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Abstract

About a century ago P. A. MacMahon introduced Partition Analysis as a
method for solving problems in connection with systems of linear Diophantine
inequalities and equations. Due to its arithmetical complexity the method lay
dorment until G. E. Andrews, P. Paule and A. Riese discovered that it could
be implemented in today’s computer algebra systems and presented their
Omega package written in Mathematica. Inspired by their work, Guo-Niu
Han was able to derive an algorithm for more general expressions than those
covered with the Omega package, which resulted in his GenOmega package
written in Maple. In this thesis we present an account of these accomplish-
ments and introduce the new GenOmega package which was implemented in
the course of the thesis. This new GenOmega package is written in Mathe-
matica and is also based on Han’s algorithm but is more general than the
Maple version.

Zusammenfassung

Vor etwa einem Jahrhundert stellte P. A. MacMahon Partition Analysis als
eine Methode vor, Probleme im Zusammenhang mit linearen diophantischen
Gleichungs- und Ungleichungssystemen zu 16sen. Aufgrund ihres rechner-
ischen Aufwandes lag die Methode brach, bis G. E. Andrews, P. Paule und
A. Riese entdeckten, dass sie in heutigen Computeralgebra-Systemen imple-
mentiert werden konnte, und ihr Mathematica-Package Omega prasentierten.
Inspiriert durch ihre Arbeit entwickelte Guo-Niu Han einen Algorithmus,
der allgemeinere Ausdriicke bewéaltigen konnte als der von Andrews et. al.,
was zu seinem Maple-Package GenOmega fiihrte. In dieser Arbeit geben wir
eine Darstellung dieser Leistungen und stellen das neue GenOmega-Package
vor, das im Zuge dieser Arbeit implementiert wurde. Dieses neue GenOmega-
Package wurde in Mathematica geschrieben und basiert ebenfalls auf Han’s
Algorithmus, ist allerdings noch allgemeiner als die Maple-Version.
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Chapter 1

Introduction

1.1 Overview

In [22] MacMahon introduced Partition Analysis as a method for solving
combinatorial problems in connection with systems of linear Diophantine
inequalities and equations. Andrews gives a very good review of MacMahon’s
partition analysis. He writes [1, page 3]:

“Our method of proof is the method of Partition Analysis
first suggested by Cayley [15] but primarily developed by P. A.
MacMahon in [19], [20], [21], surveyed by him again in [23, Vol. 2,
Section VIII, 91-170] and recapped in his Collected Papers [24,
Ch. 10, pp. 1119-1314].

A careful examination of MacMahon’s work shows that
MacMahon developed a magnificent machine which according to
MacMahon’s own admission [22, Vol. 2, p. 187] failed to prove
the major theorems on plane partitions. Very much to his credit,
MacMahon developed alternative tools necessary to prove his
plane partition discoveries. However that admission of the failure
of Partition Analysis to prove general results on plane partitions
led to near total neglect of the method. The single major ex-
ception to this comment is the beautiful solution to the Anand-
Dumir-Gupta Conjecture by Richard Stanley [25]. However, since
1973 there has been (to my knowledge) no further work on Par-
tition Analysis.”

He continues [1, pp. 4-6]:
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“Since MacMahon’s method has not been used for some time,
we provide a general review here. Perhaps we best begin with his
own words [22, vol. 2, pp. 91-92].

‘Consider ¢« numbers in descending order of magnitude

aq, Qg, g, ..., Q.

The order is defined by the Diophantine relations

a2 Qg
oy > oz,
oim1 2oy,

and subject to them we consider the sum
Z portoztastta;

Now observe that the algebraic fraction

1

(1—)\15L‘)(1—§—3I)(1—§—2{p) (1_)\?_1-1:1:)7

when expanded in ascending powers of x, has the general term

A2 Qa2 Ag a3 /\ (673 ,
A ) =z 2 - ¢ artaztaz+-+ta;
() (Al) (>\2) o) " ’

)\?17012 /\32*013 X‘liilfai )\%‘ Ia1+a2+a3+---+a¢
11— (2

or
and that if the Diophantine relations are to be satisfied this must

be free from negative powers of \i, Aa, A3, .. ..
It is thus evident that we have only to expand the fraction

1

(1—)\11’)(1—%’%)(1—?—21’)...(1_%13)7

and reject all the terms involving negative powers of Ai, Ag,
A3, ..., and subsequently put

)\1:)\2:)\3:"':)\1':1
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to obtain the desired sum

§ :xa1+a2+a3+---+a¢'

The performance of these operations upon the fraction we
shall denote by prefixing the symbol {2, so that

§ :xa1+a2+a3+---+a¢ —

1

Q>
“1l=Nax)(1 -

More generally

A2

A1

x)(l—i—;

) -

o0 o0
E E 51 )52 S
QZ s A81,52 77777 37“)\1 /\2 SR /\rT T

§1=—00 Sp=—00

where A;, 5,

.....

[eS) o0
§ e E Asl,SQ ..... Sr

s1=0 sr=0

s, may be functions of several complex variables.

Let us now return to MacMahon. He notes that to make effec-
tive use of his method, one requires a number of simple identities
for the Q symbol. As he remarks [22, Vol. 2 p. 102].

‘We may add conveniently the easily verifiable results

O 1 _ 1
TI-M)(1-HI-3) (-2 —ay)(l—wz)
QO 1 _ 1 —ayz
A=) -3 O -y -2 (1 y2)
0. 1 _ 1
“(l-A)(1 =) (L-a)(l—ay)
Q. 1 _ 142y
“(1=No)(1-%)  (I-2)(1-ay?)
Q. 1 _ 1+ 2yz — 2%yz — a2
T =A== ) (L=2) 1 —y)(1—222)(1 —y?2)
Q. 1 _ 1
M- G-o-wy)
Qs 1 _ 1 —|—xy1713f; I
T(l=dr)1-%) (-2)(1—ay)
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We have to remark that s in the above identities is a nonnegative integer.

To get a better feeling for what is happening we will prove the third
identity:

QZG_A@O_lQ = Q) NTHY =, Y aFENy
g 1720 =
. )
- k+2] 7 — .
>y (1= 2)(1 = 2%y)

k,j>0

There are two main advantages of Partition Analysis:

e One is not required to have a detailed understandig of the underly-
ing theory of the problem. Partition Analysis yields a solution quite
automatically.

e The problem can be considered in full generality so that possible re-
finements of the problem present themselves automatically.

After the above cited paper followed a series of other papers [2-12] where
Andrews, P. Paule and A. Riese managed to implement the method in Math-
ematica for expressions of the form

)\a

Q>

where n and m are nonnegative integers, the j; and k; are positive integers
and a is any integer, and where they managed to derive many results in the
field of combinatorics.

Based on their work, Guo-Niu Han was able to derive an algorithm for
more general expressions of the form

U

Y= ANB/N)

where U(\) is a Laurent polynomial in A and A()A) and B(\) are polynomials
in A\, which led to the Maple package GenOmega.

In the course of this thesis a more general version of GenOmega was im-
plemented in Mathematica.
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In the next chapter a more detailed introduction to the method of Parti-
tion Analysis will be given. We will go through Axel Riese’s Omega package,
Han’s GenOmega package, the software LattE and its successor package LattE
macchiato.

In Chapter 3 we will look at Guo-Niu Han’s general algorithm in detail.

In Chapter 4 we will introduce the new GenOmega package written in
Mathematica and prove new identities which could not be derived with the
Omega package.

1.2 Notation

The symbols N, Z, Q, R and C stand for the sets of nonnegative integers, all
integers, rational, real and complex numbers. We denote the set of natural
numbers without 0 by N*.

Let R O Q be a ring. We denote the ring of polynomials over R with
indeterminate x by R[z] and we denote the ring of formal power series over R
with indeterminate x by R[[z]]. In the multivariate case with indeterminates
T1,..., T, we write Rlxy,...,z,] and R[[xy,...,x,]], respectively. We will
not distinguish between polynomials and polynomial functions.

Let K be a field and x ¢ K. We denote the smallest field extension of K
containing « by K ((z]). In the multivariate case with elements z1,...,z, € K
we write K (x1,...,2,).

Let R be a ring and p € R[t,t™'] be a Laurent polynomial in ¢. The low
degree ldeg(p) of p in t is defined to be the degree of p(1/t) in t. If we want
to emphasize that we mean the degree or low degree with respect to t, we
write deg,(p) or ldeg,(p), respectively.

Let K be a field and f = > 77 a;2" € K[[z]]. Then we denote for all
k € N the k-th coefficient of f with respect to = by (z*)(f), i.e.

(@) (f) = a.

For a matrix
air Az - Qip
a21 Q22 -+ QAaop

Qp1 Ap2 - Anp



we denote its determinant by

a11 Qa2
Q21 Aa22

det(A) =

Qp1  An2

CHAPTER 1.

Q1n
Q2

ann

INTRODUCTION



Chapter 2

Partition Analysis

2.1 Introduction

In [22] MacMahon introduced Partition Analysis as a method for solving
combinatorial problems in connection with systems of linear Diophantine
inequalities and equations. To this end, he defined the Omega operator

>.2,, ..., a, for r € N* informally as follows:
Qsn Z e Z A(ng,ng, .. ne) ATTAR2 LA = (2.1)
n|=-—00 Np=—00
Z e Z A<n17n27 s 7n7")7
n1:0 n,=0
where A(nq,ng,...,n,) is generally some rational function of variables like

x, y or z. In short, for every nonnegative exponent n; the corresponding \;
is set to 1 and for every negative exponent n; the \; is set to 0 by the Omega
operator. If r = 1, we also use the notation 2> , instead of 25.),.

For a better understanding we consider some examples which are taken

from [6] and [9].

Problem 2.1.1 Find all nonnegative integer solutions a, b to the inequality
2a > 3b.

The corresponding generating function is the following

flay) =D a™
a,b>0
2a>3b

9
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In order to get rid of the inequality constraints we make use of the Omega
operator and rewrite the generating function to

fla,y) = Qs Y Ay,

a,b>0
By definition of the Omega operator exactly those summands 2%° remain
for which 2a — 3b > 0. Now by geometric series expansion we obtain

1
(1—2A2)(1 - %)

f(:v,y) = QZ,)\

MacMahon calls this the crude generating function. Now we have to elimi-
nate A. To this end, MacMahon gives a catalog [22, Vol. II, pp. 102-103] of
fundamental evaluations of the Omega operator. One of these evaluations is
the following,

1 1
YRy RSl g TGy 22)

where s is a nonnegative integer. By partial fraction decomposition (assum-
ing x and y to be positive real numbers), we get

1 1 ! !
f(%y)zin,A(l_\/@)\)Q—%) 2 7T+ Va1 - %)

Now we are able to apply rule (2.2):

1 1 n 1 1

2 (1=vo)1=Vady) 2 (1+vr)(1-Vady)
1+ 2%y

(1—=)(1—a%y?)

By geometric series expansion we obtain

flay) = a0 (1 + a%y)

a, >0

flz,y) =

from which we can deduce that

{(a,b) € N*:2a > 3b} = {(m +n+ [n/2],n) : (m,n) € N?}.

Problem 2.1.2 Letts(n) be the number of non-congruent triangles (ay, as, ag)
with perimiter n whose sides ay, as and az have integer length. For example,

t3(9) = 3, corresponding to the triangles (3,3,3), (2,3,4) and (1,4,4). Find

ts(n) for general n.
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The corresponding generating function is

Zt?’ q — Z* a1+a2+a3

n>3

where Y * is the restricted sum over all positive integer triples (ai, as, as)
satisfying a1 < as < a3z and a; + as > az. We rewrite this to the crude
generating function,

_ az—ai yaz—az yai+az—az—1_ai1+az+a3
T3(q) - QZ;A17A2,>\3 E: /\1 /\2 /\3 q

a12>1, az,a3>0
g
(1—¢38)(1 = ¢222)(1 — ¢32)
In order to eliminate the \;’s we use the following rule, which can be proven
easily by geometric series expansion and index substitution,
A5 A®
>, = )
(1 =XA)(1—- %) (1—A)(1— AB)

- QE;M,)Q,)@

(2.3)

where s is a nonnegative integer and the variables A and B are free of .
Applying this rule to T3(g) we obtain by successive elimination of Ay, A\; and
Az

o) 0 g !
s PN ) (1= £)(1— ¢2M)
3
- 0 a
TP =) =) (1 - )
q3

1-¢)1-¢)(1—q")
From this it is easily seen that ¢3(n) equals the number of partitions of n — 3
into parts 2, 3 and 4, that is the cardinality of the set {(i,7,k) € N :

2i 4+ 3j + 4k = n — 3}. For example, t3(9) = 3 corresponds to the partitions
6=24+24+2=3+3=4+2.

