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Abstract

We consider matrices over a ring K [∂; σ, θ ] of Ore polynomials over a skew field K . Since thePopov and Hermite normal forms are both Gröbner bases (for term over position and position overterm ordering resp.), the classical FGLM-algorithm provides a method of converting one into theother. In this report we investigate the exact formulation of the FGLM algorithm for not necessarily“zero-dimensional” modules and give an illustrating implementation in MAPLETM. In an additionalsection, we will introduce a second notion of Gröbner bases roughly following [Pau07]. We willshow that these vectorial Gröbner bases correspond to row-reduced matrices.
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1
Introduction

When considering systems of ordinary linear differential or difference equations it is natural to writethem in matrix form. For example would the system
−2f1 + df2

dx + 32xf2 − 3f3 − 32x2f3 = 012 f2 + df3
dx −

12xf3 = 0
be written as (

−2 d/dx + 32x −3− 32x20 12 d/dx − 12x
)
•

f1f2
f3
 = 0

where the bullet indicates application. We will study the normal forms of matrices as the one above.We will not explicitly consider how to solve such a system.
We will model derivations algebraically by using so-called Ore polynomials. These have firstbeen considered by Øystein Ore in [Ore33]. They are a generalisation of ordinary polynomials whichoffers a unified way of describing linear differential and difference operators. They share manyproperties with the ordinary polynomials but since they model operators, their multiplication is notcommutative. We will introduce Ore polynomials in Section 2.1 and summarise those propertiesthere that are important for the rest of this report.We will introduce matrices over Ore polynomials in Section 2.2. That section contains all thebasic definitions and notations that will be used later.As in the commutative theory, normal forms are an important tool for the analysis of matrices andthe systems they represent. This report will concentrate on two normal forms, namely the Hermiteform and the Popov form. Both are normal forms for left equivalence, i. e., for matrix M there areunimodular matrices U and V such that the product UM is in Hermite form and VM is in Popovform. (This will be made precise later).The Hermite normal form was first introduced and proved to exist by Charles Hermite in [Her51]for non-singular square matrices over the integers. It was later extended to more general matrices.Its main application is solving of Diophantine equations. We will introduce the Hermite form inDefinition 12 in Section 2.3.
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The Popov normal form was first described by Vasile Mihai Popov in [Pop70, Pop72]. Togetherwith similar concepts like row-reduction that is sometimes also called row-properness it is widelyused in control theory—see for example [Zer07]. We will treat the Popov normal form in Definition 13.Gröbner bases have been first mentioned in [Buc65]. Devised originally for ideals of (commutat-ive) multivariate polynomials they have since then been extended to non-commutative domains andalso to (free) modules over them. See for example [CS98] for a treatise and an application of Gröbnerbases for Ore polynomials. An introduction to extensions of Gröbner bases to modules may be foundin the textbooks [AL94] for the commutative case and similarly in [BGTV03] for non-commutativedomains. We will use the later book extensively in this report.Gröbner bases are important in modern day computational algebra because they provide twouseful features: First, they solve the ideal membership problem. That is, they provide an algorithmicway to check whether a given polynomial is contained in a given ideal. Second, Gröbner baseshave an elimination property which makes them useful for solving systems of polynomial equations.The same properties carry over to the non-commutative and to the module case.In [KRT07] it was shown that Popov and Hermite normal forms of matrices with (univariate) poly-nomial entries are actually Gröbner bases for their row span. This result can easily be generalisedto Ore polynomial rings. We do this in Theorems 25 and 27.The FGLM algorithm is an efficient method to convert Gröbner bases of zero-dimensional idealsfrom one admissible ordering to another. It was presented in [FGLM93] for ideals of commutativepolynomials. The main reason for its efficiency is that it manages to translate the problem frompolynomial to linear algebra. The FGLM algorithm may lead to a speed-up of Gröbner basiscomputations for slow orderings like the lexicographic ordering by first computing a Gröbner basiswith respect to a faster ordering like a degree ordering and then converting it to the desired ordering.A short introduction to the FGLM algorithm is given in Section 3.3.1We will translate the original algorithm from the case of commutative ideals to modules overnon-commutative domains in Section 3.3.4. There, we will in particular deal with the problem thatthe modules we consider are not “zero-dimensional”, i. e., that their quotient spaces can be of infinitedimension. We will be able to solve this using a degree bound on Hermite and Popov normal formsthat is similar to the results in [GK09].A different though less powerful approach of defining Gröbner bases for modules may be derivedfrom the theory of Gröbner bases for rings. We will investigate a possible translation of [Pau07] tomodules in Section 3.2. It will turn out that this kind of Gröbner bases—which we will call vectorialGröbner bases in order to avoid confusion—naturally correspond to row-reduction.
In [Vil96] a method for converting Popov forms into Hermite forms for non-singular squarematrices over the commutative polynomials K [x] is presented. There, the Popov form is used asan intermediate step for the computation of the Hermite form. The paper uses Hankel matricesand matrix fraction representations that are also mentioned in [Pop70] and are a standard tool incontrol theory. A polynomial time algorithm for computing a Hermite normal form directly withoutintermediate use of a Popov form can be found for example in [GK09].
Furthermore we will implement those parts of this report in the computer algebra systemMAPLETM that are necessary for the conversion of Popov forms to Hermite forms. This is justan illustration for the ideas used here; and we do not claim particular efficiency or correctness. Thecode will always follow the corresponding definitions. Thus, these implementations are scatteredthroughout this report, but we believe that it makes the individual procedures easier to check. Acomplete version of the programme may be obtain via email to the author.
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2
Basic definitions

2.1 Ore polynomials
Ore polynomials—that are also called skew polynomials by some authors—were first investigatedby Øystein Ore in [Ore33]. They are a generalisation of the usual polynomials with which they sharemost properties except that multiplication needs not to be commutative. As shown in the examplesbelow, Ore polynomials contain important classes of operators such as differential operators andshift (time-delay) operators.

Informally, Ore polynomials can be defined as follows: Let K be a skew field and considerpolynomial expressions in the variable ∂ of the form
an∂n + . . .+ a1∂+ a0 where a0, . . . , an ∈ K.Note, that we write the coefficients on the left hand side of the variable. Put in other words, theOre polynomials over K are the free left K-module generated by the powers of ∂. Addition and(left) scalar multiplication are just the usual coefficient-wise addition and scalar multiplication ofpolynomials. But the multiplication is more general, since we do not want to enforce commutativity.To make things a little easier, however, we will require that the degree formula

deg(pq) = degp+ degq
holds for all Ore polynomials p and q, where the degree is defined in the usual way as theexponent of the highest power of ∂ occurring with a non-zero coefficient. In order to eliminatecase distinctions, we set the degree of the zero Ore polynomial to deg 0 = −∞. We define the ithcoefficient coeff(i, p) of p = an∂n+ . . .+a1∂+a0 to be ai if 0 6 i 6 n and to be 0 otherwise. Usingthe degree and the coefficient functions, we also define the leading coefficient of an Ore polynomial
p to be lc(p) = coeff(degp, p).The degree formula implies in particular that for all a ∈ K there exist σ (a) and θ(a) ∈ K suchthat

∂a = σ (a)∂+ θ(a).Sometimes we will call the above formula the multiplication rule. Since the powers of ∂ form amodule basis for the Ore polynomials, for each a ∈ K the elements σ (a) and θ(a) are unique, i. e.,
4



RISC Report Series
2010

σ : K → K and θ : K → K are mappings. Equating the coefficients of ∂1 = 1∂, ∂(a+ b) = ∂a+ ∂band ∂(ab) = (∂a)b for a and b ∈ K , one sees that σ is an endomorphism and that θ is additiveand fulfils a kind of Leibniz rule. This leads to the following definition:
Definition 1 (Derivation). Let K be a skew field and let σ : K → K be an endomorphism. Anadditive mapping θ : K → K is called a σ-derivation if θ fulfils the σ-Leibniz rule

θ(ab) = σ (a)θ(b) + θ(a)bfor all a and b ∈ K .If σ = id is the identity function, then θ is usually just called a derivation: Indeed, for σ = idwe regain the Leibniz rule θ(ab) = aθ(b) + θ(a)b.Now, we can give a definition of Ore polynomials. We still remain informal here; a precisedescription of Ore polynomials may be found for example in [Coh85, Section 0.10].
Definition 2 (Ore polynomials). Let K be a ring with endomorphism σ : K → K and σ-derivation
θ : K → K . The (left) Ore polynomials are the set

K [∂; σ, θ ] = {an∂n + . . .+ a1∂+ a0 | a0, . . . , an ∈ K}together with the usual addition and scalar multiplication and with the multiplication given by themultiplication rule ∂a = σ (a)∂+ θ(a) for all a ∈ K .It remains to ensure that such a structure may indeed be constructed and that it does satisfythe ring axioms. For this we merely cite a result from the literature.
Theorem 3 ([Coh00, Theorem 5.7]). Let K be an integral domain1 with endomorphism σ : K → K
and σ-derivation θ : K → K . Then there is a Ore polynomial ring K [∂; σ, θ ] with a degree functiondeg satisfying the conditions

1. deg f ∈ N for f 6= 0, while deg 0 = −∞;

2. deg(f − g) 6 max{deg f, degg};
3. deg(fg) = deg f + degg.

Moreover, K [∂; σ, θ ] is an integral domain.It is easy to see that the multiplication rule extends to Ore polynomials—i. e., that ∂f = σ (f)∂+
θ(f) for f ∈ K [∂; σ, θ ]—if one applies σ and θ coefficient-wise. In particular, lc(∂f) = σ (lc(f)).Using this, one may inductively prove that for all f, g ∈ K [∂; σ, θ ] \ {0} the leading coefficient
formula lc(fg) = lc(f)σdeg f (lc(g))holds.

We will close this section with some examples of Ore polynomials. There are more examples inthe literature. For instance, the reader might have a look at [Che03] and [CS98].
Example 4. 1. Let K be arbitrary. Using σ = id and θ = 0 (which is obviously a derivation)the multiplication rule becomes just ∂a = a∂. Thus

K [∂; id, 0] ∼= K [x],and the usual commutative polynomials are just a special case of Ore polynomials.
1Integral domains are not necessarily commutative in [Coh00].
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2. For a differential skew field2 (K, θ) the ring K [∂; id, θ ] is called the ring of differential oper-
ators over K . In this case the multiplication rule ∂a = a∂ + θ(a) is sometimes also calledLeibniz rule. The name differential operator arises from the following special case:Take K = Q(x) and θ = d/dx, then for a fixed f ∈ Q(x) and arbitrary g ∈ Q(x) we obtain

( ddx f)g = d
dx (fg) = f ddxg+ df

dxg = (f ddx + df
dx )g,and hence we obtain (d/dx)f = (fd/dx + df/dx) as operators.

If we take Q[x] instead of a skew field then the ring Q[x][∂; id, d/dx] is called the first Weyl
algebra.3. In the case that σ 6= id but θ = 0 we obtain the shift operators (which are also called time
delay operators, twisted polynomials or skew polynomials by some authors). The Leibniz rulebecomes ∂a = σ (a)∂.The name shift polynomials comes from the special case of K = Q(x) where σ is the substi-tution automorphism p 7→ p(x + 1).As we show below in Lemma 5, the three examples given above are in a sense all examples onecan find. Let K be a skew field, q ∈ K and let σ : K → K be an endomorphism. Then the map

θq : x 7→ σ (x)q− qx
is a σ-derivation, the so called inner σ-derivation induced by q. Indeed, θq is obviously additiveand for all a, b ∈ K we have

σ (a)θq(b) + θq(a)b = σ (a)(σ (b)q− qb) + (σ (a)q− qa)b = σ (ab)q− qab = θq(ab).
There is also the notion of an inner endomorphism: An endomorphism φ : K → K is called inner, ifthere is a unit u ∈ K ∗ such that

φ(a) = uau−1
for all a ∈ K .
Lemma 5 ([Coh85, Proposition 8.3.1]). Let K be a skew field3 with endomorphism σ : K → K and
σ-derivation θ : K → K . For the Ore polynomial ring K [∂; σ, θ ] there are three possibilities:

1. Either θ is an inner derivation and after a suitable change of the variable ∂ we may assume
θ = 0, or

2. σ is an inner endomorphism and by a suitable choice of ∂ we may assume σ = id, or

3. σ leaves the centre C of K fixed and δ maps it to 0; in that case C is contained in the centre
of R .

