ALGEBRAIC MULTILEVEL ITERATION METHODS AND THE BEST APPROXIMATION TO 1/x IN THE UNIFORM NORM

JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

Abstract. In this note, we provide simple convergence analysis for the algebraic multilevel iteration methods [37, 51]. We consider two examples of AMLI methods with different polynomial acceleration. The first one is based on shifted and scaled Chebyshev polynomial and the other on the polynomial of best approximation to x^{− 1} on a finite interval [ λ_{min} , λ_{max} ], 0 < λ_{min} < λ_{max} in the ‖ · ‖_∞ norm. The construction of the latter polynomial is of interest by itself, and we have included a derivation of a recurrence relation for computing this polynomial. We have also derived several inequalities related to the error of best approximation, which we applied in the AMLI analysis.

1. Introduction

Nowadays, algebraic multigrid and multilevel methods provide powerful solution tools for a wide range of sparse matrix problems in science an engineering. The classical algebraic multigrid (AMG) algorithm was originally proposed in the early eighties [13, 14, 15]. From a practical point of view its description in [46] has made a great impact. In the last decade there has been a revival of research in the field of classical AMG [22], elementbased AMG [18, 26, 29], spectral AMG [21], AMG based on energy-minimizing interpolation and smoothed aggregation [38, 48, 49, 52, 54], bootstrap AMG [16], adaptive smoothed aggregation [19] and adaptive algebraic multigrid [20]. While AMG methods can be viewed as matrix-based multigrid, there exist also various multilevel (ML) methods that utilize a sequenze of coarse-grid operators that arise form rediscretization of the continuous problem– based on its variational formulation–or from hierarchical basis transformation of the discrete problem. Multilevel methods evolved from two-level methods that have been introduced and analyzed for finite element elliptic systems in [4, 11]. For sharp two-sided bounds on the convergence rate of two-level methods see [57]. A straightforward recursive extension of the two-level methods leads to the class of hierarchical basis (HB) methods for which the condition number of the preconditioned system in general grows exponentially with the number of levels, cf. [56]. That is why one often combines HB methods with certain stabilization techniques [50]. By using specially constructed matrix polynomials HB-ML methods can be made optimal. Known as (linear) algebraic multilevel iteration (AMLI) such methods have been introduced in the late eighties [7, 8], for nonlinear AMLI methods see also [5, 6, 32]. Recent works on algebraic multilevel preconditioning methods mainly focus on additive and parameter-free methods [9, 32, 40], aggregation-based preconditioners [12, 36, 42], and on extending their theoretic foundation and their applicability to various nonconforming and discontinuous Galerkin (DG) discretizations of highly ill-conditioned problems [2, 10, 17, 23, 24, 25, 34, 35].

Date : November 10, 2009. 1

2 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

Such problems arise for example in continuum mechanics when highly heterogeneous or porous media such as human bone tissue or geocomposites are considered, which have a complicated hierarchical structure with multiple characteristic length scales. In [33] preliminary results are shown on the construction of robust two-level methods for elliptic problems with extremely rough coefficients.

The combination of AMLI and AMG techniques is a promising approach in view of increasing the robustness of multilevel solvers for this kind of applications. For instance it is known that standard AMG with piecewise constant interpolation yields an instable multilevel method in general even though the related two-level method is stable, see, e.g., [51]. In such cases polynomial acceleration is a key tool for stabilizing the multilevel solution method.

A theoretical comparison of algebraic multigrid and multilevel methods can be found in [41]. A common framework for their analysis has been established in form of the abstract theory of subspace correction methods [53, 55]. A comprehensive exposition and analysis of various multilevel block factorization preconditioners, including AMG, has been presented in [51].

In this work we review the basic construction of multilevel methods as recursive extensions of two-level methods and consider polynomial acceleration techniques that can be employed in AMLI and AMG methods. In particular, we study the polynomial of best approximation to 1/x in uniform norm, derive recurrence relations and error estimates and show how these enter the convergence analysis and condition number bounds of the accelerated multilevel methods.

2. Two-level and multilevel methods

In this section we consider a two-level iterative method for the solution of a system of linear algebraic equations

(2.1) Ax = b,

where A ∈ IR^{N × N} , is symmetric and positive definite, b ∈ IR^N is a given right hand side. To describe a general two-level or multilevel multiplicative method, we denote V = IR^N , and also introduce a coarse space V_H , V_H ⊂ V, N_H = dim V_H , N_H < N . In the following we will always assume that V_H = range( P ), where P : IR^{N H} → V and its matrix representation in the canonical basis of IR^{N H} is given by the coefficients in the expansion of the basis in V_H via the basis in V. Clearly P is a full rank operator, and its matrix representation is oftentimes called prolongation or interpolation matrix.

2.1. Exact and inexact two-level methods and polynomial acceleration. We now consider a classical two-level preconditioning iteration, which utilizes a multiplicative preconditioner B^{− 1} ≈ A^{− 1}.

Algorithm 2.1. Given x ∈ V the action B^{− 1}x is defined via the following three steps:

1. Pre-smoothing: y = M^{− 1}x . 2. Coarse grid correction: z = y + P ~B^{− 1}_H P^T (x − Ay ). 3. Post-smoothing: B^{− 1}x := z + M^{− T} (x − Az ).

To apply this algorithm, for example in the Preconditioned Conjugate Gradient (PCG) method, one needs to define an appropriate smoother M and a coarse grid preconditioner ~B_H . The coarse grid preconditioner is an approximation to the restriction of A on V_H . This

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 3

restriction we denote by A_H and we have A_H = P^T AP and B̃^{− 1}_H ≈ A^{− 1}_H . To write down the closed form of B^{− 1} we also need the symmetrization of M , denoted here with M̄ . This symmetrization is defined in a usual manner, namely M̄ satisfies ( I − M̄^{− 1}A ) = ( I − M^{− T} A ) ( I − M^{− 1}A ) . A simple calculation then shows that

(2.2) M̄ = M ( M + M^T − A

)_{− 1}

M^T , and M̄^{− 1} = M^{− 1} + M^{− T} − M^{− T} AM^{− 1}.

Writing the three steps in the two-level algorithm in terms of x then leads to z = [ M^{− 1}x + P ~B^{− 1}_H P^T (x − AM^{− 1}x ]

= [ M^{− 1} + P ~B^{− 1}_H P^T (I − AM^{− 1}) ] x , and hence

B^{− 1}x = z + M^{− T} (x − Az ) = M^{− T} x + ( I − M^{− T} A)z

= M^{− T} x + ( I − M^{− T} A) [ M^{− 1} + P ~B^{− 1}_H P^T (I − AM^{− 1}) ] x = M^{− T} x + ( I − M^{− T} A)M^{− 1}x

+( I − M^{− T} A)P ~B^{− 1}_H P^T (I − AM^{− 1})x = [ M̄^{− 1} + ( I − M^{− T} A)P ~B^{− 1}_H P^T (I − AM^{− 1}) ] x . Since this identity holds for all x ∈ V we have that

(2.3) B^{− 1} = M̄^{− 1} + ( I − M^{− T} A ) P ~B^{− 1}_H P^T ( I − AM^{− 1} ) . The aim is to construct B such that the condition number B^{− 1}A is constant (independent of the size of A). We will always assume that the action of M^{− 1} requires O(N ) operations.

We distinguish two cases in choosing ~B_H :

exact two level method if B̃_H = A_H , where A_H = P^T AP .

(2.4) inexact two level method if B̃_H ≠ A_H .

(2.5)

The exact two-level method is easier to analyze, in many cases has a uniformly bounded condition number, but is in general not practical, since N_H is usually taken proportional to N , and typical cases are N_H = N/2, N_H = N/4 or N_H = N/8. Then the size of the coarse level problem is comparable to the size of the original problem and hence the application of B^{− 1} would require the solution of a coarse level problem which is of the same difficulty as the solution of (2.1).

On the other hand, in a typical inexact method the action B̃^{− 1}_H is defined recursively, by the same algorithm. Clearly, in such case, computing the action of B^{− 1} on a vector requires O(N ) operations. Such method is known as multilevel V-cycle preconditioner. If in addition the condition number of B^{− 1}A is uniformly bounded, then we have an optimal method. However, depending on the choice of the coarse spaces V_H in the recursive application of the algorithm, one may also end up with a method for which this condition number depends on the size of the problem N . Here coarse spaces is in plural, since recursive application of Algorithm 2.1 requires more than one V_H . A typical example for such behavior is when A results from finite element discretization of a second order elliptic equation with conforming linear elements and

4 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

the coarse spaces V_H are chosen to interpolate piece-wise constant functions. In such cases one definitely wants to further improve the method by modifying ~B_H , without changing the coarse spaces.

In our focus will be the Algebraic Multi-Level Iteration (AMLI) methods, which are constructed as follows: Suppose that we have an initial coarse level preconditioner B_H . This means basically that we have in hand a B_H , and as an initial algorithm we consider Algorithm 2.1 with B_H instead of B̃_H . We would like to design now a ~B_H , in such a way that the inexact method becomes close to the exact two-level method. In doing this, we would like to keep the number of operations in calculating the action of B^{− 1} under control, and also to decrease the condition number of B^{− 1}A.

In AMLI for a given initial B_H the coarse-level preconditioner ~B_H = B^{− 1}_{H,ν} , is defined as

(2.6) B^{− 1}_{H,ν} := q_{ν− 1}(B^{− 1}_H A_H )B^{− 1}_H ,

where q_{ν− 1} ∈ P_{ν− 1} is an appropriately chosen polynomial of degree less than or equal to (ν − 1) for some ν ≥ 1. To give a motivation for doing this, we list here three examples, which may be not practical, but are instructive:

• Set ν = 1 and q_0(x) = 1, which results in B̃_H = B_H , that is we have no change in the preconditioner.

• Set ν = N_H and for a given non-singular operator X_H : V_H → V_H , define q_{N H − 1}(X_H ) = X^{− 1}_H . This results in the exact two-level method. Note that regardless of what form the initial coarse level preconditioner B_H : V_H → V_H takes, as long as B_H is invertible the resulting method will be the exact two-level method.

• Again, let ν = N_H and in the notation of Algorithm 2.1, r_H = P^T (b − Ax ). Let q_{N H − 1}(X_H ) be any polynomial such that

q_{N H − 1}(X_H )r_H = X^{− 1}_H r_H .

As a result we get that B^{− 1}_{H,ν} r_H = A^{− 1}_H r_H , but the action of B^{− 1}_{H,ν} depends on the argument, and hence we have a nonlinear preconditioner. For a given r_H , such a polynomial q_{ν− 1}(X_H )r_H can be constructed by applying ( ν − 1) Preconditioned Conjugate Gradient iterations to the solution of

A_H e_H = r_H , with preconditioner B^{− 1}_H .