In order to be able to treat systems of linear Diophantine equalities in a
similar fashion, MacMahon introduced a different Omega operator.

Definition 2.1.3 The operator )—. ...z, s given by

’>\T‘

Qo Z Z A(ny,ng, .. n)APAR A = A0, .., 0).

ni=-—o0 Np=—00
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This means, all non-trivial power-products in the \;’s are eliminated by the
Q=.x,, .. a-operator. If r = 1, we also use the notation €)_ , instead of Q2_. ,.

We consider the following example which again is taken from [6].

Problem 2.1.4 Find all nonnegative integer solutions a, b, ¢ to the Dio-
phantine equation 2a = 3b + c.

One can easily see that this problem is equivalent to Problem 2.1.1, but
nevertheless we show how to solve this with the Omega operator.

As in the former examples we first translate the problem into the corre-
sponding crude generating function,

L a, b_c __ 2a—3b—c_ .a, b _c
g(x,y,z) = g 2y’ = Q) g A x%y’z
a,b,c>0 a,b,c>0
2a=3b+c
1
= Q:,A

(1 —2zX)(1 =) -3)

In order to eliminate A we apply a method which MacMahon called The
Method of Elliott; see [22, Vol. 2, Section VIII, pp. 111-114].

Theorem 2.1.5 (Elliott Reduction) For positive integers j and k,

1 1 1 1
. = ‘ . —-1].
(I—aNM)(1—yAF) 1—ayNFk (1 —aN * 1L —y\* )

Applying this theorem to the first two factors 1—1r sz and 1_1 —— of the crude
A3

generating function results in

1 1 1 1
g(iL‘,y,Z) :Q:,)\ ( + - 1) Z
—m T2 14 11—z

After expanding this expression we see that the two summands obtained

from ﬁ and —1 involve only negative powers of A in the factors of the

A3
denominator which are reduced to 1 by the {)_ y-operator. Hence we obtain

1

([

Now we make use of the following fact [22, Vol. 2, Section VIII, p. 105]:

0 1 _ 14 2yz
T -H0 -3 -y - )
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With this we obtain

1+ 22%yz
1 —a23y2)(1 — x2?)’

g(aj’y? Z) = (

which is the desired form of the generating function corresponding to our
problem.

In the next section we will introduce some software packages that do these
computations automatically.

2.2 Software

A hundred years ago MacMahon was forced to do all these computations by
hand with the help of his catalog of fundamental evaluations. Nowadays we
have computer algebra systems to assist us. There are several software pack-
ages that help us solve the kind of problems introduced in the last section.
Some are based on the work of MacMahon, others use a different approach.
In the following three subsections we are going to introduce some of them.

2.2.1 The Omega Package

Andrews et al. sought to implement MacMahon’s method in the computer
algebra system Mathematica which resulted in a series of papers [3]- [12] and
the development of the package Omega?2 (see [6])—a much improved version
of the package Omega described in [3].

Instead of the informal definition given by (2.1) we will use their definition
of the Omega operator in the context of Omega?2 applications; see for example

[6].

Definition 2.2.1 The operator Q. ...\, with r € N* is given by

r

[o.¢] oo
S1 )52 Sr oo __
QZ§>\1=---7/\7' § : e E A517527---75r/\1 AQ te AT7 T

§1=—00 Spr=—00
o0 (o)
E e § A517527---73r’

s1=0 Sr=0

where the domain of the A, s, . . is the field of rational functions over C
in several complex variables and the \; are restricted to a neighborhood of the
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circle |\;| = 1. In addition, the Ag, s, .. 5. are required to be such that any

of the 2" — 1 sums
o0 oo
E T E ASLSZ:'“:ST
8j; =—00 8i;=—00

is absolute convergent within the domain of the definition of As, s, .. s, -
The authors emphasize that it is essential to treat everything analytically
rather than formally, because the method relies on unique Laurent series
representations of rational functions. Again, for » = 1 we write €25 instead
of QZ; A

Remark 2.2.2 Later, in the context of GenOmega applications, we will use
a slightly different definition of the Omega operator; see Chapters 3 and 4.

In [6] the authors studied the expression

)\a
(T— V) (L= M) (1= ) - (1= )

)\kl Aem

Qs

where n and m are nonnegative integers, the j; and k; are positive integers
and a is any integer, and constructed an algorithm based on a generalized
recurrence which led to the Omega2 package.

The Mathematica package Omega? is freely available at [28]. After loading
the package by typing <<Omega2.m the following functions are available:

Omegalf,{ty,...,t,}] denotes the Omega operator 2> acting on f with
respect to the variables tq,...,t,.

Omega[f,t] denotes the Omega operator (1> acting on f with respect to the
variable t.

OmegaEq[f,{ty,...,t,}] denotes the Omega operator Q_ acting on f with
respect to the variables tq,...,t,.

OmegaEq[f,t] denotes the Omega operator {)_ acting on f with respect to
the variable t.

OSum[expr,{ineq,...,ineq,},z] sets up the crude generating function of
expr with summation variables satisfying the ineqalities ineqy,. . .,ineq,
and Omega variables z;,. . .,z,. For each inequality the procedure intro-
duces an Omega variable z;. The variable z is a Mathematica symbol
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and expr is a power product with Mathematica symbols as basis and
the summation variables as exponents. Unless specified explicitly by
the inequalities, all summation variables are assumed to range over the
nonnegative integers. The output is of the form Omega [f,{z,...,2z,}].
To evaluate the result, apply the procedure OR.

OEqSum[expr,{eqi,...,eqx,ineqs,... ineq,},z] sets up the crude gener-
ating function of expr with summation variables satisfying the equal-
ities eqq,. . .,eqx and ineqalities ineq;,...,ineq,, and with Omega vari-
ables zy,. . .,Z(x4r). For each equality and inequality the procedure intro-
duces an Omega variable z;. The variable z is a Mathematica symbol
and expr is a power product with Mathematica symbols as basis and
the summation variables as exponents. Unless specified explicitly by
the ineq;, all summation variables are assumed to range over the non-
negative integers. The output is of the form OmegaEq[f,{z,...,2s}]
with s := k 4+ r. To evaluate the result, apply the procedure OEgR.

OR[expr,1] or OR[Omegalexpr,1]] eliminates the Omega variable 1 from
the Omega expression expr which is of the form

LP())
(L ppi(D) -+ (1 £ ppa(l))’
where LP(l) is a Laurent polynomial in 1 and the pp;(l) are power

products in 1 and some other variables with integer exponents. This
procedure corresponds to the 2~ operator.

OEqR[expr,1] or OEqR[OmegaEq[expr,1]] eliminates the Omega variable
1 from the Omega expression expr which is of the form

LP(l)
(L £ppi(D)) -~ (1 £ ppa(l))’
where LP(l) is a Laurent polynomial in 1 and the pp;(l) are power

products in 1 and some other variables with integer exponents. This
procedure corresponds to the {)_ operator.

OR[expr,{1y,...,1,}] or OR[Omegalexpr,{1;,...,1,}]] eliminates several
variables 11,...,1, from expr in one stroke. Here, expr must be of the

form
LP(ly,....1l,)

(1 :l:ppl(llv R 7ln)) e (1 :l:ppd(lh s 7ln)) .
This procedure corresponds to the 2> operator.
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OEqR[expr,{1;,...,1,}] or OEqR[OmegaEq[expr,{1l;,...,1,}]] eliminates
several variables 14,...,1, from expr in one stroke. Again, expr must
be of the form

LP(Ly,...,1,)
(I tppi(ly,.. 1) - (Lt ppa(la,.... 1)

This procedure corresponds to the )_ operator.

Let us now solve the examples from the last section with Omega?2.

Problem 2.1.1

We start with the solution of Problem 2.1.1 which read: Find all nonneg-
ative integer solutions a, b to the inequality 2a > 3D.

In[1]:= <<Omega2.m

Out[1]= Omega Package by Axel Riese (in cooperation with
George E. Andrews and Peter Paule) - (ORISC Linz
-V 2.48 (01/10/08))

In[2]:= O0Sum[x%®, {2a>3b}, Al

Assuming a>0
Assuming b>0

Out[2]= Qs ),
PN -2

In[3]:= OR[%]
Eliminating A;...

1+ 2%y

R (RS

Partition on Triangles

We continue with the solution of Problem 2.1.2 which read: Let t3(n)
be the number of non-congruent triangles with perimiter n whose sides have
integer length. Find t3(n) for general n.
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In[4]:=

Out [4]=

In[5]:

Out [5]

OSum[q*T27% {a3 >ay,as >a;y,a;+as >ag,a; >1},A]

Assuming a; >0
Assuming a3 >0

q

Ao(1 = B (1= 52)(1 — B22)

QZ7A1,>\27>\3

OR[%]

Eliminating As...
Eliminating ;...
Eliminating As...

(]3

(1-=¢>)(1—¢*)(1—q*)

With the help of the Omega package we can extend Problem 2.1.2 and
generate all triples (a1, as, a3) where ay, as and as are the lengths of the three
sides of the triangles satisfying our conditions. That is, we are looking for
the full generating function

_ *, .a1 ,,a42 ,..,a3
Ss(z1, 29, x3) = E Ty Ty T3,

where Y * denotes the restricted summation over all positive integer triples
(a1, aq, a3) satisfying a; < as < az and ay + ay > as.

In[6]:=

Out [6]=

OR[0Sum[x]'z52x5% , {as > as, a3 > a;,a;+as > as,
a; >1},A11]

Assuming a; >0
Assuming a3 >0
Eliminating As...
Eliminating ;...
Eliminating As...

XT1T273

(1 — xox3)(1 — 2y2913) (1 — Ty 2923)

By geometric series expansion, namely

53($1,9U2,$3) =

E $?2+n3+11‘§1+n2+n3+1$§1+n2+2n3+1

)

ni,nz,n3>0
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we obtain a representation for all non-congruent triangles with sides of integer
length,

{(n2+n3—|—1,n1+n2+n3—|—1,n1+n2—|—2n3—|—1) €N3:n1,n2,n3 EN}
Problem 2.1.4

We continue with the solution of Problem 2.1.4 which was: Find all non-
negative integer solutions a, b, ¢ to the Diophantine equation 2a = 3b + c.

In[7]:= O0EqSum[x%y’z¢,{2a == 3b+c},\]

Assuming a>0
Assuming b>0
Assuming ¢ >0

1
(1—#)(1— %) (1 —2))
In(8]:= O0EqR[%]

Out[71= Q_,,

Eliminating A;...

1+ 22%yz

Out[8]= (1 —23y?)(1 — z2?)

Magic Squares

As a more involved application of the Omega operator for equality con-
sider the following problem which was taken from [29].

Problem 2.2.3 Let us consider magic squares of order 3 given by

ap | az | as
aq | A5 | Gg

a7 | ag | a9
where ay, . ..,a9 € N and all the sums of the rows, columns and diagonals,
respectively, are equal, 1.e.
ajp ‘= a1 +as+az3=a4+ a5+ ag = a7+ ag+ ag

= a1 +as+ay=ay+as+ag=as+ as+ ag
= a1 +as+ a9 =as+as+ ar.

How many such magic squares are there for fixed a;g =n?
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First we set up the corresponding generating function. We immediately
consider the general form where the a;’s are encoded separately.

flz1,...,x10) := Z*x(fl ezl

where Y~ * is the restricted sum over all positive integer triples (aq, ..., a10)
satisfying the above eight conditions. Then we use OEqSum to set up the
corresponding crude generating function.