2A differential ring (A, δ) is just a ring A together with a derivation δ : A→ A.3The formulation in the reference is just “field” instead of “skew field”, but as noted in on page xviii, in [Coh85] fields arenot necessarily considered to be commutative.
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2.2 Matrices over Ore polynomials
Let K be a skew field with automorphism σ : K → K and σ-derivation θ : K → K , and let R =
K [∂; σ, θ ] be the corresponding ring of Ore polynomials. For positive integers m,n ∈ N \ {0}we denote by Rm n the set of m × n-matrices with entries in R . As special cases of matrices wehave the free (left) R-module of row vectors R1 n = Rn and the free (right) R-module of columnvectors Rm 1 = Rm . A square matrix U ∈ Rm m that has a two-sided inverse U−1 ∈ Rm m is called
unimodular. The set of all unimodular m×m-matrices is denoted by ( Rm m)∗. Furthermore, we willdenote the m×m identity matrix by 1m and the m× n zero matrix by 0m n.Let M ∈ Rm n be arbitrary. We denote the element at position (i, j) of M by Mi,j . We use thenotation Mj,• for the j th row of M where 1 6 j 6 m, and analogously we write M•,k for the k thcolumn of M for 1 6 k 6 n. With RmM we denote the row space of M which we consider as left
R-module. On the other hand, M Rn denotes the column space of M which is a right R-module.We need a few more definitions which are used below for defining the main object of our study,the Hermite and the Popov normal forms. First, we extend the notation of degree to matrices: Let
M ∈ Rm n be a matrix; then we set

degM = max{degMi,j | 1 6 i 6 m and 1 6 j 6 n}.

In particular, for 1 6 i 6 n we define the ith row degree to be rdegiM = degMi,•. Similarly, weextend the notion of coefficients and leading coefficients. That is, we set
coeff(i,M) = (coeff(i,Mj,k ))

j,k
∈ Km n

and we define the leading vector of M to be lv(M) = coeff(degM,M).4 A special case of the lastformula gives lv(Mi,•) = coeff(rdegiM,Mi,•).We shortly give an implementation of these definitions in the computer algebra system MAPLETM.Since MAPLETM forces us to distinguish between vectors and matrices we will start with a procedurefor the degree deg v of a (row) vector v . It expects as parameters a symbol Q that will denote howthe variable ∂ is represented in MAPLETM.5 The second argument is the vector. The procedure mayproduce erroneous output if the entries of v are not expanded.
1 VectorDegree := proc(Q::symbol, v::Vector) :: extended_numeric:
2 description "Computes the degree of v w.r.t. the variable Q.":
3 return max(map(p → degree(p,Q), v)):
4 end proc:The definition of vector degrees can be expanded easily to matrices by first computing all rowdegrees and than selecting the maximum value. The parameters of this procedure are similar to thepreceding one.
1 MatrixDegree := proc(Q::symbol, M::Matrix) :: extended_numeric:
2 description "Computes the degree of M w.r.t. the variable Q.":
3 local m,n:
4 m,n := LinearAlgebra:-Dimension(M):
5 return max(seq(RowDegree(Q,j,M),j=1..m)):
6 end proc:

4We chose the name leading vector since it will mostly be applied to vectors (which we consider as matrices with onlyone row or column) and since we will also need a concept of leading terms in Section 3.1 that is defined differently.5We would have liked to call the parameter D—but this causes trouble as D is a built-in function in MAPLETM.

7



RISC Report Series
2010

Specialising the above code a little bit, we may also compute the j th row degree rdegjM of a matrix
M using the following procedure. The parameters are analogous to the former two procedures. The
ASSERT statement will check the validity of the input if the assertlevel in the MAPLETM kerneloptsis set to 1.
1 RowDegree := proc(Q::symbol, j::posint, M::Matrix) :: extended_numeric:
2 description "Computes the j-th row degree of M w.r.t. the variable Q.":
3 local m,n:
4 m,n := LinearAlgebra:-Dimension(M):
5 ASSERT(j 6 m):
6 return VectorDegree(Q,M[j,1..n]):
7 end proc:

While the coefficients and degrees we just defined are sometimes useful, we will need anothernotation to refer to a special kind of matrix obtained from M. For this we take the
Definition 6 (Leading row coefficient matrix). Let M ∈ Rm n be a matrix. We define

LCrow(M) = (σdegM−rdegiM(coeff(rdegiM,Mi,j )))
i,j
∈ Km n.

In other words, the ith row of LCrow(M) will be σdegM−rdegiM lv(Mi,•).One might also consider a row-wise definition of LCrow(M): The j th row will just be LCrow(M)j,• =
σdegM−rdegj M(lv(Mj,•)). Just another way of defining the leading row coefficient matrix is to bringall rows of M to the same degree degM by multiplying it from the left with the diagonal matrix
E = diag(∂degM−rdeg1 M , . . . , ∂degM−rdegmM)—where we have to ignore the zero rows of M—and todefine LCrow(M) = lv(EM). This last definition can be found in [Che03, Page 25]. As Definition 6 isa little bit intimidating at first sight, we will give an example of its computation.
Example 7. Let K = Q(x), σ the substitution automorphism x 7→ x+1 and θ = 0. Let R = K [∂; σ, θ ]be the shift operators, and consider the matrix

M = x∂2 − ∂+ 1 (x + 1)∂ ∂− x
x∂− 1 ∂+ 1 x + 10 0 0

 ∈ R3 3.
The degree of M is degM = 2 since the highest power of ∂ occurring is ∂2 at position (1, 1). Therow degrees are rdeg1M = 2, rdeg2M = 1 and rdeg3M = −∞. Hence the first row of LCrow(M)will be the leading vector of the first row of M with σ applied zero times, and the second row is theleading vector of the second row of M with σ applied once. The third row of LCrow(M) is zero sincecoeff(−∞, p) = 0 for every p ∈ R by our convention. Thus, we obtain

LCrow(M) =  x 0 0
x + 1 1 00 0 0

 ∈ Km n.

The definition of leading row coefficient matrices is important in order to define row-reducedness.Being row-reduced is an requirement for being in Popov normal form—see Definition 13 below.Furthermore, row-reduced matrices have the so-called predictable degree property which we explainin Lemma 10. Since we are working over a non-commutative field, we have to decide whether wewant to consider the left or the right row rank; and because we will always consider the row spaceto be a left R-module, we choose the left row rank which equals the right column rank—see [Art71,Theorem 4].
8
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Definition 8 (Row-reducedness). A matrix M ∈ Rm n is called row-reduced if LCrow(M) has (leftrow) rank m.The matrix in Example 7 was not row-reduced since its leading row coefficient matrix had zerorows. However, every matrix can be brought to a row-reduced form if we omit zero rows. Moreprecisely, [BCL06, Theorem 2.2] holds:6
Theorem 9. Let M ∈ Rm n. Then there is a unimodular matrix U ∈ ( Rm m)∗ such that

UM = ( T
0

)
where T is row-reduced. Furthermore, rdegj ( T0 ) 6 rdegjM for all j up to permutation of the rows
and rdegj U 6 νj + m∑

k=1(µk − νk )− min{µk | k = 1, . . . , m}
where µj = max{0, rdegjM} and νj = max{0, rdegj UM}.We include a short summary of the algorithmic proof of [BCL06] since we want to point outthe similarities to the division in the sense of vectorial Gröbner bases which we will define inSection 3.2. Because we need only to consider the non-zero rows of M, we will without loss ofgenerality assume that M does not have zero rows. We will show that if M is not row-reduced thenthere exist a unimodular matrix U ∈ ( Rm m)∗ and a row index j such that the j th row-degree of UMis smaller than that of M.If M is not row-reduced then there must exist a vector v ∈ Km \ {0} such that v LCrow(M) = 0.We will lift the relation v of the rows of LCrow(M) to those of M. For this we first choose arow index j such that vj 6= 0 and rdegjM is maximal. Then we define the vector ṽ ∈ Rm via
ṽi = σ rdegj M−degM(vj )∂rdegj M−rdegiM if Mj,• 6= 0 and ṽj = 0 otherwise. The j th row of the product
ṽM will then have the leading vector lv((vM)j,•) = σ rdegj − degM(vj ) · σ rdegj M−rdegiM(lv(Mj,•)); andhence if we apply σdegM−rdegj M to ṽM we see that the coefficient of ∂rdegj M must vanish. Hence,rdegjM > rdegj ṽM.Since ṽj = vj ∈ K \ {0}, we may extend v to the invertible matrix

1j−1
0...0 0j−1 j−1

ṽ1 · · · ṽj−1 ṽj ṽj+1 · · · ṽm

0m−j−1 m−j−1
0...0 1m−j−1


∈ ( Rm m)∗.

The product UM will have a smaller degree than M in the j th row. (In the language of Section 3.2we will say that the j th row of M got reduced with respect to to the other rows.) Obviously thiscannot be repeated infinitely often; and hence we must eventually reach a row-reduced matrix.
We want to close this section with some important properties of row-reduced matrices. Thefollowing lemma is well-known for matrices of ordinary (commutative) polynomials—see for example

6Although the authors of [BCL06] consider only commutative fields, it is easy to see that the proof carries over tonon-commutative coefficient domains.
9
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[For75] for a treatment. For a reference in the Ore polynomial case including a proof see [BCL06,Lemma A.1(a)].
Lemma 10 (Predictable degree property). A matrix M ∈ Rm n is row-reduced if and only if for all
v ∈ Rm we have deg(vM) = max{deg vi + rdegiM | 1 6 i 6 m}.The following statement is a direct consequence of the predictable degree property.
Corollary 11. If M ∈ Rm n is row-reduced then the rows of M are linearly independent.

Proof. Assume vM = 0 for some v ∈ Rm. Since a row-reduced matrix cannot have zero rows, thepredictable degree property (Lemma 10) implies that v = 0.
2.3 Hermite and Popov normal forms
We now introduce the main objects we will be working with in this paper. Let in this wholesection K be a skew field with automorphism σ : K → K and σ-derivation θ : K → K ; and let
R = K [∂; σ, θ ] be the corresponding Ore polynomial ring. The following definitions are adoptedfrom [GK09, Definition 2.3] and [KRT07, Definition 1].The Hermite normal form is essentially an upper triangular form with some additional restrictionsthat are similar to the integer case—see for example [Coh93] or [GK09, Definition 3.2]. In order tomake the definitions more symmetric and to avoid case distinctions later, in contrast to some otherauthors we disallow zero rows in both Hermite and Popov normal forms.
Definition 12 (Hermite form). A matrix M ∈ Rm n is in Hermite form if there exist column indices
j1 > j2 > . . . > jm which we call pivot indices such that1. Mi,k = 0 if k < ji,2. the entries Mi,ji are monic, and3. degMi,ji > Mi,k for all k 6= ji.The Popov normal form is essentially a row-reduced matrix with some additional requirementson the degrees of the entries that will make it unique.
Definition 13 (Popov form). A matrix M ∈ Rm n is said to be in Popov form, if1. M is row-reduced and rdegiM 6 rdegi+1M for all i.2. for the ith row there exists a column index ji (the pivot index) such that(a) Mi,ji is monic and degMi,ji = rdegiM;(b) degMi,k < rdegiM if k < ji;(c) degMk,ji < rdegiM if k 6= i; and(d) if rdegiM = rdegk M and i < k then ji < jk (i. e., pivot indices are ordered increasingly).The Popov form is sometimes also called row-echelon form. It may also be described with thehelp of the leading row coefficient matrix that was defined above:
Lemma 14. If M ∈ Rm n is in Popov form then—up to permutation of the rows—its leading row
coefficient matrix LCrow(M) is in row echelon form.