For ν = N_H as we have in this example, we immediately obtain the exact two level method. Since applying ( N_H − 1) PCG iterations may be expensive, one may take a fixed number of PCG iterations, namely ν = O(1) and the resulting method is known as nonlinear AMLI method. More details about nonlinear AMLI methods are found in [32].

2.2. Error propagation operators and polynomial acceleration. The two-level multiplicative preconditioner B^{− 1} constructed in the previous section may also be used as an iterator . A two-level iterative method generates a sequence of iterates x_{(i)} (for a given initial guess x_{(0)} ) via

(2.7) x_{(i+1)} = x_{(i)} + B^{− 1}r_{(i)} = x_{(i)} + B^{− 1}(b − Ax_{(i)} ), i = 0 , 1, . . .

If x_∗ is the exact solution to (2.1) and e_{(i)} = x_∗ − x_{(i)} is the error, then the error propagation operator E of the two-level iterative method (2.7) is written as

(2.8) e_{(i+1)} = E e_{(i)} , E = I − B^{− 1}A.

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 5

As we pointed out, an inexact two-level method is based on approximating the coarse grid correction for the exact two level method

e_H = A^{− 1}_H r_H , with r_H = P^T r_{(i)} .

Hence the error transfer operator for one coarse-level update x_{(i)} + P B^{− 1}_H P^T r_{(i)} is given by

(2.9) E_H = I − P B^{− 1}_H P^T A

where B^{− 1}_H is the inverse of the initial preconditioner (the approximation to A^{− 1}_H ) at the coarse level, which is used to build ~B_H .

The following simple identity will be useful in deriving the error propagation relation between the coarse and the fine-grid level.

Lemma 2.2. Let p_ν (x) = 1 − q_{ν− 1}(x) x. Then the following identity holds for the error propagation operator E = I − B^{− 1}A, where B^{− 1} is defined in Algorithm 2.1 with ~B^{− 1}_H = B^{− 1}_{H,ν} :

(2.10) I − B^{− 1}A = ( I − M^{− T} A ) p̃_ν (E_H ) ( I − M^{− 1}A ) where

(2.11) p̃_ν (x):= p_ν (1 − x).

Proof. Let q_r be a polynomial of degree less or equal to r and A_H = P^T AP denote the coarse-grid matrix. We will first prove that

(2.12) P q_r (B^{− 1}_H A_H )B^{− 1}_H P^T A = q_r (P B^{− 1}_H P^T A)P B^{− 1}_H P^T A.

It suffices to prove the identity (2.12) for the case q_r (x) = x^k , k ≤ r. For k = 0 the result is obvious. For k = 1 we obtain

P B^{− 1}_H A_H B^{− 1}_H P^T A = P B^{− 1}_H P^T AP B^{− 1}_H P^T A,

which is true since A_H = P^T AP . Finally, assuming that (2.12) holds true for k = j − 1 we have P ( B^{− 1}_H A_H

)_j

B^{− 1}_H P^T A = P ( B^{− 1}_H A_H

)_{j − 1} B^{− 1}_H P^T AP B^{− 1}_H P^T A = ( P B^{− 1}_H P^T A

)_{j − 1} P B^{− 1}_H P^T AP B^{− 1}_H P^T A = ( P B^{− 1}_H P^T A

)_j

P B^{− 1}_H P^T A.

(2.13)

Using (2.3) we find

I − B^{− 1}A = I − M̄^{− 1}A − ( I − M^{− T} A ) P B^{− 1}_{H,ν} P^T ( I − AM^{− 1} ) A = ( I − M^{− T} A ) ( I − M^{− 1}A ) − ( I − M^{− T} A ) P B^{− 1}_{H,ν} P^T A ( I − M^{− 1}A ) = ( I − M^{− T} A ) ( I − P B^{− 1}_{H,ν} P^T A ) ( I − M^{− 1}A ) . (2.14)

Moreover, since p_ν (x) = 1 − q_{ν− 1}(x) x we can rewrite (2.6) in the form

B^{− 1}_{H,ν} = ( I − p_ν (B^{− 1}_H A_H ) ) A^{− 1}_H = ( I − ( I − q_{ν− 1}(B^{− 1}_H A_H ) ) B^{− 1}_H A_H ) A^{− 1}_H = q_{ν− 1}(B^{− 1}_H A_H )B^{− 1}_H .

(2.15)

6 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

Then by substituting (2.15) in (2.14) and using (2.13) and finally (2.9) we obtain the following representation of (2.8):

I − B^{− 1}A = ( I − M^{− T} A )( I − P q_{ν− 1}(B^{− 1}_H A_H )B^{− 1}_H P^T A )( I − M^{− 1}A ) = ( I − M^{− T} A )( I − q_{ν− 1}(P B^{− 1}_H P^T A)P B^{− 1}_H P^T A )( I − M^{− 1}A ) = ( I − M^{− T} A ) (I − q_{ν− 1}(I − E_H )(I − E_H )) ( I − M^{− 1}A ) = ( I − M^{− T} A ) (p_ν (I − E_H )) ( I − M^{− 1}A ) = ( I − M^{− T} A ) p̃_ν (E_H ) ( I − M^{− 1}A ) (2.16) □ We move on to describe the multilevel case and prove a condition number estimate, which depends on the approximation properties of V_H as well as on the estimates involving q_{ν− 1}(·).

2.3. The algebraic multilevel iteration (AMLI) algorithm. We now focus on more implementation and analysis details for multilevel methods, which are obtained by recursively applying Algorithm 2.1. In what follows we will denote by B^{(k)} a preconditioner for a finite element (stiffness) matrix A^{(k)} corresponding to a k times refined mesh (0 ≤ k ≤ ℓ). We will also make use of the corresponding k-th level hierarchical matrix ~A^{(k)} , which is related to A^{(k)} via a two-level hierarchical basis (HB) transformation J^{(k)} , i.e.,

(2.17) ~A^{(k)} = ( J^{(k)} )^T A^{(k)} J^{(k)} .

By A^{(k)}_{ij} and ~A^{(k)}_{ij} , 1 ≤ i, j ≤ 2, we denote the blocks of A^{(k)} and ~A^{(k)} that correspond to the fine-coarse partitioning of degrees of freedom (DOF) where the DOF associated with the coarse mesh are numbered last.

The aim is to build a multilevel preconditioner B^{(ℓ)} for the coefficient matrix A^{(ℓ)} := A_h at the level of the finest mesh that has a uniformly bounded (relative) condition number

κ (B^{(ℓ) − 1}A^{(ℓ)} ) = O(1),

and an optimal computational complexity, that is, linear in the number of degrees of freedom N_ℓ at the finest mesh (grid). In order to achieve this goal hierarchical basis methods can be combined with various types of stabilization techniques.

One particular purely algebraic stabilization technique is the so-called Algebraic Multi- Level Iteration (AMLI) method, where a specially constructed matrix polynomial p^{(k)} of degree ν_k is employed at some or at all levels k = k_0 + 1 , · · ·, ℓ. The AMLI methods have originally been introduced and studied in a multiplicative form, see [7, 8]. The presentation in this section follows Reference [32].

Starting at level 0 (associated with the coarsest mesh) on which a complete LU factorization of the matrix A^{(0)} is performed, we define

(2.18) B^{(0)} := A^{(0)} .

Given the preconditioner B^{(k− 1)} at level k − 1 the preconditioner B^{(k)} at level k is defined by (2.19) B^{(k)} := L^{(k)} D^{(k)} U^{(k)}

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 7

where

(2.20) L^{(k)} := I 0 ~A^{(k)}_{21} C^{(k)}_{11}^{− 1} I

, U^{(k)} := I C (k) 11 − 1 ~A^{(k)}_{12} 0 I , and (2.21) D^{(k)} := C (k) 11 0 0 Z^{(k− 1)} . Here we use the approximation (2.22) Z^{(k− 1)} := A^{(k− 1)} ( I − p^{(k)} (B^{(k− 1) − 1}A^{(k− 1)} )

)_{− 1}

to the Schur complement S = A^{(k− 1)} − ~A^{(k)}_{21} C^{(k)}_{11}^{− 1} ~A^{(k)}_{12} where A^{(k− 1)} := A_H = ~A^{(k)}_{22} is the coarse-level stiffness matrix (stiffness matrix at level k − 1), which can be obtained from the two-level hierarchical basis representation

(2.23) ~A^{(k)} =

~A^{(k)}_{11} ~A^{(k)}_{12} ~A^{(k)}_{21} ~A^{(k)}_{22} = A (k) 11 ~A^{(k)}_{12} ~A^{(k)}_{21} A^{(k− 1)}

at level k, and p^{(k)} is a polynomial of degree ν_k satisfying (2.24) p^{(k)} (0) = 1 . It is easily seen that (2.22) is equivalent to (2.25) Z^{(k− 1) − 1} = B^{(k− 1) − 1}q^{(k)} (A^{(k− 1)} B^{(k− 1) − 1}) where the polynomial q^{(k)} is given by

(2.26) q^{(k)} (x) =

1 − p^{(k)} (x) x . We note that the multilevel preconditioner defined via (2.19) is getting close to a two-level method when q^{(k)} (x) approximates well 1 x in which case Z^{(k− 1) − 1} ≈ A^{(k− 1) − 1}. In order to construct an efficient multilevel method the action of Z^{(k− 1) − 1} on an arbitrary vector should be much cheaper to compute (in terms of the number of arithmetic operations) than the action of A^{(k− 1) − 1}. Optimal order solution algorithms typically require that the arithmetic work for one application of Z^{(k− 1) − 1} is of the order O(N_{k− 1}) where N_{k− 1} denotes the number of unknowns at level k − 1.

A linear system with B^{(k)} , an unknown vector v^{(k)} = ( v^{(k)}_1^T , v^{(k)}_2^T )^T , and right hand side vector d^{(k)} = ( d^{(k)}_1^T , d^{(k)}_2^T )^T at level k can be written as C (k) 11 0 ~A^{(k)}_{21} Z^{(k− 1)} I C (k) 11 − 1 ~A^{(k)}_{12} 0 I v (k) 1 v^{(k)}_2 = d (k) 1 d^{(k)}_2 . Its solution involves the solution of a system B^{(k− 1)} v^{(k− 1)} = d^{(k− 1)}

8 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

at level ( k − 1) for some right hand side d^{(k− 1)} . Let

u^{(k)} = u (k) 1 u^{(k)}_2 = I C (k) 11 − 1 ~A^{(k)}_{12} 0 I v (k) 1 v^{(k)}_2 ,

then we have

u^{(k)}_1 = C^{(k)}_{11}^{− 1}d^{(k)}_1 Z^{(k− 1)} u^{(k)}_2 = d^{(k)}_2 − ~A^{(k)}_{21} u^{(k)}_1 =: w^{(k− 1)} .

