names) :-—
i_test :: i_x ==> true,
',
extract_all(f_dist, f_pa, i_test) :: c_X(f_dist) ==> s_names.
extract_all(f_dist, f_pa, i_test)
c_X(f_dist(i_n,s_,f_pa(i_x),s_)) ==> s_names :-—
!,
extract_all(f_dist, f_pa, i_test) :: c_X(f_dist) ==> s_names.
extract_all(f_dis, f_pa, i_test) :: i_ ==> eps.

The term variables (individual variables) start with i_, hedge variables (se-
quence variables) with s_, function variables with f_, and context variables with
c_. As one can see, the strategy name extract_all(f_dist, f_pa, i_test) is
parametrized with the constructor of the territorial district (f_dist may stand
for the constructors country, province, or city), with the constructor standing
for population or area (f_pa may become pop or area), and by the comparison
test (i_test can be instantiated, for example, by greater(300), which means
that what we are looking for, area or population, should be greater than 300 in
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the corresponding units). The left hand side of the first rule c_X (f_dist (i_name,
s_,f_pa(i_x),s_)) is the pattern. It should match the data term, to select the
name i_n and the number i_x at arbitrary depth under the constructors f_dist
and f_pa, respectively, ignoring the term sequences before and after £_pa(i_x).
(The anonymous variable s_ matches any hedge.) The hedge (i_n,s_names) in
the right hand side is the answer, provided that the test i_test succeeds for
i_x (the program is supposed to have the rules for this test), and s_names is the
hedge of names extracted from the other parts of the data. These two conditions
are in the body of the clause. The ! is the standard Prolog cut predicate.

Let the concrete data term be denoted by D. It contains information about
area, population, provinces, cities, and rivers, in certain countries. If we get back
to our original goal, extracting a sequence of names of cities whose population is
bigger than 300 thousand, we can formulate it simply as extract_all(city,pop,
greater(300)) :: D ==> s_X. To extract a sequence of countries whose area
is smaller than 200 thousand square km, we can write extract_all(country,
area,smaller(200)) :: D ==> s_X, etc. This example shows how path and
pattern polymorphisms in the sense of [19] can be expressed in a language based
on pattern calculus with hedge variables.

We believe that a notion of definability in our calculus may lead to the basis
of the construction of efficient compilers for a functional language extended with
hedge variables. In fact it is possible to represent data types with a flexible
number of elements in a very direct manner in our calculus. With this in mind
our next step is the definition of a core functional programming language with
hedge variables and its encoding in the calculus presented here.
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