10
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Proof. Let M be in Popov form. Since we are allowed to permute the rows, in this proof we willassume that the rows are ordered with respect to to the pivot indices. For the k th row of M thepivot index jk corresponds to an entry Mk,jk of degree degMk,jk = rdegk M by condition 2 (a) ofDefinition 13. Hence, its coefficient contributes to the leading row coefficient matrix of M. Fur-thermore, by 2 (b) all elements left of the pivot have a smaller degree and do hence not contributeto LCrow(M)—meaning that the pivot contributes the left-most entry of LCrow(M)k,•. Finally, con-dition 2 (c) assures that there cannot be two pivots in the same column: Assume that ji = jk thencondition 2 (c) applied to the ith row implies that degMk,jk = rdegk M < rdegiM and the samecondition applied to the k th row yields rdegiM < rdegk M—a contradiction.On the other hand, having a leading row coefficient matrix in row echelon form is not a sufficientcondition for being in Popov form. Some authors call a matrix M with a leading row coefficient matrixLCrow(M) in row echelon form to be in weak Popov form—see for example [Che03, Definition 2.7].
Each matrix M ∈ Rm n can be transformed into a matrix whose non-zero rows are in Hermitenormal form or in Popov form. Below in Corollary 29 we will also show that the Popov and Hermiteform of a matrix are unique. We will sketch algorithms for doing the transformations here. We donot claim that the algorithms are efficient but want merely to show that they exist.To convert M to Popov normal form we first apply row-reduction as in [BCL06, Theorem 2.2].Then we have to bring the leading row coefficient matrix into reduced row-echelon form which canbe done using the same method. This will of course preserve row-reducedness. Finally, operationsof the same kind are used to ensure the remaining conditions of Definition 13. See for example[MS03] or [Che03, Section 2.5.1].Conversion into Hermite form on the other hand uses the Euclidean algorithm—see for example[BP96, Section 3] for a version of the Euclidean in the Ore polynomial case. Given M we applyEuclid transforming the first non-zero column of M to the form (d, 0, . . . , 0) where d is the greatestcommon right divisor of the entries of this column. That means, we have a unimodular matrix

Q ∈ ( Rm m)∗ such that
QM =


0 · · · 0 d ∗ · · · ∗... ... 0... ... ... M̃0 · · · 0 0

 .

Applying the same procedure recursively to M̃ we obtain a matrix in row echelon form. We justneed to apply division with remainder in order to decrease the degrees above the pivot entries inorder to fulfil condition 3 of Definition 12.Together with the uniqueness in Corollary 29 this construction yields the following corollary:
Corollary 15. Whenever UA = H is in Hermite form for A ∈ Rm n and U ∈ ( Rm m)∗ then the first
pivot of H is the greatest common right divisor of the elements in the j1th column A•,j1 of A.

11



RISC Report Series
2010

3
Converting between Hermite and Popov

3.1 Gröbner bases
Gröbner bases have been a useful tool in (ordinary) polynomial algebra ever since their inventionby Bruno Buchberger in 1965 in his Ph. D. thesis [Buc65]. Since then, they have been extendedto various other kinds of rings including Ore polynomials [CS98]. In parallel, there have beenextensions for the computation of module bases over polynomial rings [MM86].For our Gröbner bases, we use the definitions of [BGTV03]. They consider Gröbner bases forso-called Poincaré-Birkhoff-Witt rings, a class of rings more general than Ore polynomials. Werefer the reader to [BGTV03, Definition 2.2.5] for the definition of Poincaré-Birkhoff-Witt rings; and[BGTV03, Corollary 3.3] shows that univariate Ore polynomials are indeed Poincaré-Birkhoff-Wittrings with respect to to the term order defined below.
3.1.1 Gröbner bases in [BGTV03]In this section, we summarise the most important definitions from [BGTV03]. We do this for tworeasons: First, since we are considering only a special case of the theory developed there, everythingcan be simplified a little bit; and second, we can bring everything to the notation used in this report.

Let K be a skew field, and let σ : K → K be an automorphism and θ : K → K be a σ-derivation.The terms in R = K [∂; σ, θ ] in the sense of Gröbner bases are elements of the form c∂α ∈ R where
c ∈ K and α ∈ N. We consider row vectors in Rn. First, we fix the canonical basis e1, . . . , en.That means that ei is the vector with the ith entry equal to 1 and all other entries equal to 0. Thenthe terms in Rn take the form c∂αej where c ∈ K , α ∈ N and 1 6 j 6 n. We will now introduceadmissible orderings on these terms.
Definition 16 (Admissible ordering). An admissible term ordering is a total ordering < of the termssatisfying the additional conditions1. ∂αei < ∂α+βei for all α and β ∈ N; and2. ∂αei < ∂βek implies ∂α+γei < ∂β+γek for all α , β and γ ∈ N.

12
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The only admissible ordering in R is
∂α < ∂β ⇐⇒ α < β

making R a Poincaré-Birkhoff-Witt ring. We can extent this ordering to an admissible ordering on
Rn. There are two standard ways for doing this: the term over position and the position over termordering. The definitions can be found in [BGTV03, Definition 5.3.8] and [BGTV03, Definition 5.3.9],but we will repeat them here for the convenience of the reader. (In both cases there is actuallymore freedom involved as the positions 1, . . . , n may be ordered arbitrarily—we will fix a particularorder though that fits our needs).
Definition 17 (Position over term ordering). Let α and β ∈ N. The position over term ordering
<POT is defined as

∂αej <POT ∂βek :⇐⇒ j > k ∨ (j = k ∧ α < β).Note, that we consider the left-most position to be the largest. That means, that we obtain thefollowing sequence
(0, . . . , 0, 1) <POT (0, . . . , 0, ∂) <POT (0, . . . , 0, ∂2) <POT . . .

<POT (1, 0, . . . , 0) <POT (∂, 0, . . . , 0) <POT (∂2, 0, . . . , 0) <POT . . . .
As can be seen from the example, the position over term ordering reminds of the lexicographicordering in the usual polynomial case.
Definition 18 (Term over position ordering). Let α and β ∈ N. The term over position ordering
<TOP is defined as

∂αej <TOP ∂βek :⇐⇒ α < β ∨ (α = β ∧ j > k).Note, that also here we order the positions with the left-most as the largest one. In this casewe obtain
(0, . . . , 0, 1) <TOP (0, . . . , 0, 1, 0) <TOP . . . <TOP (1, 0, . . . , 0)

<TOP (0, . . . , 0, ∂) <TOP . . . <TOP (∂, 0, . . . , 0) <TOP . . . .
The term over position ordering is reminiscent to graded orderings in the commutative Gröbnerbasis theory.Also at this point we would like to do an implementation in MAPLETM. The first procedurecomputes the leading term of the non-zero vector v with respect to position over term orderingwhere the first argument Q tells us how the variable ∂ is denoted in MAPLETM. The procedure doesnot return a vector but a pair i, d such that lt(v) = ∂dei. If the elements of v are not expanded thenthe output might not be correctly computed.
1 POTlterm := proc(Q::symbol, v::Vector) :: list(nonnegint):
2 description "POT leading term of v as pair of position and degree.":
3 local p,i:
4 p := LinearAlgebra:-Dimension(v):
5 for i to p do
6 if v[i] 6= 0 then return i, degree(v[i],Q) fi:
7 od:
8 error "Leading term of zero is undefined!":
9 end proc:
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Analogously, the next procedure computes the leading term of the non-zero vector v with respectto term over position ordering. Parameters and output are as above. In fact, we use the trick thatlt(v) with respect to term over position ordering equals ∂deg v lt(lv(v)) where the last leading term istaken with respect to position over term ordering.
1 TOPlterm := proc(Q::symbol, v::Vector) :: list(nonnegint):
2 description "TOP leading term of v as pair of position and degree.":
3 local d,p:
4 d := VectorDegree(Q,v):
5 assert(d > 0):
6 POTlterm(Q, map(p → coeff(p,Q,d)·Q^d, v)):
7 end proc:

Given an element v ∈ Rn \ {0} and an admissible ordering < we may write v as a finite sum ofterms
v = c1∂α1ej1 + . . .+ cs∂αsejswhere ∂α1ej1 > . . . > ∂αsejs and where c1 6= 0. Extending our previous definitions, we define the

leading coefficient of v with respect to < to be lc<(v) = c1 and the leading monomial of v withrespect to < to be lm<(v) = ∂α1ej1 . Furthermore, we let the leading term of v with respect to < belt<(v) = lc<(v) · lm<(v). Since most of the time we will work with a fixed ordering <, we will usuallyjust write lc(v), lm(v) and lt(v) instead of lc<(v), lm<(v) and lt<(v).The next step in Gröbner basis theory is reduction. We will be content with giving the definitionsand citing the necessary theorems from [BGTV03]. We fix an admissible ordering <. We start withthe definition of reducibility.
Definition 19 (Reducibility). An element v = c1∂α1ej1 + . . .+ cs∂αsejs ∈ Rn is said to be reducibleby a subset F ⊆ Rn if there exists w ∈ F , 1 6 k 6 s and β ∈ N such that ∂αk ejk = ∂β lm(w).Given an element v and a finite subset W of Rn, it is always possible to reduce v by W in sucha way that the remainder is irreducible.
Theorem 20. Given v ∈ Rn and {w1, . . . , ws} ⊆ Rn there are u1, . . . , us ∈ Rn and r ∈ Rn such
that

v = u1w1 + . . .+ usws + r
where r is not reducible by {w1, . . . , ws}.

We will call r the remainder of the division of v by {w1, . . . , wn}.
Proof. This is [BGTV03, Theorem 5.4.3]. Directly after the theorem—in [BGTV03, Algorithm 10]—thedivision method is explained in detail.

Now we have all the necessary prerequisites for the definition of Gröbner bases. Instead ofcopying [BGTV03, Definition 5.4.7] we use a formulation which is shown to be equivalent in [BGTV03,Theorem 5.4.9].
Definition 21 (Gröbner basis). Let M be an R-submodule of Rn. A finite set G ⊆ Rn is a Gröbner
basis for M if for all v ∈ Rn the conditions that v ∈M and that the remainder of v of the divisionby G is 0 are equivalent.
Lemma 22. Every non-zero submodule M of Rn has a Gröbner basis G, the elements of G generate
M and the remainder of the division of an element v ∈ Rn by G does not dependent on the order
of the elements in G.
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Proof. These statements are found in [BGTV03, Proposition 5.4.8, Corollary 4.10 and Theorem 5.4.9].
The following definition is [BGTV03, Definition 4.17]:

Definition 23 (Reduced Gröbner bases). A Gröbner basis G of M ⊆ Rn is reduced if for all g ∈ Gwe have lc(g) = 1 and there is no h ∈ G \ {g} such that lm(h) divides a term in g.
As in the usual, commutative Gröbner basis theory there exist a notion of S-polynomials and a

Buchberger criterion for Gröbner bases in Rn. They are stated in [BGTV03, Definition 5.4.11 andTheorem 5.4.13]. But we will not need the full Buchberger criterion here and will be content withstating a merely sufficient condition for being a Gröbner basis.
Theorem 24. Let G = {g1, . . . , gs} ⊆ Rn with leading monomials lm(gk ) = ∂αk ejk for 1 6 k 6 s.
If ji 6= jk whenever i 6= k then G is a Gröbner basis for the submodule Rg1 + . . . + Rgs ⊆ Rn
generated by its elements.

Proof. This is [BGTV03, Corollary 5.4.14].
3.1.2 Hermite and Popov forms are Gröbner basesAs mentioned above, in [KRT07, Proposition 2 and 4] it is shown that the rows Hermite and Popovforms of matrices of ordinary (commutative) polynomials are Gröbner bases. Using the results of[BGTV03] it is easy to extend this to general Ore polynomials.
Theorem 25. Let M ∈ Rm n with the rows sorted in ascending order with respect to term over
position ordering. Then the rows of M form a reduced Gröbner basis for RmM with respect to term
over position ordering if and only if M is in Popov form.

Proof. When considering term over position ordering, the leading term of a vector v ∈ Rm \ {0}is the left-most term of highest degree. This is exactly that term whose leading coefficient is theleft-most entry of LCrow(v) or—in other words—the leading term of the pivot in Definition 13.Let first M be in Popov form. Then the leading row coefficient matrix of M is in row echelonform by Lemma 14. Using the considerations above that means that the leading terms of the rowsof M are in different columns. Hence, by Theorem 24 they form a Gröbner basis.The leading monomials are all monic by the definition of Popov forms—see condition 2 (a) ofDefinition 13. Furthermore, condition 2 (c) of the definition implies that the leading terms do notdivide the other rows. Hence, M is a reduced Gröbner basis according to Definition 23.Suppose on the other hand, that the rows of M form a reduced Gröbner basis with respect toterm over position ordering. For each row index i let ji be the column index of the leading termof Mi,•. We will show that these ji’s are precisely those of Definition 13. Choose a row index
i. By our considerations above, degMi,ji = rdegiM and degMi,k < rdegiM for k < ji. This iscondition 2 (b) of Definition 13. Since the rows of M are a reduced Gröbner basis, the rows aremonic and hence also condition 2 (a) holds. Additionally, for each k 6= i the degree of Mk,ji must beless than rdegiM since otherwise Mk,• could be reduced by Mi,•. This means that condition 2 (c) isfulfilled. Furthermore there can be no other leading term in column ji because otherwise Mi,• couldbe reduced by Mk,•. That means that—up to permutation of the rows—the leading row coefficientmatrix of M is in row echelon form. Since the reducedness implies that there are no zero rows in
M, this means that LCrow(M) must have full rank. Together with the fact that by assumption therows of M are sorted with respect to to their degree, this yields condition 1. Condition 2 (d) followsagain from the assumption that the rows of M are sorted.
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We remark, that row-reducedness alone is not sufficient for being a Gröbner basis in the senseof [BGTV03]:
Example 26. Consider R = Q[x] and the (obviously row-reduced) matrix

A = 1 0 11 1 10 1 1
 ∈ R3 3.