(2.27)

Using (2.25) we write (2.27) in the form

(2.28) B^{(k− 1)} u^{(k)}_2 = q^{(k)} (A^{(k− 1)} B^{(k− 1) − 1})w^{(k− 1)}

where q^{(k)} (x) =

1 − p^{(k)} (x) x = a^{(k)}_0 + a^{(k)}_1 x + . . . + a^{(k)}_{νk − 1}x^{νk − 1}. Hence

d^{(k− 1)} = q^{(k)} (A^{(k− 1)} B^{(k− 1) − 1})w^{(k− 1)} , v^{(k− 1)} = u^{(k)}_2 .

The following algorithm computes the solution of

(2.29) B^{(ℓ)} v^{(ℓ)} = d^{(ℓ)} .

Algorithm 2.3. [Linear AMLI] (cf., [8])

for k = 1 to ℓ set σ_k :=0 k:= ℓ forward: σ_k := σ_k + 1 if σ_k = 1

d^{(k)} := ( J^{(k)} )^T d^{(k)}

(2.30) v^{(k)}_1 :=( C^{(k)}_{11} )^{− 1}d^{(k)}_1 w^{(k− 1)} := d^{(k)}_2 − ~A^{(k)}_{21} v^{(k)}_1 d^{(k− 1)} := a^{(k)}_{νk − 1}w^{(k− 1)} else

d^{(k− 1)} := A^{(k− 1)} v^{(k− 1)} + a^{(k)}_{νk − σ k} d^{(k− 1)}

(2.31) end k:= k − 1 if k > 0 goto forward solve A^{(0)} v^{(0)} = d^{(0)} for v^{(0)}

(2.32)

backward: k:= k + 1 v^{(k)}_2 := v^{(k− 1)} if σ_k < ν_k goto forward v^{(k)}_1 := v^{(k)}_1 − (C^{(k)}_{11} )^{− 1} ~A^{(k)}_{12} v^{(k)}_2 v^{(k)} := J^{(k)} v^{(k)}

(2.33) σ_k :=0 if k < ℓ goto backward

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 9

Here the vector ν = ( ν_1, ν_2, . . . , ν_ℓ )^T defines the cycle, i.e., ν_k = 1 for 1 ≤ k ≤ ℓ corresponds to the V-cycle, and ν_k = 2 for 1 ≤ k < ℓ , ν_ℓ = 1, corresponds to the classical W-cycle. Higher-order stabilization or mixed cycles with varying polynomial degree are possible and sometimes preferable from a computational point of view.

Algorithm (2.3) is based on the multiplicative two-level preconditioner

(2.34) C^{(k)} = C (k) 11 ~A^{(k)}_{12} ~A^{(k)}_{21} A^{(k− 1)} + ~A^{(k)}_{21} (C^{(k)}_{11} )^{− 1} ~A^{(k)}_{12} .

It uses the approximations C^{(k)}_{11}^{− 1} for A^{(k)}_{11}^{− 1}, and Z^{(k− 1) − 1} for the inverse of the Schur complement at level k, see (2.25). The action of the matrix polynomial q^{(k)} (A^{(k− 1)} B^{(k− 1) − 1}) in (2.25) on a vector is computed via Horner’s rule, where the coefficients of q^{(k)} (x) are given by a^{(k)}_{νk − σ k} , 1 ≤ σ_k ≤ ν_k .

The matrices ~A^{(k)}_{12} and ~A^{(k)}_{21} are the off-diagonal blocks of the two-level hierarchical basis matrix ~A^{(k)} at level k, and A^{(k− 1)} is the matrix associated with the coarse grid (with respect to the coarse-grid nodal basis). 2.4. Condition number estimates. Let us now study the spectral condition number κ(B^{(ℓ) − 1}A^{(ℓ)} ) where B^{(ℓ)} denotes the recursively defined linear AMLI preconditioner, cf. (2.18)–(2.22). The presented results are in the spirit of [3, 7, 8] and have the same recursive structure, that is, an estimate at level k involves the same type of estimate at level k − 1.

The basic assumption in the analysis of the multilevel preconditioner is an approximation property of the form (2.35) θ^{(k)}_0 v^T A^{(k)} v ≤ v^T C^{(k)} v ≤ θ^{(k)}_1 v^T A^{(k)} v ∀v, k = 1 , 2, . . . , ℓ. Additionally, it reasonable to assume that (2.36) 0 < θ_0 < θ^{(k)}_0 ≤ θ^{(k)}_1 < θ_1 < ∞ , 1 ≤ k ≤ ℓ. The following lemma shows the basic induction step in the multilevel analysis. Lemma 2.4. If the multilevel preconditioner at level j = k − 1 satisfies the relation (2.37) ρ^{(j )}_0 v^T A^{(j )} v ≤ v^T B^{(j )} v ≤ ρ^{(j )}_1 v^T A^{(j )} v ∀v then the preconditioner at level j = k satisfies the same relation with the constants

ρ^{(k)}_0 = θ^{(k)}_0 max{ 1, r^{(k− 1)} 1 } , (2.38a)

ρ^{(k)}_1 = θ^{(k)}_1 min{ 1, r^{(k− 1)} 0 } , (2.38b)

where r^{(k− 1)}

0 = min

x∈ I^{( k − 1)} σ x q^{(k)} (x),

(2.39a)

r^{(k− 1)}

1 = max

x∈ I^{( k − 1)} σ x q^{(k)} (x),

(2.39b)

and q^{(k)} can be any polynomial that satisfies q^{(k)} (x) ≥ 0 ∀x ∈ I^{(k− 1)} σ = [1 /ρ^{(k− 1)}

1 , 1/ρ^{(k− 1)}

0 ].

10 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

Proof. In order to prove the transition from level k − 1 to level k we consider the matrix (2.34) corresponding to the multiplicative two-level preconditioner at level k, which can be factored as C^{(k)} = L^{(k)} D̄^{(k)} L^{(k) T} where D̄^{(k)} = C (k) 11 0 0 A^{(k− 1)} and the matrix L^{(k)} is given by (2.20). Now from (2.25) we see that for any vector y_2 ≠ 0 and x_2:=( A^{(k− 1)} )^{− 1/2}y_2 we have y^T_2 (Z^{(k− 1)} )^{− 1}y_2 y^T_2 (A^{(k− 1)} )^{− 1}y_2 y^T_2 B^{(k− 1) − 1}q^{(k)} (A^{(k− 1)} B^{(k− 1) − 1})y_2

y^T_2 (A^{(k− 1)} )^{− 1}y_2 = x^T_2 (A^{(k− 1)} )^{1/2}B^{(k− 1) − 1}q^{(k)} (A^{(k− 1)} B^{(k− 1) − 1})(A^{(k− 1)} )^{1/2}x_2 x^T_2 x_2 = x^T_2 Xq^{(k)} (X )x_2

x^T_2 x_2 where X = ( A^{(k− 1)} )^{1/2}B^{(k− 1) − 1}(A^{(k− 1)} )^{1/2} and thus the relation (2.40) r^{(k− 1)}

0 y^T_2 Z^{(k− 1)} y_2 ≤ y^T_2 A^{(k− 1)} y_2 ≤ r^{(k− 1)}

1 y^T_2 Z^{(k− 1)} y_2 holds with constants r^{(k− 1)}

0 and r^{(k− 1)}

1 defined in (2.39). Further, v^T C^{(k)} v v^T B^{(k)} v = y^T D̄^{(k)} y y^T D^{(k)} y = y^T_1 C^{(k)}_{11} y_1 + y^T_2 A^{(k− 1)} y_2 y^T_1 C^{(k)}_{11} y_1 + y^T_2 Z^{(k− 1)} y_2 , (2.41)

for all v ≠ 0 and y = ( y^T_1 , y^T_2 )^T = L^{(k)} v and thus, by using (2.40), we find that for all v ∈ V, (2.42) min { 1, r^{(k− 1)}

0 } v^T B^{(k)} v ≤ v^T C^{(k)} v ≤ max{ 1, r^{(k− 1)}

1 } v^T B^{(k)} v, Finally, we combine the estimates

(2.43) max_{v ≠ 0} v^T A^{(k)} v v^T B^{(k)} v

≤ max_{v ≠ 0} v^T A^{(k)} v v^T C^{(k)} v max_{v ≠ 0} v^T C^{(k)} v v^T B^{(k)} v , and (2.44) min_{v ≠ 0} v^T A^{(k)} v v^T C^{(k)} v min_{v ≠ 0} v^T C^{(k)} v v^T B^{(k)} v

≤ min_{v ≠ 0} v^T A^{(k)} v v^T B^{(k)} v , with (2.42) and (2.35) and for all v ∈ V we obtain (2.45) 1 θ^{(k)}_1 min{ 1, r^{(k− 1)}

0 } v^T B^{(k)} v ≤ v^T A^{(k)} v ≤ 1 θ^{(k)}_0 max{ 1, r^{(k− 1)}

1 } v^T B^{(k)} v,

which proves the lemma. □ The following theorem provides an estimate of the (relative) condition number of the multilevel preconditioner B^{(ℓ)} .

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 11

Theorem 2.5. Assume that the approximation property (2.35) is satisfied on all levels k, 1 ≤ k ≤ ℓ, which means that (2.36) is true for some positive constants θ_0 and θ_1. Further, let 0 < ρ_0 < ρ^{(k− 1)}

0 ≤ ρ^{(k− 1)}

1 < ρ_1 < ∞ for all k = 1 , 2, . . . , ℓ. Then the estimate

(2.46) κ(B^{(ℓ) − 1}A^ℓ ) ≤ θ_1 θ_0 max{ 1, r_1} min{ 1, r_0} holds where r_0 = min

x∈ [ρ_1^{− 1} ,ρ_0^{− 1} ]

x q^{(k)} (x),

(2.47a)

r_1 = max

x∈ [ρ_1^{− 1} ,ρ_0^{− 1} ]

x q^{(k)} (x).

