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Abstract. We define reduced Grébner bases in polynomial rings over a poly-
nomial ring and introduce an algorithm for computing them. There exist some
algorithms for computing Grobner bases in polynomial rings over a polyno-
mial ring. However, we cannot obtain the reduced Grobner bases by these
algorithms. In this paper we propose a new notion of reduced Grobner bases
in polynomial rings over a polynomial ring and we show that every ideal has
a unique reduced grobner basis.
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1. Introduction

Many researchers have studied Grobner bases in several domains (polynomial rings
over a Euclidean domain [KRKS88|, over the integers [NG94], over commutative
regular rings [Wei87], over Noetherian rings [AL94] etc ...). In this paper we in-
troduce reduced Grobner bases in polynomial rings over a polynomial and give an
algorithm for computing them. In [IP98] and [AL94], they described the special
computation method of Grobner bases in polynomial rings over a polynomial ring.
( Insa and Pauer described how to compute Grébner bases in rings of differential
operators with coefficients in a polynomial ring. They worked in non-commutative
rings, however we can easily apply this method to the commutative case for com-
puting Grobner bases in polynomial rings over a polynomial ring. This method is
the same as [AL94].) This is one of the methods for computing Grébner bases in
polynomial rings over a polynomial ring.

Let K be a field and A4, X variables with A N X = (. It is known that by
computing Grébner bases in polynomial rings over a field with respect to a block
order with X >> A, we can obtain Grébner bases in K[A][X] (polynomial rings
over a polynomial ring). However, we are not able to obtain reduced (or minimal)
Grobner bases by these methods.
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For example, let a, b, z,y be variables and f; = (a — 1)z + by?, fo = ay + b in
Qla, b][x, y]. If we use the method of computing Grébner bases with respect to a
block order = ¢, ¥ > @ =iy b where =, is the lexicographic order, to compute
a Grobner basis in Q[a, b][z, y], then we obtain the following reduced Grébner basis
for (f1, f2) with respect to the block order

gr=ay+b,g2 = (a—1)z+by® g3 = —xy — bz + by’.

We know that {g1, g2, 93} is a Grobuner basis for (fy, fo) with respect to @ =je; ¥y
in Qa,b][z,y] (see Lemma 4.3). However there exists a smaller Grobner basis,
because we have lm(g3) = —zy € (Im(g1),1lm(g2)) = (ay, (a — 1)x). (When the
coefficient domain is a polynomial ring, we often see this phenomenon.) That is,
gs can be written as g3 = —xg1 + yge. Thus, we do not need g3 for a Grébner
basis {g1, g2, g3 }. However by this method we cannot delete gs. This is a problem
of the method of computing Grébner bases with respect to a block order X > A
in K[A, X]. The first method for computing Grébner bases has problems too, we
will see the problems in section 5.
In this paper, we describe the problems and give the answers. Moreover, we propose
a new notion of reduced Grébner bases and we show that every ideal has a unique
reduced Grobner basis.

Our plan is the following: first we introduce two methods of computing
Grébner bases in K[A][X] in section 3 and 4. In section 5, we explain the problems,
and in section 6 we define reduced Grobner bases and construct algorithms for

computing reduced Grébner bases in K[A][X]. In section 7, we see some examples.
Finally, in section 8 we conclude this paper.

2. Notations for K[A, X]| and K[A][X]

Let K be a field and A := {41,..., A} and X = {X1,...,X,} finite sets of
variables such that ANX = (). pp(X), pp(A4) and pp(A4, X) denote the sets of power
products of X, A and AU X, respectively. Q and N define as the field of rational
numbers and the set of natural numbers, respectively. Note that in this paper, the
set of natural number N includes zero 0. In this paper, we define K[4, X] as a
polynomial ring over a field K and K[A][X] := (K[A])[X] as a polynomial ring
over a polynomial ring K[A]. Let f and g be non-zero polynomials in K[A, X] (or
K[A][X] ) and > be an arbitrary monomial order on the set of power products
in pp(A, X) (or pp(X)). If polynomials f and g are in K[A][X], then we use the
subscript A as follows:

e The support of f (written : supp(f) (or supp z(f))) is the set of power prod-
ucts of f that appear with a non-zero coefficient.

e The biggest power product of supp(f) (or supps(f)) with respect to > is
denoted by lpp(f) (or Ipp5(f)) and is called the leading power product of g
with respect to >.

e The coefficient corresponding to Ipp(f) (or lpp z(f)) is called the leading
coefficient of f with respect to - which is defined by lc(f) (or lc 5(f)).
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e The product le(f) Ipp(f) is called the leading monomial of f with respect to
> which is defined by lm(f) (or Im z(f)).

e The least common multiple of Ipp(f) and lpp(g) (or lpp 5(f) and Ipp 5(g)) is
defined by lem(Ipp(f),1pp(g)) (or lem(Ipp 5(f); Ipp 4(9))-

e The set of monomials of f is denoted by Mono(f) (or Mono z(f)).

o Iflpp(f) = AS* .- A% X' ... XPn € pp(A, X), then
degya x3(f) == (1, .. yam, Br,... . Bn) € N7
If Ipps(f) = X{* - X € pp(X), then degx(f) = (B, ,0n) € N
Note that the subscripts are {4, X} and X.