Then A is not a Gröbner basis with respect to term over position ordering since (0, 0, 1) ∈ R3A isnot divisible by the leading terms (1, 0, 0) and (0, 1, 0) of A.If we take the position over term ordering, we find a correspondence to Hermite normal forms:
Theorem 27. Let M ∈ Rm n with the rows sorted in descending order with respect to position over
term ordering putting all zero rows at the end. Then the rows of M form a reduced Gröbner basis
for RmM with respect to position over term ordering if and only if M is in Hermite form.

Proof. Since we use position over term ordering, the leading term of a vector v ∈ Rm is the leadingterm of the left-most non-zero entry of v .Assume M is in Hermite form. Using the notation from Definition 12, the leading terms of therows are the leading terms of Mi,ji by condition 1. Since the indices j1, . . . , jr are different, theleading terms are all in different columns, and hence by Theorem 24 they form a Gröbner basis.Furthermore, condition 3 ensures that no leading term divides a term in another row. Since theleading terms are also monic by condition 2, the rows of M form a reduced Gröbner basis accordingto Definition 23.Contrarily, assume now that the rows M form a reduced Gröbner basis with respect to positionover term ordering. Choose a row index i and assume that the leading coefficient of Mi,• is incolumn ji. Then the degrees of the other entries in the same column must be strictly lower since theGröbner basis formed by the rows of M is reduced. In particular there cannot be another leadingterm in the same column since otherwise one would reduce the other. Hence the indices j1, . . . , jmare all different. That implies that the rows are sorted with respect to the position of the leadingterm only and hence j1 > . . . > jm. Using these indices in Definition 12, we see that conditions 2and 3 are fulfilled. Since the leading terms are the left-most non-zero entries in each row, alsocondition 1 holds.
We also state the important [BGTV03, Theorem 5.4.18]:

Theorem 28. Fix an admissible ordering. Then, every submodule of Rn has a unique reduced
Gröbner basis with respect to this ordering.From this we derive the corollary:
Corollary 29. The Hermite and the Popov normal form of a matrix are unique.

3.2 Gröbner bases à la [Pau07]
Above we considered the extension of Gröbner bases theory to modules using the methods from[BGTV03]. Another possibility of defining Gröbner bases would be to take an analogous approachto [Pau07]. This shall be examined in this section. The motivation for this is that—as shall be
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seen below—the division algorithm proposed in [Pau07] is quite reminiscent of the row-reductionalgorithm.We follow the definitions in [Pau07]—but instead of taking a ring as coefficient domain we usea vector space, namely Kn. That means that terms in this section will be of the form y∂k where
y ∈ Kn. Since we are dealing with univariate Ore polynomials, there is only one possible termorder. Hence, in comparison with [Pau07, Definition 1] our degree function remains the same, butwhat the “leading coefficient” is in [Pau07] will be our leading vector.We define an alternative divisibility criterion using leading vectors instead of leading monomials.Let v ∈ Rn be given and let W = {w1, . . . , ws} ⊆ Rn be a finite set of vectors. We say that v is
divisible by W if lv(v) ∈ 〈σdeg v−degw (lv(w)) ∣∣ degw 6 deg v〉where the angle braces denote the K-vector space spanned by the leading vectors and where σ isapplied to the vectors component-wise. If v and w1, . . . , wn were the rows of a matrix then divisibilitywould imply that this matrix is not row-reduced. If the above inclusion holds then there are αw ∈ Kfor each w ∈ W such that lv(v) = ∑

w∈Wdegw6deg v
αwσdeg v−degw (lv(w))

where αw = 0 whenever degw > deg v . Since lv(∂β(u)) = σβ(lv(u)) for every β ∈ N and u ∈ Rnand since deg(pu) = degp+ degu for every p ∈ R , we conclude that
ṽ = v −

∑
w∈Wdegw6deg v

αw∂deg v−degww

has a smaller degree than v . Note that the right hand side is exactly the reduction we used in therow-reduction algorithm.Using the definition of divisibility given above we may formulate the following theorem. This isa reformulation of [Pau07, Proposition 2].
Theorem 30 (Division). Let W ⊆ Rn be a finite subset and let v ∈ Rn. Then there are an element
r ∈ Rn and a family (pw )w∈W in R such that

1. we have the identity
v = ∑

w∈W
pww + r;

2. for all w ∈ W we have pw = 0 or degpw + degw 6 deg v ; and

3. r = 0 or no term in r is divisible by W .

We call r the remainder of the division of v by W .

Proof. We do induction on the degree of v . Assume first that v = 0. Then with r = 0 and the zerofamily (0)w∈W clearly the conditions of the theorem are fulfilled.Otherwise let deg v = ` . There are two possible cases: If v is divisible by W then there are(αw )w∈W such that ṽ = v −
∑

w∈W αw∂deg v−degww has a degree lower than that of v where weignore the terms with deg v < degw since the corresponding αw are zero anyway. By inductionthere are a remainder r and a family (qw )w∈W such that the conditions of the theorem hold. Set
pw = αw∂deg v−degw + qw . Then

v = ∑
w∈W

αw∂deg v−degww + ṽ = ∑
w∈W

αw∂deg v−degww + ∑
w∈W

qww + r = ∑
w∈W

pww + r.
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Since degw 6 deg v for all w with αw 6= 0, we have also degpw + degw 6 deg v . Hence, theconditions hold for v with r and (pw )w∈W .On the other hand, if v is not divisible by W then consider ṽ = v − lv(v)∂deg v . Since ṽ hasa degree lower than that of v , there are again a remainder s and a family (pw )w∈W such that theconditions of the theorem hold. We have
v = ṽ + lv(v)∂deg v = ∑

w∈W
pww + s+ lv(v)∂deg v = ∑

w∈W
pww + r

where we set r = lv(v)∂deg v + s. Since the term lv(v)∂deg v is not divisible by W , by induction noterm of r is divisible by r. Thus, also in this case the conditions hold for v with r and (pw )w∈W .
In the following we will usually regard the set W = {w1, . . . , wm} ⊆ Rn as a matrix with rows

w1, . . . , wm. If we define the k th leading row coefficient matrix LCkrow(W ) ∈ Km n to have the rows
LCkrow(W )j,• = {σk−rdegj W (Wj,•), if rdegjW 6 k0, otherwise ,

then v ∈ Rn is divisible by W if and only if lv(v) ∈ Km LCdeg vrow (W ). (This definition brings out thesimilarity to row-reduction even more). The above theorem then reads as
Corollary 31. Let W ∈ Rm n and let v ∈ Rn. Then there are an element r ∈ Rn and a vector
p ∈ Rmsuch that

1. we have the identity v = pW + r;

2. for all 1 6 j 6 m we have pj = 0 or degpj + rdegjW 6 deg v ; and

3. r = 0 or no term in r is divisible by W .

We call r the remainder of the division of v by W .Let W ⊆ Rn \ {0}. If there is no w ∈ W such that w is divisible by W \ {w} then we call
W weakly auto-reduced.1 If we regard W as matrix in Rm n, then we claim that W is weaklyauto-reduced if and only if W is row-reduced. To prove this statement, we first state that a matrix
W with non-zero rows is row-reduced if and only if LCkrow(W ) has linear independent non-zerorows for every k ∈ N. The reason is that—because σ is an automorphism—we could constructa linear dependency in LCrow(W ) = LCdegWrow (W ) if we had dependencies in LCkrow(W ) for some k .To prove the equivalence of weak auto-reducedness and row-reducedness, assume that for a rowindex i the row Wi,• was divisible by rows Wj1,•, . . . ,Wjs,• with jk 6= i for all k . Because of thedefinition of divisibility we can omit those indices jk with rdegjk W > rdegiW . But that meansthat lv(Wi,•) depends on the rows of LCrdegiWrow (W ) with row index unequal to i; and hence that thenon-zero rows of LCrdegiWrow (W ) are linearly dependent. Contrarily, assume there is a dependency ofthe rows of LCkrow(W ) for some k ∈ N. Since σ is an automorphism, if we choose k minimal withthis property then there must be a row index i such that k = rdegiW and such that LCkrow(W )i,• islinear dependent on the other rows of LCkrow(W ). But this means that Wi,• is reducible by the otherrows of W . Hence, W is not auto-reduced.

1To be auto-reduced—as opposed to weakly auto-reduced—every w ∈ W would have to be a remainder of division of wby W \ {w}, i. e., no term in w were allowed to be divisible by W \ {w}.
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Definition 32 (Leading vector space). Let M ∈ Rn be a submodule and let G ⊆M \ {0} be a finitesubset. For s ∈ N we define the leading vector space

LV(s,M) = {lv(v) | v ∈M and deg v = s} ∪ {0}.
Then G is a vectorial Gröbner basis of M if and only if for all i ∈ N the vector space LV(i,M) isgenerated by

{σ i−degg(lv(g)) | g ∈ G and degg 6 i}.In other words, since the vectors σ i−degg(lv(g)) are just the non-zero rows of LCirow(G), a finitesubset G ⊆M is a vectorial Gröbner basis for M if and only if for all i ∈ N
LV(i,M) = K |G| LCirow(G).

Theorem 33. Let M ⊆ Rn be a submodule and G be a vectorial Gröbner basis of M. Then v ∈M
if and only if the remainder of v after division by G is zero.

Proof. This follows from Theorem 30: If v ∈ M then in every division step the remainder is in Mmeaning that it is always divisible. Contrarily, if v /∈M then there must be a non-zero remainder
r. We will now draw a connection between vectorial Gröbner bases and row-reduced matrices.First, we note that a vectorial Gröbner basis needs not to be row-reduced since it could containthe zero vector or otherwise linear dependent elements. We call a vectorial Gröbner basis G fora submodule M ⊆ Rn minimal if for all i ∈ N the non-rows of LCirow(G) form a minimal set ofgenerators of LV(i,M).2
Theorem 34. A matrix M ∈ Rm n is row-reduced if and only if the rows of M are a minimal vectorial
Gröbner basis of RmM.

Proof. Assume first that M is row-reduced. For a vector v = yM ∈ RmM we must show that lv(v)depends linearly on the rows of LCdeg vrow (M). Using the predictable degree property (Lemma 10) weobtain
v = ∑

16i6mrdegiM6deg v
yiMi,•.

This yields for the leading vectors
lv(v) = ∑

16i6mdegyi+rdegiM=deg v
lc(pi)σdegpi lv(Mi,•) = ∑

16i6mdegyi+rdegiM=deg v
lc(pi)σdeg v−rdegiM lv(Mi,•).

Hence, lv(v) ∈ Km LCdeg vrow (M), and M is a vectorial Gröbner basis.To prove minimality it is sufficient to note that for each k the non-zero rows of LV(k, RmM) arelinearly independent.Assume now that M is a minimal vectorial Gröbner basis. Obviously M cannot have zero rows.We will show that M is weakly auto-reduced. If this was not the case then there was a row index
i such that Mi,• was divisible by the remaining rows meaning that there was a linear dependencybetween the non-zero rows of LCrdegiMrow (M) meaning that these were not a minimal set of generatorsfor LV(rdegiM,RmM,). Hence, a minimal vectorial Gröbner basis must be weakly auto-reduced andthus row-reduced.