(2.47b)

The condition number κ(B^{(ℓ) − 1}A^ℓ ) is uniformly bounded if

(2.48) θ_1 θ_0 max{ 1, r_1} min{ 1, r_0} ≤ ρ_1 ρ_0 . Proof. Since B^{(0)} = A^{(0)} implies λ_{min} (B^{(0) − 1}A^{(0)} ) = λ_{max} (B^{(0) − 1}A^{(0)} ) = 1 the bound (2.37) holds for j = 0 and ρ^{(0)}_0 = ρ^{(0)}_1 = 1. Then a repeated application of Lemma 2.4 finally results in the estimate (2.46) for the multilevel preconditioner B^{(ℓ)} . Clearly this estimate does not depend on the number of levels ℓ if (2.48) holds. □

3. Best polynomial approximation to 1/x in uniform norm In this section we prove a three term recurrence relation for the polynomials of best uniform approximation to 1 /x on a finite interval. We use symbolic computation to derive and prove the recurrence relation. The specific form of these polynomials that we derive here is suitable for the AMLI analysis from the previous section and we provide such analysis in Section 4.

The polynomial of best approximation in uniform norm to 1 /x on a finite interval has been known for some time and can be found in classical texts on approximation theory, for example, see [39, 45, 1]. The problem of approximating x^{− 1} has also been considered by Chebyshev [47] more than 100 years ago. A more recent work on this topic, which we will use in the derivation of the recurrence relation is [28].

3.1. Notation. Our considerations are on a finite interval, [ λ_{min} , λ_{max} ], with 0 < λ_{min} < λ_{max} < ∞ . Since our aim is to use the construction here for preconditioning of linear systems, we introduce the condition number κ = λ_{max} λ_{min}

> 1, and σ = 1 λ_{max} − λ_{min}

, a = λ_{max} + λ_{min} λ_{max} − λ_{min} = κ + 1 κ − 1 . Note that a > 1 and σ > 0. The change of variables t = 2 λ_{max} − λ_{min} ( x − λ_{max} + λ_{min} 2 ) = 2 σx − a,

maps the interval [ λ_{max} , λ_{min} ] to [− 1, 1]. The inverse map is x = 1 2σ (t + a), and 1 x = 2σ t + a .

12 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

We thus aim to find the polynomial of degree less than or equal to m of best approximation in ‖ · ‖_{∞ ,[− 1,1]} norm of f (t) = 1 t + a

, a > 1. We note that if Q_m (t) is the polynomial of best approximation to 1 /(t + a) on [− 1, 1], and the error of approximation is

E_{[− 1,1]} = min_{Q∈P m} ‖ ‖ 1 t + a − Q ‖ ‖ ∞ ,[− 1,1] , then

(3.1) q_m (x) := 2 σQ_m (2σx − a), and E = min_{q∈P m} ‖ ‖ 1 x − q ‖ ‖ ∞ ,[λ_{max} ,λ_{min} ]

= 2 σE_{[− 1,1]}.

are the polynomial of best approximation in ‖ · ‖_∞ norm on [λ_{min} , λ_{max} ] and the error of approximation respectively.

We denote the Chebyshev polynomial of degree k by T_k . For T_k (x) ∈ P_k . we have

T_k (ξ) = 1 2 [ (ξ + √ ξ^2 − 1)^k + ( ξ + √ ξ^2 − 1)^{− k} ] = 1 2 [ (ξ + √ ξ^2 − 1)^k + ( ξ − √ ξ^2 − 1)^k ] . We recall that T_k (t) = cos k arccos(t), t ∈ [− 1, 1].

and denote

(3.2) δ := a − √ a^2 − 1 = √ κ − 1 √ κ + 1

, η = − δ

Observe that δ is the CG-convergence rate estimate, when λ_{max} and λ_{min} are the extreme eigenvalues of a positive definite matrix, (see, e.g. M. R. Hestenes and E. Stiefel [27]). Note also that 0 ≤ δ < 1, δ^{− 1} = a + √ a^2 − 1, η < 0 and δ = |η|.

With this notation in hand, we have the following identities,

(3.3) a = − 1 2 (η + η^{− 1}), 1 t + a = 2 2t − η − η^{− 1} , and directly from the expression for T_k (ξ) given above, we also have (3.4) T_k (a) =^1_2 (− 1)^k (η^k + η^{− k} ), T_k (− a) =^1_2 (η^k + η^{− k} ).

Next we give the best polynomial approximation to 1 t + a as it is given in [45] and [28].

Theorem 3.1. Let m ≥ 1 be a fixed integer. The polynomial Q_m ∈ P_m , which furnishes the best approximation to 1 t + a in the L_∞ norm on [− 1, 1] is

Q_m (t) = − 2 η − η^{− 1} + 4 η − η^{− 1}

m − 1∑

j =0

η^j T_j (x) −

4η^{m − 1} (η − η^{− 1})^2

T_m (x).

The error of best approximation is

E_{[− 1,1]} = min_{Q∈P m} ‖ ‖ 1 t + a − Q ‖ ‖ ∞ ,[− 1,1] = δ^m a^2 − 1 . Proof. See [45] or [28]. □ The following corollary is immediate and follows after a simple calculation.

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 13

Corollary 3.2. If E_{m, [λ min ,λ max ]} is the error of approximation with polynomial of degree m on the interval [λ_{min} , λ_{max} ], 0 < λ_{min} < λ_{max} < ∞ then

(3.5) E_{m, [λ min ,λ max ]} = 2 δ^{m − 1}E^2_{0,[}^√_{λ min ,}^√_{λ max ]},

where E_{0,[}^√_{λ min ,}^√_{λ max ]} is easily calculated to be

E_{0,[}^√_{λ min ,}^√_{λ max ]} = 1 2 ( 1 √ λ_{min} − 1 √ λ_{max} ) . For computations, the following result is useful, since it gives a straightforward way of computing the polynomial of best approximation. By means of algorithms for symbolic summation a simple closed form for the polynomial of best approximation stated above as well as a short recurrence relation can be found completely automatically. Nowadays there exist plenty of methods and implementations thereof that are up to complete these tasks [43]. It is in the nature of these algorithms that discovering new identities and relations means having a proof at hand at the same time.

For our specific problem we choose to apply the Mathematica package SumCracker developed and implemented by M. Kauers [31]. We are going to use two of the features of this package: discovering (thus proving) closed form representations, and discovering (thus proving) recurrence relations for admissible sequences. Admissibility in this context means that the input for this algorithm consists of expressions that satisfy systems of difference equations, i.e., recurrence relations, with polynomial coefficients. This is certainly the case for Chebyshev polynomials. Informally speaking, the admissible sequences are translated into a difference ring context. In this difference ring computations are carried out using known techniques for commutative, multivariate polynomial rings, especially Gröbner bases. The results of these computations can then be interpreted as statements about the original admissible sequences. For a detailed description of this and further algorithms contained in SumCracker we refer to [30, 31].

Theorem 3.3. The best approximation out of P_m to 1 t + a in the L_∞ norm on [− 1, 1] is

Q_m (t) = 1 t + a ( 1 − 2η^m (η − η^{− 1})^2

R_{m +1} (t) ) , where R_{m +1} (t) = η^{− 1}T_{m +1} (t) − 2T_m (t) + ηT_{m − 1}(t).

Furthermore for the polynomials of best approximation the following three term recurrence relation holds:

(3.6) η^{− 1}Q_{m +2} (t) − 2tQ_{m +1} (t) + ηQ_m (t) = − 2, m = 0 , 1, . . .

with

Q_0(t) = a a^2 − 1

, Q_1(t) = 1 √ a^2 − 1 − t a^2 − 1 . The error of approximation is:

E_{[− 1,1]} = min_{Q∈P m} ‖ ‖ ‖ 1 t + a − Q ‖ ‖ ‖_{∞ ,[− 1,1]} = δ^m a^2 − 1 .

14 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

Proof. The closed form can be obtained in an instance by an application of SumCracker’s command “Crack” as follows:

In[1]:= Crack[SUM[ η j ChebyshevT[j , t] , { j, 0, m − 1}]]

Out[1]=

− η^{m +1} ChebyshevT[ m + 1 , t] + t^m (2ηt − 1)ChebyshevT[ m, t ] − ηt + 1 η^2 − 2ηt + 1

From the sum representation given in Theorem 3.1 it is obvious that Q_m (t) is indeed a polynomial of degree m. Certainly it is also an immediate consequence of the three term recurrence relation together with the initial values. This recurrence, however, can again be obtained completely automatic:

In[2]:= GetLinearRecurrence[ Q [m, t ], In → m, Head → Q ]

Out[2]= Q[m + 2] == − 2η − η2 Q[m] + 2 tηQ [m + 1]

Here Q[m, t ] was defined as the polynomial of best approximation, the option “In” specifies the discrete variable along which we look for a recurrence relation and the option “Head” declares which variable shall be used for a concise output. The default head would be “SUM”. The initial values for the recurrence are easily computed as well, which completes the proof of the theorem. □

Another proof of this theorem is given in the appendix. The next lemma gives an estimate on |R_{m +1} (t)| by a linear polynomial, which is used later to derive sufficient condition for the positivity of q_m (·).

Lemma 3.4. The following estimate holds for the polynomial R_{m +1} (t) defined in Theorem 3.3:

(3.7) − 2(t + a) ≤ R_{m +1} (t) ≤ 2(t + a), t ∈ [− 1, 1].

Proof. Recall that by the definition of η and δ (see (3.2)), we have that η < 0, and |η| = δ. Let t = cos α , for α ∈ [0, π]. Then we find that

R_{m +1} (t) + 2 t − η − η^{− 1} = η^{− 1}(T_{m +1} (t) − 1) − 2(T_m (t) − t) + η(T_{m − 1}(t) + 1)

= − 2η^{− 1} sin^2 m + 1 2 α + 4 sin m + 1 2 α sin m − 1 2 α − 2η sin^2 m − 1 2 α = − 2η^{− 1} ( sin m + 1 2 α − η sin m − 1 2 α )_2 (3.8)

= 2 δ^{− 1} ( sin m + 1 2 α + δ sin m − 1 2 α )_2

≥ 0.

(3.9)

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 15

In an analogous fashion we obtain

R_{m +1} (t) − 2t + η + η^{− 1} = η^{− 1}(T_{m +1} (t) + 1) − 2(T_m (t) + t) + η(T_{m − 1}(t) + 1)

= 2 η^{− 1} cos^2 m + 1 2 α − 4 cos m + 1 2 α cos m − 1 2 α +2 η cos^2 m − 1 2 α = 2 η^{− 1} ( cos m + 1 2 α − η cos m − 1 2 α )_2 (3.10)

= − 2δ^{− 1} ( cos m + 1 2 α + δ cos m − 1 2 α )_2 ≤ 0.