In[1]:= OEqSum[Product[x;"a;,{i,10}],
{aitagtag==ayy, astastag==ajp, artag+ag==ajo
ajtagtar==ajg, agtastag==ajg, asztagtag==ajg
ajtastag==ajg, agtas+tar==ai,}, Al

Assuming a; >0
Assuming a; >0
Assuming a3 >0
Assuming a; >0
Assuming a5 >0
Assuming ag >0
Assuming a; >0
Assuming ag >0
Assuming ag >0
Assuming a;0 >0

Out[1]= Q:w\l,n-,)\s 1/((1 — 1‘4/\2)\4) (1 — 272)\1)\5) (1 — [L’g)\g)\5)

(1 — LE6)\2>\6) (1 — .1'1)\1)\4)\7) (1 — I’g)\g)\6)\7)

(1 — )\1)\2>\3>\21)(\)5/\6/\7)\8) (1 — .Tg)\g)\z;)\g) (1 — xS)\l)\(S)\S)

(1 — $5)\2)\5)\7)\8>)

Now we can invoke OEqR.
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In[2]:=

Out[2]=

CHAPTER 2. PARTITION ANALYSIS
OEqQR[%]

Eliminating A;...
Eliminating JAg...
Eliminating A7...
Eliminating Xg...
Eliminating As...
Eliminating A4...
Eliminating As...
Eliminating As...

3

(1 + X1 X2 X324 T5XgT7 Ly Ty Tio—
2.92,2,.2.2.2,.2.2_2_86 3.3.3.3.3.3,.3,.3.3.9

Ty Xy X3 Ty Ty Tg Ty Lg TgTig — L1 Lo T3 Ly Xy Tg Ly Tg Ly xw)/

(1 — 2t zgas 2t w7 22 23) (1 — 2y 23 w05 22 22 19 T3,

(1 —zy22zirsaiagady) (1 — 23 w323 w5 xr 23 23)))

From this we can extract the exact look of the magic squares. For exam-

ple, the coefficient of z7, in the series expansion of the above expression in
x19 tells us what the magic squares with row, column and diagonal sums n
look like.

If we are only interested in the number of such squares, we set x1y to y

and all the other z; to x.

In[3]:=

Out [3]=

h /.x10— y /.x. — x // Cancel

_1_21,9 y3_$18 yG
(—1+$9 y3)3

3n ,n

The coefficient of £°" ™ in the series expansion of this expression equals

2m? + 2m + 1,

if n is divisible by 3 and n = 3m, and

otherwise.

0

For further information about Omega2 we refer to [6].
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2.2.2 GenOmega

Based on the work of Andrews et al., Han [17] derived an algorithm with
which more general expressions can be treated than with the Omega package.
More precisely, Han solves the following problem; see [17, Problem 2].

Problem 2.2.4

Given
n

A(t) =1 + Cllt + a2t2 + -+ ant" = H(l — Ilt),
i=1
B(t) =1+ byt + ot + - -+ + but™ = [ [(1 = ys)
j=1
as polynomials in K := Q(ay,az,...,a,,01,b, ..., 0p)[t] and U(t) as
a Laurent polynomial in K[t,t™'] with x; # 1 and x;y; # 1 for all 4, .

Compute the Omega expression:

o U(\)
=M ANB(1/A)

by using only the expansions 1 + ait + ast® + -+ - + a,t™ and 1+ byt +
bot? + - - - + by t™ without having to determine and use the roots x; and
Yi-

Note: The z;,y; are viewed as elements from K, the algebraic closure of K.

Based on his algorithm the Maple package GenOmega was developed. It
can be downloaded from [30].

After loading the package into Maple with read (‘genomega.mpl‘): the
following functions are available:

GENO(A,B,U,t) eliminates t in %, where A and B are two polynomials
in t with A(1) # 0, A(0) # 0 and B(0) # 0, and where for all roots x;

of A and all roots y; of B the constraint x;y; # 1 holds , and where U is
a Laurent polynomial in t (see the notation of Problem 2.2.4).

GENO(f,t,q) eliminates t in f(¢;q), where f(t;q) is a formal power series in
q.
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GENO(f, [t1,...,tr],q) eliminates t1,...,tr in f(¢1,...,tr;q), where
f{t1,... tr;q) is a formal power series in g.

Since no function like 0Sum is available here, you have to find the crude
generating function by yourself. Also, only procedures for the Omega oper-
ator for inequality are implemented.

Let us now solve the problems from Section 2.1 with GenOmega.

Problem 2.1.1

We again start with the solution of Problem 2.1.1: Find all nonnegative
integer solutions a, b to the inequality 2a > 3b.

> read(‘genomega.mpl‘):

"General Omega Package"
"Guoniu Han - (©IRMA Strasbourg - V0.6(07/31/2003)
"Help()"

> f:=1/((1-y/173)*(1-x*1"2));

1
fi= (1—4)1 - z?)

> GENO(f,1,x);

1+ ya?
(z —1)(y*2® - 1)

We could also have chosen GENO(f,1,y) instead of GENO(f,1,x). The
output is the same.

Partition on Triangles

We continue with the solution of Problem 2.1.2: Let t3(n) be the number
of non-congruent triangles with perimiter n whose sides have integer length.
Find t3(n) for general n.
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> f:=q/(12%(1-q*11/13)*(1-q*13/12) *(1-q*12%13/11)) ;

q

=
(1= (1 — (1 = %)

> GENO(f,[11,12,131,9);

q3

(gt D2q— 13> +q+1)(¢*+ 1)

which is the output of the

. q3
The last output is the same as 0P
Omega?2 package.

—q%)

Let us also consider the expansion of this problem made in the last subsec-
tion with the help of GenOmega. That is, we are looking for the full generating

function
* _ai ..a9
Ss(x1, 9, x3) E x gt as?,

where Y * denotes the restricted summation over all positive integer triples
(a1, a9, a3) satisfying a; < as < az and ay + ay > as.

> fi=x1/(12%(1-x3%11/13)*(1-x1%13/12) *(1-x2%12%13/11)) ;

f = -
(L - (1 )

l3 la l1

> GENO(f,[11,12,13],x1);

T1T2X3
(voxz — 1)(—1 4+ xymox3)(—1 + 2321 29)

Problem 2.1.4

We continue with the solution of Problem 2.1.4: Find all nonnegative
integer solutions a, b, ¢ to the Diophantine equation 2a = 3b + c.

Since there is no function in GenOmega that corresponds to the €l_ -
operator, we have to use some relation which allows us to represent the
() y-operator in terms of the (2> y-operator. One of these relations is the
following (see [22, Vol. II, Sect. VIII, p. 104]),

Q- F(A) = Qs AF(A) + Qs 2 F(1/X) — F(1). (2.4)
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> £:=1/((1-y/173)*(1-2z/1)*(1-x¥172) ) ;

1
(=M=~ aP)

> g:=1/((1-y*1"3)* (1-z*1)* (1-x/1°2)) ;

1
N C ) G ) TRy

> h:=1/((1-y)*(1-2)*x(1-x));

1

SR T TG Ty

> simplify(GENO(f,1,x)+GENO(g,1l,x)-h);

1+ 2%yz
(y223 — 1)(2%2x — 1)

Magic Squares

Last, we have a look at Problem 2.2.3 on magic squares of order 3. Using
the relation given in (2.4), neither the general generating function which we
investigated with Omega2 nor the generating function for the special problem
stated in Problem 18 could be handled in reasonable time.

Since Han’s algorithm is more general than the algorithm of Andrews et
al., there are expressions that cannot be handled by Omega2 but can be han-
dled by GenOmega. In [17] Han gives such an example, namely the following,

1
Q .
ZAA+ A+ yA) (1 +a/N)

The Omega package returns the error message
Omega: :Input: 1/((1+a/A)(1+ xA+ y\°)) is not a valid input

while GenOmega returns the correct result

a'y —ady +a*y —ay — 1
(aPy+ar—1)(z+y+1)
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Concerning efficiency, in [17, page 5] Han points out that he does not
claim that GenOmega is faster than Omega2, because he did not effectuate
a complete testing for a large number of examples in various environments.
But in a preliminary test GenOmega was often faster than Omega2 by a factor
of 3 to 6.

Han’s algorithm will be viewed in detail in Chapter 3.

2.2.3 LattE and LattE Macchiato

LattE and LattE macchiato are not based on the theory of Partition Anal-
ysis. However, since some of the problems that can be treated with Partition
Analysis can also be treated with LattE and LattE macchiato, we include
a short description of them here. The information and examples used in this
subsection have been taken from [16, Chapters “Introduction”, “Input Files”
and “Running LattE”] and [31].

2.2.3.1 LattE

LattE is free software, available at [32] and runs on Linux systems. It was
developed by a team directed by J. A. DeLoera at UC Davis. The name
“LattE” stands for “Lattice point Enumeration”. It contains the first im-
plementation of Barvinok’s algorithm [13]. The software’s main function is
to count the lattice points contained in convex polyhedra defined by linear
equations and inequalities with integer coefficients. The polyhedra can be of
any (reasonably small) dimension, and LattE uses an algorithm that runs in
polynomial time, if the dimension is fixed.

Given a convex polyhedron
P={ucR?: Au < b},

where the matrix A and the vector b are integral and d is a nonnegative
integer, a finite representation of the (in general infinite) power series

f(Pia)= 3 aftagag

acPNZd

is computed. Here each lattice point is given by one monomial. The fun-
damental theorem of Barvinok [13] states that f(P;x) can be written as a
sum of short rational functions — in polynomial time if the dimension of the
polyhedron is fixed.
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In the following the operations that LattE v1.1 can perform on bounded
convex polyhedra (more commonly referred to as polytopes) are listed. Let’s
assume that a description of a polytope P is given in the file “fileName”
and that a cost vector is pecified in the file “fileName.cost” (needed for the
optimization part).

Tasks performed by LattE v1.1:

1. Count the number of lattice points in P.
./count fileName

2. Count the number of lattice points in nP, the dilation of P by the
integer factor n.
./count dil n fileName

3. Calculate a rational function that encodes the Fhrhart series associated
with the polytope. By definition, the n-th coefficient in the Ehrhart
series equals the number of lattice points in nP. For more details on
Ehrhart counting functions see, for example, Chapter 4 of [26].
./ehrhart fileName

4. Calculate a rational function that encodes the Ehrhart series associated
with the polytope. By definition, the first n + 1 terms of the Ehrhart
series associated with the polytope.

./ehrhart n fileName

5. Maximize or minimize a given linear function of the lattice points in
P.

./maximize fileName ./minimize fileName

In addition to these basic functions, there are more specific calls to LattE,
for example to use the homogenized Barvinok algorithm instead of the orig-
inal one in order to count the lattice points.

Inequality Description

For computations involving a polytope P described by a system of in-
equalities Az < b, where A € Z™*¢ and b € Z™, the LattE readable input
file would be of the following form:

m d+1
b —A.
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Example 2.2.5 Let P = {(z,y) :z < L,y < l,z+y < 1,z > 0,y > 0}.
Thus

5 3

1 -1 0

1 0 -1

1 -1 -1

0 1 0

0 0 1
Equations

In LattE, polytopes are represented by linear constraints, i.e. equalities
or inequalities. By default a constraint is an inequality of type Ax < b unless
the line numbers of constraints that are linear equalities are specified in a
single additional line.

Example 2.2.6 Let P be as in the previous example, but now require x+y =
1 instead of x +y < 1, thus,

P={(z,y):r<lLy<liz+y=1x>0y>0}

Then the LattE input file that describes P would read as:

5 3

1 -1 0
1 0 -1
1 -1 -1
0 1 0
0 O 1
linearity 1 3

The last line states that among the 5 inequalities one is to be considered
an equality, namely the third one.
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Nonnegativity Constraints

Since it is often very cumbersome to state all nonnegativity constraints
for the variables one by one, there is a more convenient way to do so.

Example 2.2.7 Let P be as in the previous example, then the LattE input
file that describes P could also read as:

3 3

1 -1 0
1 0 -1
1 -1 -1

linearity 1 3
nonnegative 2 1 2

The last line states that there are two nonnegativity constraints and that
the first and second variables are required to be nonnegative.

Command Syntax

The basic syntax to invoke the various functions of LattE is:

./count fileName

./ehrhart fileName
./maximize fileName
./minimize fileName

Note that the last two functions require a cost vector specified in the file
“fileName.cost”. For more information on Ehrhart series and optimization
in LattE see [16].

Additionally, a variety of options can be used. All options should be
space-delimited in the command.