2A minimal set of generators is a basis.
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The next lemma gives just another condition for a matrix to be a vectorial Gröbner basis. It canbe seen as a version of [For75, Main Theorem] for Ore polynomials. Further properties of vectorialGröbner basis may—via Theorem 34— be found in the appendix of [BCL06].
Lemma 35. A matrix M ∈ Rm n is a minimal vectorial Gröbner basis for RmM if and only if its rows
are linearly independent over R and if using the notation M<d = {v ∈ RmM | deg v < d} we have

dimK M<d = m∑
j=1rdegj M6d

d− rdegjM.
Proof. By Theorem 34 above we know that a minimal vectorial Gröbner basis M is row-reduced.Thus, M has the predictable degree property (Lemma 10) and the rows ofM are linearly independent.Furthermore, the predictable degree property implies that v = yM ∈ RmM is in M<d if and only ifmax{degyk + rdegk M | 1 6 k 6 m} is strictly less than d, or equivalently if degyk < d− rdegk Mfor all k . The K-space of all Ore polynomials yk with a degree strictly less than d− rdegk M has
K-dimension d− rdegk M if d > rdegk M and 0 otherwise.Assume now that the rows of M are linearly independent—implying in particular that M doesnot have zero rows—and that the identity dimK M<d = ∑m

j=1 max{0, d − rdegjM} holds for all d.We will show that the rows of LCd−1row (M) are a basis for LV(d − 1, RmM) for all d > 1. We haveLV(d− 1, RmM) = {lv(v) | v ∈M<d \M<d−1}. Since taking the (d− 1)th coefficient of an elementin M<d is a K-linear map to LV(d− 1, RmM) with kernel M<d−1, we see that
LV(d− 1, RmM) ∼= M<d

M<d−1as K-spaces. Hence, by assumption we obtain
dimK LV(d− 1, RmM) = dimK M<d \M<d−1

= m∑
j=1rdegj M6d

d− rdegjM − m∑
j=1rdegj M6d−1

d− 1− rdegjM
= ∑

j=1rdegj M=d
0 + ∑

j=1rdegj M6d−1
1 = |{i | rdegiM 6 d− 1}|,

i. e., dimK LV(d − 1, RmM) equals the number of non-zero rows of LCd−1row (M). We will now proveby induction on d that the non-zero rows of LCd−1row (M) are linearly independent. For d = 1 thisis obvious as the non-zero rows of LC0row(M) are just the rows of M of degree 0 which are linearlyindependent. Let now that d > 2, and assume the rows of LCd−1row (M) where linearly dependent.Since the rows of LCd−2row (M) are linearly independent and since σ is an automorphism, that meansthat there is a row index i such that rdegiM = d− 1 and such that lv(Mi,•) is a linear combinationof the other rows of LCd−1row (M). Hence, we may apply reduction yielding a representation
Mi,• = ∑

j 6=irdegj M6d−1
Mj,• + r

where deg r must be strictly smaller than d− 1 and no term in r is divisible by M. Since r ∈ RnMand the spaces LV(s, RmM) for s < d − 1 are generated by the non-zero rows of LCsrow(M) this
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implies r = 0. That means that Mi,• is a linear combination of the other rows of M contradictingthe assumption that the rows of M are linearly independent. Thus, the rows of LCd−1row (M) must belinearly independent and hence M must be a minimal vectorial Gröbner basis.At the end of this section we want to mention that reduction in the sense of vectorial Gröbnerbases has an important disadvantage compared to division in the sense of usual Gröbner bases: Thesum of two irreducible elements might be reducible meaning that vectorial Gröbner basis divisionis (in general) not K-linear. As an example simply consider the matrix
M = (1 1) ∈ R1 2

and the vectors v = (0, 1) and w = (1, 0) ∈ R2. Although neither v nor w are divisible by M thesum v + w = (1, 1) clearly is.
3.3 FGLM

3.3.1 Introduction to FGLMThe FGLM algorithm—named after the initials of its inventors—was first presented in [FGLM93].In this section we give a rough overview about the algorithm following the original paper. Since theFGLM algorithm there was aimed at commutative domains, Gröbner basis and division in this sectionare to be understood in the usual sense, i. e., as for example in [AL94]. Although the algorithm doesnot in particular need commutativity it seems not to have been ported to Ore polynomials and theirGröbner bases yet. The only source which is known to the author is a short mention in [Kou09].Let F be a commutative field. We consider the commutative polynomial ring P = F [x1, . . . , xn].Assume that we are given an ideal I ⊆ P with the property that 0 < dimF P/I < ∞. Let < be anadmissible ordering and let G be the reduced Gröbner basis of I with respect to <. Then, an F-basisfor P/I is given by those monomials that are not divisible by the leading terms in G as stated in[AL94, Proposition 2.1.6]. Following [FGLM93] we will call these monomials the natural basis of
P/I with respect to G and denote it by BG . Also, we define the degree of I to be deg I = dimF P/I.By [FGLM93, Proposition 2.1] the leading monomials of the elements in G are of the form xjb forsome b ∈ BG and some 1 6 j 6 n.For each j , the multiplication by xj is an F-linear map P/I → P/I. Let TGj be the matrix of thismap with respect to the natural basis corresponding to G. In [FGLM93, Procedure 3.1] a methodfor the computation of TG1 , . . . , TGn is given. These matrices allow computation in P/I without theneed of dividing by G after every multiplication. That is, they translate modular arithmetic to linearalgebra.The heart of [FGLM93] are [FGLM93, Proposition 4.1] and [FGLM93, Procedure 4.1] where theFGLM-algorithm is explained. Roughly, it proceeds as follows: The procedure expects as inputan admissible ordering <1, a reduced Gröbner basis G1 of I with respect to <1 and an admissibleordering <2. It computes the reduced Gröbner basis G2 with respect to <2. For this, it considerstwo sets G and B that are to become the new Gröbner basis and its natural basis. Initially we set
G = ∅ and B = {1} where we know that 1 ∈ BG2 since deg I > 0. The algorithm now considersthe with respect to <2 smallest monomial µ = bxj for b ∈ B and 1 6 j 6 n that is not in B and nota multiple of a leading term in G. Using G1—or more precisely the representation of µ in BG1—wecheck whether there is an F-linear dependency modulo I between the monomials in B and µ. If thisis the case then µ is the leading monomial of a polynomial in G2 whose coefficients are determinedby the coefficients of the dependency and which we add to G. Otherwise, µ ∈ BG2 and we add µ
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to B. If there are no monomials left that are not in B or not divisible by a leading term in G thenthe algorithm terminates returning G2 = G and BG2 = B.The linear dependencies which are mentioned in the algorithm are found in the following way.We claim that we always know the coordinates of the elements in B. This is true initially, sincewe start with B = 1 and 1 ∈ BG1 . Later we consider only monomials µ of the form µ = xjb where
b ∈ B. But here the coordinates may easily be computed by the multiplication TG1

j · bBG1 of the(known) coordinate vector of b by the corresponding multiplication matrix. Since division by G1 is
F-linear any linear dependency the coordinate vectors of µ∪B corresponds to a linear dependencyof µ ∪ B modulo I.
3.3.2 The quotient module and pseudo-linear mapsIf we are to extend this considerations to submodules of Rn then we first need to study the quo-tient module and the multiplication map therein. In general the quotient space will not be finitedimensional, but we will be able to give a condition for avoiding infinite computations below.For a matrix M ∈ Rm n in Hermite or in Popov normal form we need to study the vector spacestructure of the quotient module Rn/RmM. The multiplication by ∂ is a K-pseudo-linear map inthe sense of [Jac37, Section 1] or [BP96, Definition 4]. There, given a K-space V , a map φ : V → Vis called K-pseudo-linear if for all v, w ∈ V and for all a ∈ K the identities

φ(v + w) = φ(v) + φ(w) and φ(av) = σ (a)φ(v) + θ(a)v
hold.Assume that V has a finite K-dimension. If we fix a basis B of V then there is a unique matrix
T ∈ K|B| |B| such that for v ∈ V

φ(v)B = Tσ (vB) + θ(vB)
where wB denotes the coordinate vector of w ∈ V with respect to the basis B—see [Jac37, Section 2]or [BP96, Page 4]. Contrarily, each matrix S ∈ K|B| |B| yields a K-pseudo-linear map via the aboveformula, i. e., there is a one-to-one correspondence between matrices and K-pseudo-linear mapsjust as with usual linear maps.In order to study the K-pseudo-linear maps of Rn/RmM we need to study bases first. For thiswe use the fact that that Popov and Hermite forms are Gröbner bases. In the following we willdenote the residue class of v ∈ Rn in Rn/RmM by v . The following lemma uses the fact that onlythose terms ∂iekRn are divisible by the rows of M where k is the column index of the pivot of the
j th row and degMj,k 6 i.
Lemma 36. Let M ∈ Rm n be in Hermite or in Popov form and let J = {j1, . . . , jm} be the corres-
ponding set of pivot indices.3 Then a basis of Rn/RmM is given by the elements

{∂keji | ji ∈ J and k < degMi,ji} ∪ {∂kei | i /∈ J and k ∈ N}.

Moreover is the Gröbner basis division by M a linear map from Rn to Rn.

Proof. This follows immediately from [BGTV03, Proposition 5.6.2 and Proposition 5.6.3] and thecorrespondence of the pivot indices and the leading monomials.
3Please note that the definition of “pivot” is different for the two normal forms.
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We will call {∂kei | i /∈ J and k ∈ N} the infinite part of the basis while the set {∂keji | ji ∈
J and k < degMi,ji} will be called the finite part.We return to the multiplication map Rn/RmM → Rn/RmM defined by v 7→ ∂v = ∂v . This isobviously K-pseudo-linear as ∂(ap) = σ (a)∂p + θ(a)p for all a ∈ K and all p ∈ R . The basisgiven in the lemma is in general not finite. Still we can easily compute an (infinite) matrix Tfor the multiplication map. In fact, if we assume M to be an irreducible Gröbner basis then theelements in the infinite part of the basis and their multiples are not reducible. Hence the part of themultiplication matrix corresponding to the infinite part will just be a matrix with 1’s on the uppersecondary diagonal. Also, the part of the multiplication matrix corresponding to the finite part ofthe basis has a structure. Since only the ∂-multiples of those elements of highest degree can bereduced, we obtain a form somewhat similar to a companion matrix.
Remark 37. In [CK02] multiplication matrices are called ∂-connections or defining ∂-matrices.Change of basis is done via so-called gauge transformations—see [Jac37] or [CK02].We will now give an indication of how finite subparts of the multiplication matrices can becomputed. For this we consider only a truncated basis consisting of those modular basis elementswith representatives of degree strictly less than a given bound d. That is, we define the truncated
(canonical) basis B6d with respect to d ∈ N to be

B6d = {b ∈ B1 | degb 6 d}

where B is the canonical basis with respect to an ordering < as in Lemma 36. Accordingly, we willalso speak of the truncated multiplication matrix with respect to d as the portion of the multiplicationmatrix corresponding to this basis. In other words, the truncated multiplication matrix is the matrixof the projection to the truncated space after the multiplication by ∂. In the next subsection we willshow that these truncated matrices are indeed sufficient for our needs.
Remark 38. Let M ∈ Rm n be in Hermite or in Popov normal form with pivot indices j1, . . . , jm. Leta degree bound d be given. We define

τk =


min{degMs,js , d}, if k = js

d otherwise.
Then the truncated basis with respect to d will be just

e1, . . . , ∂τ1e1, . . . , en, . . . , ∂τnen.

Furthermore, the k th coordinate of the product of ∂ with the ith basis vector will be either1. 0, if 0 < i− τ1 − . . .− τs < τs+1 for some s and k 6= i+ 1, or2. 1, if 0 < i− τ1 − . . .− τs < τs+1 for some s and k = i+ 1, or3. − coeff(µ,Ms,t) if i = τ1 + . . .+ τs for some s and where µ = k − τ1− . . .− τt for some k suchthat 0 6 µ < τt+1.This follows from the fact that M is a reduced Gröbner basis and hence for each row index i of Mthe terms in Mi,• − lt(Mi,•) are irreducible.
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Example 39. Let R = Q(x)[∂; id, d/dx] and
M = (∂2 + x x − 1 ∂− x

x + 1 ∂+ 1 ∂− x

)
∈ R2 3

being in Popov normal form. The pivot indices are j1 = 1 and j2 = 2. Let d = 5. Then τ1 = 2,
τ2 = 1 and τ3 = 5 and the truncated basis will be

e1, ∂e1, e2, e3, ∂e3, ∂2e3, ∂3e3, ∂4e3.
The truncated multiplication matrix with respect to d is then

T =


e1 ∂e1 e2 e3 ∂e3 ∂2e3 ∂3e3 ∂4e3
e1 0 1 0 0 0 0 0 0
∂e1 −x 0 1− x x −1 0 0 0
e2 −x − 1 0 −1 x −1 0 0 0
e3 0 0 0 0 1 0 0 0
∂e3 0 0 0 0 0 1 0 0
∂2e3 0 0 0 0 0 0 1 0
∂3e3 0 0 0 0 0 0 0 1
∂3e3 0 0 0 0 0 0 0 0


∈ K8 8.