(3.11)

Combining (3.8) and (3.10) and using 2 t − η − η^{− 1} = 2( t + a) yields the desired result. □

3.2. Algorithm for finding best polynomial approximation to 1/x. We now assume that we are given a matrix A, and bounds for its eigenvalues denoted by λ_{min} and λ_{max} . We will use the result from Theorem 3.3 to construct the polynomial q_m (A) which approximates A^{− 1}. We first write the recurrence relation for q_{m +1} (x) = 2 σQ_{m +1} (2σx − a):

Q_{m +1} (2σx − a) = η[− 2 + 2(2 σx − a)Q_m (2σx − a) − ηQ_{m − 1}(2σx − a)]. Multiplying by 2 σ then gives

q_{m +1} (x) = η[− 4σ + 2 σ(2σx − a)Q_m (2σx − a) − 2σηQ_{m − 1}(2σx − a)]. We then have the following algorithm in which the formulae are obtained by writing η, σ and a in terms of λ_{max} and λ_{min} . The polynomials q_m (x) are written in terms of two parameters, χ and δ, where δ is defined in (3.2) and for χ we have

(3.12) χ = 4 ( √ λ_{max} + √ λ_{min} )^2 , Algorithm 3.5. Set μ_0 = 1 /λ_{max} and μ_1 = 1 /λ_{min} .

1. Calculate the 0-th order polynomial q_0 and the first order polynomial q_1:

q_0(x) = 1 2 (μ_0 + μ_1), and q_1(x) = 1 2 ( √ μ_0 + √ μ_1)^2 − μ_0μ_1x.

2. For k = 1 , . . . , m − 1, q_{k+1} written as a correction to q_k is computed as follows:

s_{k+1} (x) =

4μ_0μ_1 ( √ μ_0 + √ μ_1)^2

[1 − q_k (x) x] + δ^2[q_k (x) − q_{k− 1}(x)] = 4μ_0μ_1 ( √ μ_0 + √ μ_1)^2

[1 − q_k (x) x] + δ^2s_k (x)

q_{k+1} (x) = q_k (x) + s_{k+1} (x). The reason to write q_{k+1} as a correction to q_k is to show that such iterations look like iterations in a defect-correction method: First computing the residual [1 − q_k (x) x], and then trying to correct it by adding an additional term. One can also easily see that for any initial q_0 and q_1, if the sequence q_k (x) converges, then it converges to x^{− 1}. In another word, choosing q_0 and q_1 different from what they are above, will not generate the sequence of best approximations to x^{− 1}, but still this sequence will converge to x^{− 1}.

16 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

In the remaining sections we will show how the best polynomial approximation to 1 /x can be utilized in multilevel methods, which results in efficient and often optimal order solution algorithms for symmetric positive definite systems of finite element equations, as they arise for instance from discretization of elliptic partial differential equations.

4. Application to multilevel methods Example 1. A classical choice of q^{(k)} is (2.26) where p^{(k)} is a properly scaled and shifted Chebyshev polynomial satisfying the condition p^{(k)} (x) ≤ 0 ∀t ∈ [ρ_1^{− 1}, ρ_0^{− 1}]. For degree two this polynomial is given by

(4.1) p^{(k)} (x) = p(x) = ρ_0ρ_1 ( 1 ρ_0 − x ) ( 1 ρ_1 − x )

which results in q^{(k)} (x) = q(x) = ρ_0 + ρ_1 − ρ_0ρ_1x.

For this choice,

r_0 = min

x∈ [ρ_1^{− 1} ,ρ_0^{− 1} ]

x q(x) = [ x q(x)] |_{x=} 1_{ρ 1} = 1 ,

r_1 = max

x∈ [ρ_1^{− 1} ,ρ_0^{− 1} ]

x q(x) = [ x q(x)] |_{x=} ρ_0 + ρ_{12ρ 0 ρ 1} =

(ρ_0 + ρ_1)^2

4ρ_0ρ_1 . Hence the uniform bound (2.48) reads

θ_1 θ_0

(ρ_0 + ρ_1)^2

4ρ_0ρ_1 ≤ ρ_1 ρ_0

which requires a uniform approximation property such that

θ_1 θ_0 ≤ 4ρ_1^2 (ρ_0 + ρ_1)^2 = 4κ̄^2 (1 + ¯κ)^2 , where we denoted by ¯κ = ρ_1 ρ_0 . Example 2. This example is analysis of AMLI method with the polynomial derived in Theorem 3.3. Let Q_m is the best approximation from P_m to 1 t + a in the L_∞ norm on [− 1, 1].

We then set q_m (x) = 2 σ Q_m (2σx − a)

where x = ( t + a)/(2σ). Recall again that from (3.2), we have η < 0, and |η| = δ.

(4.2) x q_m (x) = 2 σx Q_m (2σx − a) = ( t + a) Q_m (t)

= 1 −

2η^m (η − η^{− 1})^2

R_{m +1} (t) = 1 −

2(− 1)^m δ^m (δ − δ^{− 1})^2

R_{m +1} (t), t ∈ [− 1, 1].

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 17

Combining (3.7) with (4.2) we obtain the estimate

max_{x∈ [ρ1} − 1_{,ρ0} − 1_] x q_m (x) min_{x∈ [ρ1} − 1_{,ρ0} − 1_] x q_m (x) ≤ max_{t∈ [− 1,1]} ( 1 +^{4δm}_{(δ− δ− 1 )2} (t + a) ) min_{t∈ [− 1,1]} ( 1 −^{4δm}_{(δ− δ− 1 )2} (t + a) )

≤ 1 +^{4δm}_{(δ− δ− 1 )2} (1 + a) 1 −^{4δm}_{(δ− δ− 1 )2} (1 + a) . (4.3)

Substituting δ = (√ κ − 1 ) / (√ κ + 1 ) and (1 + a) = (2 κ)/(κ − 1) in the right hand side of (4.3) we get an estimate that depends on the condition number κ

(4.4) max_{x∈ [ρ1} − 1_{,ρ0} − 1_] x q_m (x) min_{x∈ [ρ1} − 1_{,ρ0} − 1_] x q_m (x) ≤ 2 + δ^m (κ − 1) 2 − δ^m (κ − 1) If the degree m of the polynomial is chosen large enough, that is, if 2 + δ̄^m (κ̄ − 1) 2 − δ̄^m (κ̄ − 1)

≤ κ̄ θ_0 θ_1

=: κ,

for some number ¯κ ≥ 1, where δ̄ = √ κ̄ − 1 √ κ̄ + 1

, or, equivalently,

m ≥ log^{2(κ− 1)}

(κ̄− 1)( κ+1)

logδ̄ for given constants θ_0 and θ_1 in (2.35) then ¯κ is a uniform bound for the condition number κ = κ(B^{(ℓ) − 1}A^{(ℓ)} ), i.e., κ ≤ κ̄ holds for any number of levels ℓ.

The best linear approximation to 1 x on [ρ_1^{− 1}, ρ_0^{− 1}] is given by

q(x) = 1 2 ( √ ρ_0 + √ ρ_1)^2 − ρ_0ρ_1x.

In this case the estimate (4.4) shows that a uniform condition number bound ¯ κ = ρ_1 ρ_0 requires a uniform approximation property (2.35) with θ_0 and θ_1 satisfying θ_1 θ_0 ≤ κ̄(1 + 2 √ κ̄ − κ̄) 3 − 2 √ κ̄ + κ̄ . For comparison, if we would like to have ¯ κ ≤ 3 according to (4.4) we need θ_1 θ_0 ≤ √ 3, whereas the Chebyshev polynomial in Example 1 yields the same upper bound on the condition number already for θ_1 θ_0 ≤ 5 4 . Example 3. One interesting application of of the best polynomial approximation to 1 x is in constructing a smoother for any AMG (or AMLI) method. In order to use q_m (A) as smoother for A, we have to make sure that q_m (x) > 0 for all x in (0,λ̄] where λ̄ is an upper bound on the spectrum of A. In practice, when estimates on λ_{min} (A) and λ_{max} (A) are not available one can use (4.5) λ̄ = ‖A‖_ℓ ∞

18 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

and construct the best approximation q_m (x) to 1 x on the interval [ λ̄ μ ,λ̄] where μ > 1 is a

constant. Note that q_m (x) > 0 for all x in (0,λ̄] if q_m (x) x > 0 for all x ∈ [ λ̄ μ ,λ̄]. The latter condition holds true if

(4.6) 1 −

2(− 1)^m δ^m (δ − δ^{− 1})^2

R_{m +1} (t) > 0.

We first estimate below the left side of this inequality as follows 1 − 2(− 1)^m δ^m (δ − δ^{− 1})^2

R_{m +1} (t) ≥ 1 −

2δ^m (δ − δ^{− 1})^2

|R_{m +1} (t)|

≥ 1 −

2δ^m (δ − δ^{− 1})^2 ( 2t + δ + δ^{− 1} )

= 1 −

4δ^m (δ − δ^{− 1})^2

(t + a)

≥ 1 −

4δ^m (δ − δ^{− 1})^2

(1 + a) = 1 −

(a − √ a^2 − 1)^m a − 1 , where we have used that δ = a − √ a^2 − 1 and ( δ − δ^{− 1})^2 = 4( a^2 − 1). As a consequence, a sufficient condition for the inequality (4.6) to hold then is given by

(4.7) ( √ μ − 1 √ μ + 1

)_m < 2 μ − 1 . An upper bound on the damping factor of the smoother on the error components that correspond to eigenvalues in the interval [ λ̄ μ ,λ̄] is as follows

(4.8) ρ(I − q_m (A) A) ≤ μ − 1 2 ( √ μ − 1 √ μ + 1

)_m . For example, if μ = 4 the condition (4.7) holds for all m ≥ 1. Choosing m = 2 in this case results in a damping factor of at most 1 6 for all error components in the span of eigenvectors

whose eigenvalues are in the interval [ λ̄ 4 ,λ̄].

If μ = 8 the condition (4.7) for positivity of q_m (x) is satisfied for all m ≥ 2. Choosing m = 3 in this case the estimate of the damping factor (right hand side of (4.8)) is given by 7 2 ( √ 8 − 1 √ 8 + 1

)_3 ≈ 0.381276 for the interval [ λ̄ 8 ,λ̄]. To calculate the damping factor in other

cases is also rather straightforward.