Definition 2.1 (block orders). Let =1 and =2 be admissible orders on pp(A) and
pp(X), respectively, and t1,s1 € pp(A), t2,52 € pp(X), tits =x g s152 <=
ty =9 53 or (ty = s2, and t; =1 s1). This type of order ~x z is called a block

order on pp(A, X). This order is written as =5 z:= (>=2,>1).

Example 2.2. Let a,b, z,y be variables and f = 2az?y + bz?y + 3z + by + 1,9 =
abxz? 4+ 2xy + by + 2 be polynomials.

If we consider polynomials f and g as members of Qla, b, z, y] with a block order
oyt fabt:= (T =iz Y0 =iex b) wWhere =, is the lexicographic order, then
supp(f) = {az?y, ba?y, x,y, 1}, Ipp(f) = az?y, le(f) = 2, Im(f) = 2aa?y,
lem(Ipp(f),1pp(g)) = abx?y, Mono(f) = {2ax?y, bx*y, 3z, by, 1}, degr,p, . 3 (f) =
(1,0,2,1) € N*.

If we consider polynomials f, g as members of Q[a, b][z,y] with the lexicographic
order ez Y, then suppy, ;1 (f) = {z%y,2,y,1}, Ippiapy(f) = 22y, legany (f) =
2a+b,Imy, 1y (f) = (2a+b)z?y, lem(Ippyq 1 (f): PPy (9)) = z2y, Monoyq 4y (f) =
{(2a + b)z?y, 3z, by, 1}, deg, 1 (f) =(2,1) € I\

3. The first computation method

In this section we introduce the special S-polynomial and the special reduction
which are from [IP98, AL94], and we give a computation method of Grébner bases
in K[A][X].

Proposition 3.1 ([IP98]). Let F be a finite set of polynomials in K[A][X], g €

K[A][X] and = a monomial order on pp(X). Then there is a polynomial r €

K[A][X] and there is a family (hf)fer such that

e g= Z hyf+r (r isaremainder of g after division by F),
F
° forc{ﬁfeF,hfz() org>hy,
o r=0orles(r) & (dca(f)| Ippa(f) divides lpp4(r)).
The polynomials v, hy (f € F') can be computed as follows:
First set: v :=g and hy =0 (f € F).
While 7 # 0 and lc5(r) € (lc5(f)] lpps(f) divides lppz(r)) do the following:
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let F' .= {f € F|lpps(f) divides 1pps(r) }, compute a family (c¢) ser in K[A][X]

such that
> epleg(f) =lez(r).
fer
Replace
roby r— Z CfXdegx(f’)—degx(f)f
feF’
and

hy by hf_|_cfXdegx(T)—degx(f), feF,
where X' := X' ... Xin € N".
We can consider this division algorithm as “extended Grobmner bases algo-

rithm [BW93]” (or transformation of Grobner bases). We can simplify this Propo-
sition to the following definition.

Definition 3.2 (Reduction). Let F be a set of polynomials in K[A][X] and g =

afB +g" € K[A][X] where a € K[A], B € pp(X) and g € K[A][X]. Moreover, let

F':={f e F|lpps(f) divides 8}. If a € (lc5(F")) C K|[A], the element a can be

written as a = Z hilez(fi) where h; € K[A]. Then a reduction "L g is defined
fi€F’

as follows: g T—1>F g— ZfieF' him%fi' In this paper, we define this reduction

as Reducel (written: T—1>) Actually, reducing g by F and reducing g by F’ is the
same. In this case, we can write the reduction g T—1>F/ instead of g T—1>F In the
Algorithm 1 Insa-Pauer, we will write g T—1>F as Reducel(g, F).

Example 3.3. Let F' = {f1 = (a+ b+ 1)y, fo = ax + 1} in Q|a,b][x,y], > the
lexicographic order such that « > y and g = (b+ 1)zy — y € QJa, ][z, y]. Then,
lej(g) =b+1¢€ (Ici(f1),1c4(f2)) = (a+b+1,a), hence, lc ;(g) can be written as
lei(g) =lcz(f1)—lca(f2). Clearly,Ipp 4(f1)1pp 4(9), IpP 4 (f2)[IpP 4 (9). Therefore,
g can be reduced by F as follows: g . g—(zfi —yfa) =0.