Remark 40. In order to be able to compute in the truncated modular space we are still missingthe representation of the canonical basis vectors e1, . . . , en of Rn in the truncated basis. Taking thedefinitions from Remark 38, if τk > 1 for a column index k then ek is not reducible by M and therepresentative will just be ek corresponding to the (1 +∑s<k τk )th element of the truncated basis.If τk = 0 then ek is reducible by M. If τk corresponds to the pivot in the ith row of M then theremainder of the reduction of ek by M will just be ek −Mi,•. The terms in ek −Mi,• are irreducibleand thus we can compute the basis of this vector easily: The coefficient of the sth truncated basiselement in ek −Mi,• will be just − coeff(µ,Mi,t) where µ = k − τ1 − . . . − τt for some k such that0 6 µ < τt+1. This is similar to case 3 of Remark 38.
Again, we would like to implement the topics discussed in this section in MAPLETM. The resultingprocedure expects as input a symbol Q that tells MAPLETM how the variable ∂ is represented, adegree bound d, a procedure lt computing the leading term of a vector and finally the matrix

M ∈ Rm n itself which must be a Gröbner basis for the ordering that is used in lt . The procedurereturns the truncated multiplication matrix with respect to d, the coordinate vectors of the residueclasses of the canonical basis vectors e1, . . . , en of Rn and the dimension of truncated space.
1 ModularSpace := proc(Q::symbol, d::posint, lt::procedure, M::Matrix)
2 :: list:
3 description "Compute the truncated modular structure of R^n/R^m M.":We start by computing the positions and degrees of the pivot elements in M: The meaning of atuple (i, j, k) in the list ρ is that there is a pivot at position (i, j) in M with degree degMi,j = k . Thelist σ will contain information about the columns of M. If σj = ∞ then there is no pivot in the j thcolumn of M. Else, if σj = (k, i) then there is a pivot of degree k in the ith row. The list τ containsinformation about the elements of the truncated basis: These are precisely the vectors ∂kej where
k < τj . Finally, e contains the dimension of the truncated space.
4 local ρ ,σ ,m,n,e,a,T,τ,j,z,r,c,i,E,k:
5 m,n := LinearAlgebra:-Dimension(M):
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6 ρ := [seq([j,lt(M[j,1..n])], j=1..m)]:
7 σ := [∞ $n]:
8 for j in ρ do
9 σ [j[2]] := [j[3], j[1]]:

10 od:
11 τ:= map(a → if a = ∞ then d else min(a[1],d) fi, σ ):
12 e := add(a, a in τ):Initially, the truncated multiplication matrix T is just the zero matrix. We will fill in its entries laterin the procedure. Also the list of coordinate vectors of the canonical basis elements is initially setto just empty entries. The variable r will contain the sum ∑s<j τs with j being the control variableof the outmost loop. This will be used to handle cases 1 and 2 of Remark 38. Initially, r is of coursezero.
13 T := Matrix(e,e,0):
14 E := [empty$n]:
15 r := 0:
16 for j to n doFor the j th column of M we have to check whether it contains a pivot of degree zero. This is thecase if τj = 0. That means that ej is reducible by M and we have to compute its coordinatesas described in Remark 40. We start with a zero vector filling in the corresponding entries in aloop. The variable c corresponds to the sum ∑

s<k τk in the remark and i is µ. Furthermore, σj,2corresponds to i in Remark 40.
17 if τ[j] = 0 then
18 z := Vector[row](e,0):
19 c := 0:
20 for k to n do
21 for i from 0 to τ[k]-1 do
22 z[c+i+1] := -coeff(M[σ [j][2],k],Q,i):
23 od:
24 c := c+τ[k]:
25 od:
26 E[j] := z:If the j th column does not contain a pivot of degree zero then the representation of ei is just the(r+1)th unit vector according to Remark 40. Additionally, we have to treat the rth through (r+τj−1)throw of the truncated multiplication matrix corresponding to the truncated basis elements ej through
∂τj−2ej . We first fill in the ones on the upper secondary diagonal according to case 2 of Remark 38.If the row does not contain a pivot then we are already done. Otherwise, we treat (r + τj )th rowanalogously to the computation of the coordinates in the case of a zero-degree pivot.

27 else
28 E[j] := Vector[row](e, shape=unit[r+1]):
29 #
30 for r from r+1 to r+τ[j]-1 do
31 T[r,r+1] := 1:
32 od:
33 if σ [j] 6=∞ then
34 c := 0:
35 for k to n do
36 for i from 0 to τ[k]-1 do
37 T[r,c+i+1] := -coeff(M[σ [j][2],k],Q,i):
38 od:
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39 c := c+τ[k]:
40 od:
41 fi:
42 #
43 fi:
44 od:
45 return T,E,e:
46 end proc:

3.3.3 Degree boundsIn order to be able to apply the module FGLM algorithm that we will introduce below, we need toderive degree bounds. We start with a bound for the Popov normal form. The following result wasproved for commutative polynomials as part of [For75, Main Theorem].
Lemma 41. A matrix M ∈ Rm n is row-reduced if and only if

∑m
j=1,Mj,• 6=0 rdegjM is minimal among

all matrices with the same row space.

Proof. Assume that M is row-reduced. Then by Theorem 34 M is a minimal vectorial Gröbner basismeaning that the non-zero rows of LCirow(M) are a basis for LV(i, RmM) for every i. For every othermatrix W ∈ Rs n with RsW = RmM it follows that LCirow(W ) is a multiple of LCirow(M).Assume that ∑m
j=1 rdegjM >

∑s
k=1 rdegjW . As row-reduction only reduces the degrees of therows by Theorem 9, we may without loss of generality assume that W is row-reduced, too. Theinequality implies that either there was a degree d such that LCdrow(M) has less non-zero rows thanLCdrow(W ) or s < m and LCrow(M) has more non-zero rows than LCrow(degM)W . Both are notpossible since the non-zero rows of both LCdrow(M) and LCdrow(W ) in the first case or LCrow(M) andLCdegMrow (W ) in the second case are bases for the same space.Contrarily, by [BCL06, Theorem 2.2], row-reduction only reduces the row degrees of a matrix.Hence, if M was not row-reduced then could the sum of the row degrees not be minimal. Bycontraposition minimality of ∑j rdegjM implies row-reducedness.

Remark 42. In [For75], the sum ∑m
j=1,Mj,• 6=0 rdegjM of the row degrees is called the order of M. Amatrix with minimal order is called a minimal basis. Thus, we have just proved that minimal basesare row-reduced.We derive a corollary from the above lemma.

Corollary 43. A row-reduced matrix M ∈ Rm m is unimodular if and only if we have M ∈ ( Km m)∗.
Proof. If M ∈ Rm m is unimodular then RmM = Rm having the minimal basis 1m. Hence must thesum of the row degrees of M be zero. Since M is row-reduced from the predictable degree property(Lemma 10) we further conclude that also its inverse must be in ( Km m)∗.On the other hand being in ( Km m)∗ means that M is unimodular.
Lemma 44. Let A ∈ Rm n be any matrix and M its Popov form. Then degM 6 degA.

Proof. Applying row-reduction to A can only lower the row degrees and hence the total degree by[BCL06, Theorem 2.2]. Further transformation into Popov form does not change the row degreesaccording to [BCL06, Lemma A.1 (d)].

26



RISC Report Series
2010

Now, we want to derive a degree bound for the Hermite normal form as well. We follow anapproach found in [GK09]. Since in the reference only commutative fields, trivial automorphismsand square matrices are considered, we will redo all the proofs here. We will start with [GK09,Theorem 3.3].
Theorem 45. Let A ∈ Rm n with degA 6 d and full row rank. Let UA = H for a unimodular
matrix U ∈ ( Rm m)∗ and H ∈ Rm n in Hermite normal form having no zero rows. Then there exists a
unimodular V ∈ ( Rm m)∗ such that A = VH, UV = 1m and degV 6 d.

Proof. Since U is unimodular, the inverse V trivially exists. Let j1 > . . . > jm be the pivot indicesof H. We prove the claim about the degree of V by induction on the column index s of V . For
s = 1 from Corollary 15 we obtain that 0 6= H1,j1 = gcrd(A•,j1 ). Thus degH1,j1 6 d, and from
V•,1H1,j1 = A•,j1 we conclude that degV•,1 6 d.Assume now that s 6 n and that for 1 6 k < s 6 n we know that rdegk V 6 d. We will nowprove that also rdegs V 6 d. For this we need to distinguish two cases: If rdegs V 6 max {rdegk V |
k < s} 6 d then there is nothing to do. Otherwise, if rdegs V > max {rdegk V | k < s} then sinceby condition 3 of Definition 12 degHs,js > max {degHk,js | 1 6 k < s} and thus for 1 6 i 6 n weobtain degAi,js = degVi,sHs,js because Ai,js = ∑s

t=1 Vi,tHt,js and all the other terms are of lowerdegree by our assumptions. Since i was arbitrary, we conclude rdegs V 6 d. By induction theclaim follows.The next corollaries are [GK09, Corollary 3.3] and [GK09, Corollary 3.4].
Corollary 46. Let A, U and V be as in Theorem 45. Then degU 6 (m− 1) degA.

Proof. By Corollary 43 we know that row-reduction applied to V yields a matrix in ( Km m)∗. W. l. o. g.,we may assume that the row-reduced form of V is 1m. Moreover, since 1m = UV using theuniqueness of the inverse we can compute the degree bound on U by Theorem 9. Since—with thenotation of Theorem 9—it is νj = rdegj 1 = 0 for all j , we obtain
rdegj U 6 νj + m∑

k=1(µj − νj )− min{µk | k = 1, . . . , m}
6

m∑
k=1 µj − min{µk | k = 1, . . . , m}.

Now, the bound on d > degV > µj for all j that was obtained in Theorem 45 implies rdegj U 6(n− 1)d.
Corollary 47. Let A and H be as in Theorem 45. Then degH 6 m degA.

Proof. We have degH = deg(UA) 6 degU+degA = m degA by the usual rules for matrix degreesand the previous corollary.
We summarise this section:

Theorem 48. Let M and H ∈ Rm n be similar and assume that M is in Popov form and that H is in
Hermite form. Then degH 6 m degM and degM 6 degH.
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3.3.4 Converting between Hermite and Popov formsAssume we are given a matrix M ∈ Rm n that is in Popov normal form. If we compute the correspond-ing Hermite form H = SM ∈ Rm n where S ∈ ( Rm m)∗ is unimodular then RmM = RmSM = RmHand H must be the unique position over term Gröbner basis for RmM. Hence, applying a change ofbasis to M must yield H. The same is true if we start with H and aim at computing the term overposition Gröbner basis M.Contrarily, if we apply change of basis to a Gröbner basis M ∈ Rm n in term over positionordering we will get a Gröbner basis H ∈ Rs n. Since every row of M is an R-linear combinationof rows of H and vice versa we obtain two matrices A ∈ Rs m and B ∈ Rm s such that H =
AM and M = BH. Hence, H = ABH and M = BAM. Since H and M have linearly independentrows, we conclude that AB = 1s and BA = 1m. But this can only be true if m = s. We concludethat H must be a Hermite form for M. Again, the same holds with Hermite and Popov interchanged.

In this section we will assume that we know a degree bound for the elements of the Gröbnerbasis we are trying to compute via the FGLM algorithm. More precisely, let M ∈ Rm n be a matrixthat is a reduced Gröbner basis with respect to the admissible ordering <1 and we assume that weknow that the reduced Gröbner basis of RmM with respect to the admissible ordering <2 has rowsof degree less than or equal to d. The goal is to extend the FGLM algorithm in such a way that thereduced Gröbner basis with respect to <2 is computed. This approach is roughly comparable to thetechnique of Hilbert driven Gröbner basis computation in the commutative case where knowledge ofthe Hilbert function gives a criterion to decide whether certain S-polynomials reduce to zero—seefor example [Tra97].The problem is certainly to decide whether we are in the finite or in the infinite part of the basis.For this we use the degree bound. During the FGLM computation a considered monomial is eitheradded to the canonical basis B2 with respect to <2 or it is identified as the leading monomial ofan element of the new Gröbner basis. In the new Gröbner basis all monomials must be of degreeless or equal to d. Hence, we do not need to consider monomials from the infinite part of the basiswith degree greater than d.For v ∈ Rn we define the support to be the set of all monomials in v with non-zero coefficient,i. e., supp(v) = {∂aej ∈ Rn | coeff(a, v)j 6= 0}.Furthermore, we denote the vector space generated by all monomials of degree less or equal to acertain bound d ∈ N by
Rn6d = {v ∈ Rn | deg v 6 d}.With this preparations we may state a lemma that is useful for working with truncated spaces:

Lemma 49. Let M ∈ Rm n be a Gröbner basis with respect to the ordering <, and let d ∈ N

such that degM 6 d. Then v ∈ Rn6d is zero modulo M if and only if the coordinate vector in the
truncated basis with respect to d of the remainder ṽ of reduction of v by M is zero.