5. Correspondence and differences between the standard AMLI methods and AMG Finally, we would like to comment on the correspondence and differences between the “smoother” M̄ and the prolongation used in AMG and the ones used in the standard AMLI

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 19

method. The standard AMLI method, as introduced in [7, 8] uses f-smoothing only, i.e.,

(5.1) M̄^{− 1} =

2C^{− 111} − C^{− 111} A^{11} C^{− 111} 0 0 0 . One possible implementation (that corresponds to the multiplicative variant) yields the preconditioner

B̃^{− 1} = C^{− 111} 0 0 0 + − C^{− 111} A^{12} I Z^{− 1} [ − A_{21} C^{− 1}_{11} , I ]

= C^{− 111} 0 0 0 + I − C^{− 111} A^{11} − C^{− 111} A^{12} 0 I 0 I Z^{− 1} [0, I ]

I − A^{11} C^{− 111} 0 − A_{21} C^{− 1}_{11} I

= M^{− 1} + ( I − M^{− T} A ) P Z^{− 1}P^T ( I − AM^{− 1} ) , (5.2)

which uses the symmetrized smoother (5.1). Then, in order to write B^{− 1} in the form (2.3) one has to choose

(5.3) P = 0 I . We notice that the simple form of (5.3) is related to the fact that the AMLI preconditioner is defined for the hierarchical two-level matrix Ã = J^T AJ , which contains already the coarselevel matrix as a sub-matrix in its lower right block, i.e.,

A_H = [0 , I ] Ã 0 I . This, however, is in accordance with the Galerkin relation A_H = P^T AP as is used in AMG methods.

We conclude that the polynomial acceleration techniques that we studied here can be exploited in various ways in the implementation of AMLI and/or AMG based preconditioners, since both can be viewed as inexact two-level methods as we described in Section 2.1. The performance of both type of methods crucially depends on the particular choice of the polynomial q_{ν− 1}(·) in equation (2.15).

Acknowledgments

Part of this work was completed while the third author was visiting RICAM, Austrian Academy of Sciences in Linz. Thanks go to the RICAM for the kind hospitality and support. The work of the third author is supported in part by the National Science Foundation, DMS- 0810982, and DMS-0749202. The work of the second author is supported by the Austrian Science Fund (FWF), Grant W1214/DK6. We also gratefully acknowledge the support by the FWF Grant P19170-N18.

20 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

References

1. N. I. Achieser, Theory of approximation , Dover Publications Inc., New York, 1992, Translated from the Russian and with a preface by Charles J. Hyman, Reprint of the 1956 English translation.

2. P. Antonietti and B. Ayuso, Multiplicative Schwarz methods for discontinuous Galerkin approximations of elliptic problems , M2AN Math. Model. Numer. Anal. 42 (2008), no. 3, 443–469. MR MR2423794 3. O. Axelsson and V. Eijkhout, The nested recursive two-level factorization method for nine-point difference matrices , SIAM J. Sci. Stat. Comput. 12 (1991), 1373–1400.

4. O. Axelsson and I. Gustafsson, Preconditioning and two-level multigrid methods of arbitrary degree of approximation , Math. Comp. 40 (1983), no. 161, 219–242. MR MR679442 (84i:65104) 5. O. Axelsson and P. S. Vassilevski, A black box generalized conjugate gradient solver with inner iterations and variable-step preconditioning , SIAM J. Matrix Anal. Appl. 12 (1991), no. 4, 625–644. MR MR1121697 (92m:65046) 6. , Variable-step multilevel preconditioning methods. I. Selfadjoint and positive definite elliptic problems, Numer. Linear Algebra Appl. 1 (1994), no. 1, 75–101. MR MR1269945 (95f:65200) 7. O. Axelsson and P.S. Vassilevski, Algebraic multilevel preconditioning methods I , Numer. Math. 56 (1989), 157–177.

8. , Algebraic multilevel preconditioning methods II , SIAM J. Numer. Anal. 27 (1990), 1569–1590. 9. Owe Axelsson, Stabilization of algebraic multilevel iteration methods; additive methods , Numer. Algorithms 21 (1999), no. 1-4, 23–47, Numerical methods for partial differential equations (Marrakech, 1998). MR MR1725714 (2000k:65225) 10. Blanca Ayuso de Dios and Ludmil Zikatanov, Uniformly convergent iterative methods for discontinuous Galerkin discretizations , J. Sci. Comput. 40 (2009), no. 1-3, 4–36. MR MR2511726 11. Randolph E. Bank and Todd Dupont, An optimal order process for solving finite element equations , Math. Comp. 36 (1981), no. 153, 35–51. MR MR595040 (82b:65113) 12. Radim Blaheta, Algebraic multilevel methods with aggregations: an overview , Large-scale scientific computing, Lecture Notes in Comput. Sci., vol. 3743, Springer, Berlin, 2006, pp. 3–14. MR MR2246812 (2008a:65090) 13. A. Brandt, S. McCormick, and J. Ruge, Algebraic multigrid (AMG) for automatic multigrid solutions with applications to geodetic computations , Report, Inst. for Computational Studies, Fort Collins, Colorado, 1982.

14. , Algebraic multigrid (AMG) for sparse matrix equations , Sparsity and Its Applications, D.J.

Evans, ed., Cambridge University Press, Cambridge, 1984. 15. Achi Brandt, Algebraic multigrid theory: the symmetric case , Appl. Math. Comput. 19 (1986), no. 1- 4, 23–56, Second Copper Mountain conference on multigrid methods (Copper Mountain, Colo., 1985). MR MR849831 (87j:65042) 16. , Multiscale scientific computation: review 2001 , Multiscale and multiresolution methods, Lect.

Notes Comput. Sci. Eng., vol. 20, Springer, Berlin, 2002, pp. 3–95. MR MR1928564 (2003i:65002) 17. S. Brenner and J. Zhao, Convergence of multigrid algorithms for interior penalty methods , Appl. Numer.

Anal. Comput. Math. 2 (2005), no. 1, 3–18. MR MR2157481 (2006c:65116) 18. M. Brezina, A. J. Cleary, R. D. Falgout, V. E. Henson, J. E. Jones, T. A. Manteuffel, S. F. McCormick, and J. W. Ruge, Algebraic multigrid based on element interpolation (AMGe) , SIAM J. Sci. Comput. 22 (2000), no. 5, 1570–1592 (electronic). MR MR1813287 (2001k:65184) 19. M. Brezina, R. Falgout, S. MacLachlan, T. Manteuffel, S. McCormick, and J. Ruge, Adaptive smoothed aggregation (αSA ), SIAM J. Sci. Comput. 25 (2004), no. 6, 1896–1920 (electronic). MR MR2086823 (2005g:65050) 20. , Adaptive algebraic multigrid , SIAM J. Sci. Comput. 27 (2006), no. 4, 1261–1286 (electronic).

MR MR2199748 (2006i:65043) 21. T. Chartier, R. D. Falgout, V. E. Henson, J. Jones, T. Manteuffel, S. McCormick, J. Ruge, and P. S. Vassilevski, Spectral AMGe ( ρAMGe) , SIAM J. Sci. Comput. 25 (2003), no. 1, 1–26 (electronic). MR MR2047193 (2004m:65036)

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 21

22. Andrew J. Cleary, Robert D. Falgout, Van Emden Henson, Jim E. Jones, Thomas A. Manteuffel, Stephen F. McCormick, Gerald N. Miranda, and John W. Ruge, Robustness and scalability of algebraic multigrid , SIAM J. Sci. Comput. 21 (2000), no. 5, 1886–1908 (electronic), Iterative methods for solving systems of algebraic equations (Copper Mountain, CO, 1998). MR MR1766014 (2001f:65043) 23. V. Dobrev, R. Lazarov, P. Vassilevski, and L. Zikatanov, Two-level preconditioning of discontinuous Galerkin approximations of second-order elliptic equations , Numer. Linear Algebra Appl. 13 (2006), no. 9, 753–770. MR MR2269798 (2007i:65088) 24. V. Dobrev, R. Lazarov, and L. Zikatanov, Preconditioning of symmetric interior penalty discontinuous Galerkin FEM for elliptic problems , Domain decomposition methods in science and engineering XVII, LNCSE, vol. 60, Springer, Berlin, 2008, pp. 33–44. MR MR2427858 25. I. Georgiev, J. Kraus, and S. Margenov, Multilevel preconditioning of rotated bilinear non-conforming FEM problems , Comput. Math. Appl. 55 (2008), no. 10, 2280–2294. MR MR2413692 (2009e:65057) 26. Van Emden Henson and Panayot S. Vassilevski, Element-free AMGe: general algorithms for computing interpolation weights in AMG , SIAM J. Sci. Comput. 23 (2001), no. 2, 629–650 (electronic), Copper Mountain Conference (2000). MR MR1861269 (2002j:65040) 27. Magnus R. Hestenes and Eduard Stiefel, Methods of conjugate gradients for solving linear systems , J.

Research Nat. Bur. Standards 49 (1952), 409–436 (1953). 28. Sadegh Jokar and Bahman Mehri, The best approximation of some rational functions in uniform norm , Appl. Numer. Math. 55 (2005), no. 2, 204–214. MR MR2160750 (2006b:41037) 29. Jim E. Jones and Panayot S. Vassilevski, AMGe based on element agglomeration , SIAM J. Sci. Comput.

23 (2001), no. 1, 109–133 (electronic). MR MR1860907 (2002g:65035) 30. M. Kauers, Algorithms for Nonlinear Higher Order Difference Equations , Ph.D. thesis, RISC-Linz, October 2005.

31. , SumCracker – A Package for Manipulating Symbolic Sums and Related Objects , Journal of Symbolic Computation 41 (2006), no. 9, 1039–1057, Available at http://www.risc.unilinz.ac.at/publications/.

32. J. Kraus, An algebraic preconditioning method for M-matrices: Linear versus nonlinear multilevel iteration , Numer. Lin. Alg. Appl. 9 (2002), 599–618.

33. J. Kraus and S. Margenov, Generalized hierarchical bases for discontinuous Galerkin discretizations , RICAM-Report No. 2008-32, Radon Institute for Computational and Applied Mathematics, 2008.

34. J. Kraus, S. Margenov, and J. Synka, On the multilevel preconditioning of Crouzeix-Raviart elliptic problems , Numer. Linear Algebra Appl. 15 (2008), no. 5, 395–416. MR MR2423512 35. J. Kraus and S. Tomar, Multilevel preconditioning of two-dimensional elliptic problems discretized by a class of discontinuous Galerkin methods , SIAM J. Sci. Comput. 30 (2008), no. 2, 684–706. MR MR2385881 (2009b:65313) 36. J. K. Kraus, Algebraic multilevel preconditioning of finite element matrices using local Schur complements , Numer. Linear Algebra Appl. 13 (2006), no. 1, 49–70. MR MR2194972 (2006j:65328) 37. Johannes Kraus and Svetozar Margenov, Robust algebraic multilevel methods and algorithms , Radon series on computational and applied mathematics, vol. 5, de Gruyter, Berlin, New York, 2009.

38. J. Mandel, M. Brezina, and P. Vaněk, Energy optimization of algebraic multigrid bases , Computing 62 (1999), no. 3, 205–228. MR MR1697843 (2000j:65124) 39. Günter Meinardus, Approximation of functions: Theory and numerical methods , Expanded translation of the German edition. Translated by Larry L. Schumaker. Springer Tracts in Natural Philosophy, Vol. 13, Springer-Verlag New York, Inc., New York, 1967.