Counting

1. Count the number of lattice points in polytope P, where P is given in
“fileName”.

./count fileName

2. Count the number of lattice points in nP, the dilation of P by the
integer factor n.
./count dil n fileName
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3. Count the number of lattice points in the interior of the polytope P,
where P is given in “fileName”.
./count int fileName

4. Use the homogenized Barvinok algorithm to count the number of lattice
points in the polytope P, where P is given in “fileName”. Use it if the
number of vertices of P is big coompared to the number of constraints.
./count homog fileName

As we have access to the improved version LattE macchiato we do not
explain how to download and install LattE. For more information on LattE
see [16].

2.2.3.2 LattE Macchiato

LattE macchiato is an improved version of LattE, derived from the latest
release 1.2. It contains amongst others the following improvements:

e Using GNU Autoconf and Automake, it easily builds and runs on a
variety of UNIX systems, rather than just on GNU/Linux on the x86
architecture. This includes Mac OS X systems.

e Various micro-optimizations and code clean-ups make the code more
robust and much faster than LattE.

e For polyhedral computations, it can optionally use the library 4ti2
instead of CDD+ and cddlib. For many instances, this gives another
big reduction in running time.

e New algorithms are implemented:

— Primal irrational decomposition
— All-primal irrational decomposition
— Exponential substitution

— Non-unimodular enumeration

A combination of these new algorithms is much faster (for some exam-
ples, by several orders of magnitude) than the traditional algorithms
implemented in LattE.
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Download

The current version of LattE “for tea, too”, a source code distribution
of LattE macchiato and 4ti2 and all required libraries can be downloaded
from [33].

Installation

Be sure to install the most recent version. It is self-contained and thus
easy to build and install:

tar —-xfz latte-for-tea-too-1.2-mk-0.9.3.tar.gz
cd latte-for-tea-too-1.2-mk-0.9.3

./configure

make

When the compilation has finished (it takes a while), one can start using
it:

dest/bin/count dest/share/latte/examples/magicédx4

2.2.3.3 Examples

Let us now solve special instances of the examples from Section 2.1 with
LattE macchiato.

Partition on Triangles

We start with the solution of Problem 2.1.2 which was: Let t3(n) be the
number of non-congruent triangles with perimiter n whose sides have integer
length. Find ts(n) for general n. We consider the case n = 9.

Recall that we have the following constraints:

az—az < 0,
ap—ay < 0,
—a; —az+az < —1,
—a; < -1,

a; +as +as = 9.

The input file reads as:
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5 4

0 0 -1 1
0 -1 1 0
-1 1 1 -1
-1 1 0 0
9 -1 -1 -1

linearity 1 5
nonnegative 3 1 2 3

LattE macchiato returns:

*fx*xx Total number of lattice points: 3 ***x
Total time: 0.1 sec

Magic Squares

We solve Problem 2.2.3, which was: How many magic squares are there
for fixed a19 = n? We consider the case n = a;g = 15:

Recall that we have the following constraints:

15 == ay+ax+az=as+as+asg = ar+ ag+ ag
= atastay=ax+as+ag=asz+ ag+ ag

= a1 +as—+ a9 =as—+as—+ ar.

The input file reads as:

8 10

% -1 -1 -1 0 0 0 0 O
b 0 0 0 -1 -1 -1 0 0
B 0 0 0 0 0 0 -1 -1
% -1 0 0 -1 0 0 -1 0 0
0 -1 0 0 -1 0 0 -1
B 0 0 -1 0 0 -1 0 O
b -1 0 0 0 -1 0 0 O
B 0 0 -1 0 -1 0 -1 0
linearity 8 12345678
nonnegative 9123456789

LattE macchiato returns:
*kkkx Total number of lattice points: 61 **xx*xx

Total time: 0.17 sec
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We solve the same Problem for n = a;q = 150.

The input file reads as:
8 10

50 -1 -1 -1 0 0 O 0 0 O
50 0 0 0 -1 -1 -1 0 0 0
5 o0 o0 o o0 o0 0 -1 -1 -1
0 -1 0 0 -1 0 0 -1 0 0
% o0 -1 0 o0 -1 0 0 -1 0
5o 0 0 -1 0 0 -1 0 0 -1
50 -1 0 0 0 -1 0 0 0 -1
50 o0 o0 -1 0 -1 0 -1 0 0

linearity 8 12345678
nonnegative 9123456789

LattE macchiato returns:

**xx*xx Total number of lattice points: 5101 *x*x

Total time: 0.16 sec
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Han’s General Algorithm

3.1 Introduction

For the definition of 2, Han [17] fixes two alphabets A = {\1, A2,..., A} and
I'={p,q,z,y,2,21,2s,...}. The expression

.....

Contrary to the classical definition [1-12], which treats the functions an-
alytically, he adds a second alphabet I', which enables him to work formally.

Based on the work of Andrews et al., Han derives an algorithm with which
more general expressions can be treated than with the Omega package. More
precisely, Han solves the following problem; see [17, Problem 2].

Problem 3.1.1

Given
n

A) = T+ art +agt® + -+ + at” = [[(1 = x0),
=1

33
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B(t) =1+ byt +bot” + - -+ + but™ = [ [(1 = y52)

j=1
as polynomials in K := Q(ay,az,...,a,,b1,ba, ..., bp))[t] and U(t) as
a Laurent polynomial in K[t,t™'] with x; # 1 and z;y; # 1 for all i, j.

Compute the Omega expression:

U

A AN BN

by using only the expansions 1 + ait + ast? + - + a,t™ and 1+ byt +
bot? + - - - + by t™ without having to determine and use the roots x; and
Yi-

Note: The z;,y; are viewed as elements from K, the algebraic closure of K.

The two conditions x; # 1 and z;y; # 1 for all 4, j are necessary as will
be seen in step Al in the next section and in Theorem 3.3.6, respectively.
Throughout this chapter the notations of Problem 3.1.1 have been kept.

3.2 The Algorithm

Definition 3.2.1 Let f(t) be a polynomial in t with constant term equal
to 1. For nonnegative i the complete homogeneous symmetric function h;(f)
is implicitly defined by
1 )

—~ =) h(H)t,

o~ %
for negative i it is defined as 0. For f(t) = [[;_,(1 — z;t) it is also common
to write hi(z1, 22, . .., 2z) instead of h;(f).

The following two lemmas are taken from [3, Lemmas 2.1-2.2].

Lemma 3.2.2 For any integer a,

)\a
(1 =2 A) (1 — @A) - (1 — 2, N)

= 927)\ Z hj(.ﬁEl, To, ... ,.l?n))\a+j

Jj=0

1 .
— (1—z1)(1—z2)--(1—zpn)’ ) if a > O7
1 — >0 hi(x, .. my), i a<O.

(1—z1)(1—z2)(1—zn)

Q> »

J=0
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Lemma 3.2.3 For any integer a,

Q>7/\ ™ - Q>,)\ h'(ylvy%"'?ym))\a_j
TR B ) e

_ { 0, if a <0,
Z?:Ohj(ylw-'vym)v 1fa20

The algorithm for solving Problem 3.1.1 is described in the following five
steps.

A1l First, we can assume that A(t) # 1 and B(t) # 1. It is easy to eval-
uate the {2 expression when A(t) = 1 or B(t) = 1 (see Lemmas 3.2.2
and 3.2.3; here it is required that x; # 1 for all 7).

A2 Then, we can assume that A(t) is of the form W (¢)¥ where W () is an
irreducible polynomial over K. If it is not, we use the partial fraction
decomposition

1 U, U

A~ A A(t)
and the linearity of the €2 operator.

A3 We can also assume that the numerator U(t) satisfies deg(U) < n
and ldeg(U) < m. If not, we decompose the Laurent polynomial
U(t) =U*(t)+ U (t) where UT(t) (resp. U~ (t)) is the “positive part”
(resp. “negative part”) of U(t). Notice that U*(¢) and U~ (1/t) are two
polynomials. We can find four polynomials @)1, ()2, Ry, Ry satisfying

Ut(t) = Qi(t)A(t) + Ry(t), deg(Ry) <n
U~(1/t) = Os(t)B(t) + Ro(t), des(Ra) < m.

Let R(t) = Ry(t) + R2(1/t) be a new Laurent polynomial with deg(R)
< n and ldeg(R) < m. We have

U(t) = Qu(t)A(t) + Q2(1/8) B(1/t) + R(1)

and

U(t) Q1 (t) Q2(1/) R(t)
B B A T ARB/)

Because the first two terms are easy to evaluate (see step Al), it
suffices to evaluate the third term, which satisfies deg(R) < n and
ldeg(R) < m.
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A4 If A(t) is an irreducible polynomial, i.e., & = 1 in step A2, we do the
following (see Theorem 3.3.6): Let the polynomial C'(t) be the Bézout
coefficient in C'(t)-t"B(1/t)+ K(t)- A(t) = 1, and the polynomial D(t)
be the remainder of the division of t"U(t)C(t) by A(t). Then

A5 Now we consider the case k > 2 in step A2. Let W(t) = (1 — Xyt)(1 —
Xot) -+ (1 — Xst). We have (see Theorem 3.3.10)

UM
QZ’)\A(/\)B(l/)\) = S|z1—>X1,...,zs—>Xs’
with
ey o\ u(1/t) t—2z \*
S_;(k‘—l)' [(Gt) (1_t)B(t) (Hi’(t_zil)) ] t—>2’i’
vy
QZ’AA()\)B(l/A)

2k = [(%) <fnjg§</t§3&n (Iﬁf?l)/(f))k] .

Moreover, if 1deg(U) < m — 1, then the i-th summand of S is a ratio-
nal fraction, whose numerator N(z;) and denominator D(z;) are two
polynomials in z; such that deg, (N (z)) < deg, (D(z)).

i

We calculate this sum the following way (see Proposition 3.3.13). Let
Q) = qo+ qit + @t* + -+ qut’, S(t) = 80,1 + 5yt 4+ - - + 5q, 1™
with 0 < oy < as <--- <ag <Il—1, and R be the resultant of the two
polynomials t"A(1/t) and Q(t) + (w1 — Gay )t + (U2 — Gy )t** + - +
(Ug — Gay)t**. Then

o) Js]

sy (
; Q(z;) B R
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3.3 Development of the Algorithm

The following Theorem is the first step in the solution of Problem 3.1.1.

Theorem 3.3.1 [fdeg(U) <n—1, then:

IOV i 2 U1 /)
ANB(1/A) (1 — @) B(wi) [T — a5)”

i=1

Q> »

The formula holds even if the x;’s are not all distinct.

For the proof we need the following definitions and lemmas.

Definition 3.3.2 Let Z = {z1,..., 2.} be an alphabet. Then

r—1 r—1 r—1
21 Z2 2y
A(Z)=| 22 22 22
1 1 1
2] 25 2z,
1 1 1

Definition 3.3.3 Letd=dy +dy+ -+ d, withdy > dy > --- > d,., where
each d; is a non-negative integer, be a partition and Z = {z,...,z.} be an
alphabet. The corresponding Schur polynomial S, a,,..4,) € Ll21, %2, - -, 2]
1S given by

det R
S(dl,dz ,,,,, dr) = A(Z)
where
di+r—1 di+r—1 di+r—1
M2 e -
2+7— 2+r— do+r—2
21 2 r
R = )
zfr zgr zﬁ“

If the numbers d; +r — @ are not all distinct then S(q, a,.,....4,) @5 0.

The content of the following lemma is taken from [18, equation (3.4) on
page 41].



38 CHAPTER 3. HAN’S GENERAL ALGORITHM

Lemma 3.3.4 Each Schur polynomial S, a,....a,) € Z[21, 22, ..., 2] can be
expressed as a polynomial in the complete symmetric functions h;(z1, ze, ..., 2.),
namely by

Sy da,..dy) = det(hag,—irj (21, 22, - -, 2r) )1<i j<r-

Lemma 3.3.5 Let Z = {z1,25,..., 2} be an alphabet. For all integers o >
—(r —1) we have

a+r—1 a+r—1 atr—1
2] ) 25 ) 2
2] 25 2r2
ho(z1, 29, ...y 2r) = : : : JA(Z).
1 1 1
z%) z% 26
21 <9 Zp
Proof. If a < 0, we have
a+r—1 a+r—1 a+r—1
2 , 29 , 28
r— r— r—2
21 2 2y
: : =0,
1 1 1
3 2 i
21 Z2 Zp

since one of the rows occurs twice because of the range of «.