Proof. Let B be the canonical basis with respect to M and denote by B6d the truncated basis withrespect to d. Since d is a degree bound for all rows of M, the remainder of an element from Rn6d bydivision with M will be in Rn6d ∩B = B6d. Thus will the projection to the truncated space yieldszero if and only if the remainder is zero. Using Definition 21 we see that v ∈ RmM if and only if
ṽ = 0 if and only if the coordinate vector of ṽ with respect to B6d is zero.

We are now prepared to give the algorithm. A statement about its correctness and finitenessmay be found in Theorem 51.
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Algorithm 50 (FGLM with degree bound).
Input: The reduced Gröbner basis M ∈ Rm n with respect to to the admissible ordering <1, anotheradmissible ordering <2 and a bound d on the degrees of the reduced Gröbner basis withrespect to <2.
Output: The reduced Gröbner basis of RmM with respect to <2.
Procedure:1. Let B1 be the truncated canonical basis with respect to <1 and d, and let T be thecorresponding truncated multiplication matrix.2. Initialise C ← ∅, B2 ← ∅ and G2 ← ∅.3. If it exists, choose the smallest monomial µ = ∂aei with respect to <2 such that µ /∈ B2and µ is not divisible by the elements of G2 and a 6 d.(a) Compute the coordinate vector µB1 of µ with respect to B1.Here, T can be used.(b) If C ∪{µB1} is K-linearly independent, then set C ← C ∪ µB1 and B2 ← B2 ∪{µ}.(c) Else let µB1 = ∑

β∈B2 aββB1 where all aβ ∈ K , and set G2 ← G2 ∪ {µ −∑
β∈B2 aββ}.(d) Go to step 3.4. If no such µ exists then stop. The output is G2.

Theorem 51. Algorithm 50 is correct and terminates.

Proof. In Algorithm 50 only monomials with degree lower than or equal to d are considered. Thisis a finite set and hence does the algorithm terminate after finitely many steps.We turn ourselves now to the correctness. We will use the notations of Algorithm 50 in theproof. In each iteration of the loop in step 3 the elements of B2 are linearly independent modulo
RmM: This is clearly true in step 2 and remains true since only those elements are added to B2which do not destroy this property by Lemma 49.The elements of G2 are in RmM, since by the linearity of Gröbner basis division (Lemma 36)and the linearity of the coordinate map (and of the projection onto the truncated quotient spacewhich is injective since the degrees of the elements of G2 are small enough) we obtain

µ −
∑
β∈B2

aββ = µB1 −
∑
β∈B2

aββB1 = 0
which is just the condition that µ−∑β aββ is added to G2 in step 3 using again Lemma 49. Sincethe monomials are chosen in ascending order, the leading term of µ −∑β aββ with respect to theordering <2 will be just µ.We consider the set of all multiples of leading monomials of G denoted by LM(G2) = {µ lm(g) |
µ ∈ R and g ∈ G2}. If we set LM6d(G2) = LM(G2) ∩ Rn6d then we obtain

{∂aei ∈ Rn | a 6 d} = LM6d(G2) ∪̇B2.This follows from the choice of monomials in step 3: Only those monomials can be added to B2 thatare not multiples of leading monomials in G2; and leading monomials added to G2 cannot divideanything in that is already in B2 because the monomials are selected in ascending order and amonomial can never be divided by a bigger one—this is exactly the definition of admissible orderings
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in [BGTV03, Definition 5.3.7 (1)]. Since G2 ∈ RmM, this implies in particular that B6d ⊆ B2 forthe truncated canonical basis B6d with respect to <2.Let G̃ denote the unique reduced Gröbner basis of RmM with respect to to <2 which exists byTheorem 28. We claim that for every g ∈ G̃ we have lm(g) ∈ LM6d(G2). Since we know a degreebound, we must have lm(g) ∈ Rm6d. Assume lm(g) was in B2. Then, since G̃ is a Gröbner basis, wecould reduce an element of B2 contradicting the linear independence of B2 modulo RmM. Hence,every time a vector is reducible by G̃ it must also be reducible by G2. In particular is the remainderof an element in Rn by division with G̃ zero if and only if it is zero by division with G2. But usingDefinition 21 this means that G2 must be a Gröbner basis since G̃ is one.By construction are the leading terms of the elements of G2 monic and do not divide eachother. Since the other monomials of the elements in G2 are in B2 we further see that G2 is auto-reduced. Hence, G2 must be the (unique) reduced Gröbner basis of RmM with respect to <2 byDefinition 23.
Remark 52. It is possible to compute the transformation matrices using Gröbner basis division.

Algorithm 50 may be refined in case that the input M is in Popov normal form and <2 is theposition over term ordering, i. e., when we are aiming at computing the Hermite normal form. Instep 1 of Algorithm 50 the truncated basis and multiplication matrix can be computed via Remark 38;the representations of the residue classes canonical basis vectors of Rn is easily computed withRemark 40. The sorted sequence of monomials with respect to position over term ordering is obtainedas follows. Start with the column index j = n and the degree a = 0; and set µ in step 3 to ∂0ej .While there is no linear dependency detected, increase a until a > d. All the while, the next µ willjust be ∂aej and its coordinate vector µB1 can be computed by multiplication with T . If we can finda linear dependency then all we have to do for the next iteration is decreasing j .In Section 3.3.5 we do a complexity analysis for this case.Combining the above Theorems 48 and 51 we obtain.
Corollary 53 (Main result). A matrix M ∈ Rm n can be converted from Popov to Hermite form using
Algorithm 50 with a degree bound of m degM.

Example 54. As an example we would like to consider the system from the introduction of thisreport. Let R = Q(x)[∂; id, d/dx] be the ring of differential operators with rational coefficients. Weare considering the matrix
M = (−2 ∂+ 32x −3− 32x20 12 ∂− 12x

)
∈ R2 3.

Since the leading terms with respect to term over position ordering are in different columns, M isa term over position Gröbner basis by Theorem 24 and hence in Popov form by Theorem 25. Thedegree of M is degM = 1 yielding a degree bound of 2 for the Hermite form of M by Theorem 48.The truncated basis with respect to 2 is thus
B = e1, ∂e1, e2, e3and the corresponding truncated multiplication matrix is

T =


e1 ∂e1 e2 e3
e1 0 1 0 0
∂e1 0 0 0 0
e2 2 0 − 32x 3 + 32x2
e3 0 0 − 12 12x

 ∈ Q(x)4 4.
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The smallest monomial with respect to position over term ordering is e3 which has the coordinates(0, 0, 0, 1) in the truncated basis since it is irreducible. The next vector is ∂e3 which can be computedas (∂e3)B = (0, 0, 0, 1)T + d
dx (0, 0, 0, 1) = (0, 0,− 12 , 12x)One sees that the coordinate vectors of e3 and ∂e3 are linearly independent. The next monomial is

∂2e3 which we compute as
(∂2e3)B = (0, 0,− 12 , 12x)T + d

dx (0, 0,− 12 , 12x) = (−1, 0, 12x,−1− 12x2).
The three coordinate vectors are still linearly independent. But we have reached the bound 2 forthe degrees of the monomials to consider. Hence, we continue with the next smallest monomial e2having (e2)B = (0, 0, 1, 0). This depends linearly on the previous coordinates:

(0, 0, 1, 0) = (x,−2, 0) 0 0 0 10 0 − 12 12x
−1 0 12x −1− 12x2

 .

Thus, the last row of the Hermite form is
e2 − xe3 + 2∂e3 = (0, 1, 2∂− x).

We have to continue with the next smallest monomial not divisible by e2 which is e1 having thecoordinates (e1)B = (1, 0, 0, 0). Again this is linear dependent on the previous coordinates:
(1, 0, 0, 0) = (−1,−x,−1) 0 0 0 10 0 − 12 12x

−1 0 12x −1− 12x2
 .

This yields the second last row of the Hermite form
e1 + e3 + x∂e3 + ∂2e3 = (1, 0, ∂2 + x∂+ 1).

There are no monomials left that are not divisible by e1 or e2 and that are of degree less than 2.Hence, the algorithm stops returning the Hermite normal form of M(1 0 ∂2 + x∂+ 10 1 2∂− x )
In the example we may instantly compute solutions from the Hermite form. Namely,

M

f1f2
f3
 = 0 ⇐⇒ f1 = −d2f3

dx2 − x df3dx − f3 and f2 = xf3 − 2df3dx .
Furthermore, in this example it is easy to read of the transformation matrix from

M = QH ⇐⇒ Q = (−2 ∂+ 32x0 12
)
.

In general one would have to do Gröbner basis division in order to obtain this result.More examples are in Appendix A.
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Finally, we would like to present a MAPLETM procedure implementing the conversion algorithmfor the special case of converting a matrix M ∈ Rm n in Popov form into a matrix H in Hermiteform. The input parameters are Q denoting how the variable ∂ is represented in MAPLETM, theautomorphism σ as map of vectors, the derivation θ as map of vectors and the matrix M which mustbe in Popov form. The output will be the Hermite form of M.
1 Convert := proc(Q::symbol, σ ::appliable, θ::appliable, M::Matrix)
2 :: Matrix:
3 description "Convert M in Popov form into Hermite form.":The procedure starts by setting some constants: As usual, with m and n we denote the dimensionsof the matrix, d− 1 is the bound for the degrees in H. We use the procedure ModularSpace definedon page 24 to compute the truncated multiplication matrix T and a list E containing the coordinatevectors of the residue classes of the canonical basis vectors e1, . . . , en of Rn in the truncated basis.The variable B is just B from Algorithm 50, H is G2 and C will hold the coordinate vectors of theentries in B. The variable r contains the number of linear independent elements in B.
4 local T,m,n,d,H,C,B,j,w,k,v,S,E,F,e:
5 m,n := LinearAlgebra:-Dimension(M):
6 d := m·MatrixDegree(Q,M)+1:
7 T,E,e := ModularSpace(Q,d,v → TOPlterm(Q,v),M):
8 C := []:
9 B := []:

10 H := []:Now, we iterate over the monomials in Rn. Since we are using a fixed term ordering—namely theposition over term ordering—we have the procedure already specialised for this. The outer loopiterates over all column indices j and inner loop iterates over the exponents k from 0 through d.All the time, we have w = ∂kej and v = wB1 . If v is linear independent of the previous coordinatevectors that have been stored in C then we add v to C and w to B and continue the loop with ∂w.Else do we compute a linear combination S such that v = STC .4 Then we add w − STB to H andbreak the inner loop continuing with the next column index. We are adding w − STB to the top of
H since the rows of the result should be sorted in descending order by Theorem 27.