40. Y. Notay, Robust parameter-free algebraic multilevel preconditioning , Numer. Linear Algebra Appl. 9 (2002), no. 6-7, 409–428, Preconditioned robust iterative solution methods, PRISM ’01 (Nijmegen). MR MR1934868 (2003h:65041) 41. , Algebraic multigrid and algebraic multilevel methods: a theoretical comparison , Numer. Linear Algebra Appl. 12 (2005), no. 5-6, 419–451. MR MR2150162 (2006c:65037) 42. Yvan Notay, Aggregation-based algebraic multilevel preconditioning , SIAM J. Matrix Anal. Appl. 27 (2006), no. 4, 998–1018 (electronic). MR MR2205609 (2006j:65096) 43. Marko Petkovšek, Herbert S. Wilf, and Doron Zeilberger, A = B , A K Peters Ltd., Wellesley, MA, 1996, With a foreword by Donald E. Knuth. With a separately available computer disk.

22 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

44. P. P. Petrushev and V. A. Popov, Rational approximation of real functions , Encyclopedia of Mathematics and its Applications, vol. 28, Cambridge University Press, Cambridge, 1987. MR MR940242 (89i:41022) 45. Theodore J. Rivlin, An introduction to the approximation of functions , Dover Publications Inc., New York, 1981, Corrected reprint of the 1969 original, Dover Books on Advanced Mathematics. MR MR634509 (83b:41001) 46. J. Ruge and K. Stüben, Algebraic multigrid , Multigrid Methods, S. McCormick, ed., vol. 3 of Frontiers in Applied Mathematics, SIAM, Philadelphia, PA, 1987, pp. 73–130.

47. P. L. Tchebychef, Oeuvres. Tomes I, II , Chelsea Publishing Co., New York, 1962. 48. P. Vaněk, J. Mandel, and M. Brezina, Algebraic multigrid by smoothed aggregation for second and fourth order elliptic problems , Computing 56 (1996), no. 3, 179–196, International GAMM-Workshop on Multilevel Methods (Meisdorf, 1994). MR MR1393006 (97c:65207) 49. Petr Vaněk, Marian Brezina, and Jan Mandel, Convergence of algebraic multigrid based on smoothed aggregation , Numer. Math. 88 (2001), no. 3, 559–579. MR MR1835471 (2002c:65230) 50. Panayot S. Vassilevski, On two ways of stabilizing the hierarchical basis multilevel methods , SIAM Rev.

39 (1997), no. 1, 18–53. MR MR1439484 (98a:65178) 51. , Multilevel block factorization preconditioners , Springer, New York, 2008, Matrix-based analysis and algorithms for solving finite element equations.

52. W. L. Wan, Tony F. Chan, and Barry Smith, An energy-minimizing interpolation for robust multigrid methods , SIAM J. Sci. Comput. 21 (1999/00), no. 4, 1632–1649 (electronic). MR MR1756048 (2001a:65162) 53. J. Xu and L. Zikatanov, The method of alternating projections and the method of subspace corrections in Hilbert space , J. Amer. Math. Soc. 15 (2002), no. 3, 573–597 (electronic).

54. , On an energy minimizing basis for algebraic multigrid methods , Computing and Visualization in Science 7 (2004), no. 3-4, 121–127.

55. Jinchao Xu, Iterative methods by space decomposition and subspace correction , SIAM Rev. 34 (1992), no. 4, 581–613. MR MR1193013 (93k:65029) 56. Harry Yserentant, On the multilevel splitting of finite element spaces , Numer. Math. 49 (1986), no. 4, 379–412. MR MR853662 (88d:65068a) 57. L. Zikatanov, Two-sided bounds on the convergence rate of two-level methods , Numer. Linear Algebra Appl. 15 (2008), no. 5, 439–454. MR MR2423514

Appendix A. Proof of Theorem 3.3

With the intent to keep this article self-contained, in this section we give another proof of Theorem 3.3, without using symbolic computation techniques. We start by defining several trigonometric functions which are used in the proof of the theorem.

c_o(α ) = cos ℓα + d cos(ℓ − 1)α,

(A.1) s_o(α ) = sin ℓα + d sin(ℓ − 1)α,

(A.2)

s_e(α ) = sin

(2ℓ + 1) α 2 + d sin

(2ℓ − 1)α 2 , (A.3)

c_e(α ) = cos

(2ℓ + 1) α 2 + d cos

(2ℓ − 1)α 2 . (A.4)

We first show that Q_m (t) as defined in the statement of Theorem 3.3 is indeed a polynomial of degree at most m.

Lemma A.1. Let m ≥ 1 be a fixed integer and

Q(t) = 1 t + a ( 1 − 2η^m (η − η^{− 1})^2

R_{m +1} (t) ) , where R_{m +1} (t) = η^{− 1}T_{m +1} (t) − 2T_m (t) + ηT_{m − 1}(t).

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 23

Then Q(t) ∈ P_m (t). Proof. We consider r (t) = 1 −

2(η)^m (η − η^{− 1})^2

R_{m +1} (t) which is obviously a polynomial in t of degree less than or equal to ( m + 1). Since Q(t) = r (t)/(t + a), it is enough to show that r (− a) = 0 and hence, r (t) is divisible by ( t + a). We first compute R_{m +1} (− a), noting that T_k (− a) = 1 2 (η^k + η^{− k} ).

Therefore, R_{m +1} (− a) = 1 2 (η^m + η^{− m − 2} − 2η^m − 2η^{− m} + η^m + η^{2− m} ) = 1 2 (η^{− m − 2} − 2η^{− m} + η^{2− m} ) For r (− a) we then have r (− a) = 1 − 1 (η − η^{− 1})^2 η^m (η^{− m − 2} − 2η^{− m} + η^{2− m} )

= 1 − η^{− 2} − 2 + η^2 (η − η^{− 1})^2

= 0 . □ We now give the proof of Theorem 3.3. The proof uses two auxiliary results, on the interlacing of zeroes of the trigonometric functions defined by (A.1)-(A.4), namely Lemma A.4, and Lemma A.5. We stated and proved these results in subsection A.1. Proof of Theorem 3.3. From Lemma A.1, we know that Q_m is a polynomial. To show that Q_m (t) is the polynomial of best approximation, we need to show that the error e(t) = ( 1 t + a

− Q_m (t)) has ( m + 2) points of Chebyshev alternance, that is, to show that there exist points t_1 < t_2 . . . < t_{m +2} , such that

|e(t_1)| = | | 1 t + a

− Q_m (t) ‖ ‖ ∞ , and e(t_k ) = − e(t_{k− 1}), k = 2 , 3, . . . , (m + 2) .

Clearly, e(t) = ( − 1)^m

4δ^m (δ − δ^{− 1})^2

R_{m +1} (t) 2t + δ + δ^{− 1} . We put t = cos α , for α ∈ [0, π], take d = δ < 1 in definitions (A.1)–(A.4) and apply the identites from the proof of Lemma 3.4. We then find that if m is odd, m = (2 ℓ − 1), then R_{m +1} (t) = − (2t + δ + δ^{− 1}) + 2 δ^{− 1}s^2_o(α ) ≥ − (2t + δ + δ^{− 1}) R_{m +1} (t) = 2 t + δ + δ^{− 1} − 2δ^{− 1}c^2_o(α ) ≤ 2t + δ + δ^{− 1} If m is even, m = 2 ℓ, in an analogous fashion we have R_{m +1} (t) = − (2t + δ + δ^{− 1}) + 2 δ^{− 1}s^2_e (α ) ≥ − (2t + δ + δ^{− 1}) R_{m +1} (t) = 2 t + δ + δ^{− 1} − 2δ^{− 1}c^2_e (α ) ≤ 2t + δ + δ^{− 1}

24 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

From these relations it is easy to see that in both cases m odd or even, (A.5) − (2t + δ + δ^{− 1}) ≤ R_{m +1} (t) ≤ 2t + δ + δ^{− 1}, and hence |R_{m +1} (t)| ≤ 2t + δ + δ^{− 1} (this is the same as in Lemma 3.4, but written in terms of δ). Clearly, we have equalities in (A.5) when t = arccos( α ), and α is a zero of c_o and s_o in case m = (2 ℓ − 1), and a zero of c_e and s_e in case m = 2 ℓ. Thus, since the zeros of these functions interlace (see Lemma A.4, and Lemma A.5 below) we may conclude that there exist { t_k }^{m +2}_{k=1} , such that (A.6) R_{m +1} (t_k ) = ± (− 1)^k (2t_k + δ + δ^{− 1}). Indeed, it is easy to check that Lemma A.4 (item 3.), and Lemma A.5 (item 3.), imply that when m = (2 ℓ− 1), the (2 ℓ+1) points of Chebyshev alternance for e(t) are given in Lemma A.4 and are { cos α_k }^{2ℓ}_{k=0} , and analogously, for m = 2 ℓ, the points of Chebyshev alternance of e(t) are given in Lemma A.5 and they are { cos β_k }^{2ℓ+1}_{k=0} . Finally, by the Chebyshev alternating theorem we conclude that Q_m (t) is the best polynomial approximation to 1 t + a in the uniform norm, and for the error we have

E_{[− 1,1]} =

4δ^m (δ − δ^{− 1})^2 . This completes the proof of the theorem. □

A.1. Auxiliary results. This subsection contains two auxiliary results Lemma A.4, and Lemma A.5, used in the proof of Theorem 3.3. The proof of these two lemmas requires series of inequalities, most of which are well known. We state and prove these here for completeness. Here is a Lemma, which gives known trigonometric identities and can be found in many texts (see e.g. [44]).

Lemma A.2. The following identity holds

(A.7) sin α 2 [1 + 2 ℓ∑ k=1 cos kα ] = sin

(2ℓ + 1) α 2 .

Proof. Set a_j = sin

(2j + 1) α 2 , j = 0 , . . . , ℓ and recall that, for j = 1 , 2 . . . , ℓ we have

2 cos jα sin α 2 = sin

(2j + 1) α 2 − sin

(2j − 1)α 2 = a_j − a_{j − 1}.

Therefore, sin α 2 ( 1 + 2 ℓ∑ j =1

cos jα ) = sin α 2 + ℓ∑ j =1

2 sin α 2 cos jα

= a_0 + ℓ∑ j =1

(a_j − a_{j − 1}) = a_ℓ ,

which completes the proof. □

Next, we show an upper bound on the number of zeros of c_o and s_e for fixed ℓ.