If « > 0, we use the partition d = dy + dy + --- + d, where d; = «

and d; 0 for all 5 where 2 < 5 < r. The resulting Schur polynomial
Sty,..dy) € Lz, 22, . .., 2] is given by
Zf—l—r—l Zgz—l—r—l .. Z;,)H_T_l
272 252 272
Sy, dy) = : : : /A(Z).
2 A 2
20 A

Using Lemma 3.3.4, we know (we write h; instead of h;(z1,..., 2)):
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ha haJrl h'a+2 e hoz+r71
0 hy hi -+ hy_o

S(d1 ..... dy) = 0 0 hO e hr—2 = ha(Zl, . ,ZT).
0 0 o .- ho

Now we can prove Theorem 3.3.1.

Proof of Theorem 3.3.1. Let a € Z,a < n — 1. With the notation of
Problem 3.1.1 we have
)\a

Qo e = Qs n Y hp(A)h (BN
= TANB(L/N) = k;)

= Y Iw(A)hy(B)

k7]7a+k_]20
= Y (A Y (B
k>0 0<j<a+k

With C(t) := (1 —t)B(t) we get

1 .
ct)y  BH(1—1) =2l >t’Zﬂ=Z[Zh¢<B> t

i>0 3>0 >0 Lo<i<i

ie., hy(C) = zﬁzo hi(B). We then have

AN 1/)\ th havi(C

k>0

Qo
Since for all £ with —(n — 1) < k < 0 we have hy(A) =0, we get
Qz,,\m Z hk ha+1(C).
k>

Let Z = {21, 22, ..., 2,} be an alphabet. With Lemma 3.3.5 we get that
for every k > —(n — 1)

k+n—1 k+n—1 . ZkJrnfl
-2 2 -2 "
1 1 1
3 =0 4
Zl 22 PR Zn
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By multiplying both sides by h,.x(C) and summing over k from —(n — 1)
up to oo, we get:

Chaliay (o)

Zn72
Z hi(z1, - - zn)hati(C) = N
k>—(n—1) k>—(n—1) L0
1
Jy n—1l—a
Z{l e Zk>—(n—1£ Z(11+kha+k’(c) Zlcr(zlg
_ 2 —| &
Z(l) ’Z(l)

In the last step we required the equality A, (C) = 0 to hold for all k with
—(n—1) <k < —a.

Now by expanding the determinant along the first row we get:

—a

> e mhenl(©) = Z; ~1AZ (=2

_ . A 1/22'
=2 (1 —2)B(2) [1j(z — %)

i=1
By substitution of z; by x; for all i € {1,...,n} we get

A? B P
QZ’*A(A)B(l/A) B ; (1 —2y)B(xi) [T 02 — x5)

With this, Theorem 3.3.1 is proved in the case U(t) = ¢* and a < n — 1.
The linear combination of all those particular cases provides a complete proof
of Theorem 3.3.1. m

None of the summands in the equation in Theorem 3.3.1 contains any
of the y;, but the z; still appear. In order to eliminiate those as well, Han
makes use of two methods.

e The first one uses the Lagrange interpolation formula (see Theo-
rem 3.3.6). He points out that the algorithm is elegant and simple,
but becomes inefficient, for instance when the degree of the polynomial
A(t) is large, since it involves the Euclidean division of two polynomi-
als, which is known to have a complexity of high order if the coefficients
of the two polynomials are polynomials in several variables.
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e The second method consists of two steps:

— first, re-express the i-th summand in Theorem 3.3.1 in a form that
depends only on x; (Theorem 3.3.10);

— then, symmetrize the new summands as rational functions in one
variable (Proposition 3.3.13).

This method involves the resultant of two polynomials. As the resultant
is a multiplicative operator, this method is much faster than the first
one if A(t) is not an irreducible polynomial.

Theorem 3.3.6 If the Laurent polynomial U has degree deg(U) < n—1 and
low degree 1deg(U) < m — 1, then there exists a unique polynomial D(t) of
degree smaller than n such that

D(t) = B[ﬁj)t) mod A(t)

Moreover,
o UK D
“TANB(/A) A

Proof. Since ged(t™B(1/t), A(t)) = 1, as can be easily seen (here we need
x;y; # 1 for all 4, j), Bézout’s Theorem implies that there exists a polynomial
C(t) such that C'(t)-t"B(1/t)+F(t)-A(t) = 1,i.e.,C(t) = m mod A(t).
Then the polynomial D(t) is the remainder of the division of t"U(t)C(t) by
A(t). For the second part it suffices to verify that

~ 2 U ) (= 2it)
; B(z;) Hj;éi(xi — ;)

For this we use the Lagrange interpolation formula which states that for
g(t) = (t — s1)(t — s2) -+ - (t — s,) with distinct s;’s and for any polynomial
f(t) we have
S .
rem(f, g) Z f(s —J #k )

j;ék(sk $5)

and from the fact that for all polynomials f,g with g # 0, and constants
c#0
rem(f, g) = rem(f, C- g)
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We have . . .
A(t):H(l—xt :H H t—1/z;).
Therefore,
D(t) = rem(t"U(t)C(t), A(t)) = rem(t™ U ), ﬁ t—1/x;))
) T, - ;j> _
= Zx U(l/z;) C(1/x; )—H];ﬁz(wl _%)
B ‘ Hj;éi(l — x;t) Hj;éi(_zij)
_ Zx U(l/z;) C (1)) [L(— ) H#i(—xij)
_ o . . Hj;éi(l — z,t)
- Z ) CO TR T G =y (D
Since
C(1/z;) x;"B(x;) + F(1/z;) A(1/z;) = 1
and

A(1fa;) =

it follows that

m 1
C(l/x;) = xj B
Therefore,
D) = & wghlU(%i) Hj;ﬁi(l_xjt>
i1 B(xi) [z —x))
[ |

In the following, the summands of Theorem 3.3.1 are going to be evaluated
according to the second method mentioned above. First Han eliminates all
the x; (j # i) and keeps only x; in the i-th summand. For an arbitrary
polynomial A(%), he considers the partial fraction decomposition

1 Uy(t) Ui(t)

= S .
A(t)  Au(t) A(t)

Since all the A;(t)’s are powers of square-free polynomials, it suffices to study

the case where A(t) itself is a power of a square-free polynomial. First, he

considers the case where the polynomial A(t) is square-free, i.e., all the z;

(1 <j <n) are distinct.
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Lemma 3.3.7 Let f(t) and a(t) be polynomials in t over a field F' and let
x € F be a root of f(t) with multiplicity 1. Then we have for all k € N*

(5) @Or®h] =k

t—x

Proof. We prove this lemma by induction on k.

For k =1,
a k
(5) @OFDH] = @O +a EDlr = i) 0).
We assume the lemma holgs for £ > 1 and show that it holds for k + 1.
0 e k+1 9 : ! k+1
(%) @I = (5)(a®f®*)t

+ <%) ((k+Dal®) f@)" (1))

t—x

= K/ () f(2)f (2)" + K(k + Da(z) f' ()

— (k4 Dla(a)f (@),
| |

Lemma 3.3.8 Let a € Z and let Z = {z,...,2,} be an alphabet. If
deg(U) <n—1 and if x; # x; for all i # j, then
A = 2U(1) %)
v = ! —
“rAMNB(L/N) 2 (2 — D) B(z) A(1/z) 2

)

=1 21T ey Zn—Tn

where A(t) =t A(t). Moreover, if 1deg(U) < m — 1, then the numerator
N(z;) and the denominator D(z;) of the i-th summand of the uninstantiated
sum are two polynomials in z; such that deg, (N(z)) < deg, (D(%)).

Proof. By Theorem 3.3.1 and Lemma 3.3.7,

vt = A1/t
J# T t—x; — t—x;
4n A1/t _
= G —— /1) = —a} A1/ ).
ot — @) |,
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If ldeg(U) < m — 1, then deg, (N(z)) = n — 1 +1deg(U) < n+m — 2
and deg, (D(z)) =m+n. =

Next consider the case of the power of a square-free polynomial.

Definition 3.3.9 Let k € Z, R a commutative ring with 1, such that R O Q,
and x € R. Then

) _ [ el k>0,

k)~ 0, otherwise.

Theorem 3.3.10 Let Z = {z1,...,2,} be an alphabet. If deg(U) < n —1
and if A(t) = W) (k> 1) with W(t) = (1 — Xqt)(1 — Xot) - (1 — X,t)
such that X; # X; for 1 <i < j <s, then:

U(N)
QZAA(A)B(l/A) e
with
Ralll o't/ (t—am
S_;(k’—l)' [(at) (1-1)B(t) (HN Z%’)) ] _—
vy
A ANBON
w1 oN vy =X\
= ;(k—l)! [(E) (1=1)B()t (W(l/t)) ] X

Moreover, if ldeg(U) < m — 1, then the i-th summand of S is a rational

fraction, whose numerator N(z;) and denominator D(z;) are two polynomials
in z; such that deg, (N(z;)) < deg, (D(z)).

The proof of this theorem is based on the following lemma.

Lemma 3.3.11 Let f(t) € F[[t]], where F D Q is a field, and let Z =
{z1,29,..., 2k} be an alphabet. Then

k _ =) 1 a k-1
2 e RCERY (Gt) )

21,22, 21
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Proof. By linearity it suffices to take f(t) = t* with o« € N, so that

22 2 e 2
; . AT A e g
Zi o 1 . . . . . h k+1(Z)
= : : - : = Na— )
= ulz =) A2) Azl 2]
1 1 1

where we invoked Lemma 3.3.5 in the last step. Therefore,

k
o
2

; Hj;éi(zi - zj)

== ha7k+1 (t, t, “ e ,t)

= 0 ()

o (=ae) = (R50)

21,2252 —1

Since for all [ € N

we have

k e

Z

; Hj;éi(zi — %)

«Q a—k+1
= t
()

a(a+ 1)---(a— k+2)ta—k+1

21,2250-,2k 1

(k—1)!
1 9\
= — | — te.
(k—1)! (81&)

[]

Proof of Theorem 3.3.10. Let 2y = 291 = 219 =+ = 21}, 29 = 291 =

n—1

209 = vt = Zogy o.., Zs = Zg1 = Zgg = -+ = zZg. Also let F(t) := %. It

follows from Theorem 3.3.1 that

U ~ F(z)
0 - J
Z,/\A(A)B(l/A) 'LZI = H(’L’,j')#(’b,j) (ZZJ — Z’L’j')
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We have

s k
F(zij)

i=1 j=1 H(i’,j’)#(i,j)(ziﬂ' - ziryr)

B F(#)
B ZZH =t (E = 20 ) Tl (= 2igr)

) F(t)
R D% por e PO

t—z;

Note that % is a formal power series in K[[t]] with K :=

K(z1,...,2) since t""'U(1/t) is a polynomial in KTt] and hence can be

. . . . 1 1 1
viewed as a formal power series in K[[t]], the fractions =, B and Moo

can also be viewed as formal power series in K[[t]] and the product of two
formal power series in K[[t]] is again a formal power series in K [[t]].

From the previous lemma we have

. F(t)
; Hi'?fi(t B Zi/)k HJ"?EJ'(ZU o Zij/) Zig—=t|p_,,.
B 1 AN F(t)
(k=1 (Gt) [Losi(t — 2ir)F .
B 1 O\ F()(t — z)F
B (k—1)! (a) [1(t = 2in)k t—z;
We get
uny o
RRVTOVFETGYRY
L (0T R - )
- Zl (k—1)! (E) [L(t—z)¥ .. XX

St @) PG

Now if ldeg(U) < m — 1, then Ny := t""*U(1/t)(t — %)* is a polynomial
in ¢t the degree of which is smaller than or equal to n + m — 2 + k and
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Dy := (1 —=t)B)t"T],(1 — zi/t)* is a polynomial in ¢ of degree n + m + 1.
We denote
O\N“"'N,  Ng
<8t) D; " Dy’
9

When the operator 5; acts on a rational fraction, it increases the difference
between the degree of the denominator and the degree of the numerator.
Thus

deg(Dp) —deg(Np) > (n4+m+1)—(n+m—-2+k)+(k—1)=2.