11 for j from n by -1 to 1 do
12 w := Vector[row](n, shape=unit[j]):
13 v := E[j]:
14 for k to d do
15 if nops(C) < LinearAlgebra:-Rank(<op(C),v>) then
16 C := [op(C),v]:
17 B := [op(B),w]:
18 v := σ (v).T + θ(v):
19 w := Q·w:
20 else
21 F := LinearAlgebra:-Transpose(<op(C),v>):
22 S := LinearAlgebra:-LinearSolve(F):
23 H := [w - LinearAlgebra:-Transpose(S).<op(B)>, op(H)]:
24 break:
25 fi:
26 od: # Inner loop
27 od: # Outer loop
28 return <op(H)>:
29 end proc:

4We have to transpose C since MAPLETM’s LinearAlgebra:-LinearSolve expects this.
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Examples of the application of this procedure can be found in Appendix B.
3.3.5 ComplexityWe briefly want to reason about the complexity of Algorithm 50 applied to the conversion from amatrix M ∈ Rmn in Popov form to Hermite normal form. The first step is to compute the truncatedmultiplication matrix T and the representations of the residues of the canonical basis vectors withrespect to the truncated basis. Using Remark 38 and 40 this can be done by just copying thecorresponding coefficients into the appropriate places. By Theorem 48 the degree bound is O(md)where d = degM. Hence there are at most O(md+(n−m)md) = O(nmd) vectors in the truncatedbasis since in m columns—those containing the pivots—the degree of the basis elements can be atmost d and since the n − m other columns are truncated at degree md. For the special case of asquare matrix M this means that the truncated basis contains O(md) elements. Thus we need atmost O((mnd)2) copy operations to compute T and O(mn2d) for the basis representations in thegeneral and O(m2d2) and O(m2d) operations in the square case.We must go through at most O(mnd) iterations of the main loop since in n columns we mustgo up to the bound md. Using the notations from Algorithm 50, in each iteration we multiply thevector µB1 of length O(mnd) by T needing O((mnd)2) operations in K . Trying to solve the system
µB1 =∑β∈B2 aββB1 needs at most another O((mnd)3) operations in K . Thus the maximum numberof iterations of the loop and also of the total algorithm is O((mnd)4). For square matrices this dropsdown to O(m4d4). This result is not too far from [Vil96].
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4
Conclusion

In this report we have transfered the result of [KRT07] that Hermite and Popov normal forms areGröbner bases with respect to different admissible orderings to Ore polynomial matrices. We haveadapted the classic FGLM algorithm in order to convert a matrix from Popov form into Hermiteform and vice versa. Using degree bounds for the Hermite and the Popov form, we were able toextend the FGLM algorithm to non-square matrices, i. e., to the case of infinite dimensional quotientspaces.We also did a complexity analysis. Our results show that non-square matrices M ∈ Rm n inPopov form over Ore polynomials can be transformed into Popov form using O((mnd)4) operationsin K which drops down to O(m4d4) for square matrices. The reason for the different complexities isthat square matrices correspond to zero-dimensional ideals.We have also provided an implementation in the computer algebra system MAPLETM that isincluded in this report. Being but a toy implementation it still shows that the formulation of theFGLM algorithm for the conversion of Popov into Hermite forms is quite simple.We have formulated our algorithm for left normal forms, i. e., for row operations. But all resultsshould be easily translatable to right normal forms and column operations as well.
A possible extension is to try to make some kind of FGLM work with matrices that are onlyrow-reduced. That is, we want to extend FGLM to vectorial Gröbner bases. The main problem hereis that—as outlined the end of Section 3.2—division in the sense of vectorial Gröbner bases is not

K-linear.There is not much hope of extending the methods used in this report to multivariate operators,e. g., to partial differential operators. The reason for this is simply that for multivariate operatorsthe property that a Gröbner basis has not more elements than original set of generators does ingeneral not hold. Hence, defining normal forms of operator matrices via Gröbner bases would raisethe problem that the normal form had a different (and unpredictable) size compared to the originalmatrix. Consequently, the transformation matrices would not be square anymore and could thus notbe unimodular.It might still be interesting to look at applications of Hermite and Popov forms in areas ofmathematics like control theory or coding. It is well possible that the result in this areas can bereformulated to use Gröbner bases instead of normal forms. Then, the results might be extendableto the multivariate case.
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A
Examples

A.1 A small example over Q[x]
Let R = Q[x]. We consider

M = (1 x 11 0 x

)
∈ R2 3.

The leading monomials with respect to term over position ordering are (0, x, 0) and (0, 0, x) making
M a Gröbner basis by Theorem 24. The degree bound for the Hermite form in 2 degM = 2 byTheorem 48. The truncated canonical basis is

B = e1, xe1, x2e1, e2, e3
and the multiplication matrix is

T =


e1 xe1 x2e1 e2 e3
e1 0 1 0 0 0
xe1 0 0 1 0 0
x2e1 0 0 0 0 0
e2 −1 0 0 0 −1
e3 −1 0 0 0 0


since xe2 ≡ −e1 − e2 (mod R2M) and xe3 ≡ −e1 (mod R2M).The first monomial with respect to position over term ordering is e3 having the coordinates(0, 0, 0, 0, 1). This is unequal to zero. The next monomials are xe3 and x2e3 with coordinates

(0, 0, 0, 0, 1)T = (−1, 0, 0, 0, 0) and (−1, 0, 0, 0, 0)T = (0,−1, 0, 0, 0).
All three coordinate vectors are linearly independent. Since we have reached the degree bound,the next monomial to consider is e2 with coordinates (0, 0, 0, 1, 0). The coordinate vectors are stilllinearly independent. But for xe2 with coordinates

(0, 0, 0, 1, 0)T = (−1, 0, 0, 0,−1)
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we obtain
(−1, 0, 0, 0,−1) = (−1, 1, 0, 0)


0 0 0 0 1
−1 0 0 0 00 −1 0 0 00 0 0 1 0


and hence must the last row of the Hermite form be

xe2 + e3 + xe3 = (0, x, x + 1).
The next monomial we must consider is e1 with coordinates (1, 0, 0, 0, 0). Again we have a lineardependency

(1, 0, 0, 0, 0) = (0,−1, 0, 0)


0 0 0 0 1
−1 0 0 0 00 −1 0 0 00 0 0 1 0


and hence the next row of the Hermite for is

e1 + xe3 = (1, 0, x).
Since there are no more monomials to be considered, we have the Hermite form

H = (1 0 x0 x 1− x)
which is confirmed by MAPLETM’s built-in procedure.
A.2 Another example over Q[x]
The matrix

M = (0 x 1 10 1 x + 1 x

)
∈ Q[x]2 4

has leading monomials (0, x, 0, 0) and (0, 0, x, 0) and is thus a reduced Gröbner basis. The boundfor the degrees in the Hermite form is 2. We choose the truncated basis
B = (e1, xe1, x2e1, e2, e3, e4, xe4, x2e4)with the multiplication matrix

T =


e1 xe1 x2e1 e2 e3 e4 xe4 x2e4
e1 0 1 0 0 0 0 0 0
xe1 0 0 1 0 0 0 0 0
x2e1 0 0 0 0 0 0 0 0
e2 0 0 0 0 −1 −1 0 0
e3 0 0 0 −1 −1 0 −1 0
e4 0 0 0 0 0 0 1 0
xe4 0 0 0 0 0 0 0 1
x2e4 0 0 0 0 0 0 0 0


The smallest monomial is e4 having coordinates (0, 0, 0, 0, 0, 1, 0, 0) in the truncated basis. Compu-tation of the coordinates shows that e, xe4, x2e4, e3 and xe3 are linearly independent. (Note that we
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reached the degree bound 2 in this sequence and had thus to start a new iteration with e3.) But, ifwe compute x2e3 (0, 0, 0, 0, 1, 0, 0, 0)T 2 = (0, 0, 0, 1, 2, 1, 1,−1)then this dependes on the previous coordinate vectors: It equals
(1, 0,−1, 1,−1)


0 0 0 0 0 1 0 0 e40 0 0 0 0 0 1 0 xe40 0 0 0 0 0 0 1 x2e40 0 0 0 1 0 0 0 e30 0 0 −1 −1 0 −1 0 xe3

 .

This means that the last row of the Hermite form is
x2e3 − e4 + x2e4 − e3 + xe3 = (0, 0, x2 + x − 1, x2 − 1).

Also the next monomial e2 with coordinates (0, 0, 0, 1, 0, 0, 0, 0) depends on the previous coordinatevectors having the representation
(0,−1, 0,−1,−1)


0 0 0 0 0 1 0 0 e40 0 0 0 0 0 1 0 xe40 0 0 0 0 0 0 1 x2e40 0 0 0 1 0 0 0 e30 0 0 −1 −1 0 −1 0 xe3

 .

This leads to the next row of the Hermite normal form, namely
e2 + xe4 + e3 + xe3 = (0, 1, x + 1, x).

We already know the Hermite form because the number of rows must be two. But, following Al-gorithm 50 we continue considering now e1, xe1 and x2e1 with coordinate vectors (1, 0, 0, 0, 0, 0, 0, 0),(0, 1, 0, 0, 0, 0, 0, 0) and (0, 0, 1, 0, 0, 0, 0, 0). These three and the previously computed coordinatevectors are linearly independent and we stop the algorithm because we reached the degree bound.The result is (0 1 x + 1 x0 0 x2 + x − 1 x2 − 1)which is also computed by MAPLETM’s built-in procedure.
A.3 Converting from Hermite to Popov form
This time we consider the differential operators R = Q(x)[∂; id, d/dx] with rational coefficients. Wewant to convert the matrix

H = (1 0 ∂2 + x∂+ 10 1 2∂− x )
∈ R2 3

in Hermite normal form that was obtained in Example 54 back into Popov form. The canonicalbasis is e3, ∂e3, . . .. From this we derive the truncated basis B = e3, ∂e3, ∂2e3 since degH = 2. Thetruncated multiplication matrix is just
T = 0 1 00 0 10 0 0

 ∈ Q(x)3 3.
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The coordinates of the canonical basis vectors are
(e1)B = (−1,−x,−1), (e2)B = (x,−2, 0) and (e3)B = (1, 0, 0)

because e1 ≡ (0, 0,−∂2 − x∂− 1) (mod R2H) and e2 ≡ (0, 0, x − 2∂) (mod R2H).One sees easily that the three smallest vectors with respect to term over position ordering—namely e3, e2 and e1—are linearly independent modulo R2H. We compute the coordinates of thenext vector ∂e3 using (∂e3)B = (1, 0, 0)T + d
dx (1, 0, 0) = (0, 1, 0).

We obtain that
(0, 1, 0) = ( 12x,− 12 , 0) 1 0 0

x −2 0
−1 −x −1

 .

Hence, the first term over position Gröbner basis element is
∂e3 − 12xe3 + 12e2 = (0, 12 , ∂− 12x).

The next vector which we must consider is ∂e2. It is
(∂e2)B = (x,−2, 0)T + d

dx (x,−2, 0) = (1, x,−2)
and

(1, x,−2) = (3 + 32x2,− 32x, 2) 1 0 0
x −2 0
−1 −x −1

 .

Thus, the second vector in the term over position Gröbner basis is
∂e2 − (3 + 32x2)e3 + 32xe2 − 2e1 = (−2, ∂+ 32x,−3− 32x2).

Thus, the Popov form of H is (
−2 ∂+ 32x −3− 32x20 12 ∂− 12x

)
precisely as in Example 54.
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B
Example session in MapleTM

B.1 Computing in Q[x]
In order to work with commutative polynomials we set σ = id and θ to be the zero map. Thevariable is denoted by x.
1 Q := ’x’: σ := v → v: θ := v → map(0,v):

The example from Section A.1 is then defined as follows
2 M := <<1|x|1>,<1|0|x>>;

M := [ 1 x 11 0 x

]
The Hermite form is computed by our procedure using

3 H := Convert(Q,σ ,θ,M);

H := [ 1 0 x0 x 1− x
]

We may check this result using MAPLETM’s built-in procedure for Hermite form computation:
4 H = LinearAlgebra:-HermiteForm(M);[ 1 0 x0 x 1− x

] = [ 1 0 x0 x 1− x
]

The example from Section A.1 is checked by:
5 M := <<0|x|1|1>,<0|1|x+1|x>>:
6 H := Convert(Q,σ ,θ,M):
7 H = LinearAlgebra:-HermiteForm(M);[ 0 1 x + 1 x0 0 x2 − 1 + x −1 + x2

] = [ 0 1 x + 1 x0 0 x2 − 1 + x −1 + x2
]
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B.2 Computing in Q(x)[∂; id, d/dx]
For checking Example 54 using our implementation we first define σ and τ. Since MAPLETM wontlet us use D as symbol we will denote the variable ∂ by Q.
8 Q := ’Q’: σ := v → v: θ := v → map(p → diff(p,’x’), v):

The matrix M from Example 54 is defined in MAPLETM by
9 M := <<-2|Q+3/2·x|-3-3/2·x^2>,<0|1/2|Q-1/2·x>>;

M := [ −2 Q + 3/2 x −3− 3/2 x2
0 1/2 Q − 1/2 x

]
and its Hermite form is computed via

10 H := Convert(Q,σ ,θ,M);

H := [ 1 0 1 + xQ +Q2
0 1 −x + 2Q

]
Since there seems to be no built-in Hermite form procedure for general Ore polynomials we cannotcheck this result in MAPLETM.
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