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 25

Lemma A.3. Let ℓ ≥ 1 be a fixed integer, 0 < d < 1 and c_o(α ) and s_e(α ) be defined as in (A.1) and (A.3) respectively. Then c_o has at most ℓ zeros in the interval [0, π] and s_e has at most (ℓ + 1) zeros in the interval [0, π]. Proof. We first prove that c_o(α ) has no more than ℓ zeros in [0, π]. Set t = cos α , and then c_o(arccos( t)) = T_ℓ (t) + dT_{ℓ− 1}(t), and hence c_o(arccos( t)) is a polynomial of degree ℓ in t. If we assume that c_o(α ) has more than ℓ zeros for α ∈ [0, π], then the polynomial c_o(arccos( t)) would have more than ℓ zeros, which would imply c_o(α ) ≡ 0, and this obviously is a contradiction.

We now prove that s_e(α ) has at most ( ℓ + 1) zeros. From Lemma A.2, we have that

s_e(α ) = sin

(2ℓ + 1) α 2 + d sin

(2ℓ − 1)α 2 = sin α 2 [ 1 + 2 ℓ∑ k=1 cos kα ] + d sin α 2 [ 1 + 2

ℓ− 1∑

k=1 cos kα ]

= sin α 2 [ (1 + d) + 2 cos ℓα + (2 + 2 d)

ℓ− 1∑

k=1 cos kα ] . Hence we have for α = arccos( t), t ∈ [− 1, 1]

s_e(arccos( t)) = sin arccos(t) 2 q(t), where q(t) is a polynomial of degree ℓ,

q(t) = [ (1 + d) + 2 T_ℓ (t) + (2 + 2 d)

ℓ− 1∑

k=1 T_k (t) ] . Clearly, q(t) has at most ℓ zeros. Another zero of s_e(arccos( t)) is at t = 1 (or α = 0). Hence there are at most ( ℓ + 1) zeros of s_e in the interval [0 , π]. □ The following two lemmas give more precise estimates on the location of the zeros of c_o(α ) and s_o(α ) (s_e(α ) and c_e(α ), respectively). Lemma A.4. Let ℓ ≥ 1 be a given integer, and 0 < d < 1. Then,

1. The function c_o(α ) has exactly ℓ zeros α_{2k− 1} ∈ ( (2k − 1)π 2ℓ , kπ ℓ ) , k = 1 , 2, . . . , ℓ in the open interval (0, π).

2. The function s_o(α ) has exactly (ℓ + 1) zeros in the interval [0, π]: α_0 = 0 , α_{2ℓ} = π and (ℓ − 1) zeros α_{2k} ∈ ( kπ ℓ , (2k + 1) π 2ℓ ) , k = 1 , 2, . . . , (ℓ − 1).

3. The zeros of c_o(α ) and s_o(α ) interlace, namely 0 = α_0 < α_1 < α_2 < . . . < α_{2ℓ− 2} < α_{2ℓ− 1} < α_{2ℓ} = π.

The total number of zeros (either zeros of c_o or zeros of s_o) is (2ℓ + 1) .

26 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

Proof. We calculate the value of c_o(α ) at the end points of each interval ( (2k − 1)π 2ℓ , kπ ℓ ) . For k = 1 , . . . , ℓ, we have

c_o ( (2k − 1)π 2ℓ ) = cos

(2k − 1)π 2 + d cos

(ℓ − 1)(2k − 1)π 2ℓ = d cos ( (2k − 1)π 2 − (2k − 1)π 2ℓ )

= d sin

(2k − 1)π 2 sin (2k − 1)π 2ℓ = ( − 1)^{k− 1}d sin

(2k − 1)π 2ℓ c_o ( kπ ℓ ) = cos( kπ) + d cos(kπ − kπ ℓ ) = ( − 1)^k + d cos(kπ) cos kπ ℓ = ( − 1)^k [1 + d cos kπ ℓ ].

Since for 0 < d < 1 and k = 1 , 2, . . . , ℓ, we have that

d sin

(2k − 1)π 2ℓ > 0, and [1 + d cos kπ ℓ ] > 0,

we may conclude that

(A.8) sign c_o ( (2k − 1)π 2ℓ ) = ( − 1)^{k− 1}, sign c_o ( kπ ℓ ) = ( − 1)^k .

Hence, c_o(α ) has at least one zero in each of the open intervals ( (2k − 1)π 2ℓ , kπ ℓ ) . These are ℓ disjoint intervals and thus c_o(α ) has at least ℓ different zeros. Since from Lemma A.3 we know that c_o(α ) has at most ℓ zeros, we conclude that c_o(α ) has exactly ℓ zeros in [0, π], and we denote these with α_{2k− 1}. This completes the proof of the first item.

We note here that the number of zeros of c_o and the intervals in which the zeros of c_o are located is independent of the particular value of d, as long as 0 < d < 1.

We move on, to prove item 2. in the statement of the lemma. We take the derivative of s_o with respect to α , to obtain that

ds_o dα = ℓ[cosℓα + ℓ − 1 ℓ d cos(ℓ − 1)α ].

According to what we proved above for c_o(α ), (but with d replaced by ℓ − 1 ℓ d), the derivative ds dα has exactly ℓ different zeros, and therefore s_o(α ) cannot have more than ( ℓ + 1) different zeros in [0, π].

It is immediate to verify that s(0) = s(π) = 0. We will show now that s_o(α ) changes sign in each of the open intervals ( kπ ℓ , (2k + 1) π 2ℓ ) , k = 1 , 2, . . . , (ℓ − 1), and hence has at least one zero in every such interval. Together with the end points this will give all the zeros of

AMLI METHODS AND THE BEST APPROXIMATION TO 1 /x IN THE UNIFORM NORM 27

s_o(α ). Calculating s_o ( kπ ℓ ) and s_o ( (2k + 1) π 2ℓ ) k = 1 , 2, . . . , (ℓ − 1) gives

s_o ( kπ ℓ ) = sin( kπ) + d sin(kπ − kπ ℓ ) = − d cos(kπ) sin kπ ℓ = ( − 1)^{k+1} d sin kπ ℓ . s_o ( (2k + 1) π 2ℓ ) = sin

(2k + 1) π 2 + d sin

(ℓ − 1)(2k + 1) π 2ℓ = ( − 1)^k + d sin ( (2k + 1) π 2 − (2k + 1) π 2ℓ )

= ( − 1)^k + d(− 1)^k cos

(2k + 1) π 2ℓ = ( − 1)^k [1 + d cos

(2k + 1) π 2ℓ ]. Clearly, for k = 1 , . . . , ℓ − 1 and 0 < d < 1 we have that d sin kπ ℓ > 0 and that [1 +

d cos

(2k + 1) π 2ℓ ] > 0, which leads to

(A.9) sign s_o ( kπ ℓ ) = ( − 1)^{k+1} , sign s_o ( (2k + 1) π 2ℓ ) = ( − 1)^k ,

and (A.9) implies that in addition to the end points α_0 = 0 and α_{2ℓ} = π, we have exactly one zeros α_{2k} in each of the intervals ( kπ ℓ , (2k + 1) π 2ℓ ) . To show that item 3. holds is easy, because for k = 1 , . . . , (ℓ − 1) we have that α_{2k− 1} is to the left of kπ ℓ , while α_{2k} is to the right of kπ ℓ . Therefore,

α_{2k− 1} < kπ ℓ < α_{2k} <

(2k + 1) π 2ℓ < α_{2k+1} <

(k + 1) π ℓ . Since for all j = 1 , . . . , 2ℓ, 0 = α_0 < α_j and for j = 0 , . . . , (2ℓ − 1), α_j < α_{2ℓ} = π, the proof of item 3. is concluded. □

Similar lemma and with similar proof (which we only sketch below) holds for ℓ replaced by (ℓ + 1 2 ). Lemma A.5. Let ℓ ≥ 1 be a given integer, 0 < d < 1. Then,

1. The function s_e(α ) has exactly (ℓ + 1) zeros: β_0 = 0 , and β_{2k} ∈ ( 2kπ 2ℓ + 1 , (2k + 1) π 2ℓ + 1 ) , k = 1 , . . . , ℓ.

2. The function c_e(α ) has exactly (ℓ + 1) zeros: β_{2k− 1} ∈ ( (2k − 1)π 2ℓ + 1 , 2kπ 2ℓ + 1 ) , k = 1, . . . , ℓ, and β_{2ℓ+1} = π.

3. The zeros of s_e(α ) and c_e(α ) interlace, namely 0 = β_0 < β_1 < β_2 < . . . < β_{2ℓ− 1} < β_{2ℓ} < β_{2ℓ+1} = π.

The total number of zeros (either zeros of s_e or zeros of c_e) is (2ℓ + 2) .

28 JOHANNES KRAUS, VERONIKA PILLWEIN, AND LUDMIL ZIKATANOV

Proof. To prove the statement for s_e we proceed as in Lemma A.4. Since the intervals ( 2kπ 2ℓ + 1 , (2k + 1) π 2ℓ + 1 ) are disjoint, and s_e has ℓ zeros in (0, π], we only need to show that s_e(α ) changes sign in each interval. For k = 1 , . . . , ℓ we calculate

s_e ( 2kπ (2ℓ + 1) ) = sin kπ + d sin

(2ℓ − 1)(kπ) 2ℓ + 1

= d sin ( kπ − 2kπ 2ℓ + 1 )

= − d cos kπ sin 2kπ 2ℓ + 1

= ( − 1)^{k+1} d sin 2kπ 2ℓ + 1

s_e ( (2k + 1) π (2ℓ + 1) ) = sin

(2k + 1) π 2 + d sin

(2ℓ − 1)(2k + 1) π 2(2ℓ + 1)

= ( − 1)^k + d sin ( (2k + 1) π 2 − (2k + 1) π 2ℓ + 1 )

= ( − 1)^k + d sin

(2k + 1) π 2 cos (2k + 1) π 2ℓ + 1

= ( − 1)^k [1 + d cos

(2k + 1) π 2ℓ + 1 ]. Since 0 < d < 1 we conclude that s_e(α ) changes sign in every interval. Obviously also s_e(0) = 0, and hence s_e(α ) has exactly ( ℓ + 1) zeros in the interval [0 , π].

Next, to prove the statement for the zeros of c_e(α ), we argue analogously as in proving the second part of Lemma A.4 to show that c_e cannot have more than ( ℓ + 1) zeros in [0 , π]. To check that c_e changes sign in each of the intervals ( (2k − 1)π 2ℓ + 1 , 2kπ 2ℓ + 1 ) , is straightforward, and analogous to what we did for s_e(α ). That the ordering of the zeros of c_e(α ) and s_e(α ) stated in item 3. holds is also verified in a fashion similar to the proof of item 3. of Lemma A.4. □