Let W (t) := [[,(1—2st). Since W (1/2;) = 0 and hence z; is a zero of both
N and Dp, the substitution of z; for ¢ cannot be made immediately. With
each differentiation step the exponent of W(1/t) increases by 1. Therefore,
D = f(t)W(1/t)?*7! for some polynomial f(t) with f(t) # 0. It follows
that z; is a zero of Dy with multiplicity 2k — 1. Since we have
Ny LU (1/t)(t — 2)*
Dy (1 — ) B(t)t"W (1/t)*
IUA/E) (= 2)F
(I =t)B@)t" [T (1 = 2/0)*
U1/ (t — )"
(=) B0 [T;= (= 2)"
t"tU(1/t)
(1 =) B [1z(t —2)"
where no more z; occurs, we know that z; can be reduced in Nr/Dp. Hence,

we know that the multiplicity of z; in Ng and Dp is the same, namely 2k — 1,
as stated above. Consequently, with Lemma 3.3.7 we have

o\ 2k—1
at) D,
In (%)Qkfl Np the z; occurs only in expressions of the form ¢ — z;, hence

(g)?k‘—l DF
9\ 21 5\ 21
deg, ((a) NF) > deg,, ((&) Np .
5\ 21 9\ 21
deg, <(§> DF> = deg,, <(§> Dy . .

t—z;

t—z; s
K2

and
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Therefore,

a 2k—1 a 2k—1
deg,. <(a> Np > —deg,. ((&) Dy ) > 2.
t—z; t—z;

Now, the sum in Theorem 3.3.1 is of the form )" | f(z;), where each
summand is a rational function that depends on a single z;. The next step
is to calculate that sum by using the expansion A(t) = 1+ ayt + - - + a,t"
without having to determine and use the roots z;. This will be done in
Proposition 3.3.13.

Lemma 3.3.12 Let Q(t) = qo +quit + qot®> +- - - +qat? +- - -+ qit' € K[t] with
0<d<1l—1 such that Q(z;) # 0 for each 1 <i <n. Then

n d o
i1 Q(z:) R 7
- U—qq

where R is the resultant of the two polynomials t" A(1/t) and Q(t)+ (u—qq)te.

Proof. Let Q(t) := Q(t) + (u — ¢a)t?. Because

~ ~

R =Q(1)Q(z2) - - Q(),

we have
) no 9 A n d
=R o i
ou R i1 Q(xz) i1 Q(zz)
Thus
R - HQw)|, e
n

If the numerator is not a monomial, Lemma 3.3.12 can be applied several
times by linearity. But to avoid the calculation of the resultant several times,
Han gives the following Proposition, that can be proved in the same way as
the Lemma.
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Proposition 3.3.13 Let Q(t) = qo + qit + @t®> + --- + qt' € K[t] with
Q(z;) #0 for each 1 < i <mn. If S(t) = $a, 1™ + Saut®? + - -+ + 54,1% € K][t]
with 0 <oy <ag < - <ag<l—1, then

= Qai) R ’

where R is the resultant of the two polynomials t"A(1/t) and Q(t) + (u; —
QQl)tal + (uZ - qa2>ta2 +-+ (ud - QOzd)tad-

3.4 A Note on Applicability

If one wants to compute Omega expressions where several Omega variables
are involved, this can be accomplished by successively eliminating the Omega
variables. However, in every such elimination step the current Omega expres-
sion has to be valid (see Problem 3.1.1) with respect to the Omega variable to
be eliminated. Unfortunately, this cannot be guaranteed even if the original
Omega expression is valid with respect to every Omega variable. For more
details, see Sections 4.3.5.2 and 4.4.3.



20

CHAPTER 3. HAN’S GENERAL ALGORITHM



Chapter 4

The new GenOmega Package

4.1 Introduction

As mentioned in 2.2.2, Han implemented the algorithm described in the last
chapter in the computer algebra system Maple. This implementation con-
tained a few bugs, some of which will be described below and which were
corrected in our Mathematica version which was implemented in Mathemat-
ica 6.0. Also, more general input polynomials are allowed in our version than
in Han’s. In addition to that, not only (as it had been in the Maple package)
the Omega operator for inequality has been implemented in the new package,
but also the Omega operator for equality.

Since we found the procedures for setting up the crude generating func-
tions provided in Axel Riese’s Omega?2 package very useful, we also included
them in this package. However, we did not use any of the elimination proce-
dures from Omega2.

After instructions for the installation of the package and the listing of the
provided procedures, we give a description of each of these procedures with
some examples.

In the last section of this chapter we prove some identities which could
not be derived with the Omega2 package.

4.2 Installation

The implementation consists of the Mathematica source code file GenOmega . m
which can be downloaded at [34].

o1
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Make sure Mathematica finds the directory where the file is located.

The package can be loaded by typing the Mathematica command
<<GenOmega.m. Subsequently, all the global functions of the package are
available.

4.3 The Global Functions

The package provides six global functions which can be divided into two
parts.

1. Setting up the crude generating function:

Omega
OmegaEq
0Sum
OEqSum

2. Applying the Omega operators for inequality and equality:

Geno
GenoEq

Remark 4.3.1 The global functions of the first part, namely Omega,
OmegaEq, 0Sum and 0EqSum, are taken from Axel Riese’s Omega2 package.

4.3.1 Omega

The function Omega[f,{t;,...,t,}] denotes the Omega operator Q> acting
on f with respect to the variables ty,...,t,.

Example.
In[1]:= Omegal1/((1-g*ty) (1-2xt5)), {ti,ts2}]

1

Out [1]= sztl,t2 (

In[2]: f := Z?io Z;’io(q * 1)1 (2 % 1) ;

Omega[f, {ti,t2}]

1

Out [3]= QZ,tl,tQ (
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If the second argument of Omega contains only one element t, the com-
mand Omega[f,t] also works.

Example.
In[4]:= Omegal1l/(1-g*t), t]
Out[4]= Q L
’ =1 q1)

4.3.2 OmegaEq

The function OmegaEq[f,{t:,...,t,}] denotes the Omega operator Q_ act-
ing on f with respect to the variables ty,...,t,.

Example.
In[1]:= OmegaEq[1/((1-g*ty) (1-2%ty)), {ti,ts}]
Out[1]l= L
= gt)(1 = 2t)
In[2]:= £ := 377 > % (gxt1)" (2% ta);

OmegaEq[f, {ti,t2}]

1
(1—qt1)(1 —2ty)

Out [3] = Q:,tl,tz

If the second argument of OmegaEq contains only one element t, the
command OmegaEq[f,t] also works.

Example.
In[4] := OmegaEq[1/(1-g*t), t]
1
Out [4]= g
ut [4] =t 1= q1)
4.3.3 0OSum
The procedure 0Sum[expr,{ineq;,...,ineq,},z] sets up the crude gener-

ating function of expr with summation variables satisfying the ineqalities
ineq,...,ineq, and Omega variables z;,...,z,.. For each inequality the pro-
cedure introduces an Omega variable z;. The variable z is a Mathematica
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symbol and expr is a power product with Mathematica symbols as basis
and the summation variables as exponents. Unless specified explicitly by the
inequalities, all summation variables are assumed to range over the nonnega-
tive integers. The output is of the form Omega[f,{z,...,2z,}]1. To evaluate
the result, apply the procedure Geno.

Example.
In[1]:= 0Sum[x® y® u¢, {a<b,b<c}, z]
Assuming a>0
Assuming b>0
Assuming ¢ >0
Out[1]= L
u = Z1, R z
TR (- L) (1 - (1 —uz)
4.3.4 0OEqSum

The procedure 0EqSum [expr,{eq;,...,eqs,ineq;,... ineq,},z] sets up the
crude generating function of expr with summation variables satisfying the
equalities eqy,. ..,eqxr and ineqalities ineq;,...,ineq,, and with Omega vari-
ables zi,...,Z(4,). For each equality and inequality the procedure introduces
an Omega variable z;. The variable z is a Mathematica symbol and expr is a
power product with Mathematica symbols as basis and the summation vari-
ables as exponents. Unless specified explicitly by the ineq;, all summation
variables are assumed to range over the nonnegative integers. The output is
of the form OmegaEq[f,{z,.. .,Z(]H_r)}]. To evaluate the result, apply the
procedure GenoEq.

Example.

In[1]:= OEqSum[x"a y~b u"c, {a+b==0,c>1}, z]
Assuming a>0
Assuming b>0

u

Out[1]= Q_ .,
ut[1] (1w —xz)(1—yz)
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In[2]:= OEqSum[x"a y°b u"c, {a+b+c==0,c>1}, z]

Assuming a>0
Assuming b>0

u z1

out[2l= Q_.,
h T l=—uzn)(l—x2)(1—y2z)

4.3.5 Geno

Depending on the number and type of the input parameters, there are four
procedures with the name Geno.

4.3.5.1 Geno[A,B,U,t]

The procedure Geno[A,B,U,t] eliminates the Omega variable t in

Qz,t%, where A and B are two polynomials in t with A(1) # 0 and
where for all roots x; of A and all roots y; of B the constraint x;y; # 1 holds,
and where U is a Laurent polynomial in t (see the notation of Problem 3.1.1).

It is not necessary that A and B have constant terms # 0.

The procedure corresponds to the function GENO(A,B,U,t) in Han’s
Maple package, except that several bugs have been eliminated and general
polynomials A and B in t are allowed as input. In Han’s Maple package the
procedure only works for certain polynomials as will be seen in the examples
that follow.

Example.

As a first example let us compute the Omega expression {2 ,\%.

In[1]:= Geno[1-2\, 1-5)X, A2, )]

Out[1]= -2

The function GENO in Han’s Maple package does not work in the cases

where the input polynomial B equals 1. For example, if you try to eliminate

A in the Omega expression QZ,/\m7 it will not be able to derive a
solution.
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> GENO(1-5%1+3%172, 1, 1, 1);

Error, (in Omega_Frac) numeric exception: division by
Zero

Another error occurs in the computation of €2 Am\w.

> GENO((1-2%1)*(1-5%1), 1, 1, 1);

Error, (in OmegalH) invalid subscript selector

The new Mathematica package on the other hand is able to handle these
expressions.

In[2]:= Geno[1-BA+3)A"2, 1, A, )]
OQut[2]= -1
In[3]:= Geno[(1-2)\) (1-5)\), 1, A, )]

Out[3]=

Similarly, the Maple package cannot handle examples where at least one

of the input polynomials A and B is a polynomial in t with low degree greater
than zero.

Example.

> GENO(1-2%1"2, 1-5%1, 1, 1);

Error, (in Omega Frac) numeric exception: division by
zero

Since

1 A
BRI U TR T2V R FR P [ 730}

this problem can be avoided.

> GENO(1-2%1, 1-5%1, 1°(-1), 1);

2
9

Nevertheless, it would be nice if the procedure could handle it automati-
cally. The Mathematica package is able to do so.
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In[4] := Geno[A-2)\?, 1-5)\, 1, )]

- 2
Out [4] = 9

4.3.5.2 Genol[f,{ty,...,t.}]

The procedure Genol[f,{t;,...,t,}] successively eliminates ti,...,t, in
Qz;tl,...,tr f(tla s 7t7")'

The procedure is not the same as the function GENO(f, [ty,...,t,],q) in
Han’s Maple package.

Remark 4.3.2 If only one Omega variable is present one can treat the series
involved formally as is mentioned in the description of Han’s algorithm above.
But if there are several Omega variables present one has to take care. If we
treat the series formally, we get for example the following:

> 1 qA 1 =
;q 1 —qA 1—q)\+ 1— + ;q (@1

1
qX
but
- ny\n - n 1
D SCUED pr
n=0 n=0 —4q
and

Qox =D ¢"A™" = 0.
n=1

Hence, it can happen that in the elimination process of the i-th Omega
variable the series is changed in the way mentioned in (4.1) and the elimi-
nation of the (i + 1)-th variable A cannot be done correctly. Therefore, in
this case it is essential to let Mathematica know that it has to keep track of
whether A or 1/\ is in the factors of the numerator and denominator, if \ is
an Omega variable that should be eliminated in a later step.

Example.

We compute
1

O-. .
ZALA2 N ) (1 + 1/A)

If we just eliminate \; and Ay successively, we obtain
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In[1]:= Geno[1-Ai/Ag, 1+A, 1, A]

A3

Out[1]= =50

In[2]:= Geno[(-1+A\2) (1+X2), 1, A2, A5l

Power::infy : Infinite expression % encountered.
00::indet : Indeterminate expression O
ComplexInfinity encountered.

Power::infy : Infinite expression % encountered.

Out[2]= Indeterminate.

In the elimination step of A\; we have to tell Mathematica that we have
1/Ay in the Omega expression, since A is eliminated in a later step. We
accomplish this by substituting 1/\y by pe. Then we eliminate A;.

In[3]:= Genol[1-Aypo, 1+A;, 1, Al
= 1
0utl81= ey
Next, Ay has to be eliminated, hence s has to be substituted by 1/\,.
In[4]:= Genol[1l, (=1+X) (1+X3), -1, Aol
Out[4]= 1

This is the way Geno[f,{t;,...,t,}] proceedes.

o 1
In(5]:= Geno[(1—,\1/A2)(1+1/A1)’{>‘1’>‘2}]
Out[5]= 1

Example.

We compute

N 1
ZALA2A (1N T(Ag Ag)) (14 Aa/Ar) (1 — 2X3)

Again, if we just eliminate A\; and Ay successively, we obtain



4.3. THE GLOBAL FUNCTIONS 29

In[1]:= Geno [1—/\1/()\2 /\3), 1+)\2 )\1, ﬁ, )\1]
Out[1]= — 223,
(1+)\3) (—1+2)\3) (—1+A2 )\3)
In [2] := Geno [‘1“‘)\2 )\3, 1 ) —)\2 )\%/((1 + )\3)(—1 -+ 2)\3)) , )\2]
Out[2]= — X
b T 1) (He) (142))

In[3]:= Geno[(-1+)3) (1+\3) (m1+2)3), 1, —A3, A3l
Power::infy : Infinite expression % encountered.
00::indet : Indeterminate expression 0O
ComplexInfinity encountered.

Power::infy : Infinite expression % encountered.

Out[3]= Indeterminate.

In the elimination step of A\; we have to tell Mathematica that we have
1/Ay and 1/)3 in the omega expression, since Ay and A3 are eliminated in
later steps. As before, we accomplish this by substituting 1/Ay by ps and
1/A3 by p3. Then we eliminate A;.

In[4]:= Genol[l-)\ o 143, 1+ Ay, A1l

1
1-2X3’

_ 1
Out [4]= (—142X3) (—14p2 p3) (1+A2 p2 p3)

Next, Ay has to be eliminated, hence s has to be substituted by 1/\,.
We leave p3 as it is.

In[5]:= Genol[l, -1+\;pus3, m, A2]

_ 1
Out[8]= — i

In the last step A3 has to be eliminated, hence p3 has to be substituted

In[6]:= Geno[-1+2)\3, 1+A3, -1, A3l

OQut [6]= —%
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The procedure Geno [f,{ty,...,t,}] yields

o 1
In[7]:= Geno [(1_/\1/()\2 o)) (/) (1=2h) ? {1, A2, As}]

Out[7]= —3

The procedure GENO(f, [ty,...,t,],q) in Han’s Maple package makes use
of the fact that Maple factors in such a way that it “remembers” if there was
ator a1/t in the denominator of the original expression for every variable
t. For example,

> factor(1/((1-2*%t)*x(1-5*xt+5xt~2)));

1
(—1+2t)(1—5t+5t2)

> factor(1/((1-2*%t)*(1-5/t+5/t°2)));

t2
(—1+20) (2 —5t+5) *

In Han’s Maple package actually the function normal is used.
> normal (1/((1-2*xt)* (1-5%xt+5%xt~2)));

1
(—1+2t)(1—5t+5t2)

> normal(1/((1-2xt)*(1-5/t+5/t"2)));

t2
(—142t)(2—5t+5)

As one can see, if there is 1/t in a factor of the original expression, the
exponents of ¢ occur in decreasing order in the corresponding factor and if
there is t in a factor of the original expression, the exponents of ¢ occur in
increasing order in the corresponding factor. To Mathematica, this makes no
difference. Hence, we chose the way explained above to realize a procedure
where several Omega variables could be eliminated automatically.

Remark 4.3.3 As mentioned in Section 3.4, the procedure only works if the
Omega expressions are valid (see Problem 3.1.1) in every step. Otherwise,
an error message is displayed.
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In[1]:= Geno[1/(\2+1+)\72), Al

Error in the elimination of .
1 . . .
TFi/aaz 1S not a valid Omega expression.

Out[1]= $Failed.

Unfortunately, this cannot be guaranteed even if the original expression is
valid with respect to every Omega variable. Consider for example the Omega
expression

1
)\1_1)\2)\3)(]_ — I)\l — {L')\l)\z_l — l‘)\l/\gl — l’)\l)\Q_l/\gl),

Qz;Al,AQ,As(l

which is the crude generating function of

S(20)

This expression is valid with respect to every \;. Nevertheless, in the elimi-
nation step of A3 an error occurs, since the Omega expression in the corre-
sponding elimination step is not valid with respect to As.

. 1
In[2]:= Genol i =r i oo s T
1 2 3 2 3

{>\1 s )\2 s )\3}]

Out[2]= FError in the elimination of \j.
—14x+xA3

T T2t £ tade) (- 1120t 2a) 1O not a

valid Omega expression.

Other conditions are violated in the computation of the Omega expression

1

1—=2X2)(1 - 55)(1— &)

Qz§/\l,)\2<

The conditions on the z; and y; are valid for both Omega variables A\; (with
xr1 = 2X\y and y; = 2) and Ay (with 2y = 2\, and y; = %), respectively. If we
eliminate \; first, we get

= 1
In [3] : Geno [(172)\1/\2)(17%!&)(17%) ) )\1]

_ 2
Out[3]= - (—1+2X2)(—14+4X2) (—2+p2) "
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1
172,\2)(174,\2)(17ﬁ)’

This expression equals ( hence 1 = 2, xo = 4 and

Y = % If we now try to eliminate A\, from this expression, we get

- 2
In[4]:= Geno [_(71+2,\2)(71+4,\2)(71+%) s Aol

One of the roots z; of A(\y) and one of the roots

: 2
y; of B(A2) in DR ) do not

satisfy x;y; # 1.

Out[4]= $Failed.

If we instead eliminate A, first, we obtain

- - 1
In[5]: Genda-nggu-ﬁ Ty e

_ 1
Out[5]= ——mormoycam:

This expression equals (17/\1)(1723\1)(172//\1), hence 1 = 1, 29 = 2 and

y1 = 2. If we try to eliminate Ay from this expression, we get

L 1
Inl6]:=  Genol— oy » A

. 1
The denominator of S Y5 VT S W W Y W5y W)

has 1 — )\; as a factor.

Out[6]= $Failed.

See also Section 4.4.3.

4.3.5.3 Genol[f,t]

The procedure Geno [f,t] eliminates t in Q> ,f(¢).

The procedure is not the same as the function GENO(f,t,q) in Han’s
Maple package.

Geno [f,t] corresponds to Geno[f,{t}].

Example.

1
120 (150 (1—a)

We compute 2> ) ¢
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In[1]:= Geno[1/((1-2)\) (1-5)\) (1-a)), A]

Out [1] 4(_%%)

We can verify the solution with Geno [A,B,U,t] where A = (1—2))(1—5)),
B=1,U=1/(1—a)and t =\

In[2]:

Geno[(1-2\) (1-5\), 1, 1/(1-a), Al

Out [2] 173

4.3.5.4 Geno[Omegal[f,{ty,...,t,}]]

In the case of the crude generating function being computed by 0Sum the
procedure Geno can be applied directly to the output.

Example.
In[1]:= OSum[x® y® u¢, {a<b,b<c}, Z]
Assuming a>0
Assuming b>0
Assuming ¢ >0
Out[1l= O L
u = >, 21,22 T e
(1- 51— 21— uz)
In[2]:= Genol[%]
OQut[2]= — £

(—1+u)(—14=z)(—14=zy)

In the case of there being only one Omega variable t, Geno also works
with an input of the form Omega[f,t].

Example.

In[1]:= OSum[x"a y°b, {a<b}, z]

Assuming a>0
Assuming b>0
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1
Out[1]= Q- .,
’ = =a/a)(1 =y )
In[2]:= Genol[¥%]
Out (2)= oy
In[3]:= Geno[Omegal[1/((1-x/2) (1-yz)),z]]
Out [3]= 1

(=14+y)(=1+zy)

4.3.6 GenoEq

In his Maple package Han only implemented procedures for the Omega oper-
ator for inequality. In the new Mathematica version for every Geno procedure
there also exists a corresponding GenoEq procedure for the equality operator.
This has been accomplished by making use of the identity

O_ZF(A) = Qo \F(A) + Qs 2 F(1/X) — F(1).

4.3.6.1 GenoEq[A,B,U,t]

The procedure GenoEq[A,B,U,t] eliminates the Omega variable t in

t

Q:,t%, where A and B are two polynomials in t with A(1) # 0 and

where for all roots x; of A and all roots y; of B the constraint x;y; # 1 holds,
and where U is a Laurent polynomial in t (see the notation of Problem 3.1.1).

As with Geno[A,B,U,t], it is not necessary that the constant terms of A and
B are # 0.

Example.
)\2

As a first example let us compute the Omega expression 2_ AT A5

In(1]:

GenoEq[1-2), 1-5X, A%, Al

Out[1] %

As before, the procedure also works if B equals 1, and for polynomials A
and B with constant term 0.
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In[1]:= GenoEq[1-5A+3A"2, 1, A, Al
Out[1]= O

In[2]:= GenoEq[(1-2)\) (1-5)\), 1, A, Al
Out[2]= 0

In[3]:= GenoEq[1l, (1-2X)(1-5\), A, Al
Out[3]= 7

In[4]:= GenoEq[A-2)\?, 1-5\, 1, Al
Out[4]= —2

4.3.6.2 GenoEq[f,{t;,...,t,}]

The procedure GenoEq[f,{t,...,t,}] successively eliminates t;,...,t, in
Qe e [ty t).

The successive application of the Omega operator for equality is realised
in the same way as in the case for inequality (see Section 4.3.5.2).

Example.

1
172)\14»3)\2)(170,) ’

We compute 2_ 5, , 0

In[1]:= GenoEq[1/((1-2A;+3X3) (1-a/X2)), {A1,A2}]

Out[1]= ﬁ

We can verify the solution by successively applying Geno [A,B,U,t] where
again we have to be careful with Omega variables that should be eliminated
in a later step.

Since Ay will be eliminated later on, we set ps := 1/s.

In[2]:= Geno[1-2A\+3)y, 1, 1/(1-aus), Al

_ 1
Out[2]=  — e

We substitute 1/Aq for ps.
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In[3]:= Geno[1+3)\y, -1+aly, -1, ;]

Out [3]= ﬁ

4.3.6.3 GenoEqlf,t]

The procedure GenoEq[f,t] eliminates t in Q_ ,f(¢).
GenoEq[f,t] corresponds to GenoEq[f,{t}].

Example.

1
We compute Q:J (1—2X)) (1=5X) (1—a) "

In[1]:= GenoEq[1/((1-2)) (1-5)\) (1-a)), Al

Outlil= — 1y

We can verify the solution with the function GenoEq[A,B,U,t] where
A=(1-2\)(1-5)),B=1,U=1/(1—a) and t = .

In[2]:= Geno[(1-2)\) (1-5)\), 1, 1/(1-a), Al

OQut[2]= — (_11+a)

4.3.6.4 GenoEq[OmegaEq[f,{ty,...,t,}]]
In the case of the crude generating function being computed by 0EqSum, the
procedure GenoEq can be applied directly to the output.
Example.
In[1]:= OEgSum[x"a y~"b u~c, {a+b==0,c>1}, z]

Assuming a>0
Assuming b>0

U
(1—u)(l—zz)1—yz)
In[2]:= GenoEql[%]

Out[1]l= Q_ .,

Out[2]= —ﬁ



4.4. APPLICATIONS 67

4.4 Applications

4.4.1 Standard Type

The following Problem is taken from a seminar talk [27] given by Prof. Volker
Strehl in November 2008 at RISC.

Problem 4.4.1 Let k € N. Find a closed form for the sum

> ()T 1)(25 + 1)(20+ 1),

0<i<j<lI<k

We accomplish this with the help of the new GenOmega package. Note:
Omega? is also able to solve this problem.

Consider the generating function
Z > ()i 1) (kj + 1)(21 + 1)aF
k=0 0<i<j<I<k
We have the following three constraints on 7, 7 and [:
141
J+1
[.

J
l
k

vV IV IV

Now we can set up the crude generating function for this problem.

F(z) =
= Qonrs D, (D@ 1) (R + 120+ DaA T INGTTIN
k,i,7,1>0
_ 9 L=AT" 1= 1= 1 1
ZAAA AT (T MM DZ (14 Aads D2 A Ag 1 — Asz’

We solve this by applying the procedure Geno[f,{t;,...,t.}] to F(x)
and {1, A2, A\3}. We obtain

(=15 + z)z?

Flo) = 7oy
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To derive the desired closed form for the sum in Problem 4.4.1, we extract
the coefficient of 2* in the series expansion of F(x):

k _ (k=3 1 k—2
(") F(z) = (2 >(1+x)5 = 15(" %) =/

Since for all r,s € N

we get

Hence, we obtain the following theorem.
Theorem 4.4.2 Let k € N. Then

> ()i 1) (kj 4 1)(2 + 1)

O<i<j<l(<Ek : 1) +15 (k i 2>) o

This example can also be treated with symbolic summation methods.
The following examples are a bit more “off the beaten track”.

4.4.2 New Identities

In this section we will prove identities which could not be derived with the
Omega2 package. The identities proven here are variations of identities proven
in Han’s paper [17].
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Proposition 4.4.3 For natural numbers n > 1 we have

> (0w

k,i,j>0
6k+2j—2i>3n
n>k

For n € N the following holds:

> ot ()1 ) e g,

ki, j20 J
6k+2j—2i>3n
n>k
and, as a special case with n — 2n,

> (—1)’“(15) (271]._ k) =921 (—g)n L,

k,i,52>0
6k-+25—2i>6n
2n>k

Proof. We consider the following generating function:

o = £ ()0

m,k,i,5>0
3k-+25>3m-+2i
K\ (M ko 3k—2i—3m+2
= Z (Z)<j)xy A J
m,k,i,5>0
= Qs Z (k) (m) xi+k—iyj+m—j/\i+3k—3z‘/\—j—3m+3j
- ~ i)\
m,k,i,7>0
k A m . ‘
- e 2 (')m)z(“‘”’)’“"( ‘><y/A>J<y/A3>m—f
~ i j
m,k,i,7>0
= Qo Y (@A 2N (/A +y/ 3"
m, k>0
1
Q>

(1—a2X—aX)(1—y/\N—y/\3)
Using the Mathematica package GenOmega we obtain,

1 — a2y + 2%y + 23y + ay? — 2%°

F = .
(z) (=14 2x)(1 — 4oy + 23y — 222y + xy?)
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Setting y = x in (4.2) yields

Plag)=t4 1 1 L1
T,T)=— — )
! 47" 2(—1+22)2 8(—1+2z)  8(1+2z)

We now compute the n-th coefficient (n > 1) in the series expansion of
F(z,x) in x:

V() = (2" (% S (20) + %Z@x)i + % Z(—zx)i)

i,7>0 i>0 i>0

1 1 1
= —(n+1)2" 4 =2" 4+ =(=2)"
S+ 1)2" 4 527 4 (=)

= 2"3(5 4+ (=1)" +4n).
This completes the proof for the first identity in Proposition 4.4.3, if one sets
m=n—k.
For the proof of the second and the third identities in Proposition 4.4.3
we put y = —z in (4.2) and obtain
1 1+ 2z

P =) = —53590 "o s 200

Again, we compute the n-th coefficient in the series expansion of F(z, —x)
in x:

(@) P, 1) = (") (% S () + L z<—2x2>i>

i>0 i>0

(

12m+ 1(=2)"2,  if nis even,

1om 4 (=2)=D/2if nis odd

2n—1 — (=2)"2=1if n is even,

271 4+ (=2)(=D/2 " if i is odd
\

_ 2n71+<_1)n+1(_2>t(n71)/2j.

This completes the proof for the second identity by setting m = n — k and
for the third identity by setting m =2n — k. m

Similarly, the following identities can be derived.
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Proposition 4.4.4 For n € N the following holds:

J2 L GO0

2n>4l+i+k—j
n>m-+l

_ ﬁ (8(—1)"(7 + 3n) + 2"(5 + 3n)(32 + 27n)) .

For natural numbers n > 1 we have

L2 (e

2n>4l+i+k—j
n>m-+l

_ % (3(=2)" + 2(—1)" + 27(4 + 3n)) — %(-3)“%”%

and, as a special case with n — 2n,

L2 (e

An>4l+i+k—j
2n>mAl

1
- 5 (2(=3)" +3-4" + 4" +3. 2" n 4 2) .

Proof. We consider the following generating function:

m ) r
F(;E,y,Z) = Z (Z)(> (k)xmylzr
m, 1 ko, 50 J

2r+2m>2+i+k—j

_ m\ (U7 1 2m—i—2l+j+2r—k
- 3 ()6
m,r, k,l,1,j>0
m\ (L\ [T\ . S
_ i+m—i, j+l—j k+r—k
- 3 ()G
m,r,k,l,4,7>0

. \iH2m—2i )\ —j—2042] \ k+2r—2k

71
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ST S () (B ECE G e

m’ T? k7 l717j20

() ety

= Qo Y @A) (/A +y/N) (2N + 2N
m,l,7>0

1
(1—a2XA—2X2)(1—y/X—y/X)(1 —2X — 2\?)

= >\

Using the Mathematica package GenOmega we obtain,

1+ 2%y — doyz — 4a’yz — 22y%2 — 302y 2 — 22y32 + y2?
N
—dayz? — 3xy?2? + baty?2? — xyd? + 22%y322
+ N

F(z,y,z) =

(4.3)

with N = (=1 +22)(—=1+ 3zy + 2%y + 2y*) (=1 4+ 22) (=1 + 3yz + y*z + yz?).
Setting y = x and z = z in (4.3) yields

1 4 3 1 5
01427 27(1+2) a(1—200 18(1—20)72  108(1 —22)

F(z,z,z) =

We now compute the n-th coefficient in the series expansion of F(x,z,z) in
x:

(x")F(z,x,2) =

= (") (g > ) e Yy S Y (2a)

1,520 120 i,J,k>0
1 o 5 .
_ 2 1+ - 2 [
13 2 (20) +108.Z(x)>
7”‘720 ’LZO

n

= %(n +1)(=1)" + %(—1)" + Z Zo(z +1)-2"

1 5
(4 1)2" 4 —on
D2 15
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4 . 3(n+2)(n+1)_,
2—7(—1) +3 5 2

_ %(n+1)(—1)”+

1 5
(412" —2on
st D2+ g
1

= 516 B(=1)"(7+3n) +2"(5 + 3n)(32 + 27n)) .

This completes the proof for the first identity in Proposition 4.4.4, if one sets
r=n—(m-+1).

For the proof of the second and the third identities in Proposition 4.4.4

we set y = o and z = —x in (4.3) and obtain
1 1 1 1
Fle,z,—1) = —
(@2 =0) = G4 eass T a2 T 020
1 1-3z
_I_

1+20) 614322

Again, we compute the n-th coefficient (n > 1) in the series expansion of
F(z,z,—x) in x:

>0 1,7>0 >0
1 31: 1
+ =) (—22) + - Z<—3l’2>>
i>0 i>0

+ (2" + L(=3)2, if n is even,

+1(—2)n — $(=3)=V/2|if nis odd
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(=) + (n+1)2m2 4 12n 2
+ (=2)"72 = (=32, if n is even,

n n— lon—
(=1)"+ (n41)2"2 4 422

[

+ (=2)"72 = L(=3)=D2 1 if nis odd

\
1 n n—2 1 n—2 n—2
= 6(_1) +(n+1)2 +§2 +(—2)

+ —(=3) L(n—=1)/2]

N | —

_ 1—12 (3(=2)" + 2(=1)" + 2"(4 + 3n)) — %(-3)“711)/%.

This completes the proof for the second identity by setting r = n — (m + 1)
and for the third identity by setting r =2n — (m +1). m

4.4.3 Calkin’s Identities

In [14] Calkin proved the identity stated in the following theorem.

Theorem 4.4.5 Forn € N

i (i (?))3 =n2% T4 2% — %HQH (2:)

k=0 \j=0

In [4] Andrews et. al. presented a proof of this identity which made use of
Partition Analysis. However, they had to do several proof steps by hand
since the Omega2 package was not able to derive a solution from the crude
generating function corresponding to the problem automatically, because the
crude generating function did not satisfy the input conditions. In an attempt
to find a solution of the crude generating function automatically with the help
of the new GenOmega package, we investigated not only Calkin’s identity of
order 3 but also those of orders 1 and 2.
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4.4.3.1 Calkin’s Identity of order 1

Our goal is to find a closed form for the sum
n k
>3 (%),
=0 j=0 \J

We set up the corresponding crude generating function

o = SEX ()

n=0 k=0 j=0
n .
E nyn—k\k—j
= Q> A1 A2 < )x )\1 AQ
w20
1
- QZ§/\1 A2

Now we invoke GenOmega.

In[1]: Geno[( 1 ),{)\1,)\2}]

12T A) (1—zd —aA At

By computing the n-th coefficient in the series expansion of this solution
with respect to & we obtain the desired closed form,

(") (—(__11—22)2) = 2" 4 2",

Hence,

Theorem 4.4.6 Forn € N

n k n
( ) = 2" 4 p2n L,
k=0 5=0 ‘7

=
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4.4.3.2 Calkin’s Identity of order 2

We want to find a closed form for the sum

()

As before, we set up the corresponding crude generating function

F(z) =

=inoé()i()

n=0 k= J2=0

n
_ nyn—kyk—j1yk—j2
= Q>0 j) AT A A

n k’]l ,Jj2>0

1

- QZ;M A2 A3 (1

We invoke GenOmega.

. 1
In[2]:= Geno [(1—A;1A2A3)(1—m1—ml/A2—xxl/xg—ml/AQ/AB) ’

{)\1 :)\2 5 )\3}]

Error in the elimination of \j.
. —14a4a)3
(71+2x+;—3+x)\3)(71+21+21)\3)

valid Omega expression.

is not a

Out[2]= Failed

— )\Il)\gAg)(l — l')\l — Q?)\l/)\g — .Z')\l/)\g — l’)\l/)\z/)\g)

As mentioned in Sections 3.4 and 4.3.5.2, GenOmega is not able to derive
a solution if the Omega expression is not valid in every elimination step.
Here, A3 cannot be eliminated. If one changes the order in which the Omega
variables should be eliminated, the problem occurs nevertheless, but then Ay

or Ay might be the variables that cannot be eliminated.

4.4.3.3 Calkin’s Identity of order 3

We want to find a closed form for the sum

S(20)
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Again, we set up the corresponding crude generating function

ro = 2351 (5) 3 ()

_ nyn—k\k—=j1yk—ja \k—js
= Qooonnn D ():c ATTENSTIOS TN,

n,k,j1,52,73 >0
1
1-— /\1_1)\2)\3/\4) G(I, )\1, )\2, )\3, )\4) 7

= Qa0 080 (

with

G(l’, )\1,)\2,)\3,)\4) = 1- l’/\l - ZE)\l//\g - 17/\1/)\3 — $>\1//\2/)\3
— 13)\1/>\4 —x)\l/)\z//\4 — l‘)\l/)\g/)\4
— .T)\l/)\g/)\g/)\4.

Invoking GenOmega results in the output

Error in the elimination of As.

—1l+z+xd3+zAa+TA3\4
(—142z+ % +x)\3+/\z—4+ﬁ FaxAa+aA3 ) (—14+22+22A3+22 4 +22A304)

is not a valid Omega expression.

Out[3]= Failed.

The problem here is exactly the same as in the case of order 2.

Therefore, we have to conclude that GenOmega was not able to find solu-
tions automatically for Calkin’s Identities of orders 2 and 3.
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