Insa and Pauer also introduced the following special S-polynomial.

Definition 3.4 (S-polynomial [IP98]). Let G be a finite set of polynomials in K[A][X]

and let I be an ideal in K[A][X] generated by G. For E C G, let

Sp = {(ce)eeE Zcelcg(e) = O}.

ecE

(We can consider Sg as a set of syzygies forlc z(F).) Then for s = (¢cc)ecr € SE,

Spolyl(E,s) = Y coxmax(F)—deaale)
eckE
is called S-polynomial with respect to s ,where

max(F) := (maxeep degg (€)1, ... ,maxeep degs(e),) € N™.
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In this paper, we call this special S-polynomial “ Spolyl”.

Example 3.5. Let E = {e1 = (ab+ b)2% +y,e2 = (a + b)x + 1,e3 = axy + by + 2}
in Q[a,b][z,y] and > the lexicographic order such that z > y. Then, a basis
of a module of syzygies for lcz(F) is {[0,—a,a + b],[—1,1,b — 1]}. If we take
[0,—a,a + b], then Spolyl(E, [0, —a,a + b]) = Oey + (—a)yez + (a + b)zez = (a +
b)bry + 2(a + b)x — ay. If we take [—1,1,b — 1], then Spolyl(E,[-1,1,b —1]) =
(—=1)yer + ()xyes + (b — 1)wez = (b2 —b— 1)ay — y? + 2(b— 1)x.

The definition of Grébner bases in K[A][X] is the following.

Definition 3.6 (Grébner bases). Fix a monomial order. A finite subset G = {g1, ...

gs} of an ideal I in K[A][X] is said to be a Grébner basis if
(Im(g1), .., Imi(gs)) = (Imz(1)).

Remark: This definition is equivalent to the following. We are able to understand
the definition as follows:

Let I be an ideal in K[A][X] and let G be a finite subset of I. For i € N" let
le(i,I) == (leg(f)|f € I,deg(f) = i). Then G is a Grobner basis of I (with

respect to > ) if and only if Vi € N the ideal 1c(i,I) C K[A] is generated by
{lcs(g)|g € G,i € deg(g) + N" }.

Example 3.7. Consider the ring Q[a, b][z, y] with the lexicographic order x >, ¥,
and let I = (f1, fo) = (ax+bx+y,bry). Since Imyq, 4y (Spolyl({f1, f2}, [0, a+b])) =
by? & (Imyq 3 (f1), lme ey (f2)) = ((a + b)x, bxy), {f1, f2} is not a Grébner basis
for I. Actually, a Grobner basis for I is {f1, fa, by?}.

There are a lot of applications of Grobner bases in K[A][X] which are well-
known in polynomial rings over a field. For instance, if G is a Grobner basis for

an ideal I in K[A][X], then Vg € I, g 1,4 0. In this paper, we do not describe

the detail of properties of Grébner bases in K[A][X] (see [IP98] Proposition 3 and

[AL94]). The following algorithm is for computing Grébner bases in K[A][X].

Algorithm 1 FirstGB
Input: F': a finite set of polynomials in K[A][X],
Output: G: a Grébner basis of Fin K[A][X].
begin
G Fy B {(fufir-- - fip) |1 Sia <ip--- <ip<52<p<s)
while B # () do
Take any element E from B; B «— B\{E}
Sg < Compute a basis of a module of syzygies for lc 5(E)
while S # 0 do
Take any element « from Sg; Sg — Sg\{a}
h «Spolyl(E, o); r «Reducel(h,G)
if r # 0 then
B — BU{(r,9j,--9i,) | distinct elements g;,,... ,g;, € G,1 <p < |G|}
G—GU{r}
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end-if
end-while
end-while
return(Q)
end
Remark: As we said earlier, we need the special S-polynomial Spoly1 and the
special reduction Reducel in order to compute Grébner bases in K[A][X]. In
this point, this algorithm is more complicated than the Buchberger algorithm.
There exist some criteria for computing Grébner bases in K[A][X]. We can apply
Buchberger’s criteria [Buc79] and Zhou and Winkler’s work [ZWO06] for computing
Grobner bases.

4. The second computation method (Approach via block orders)

In this section, we introduce another computation method of Grébner bases in
K[A][X]. Actually, we are able to compute a Grobner bases in K[A][X] by com-
puting Grobner bases in K[A, X] with respect to a block order > 5. First, we
define a normal S-polynomial and reduction in K[A, X] as Spoly2 and Reduce?2
to distinguish them from Spoly1 and Reducel.

Definition 4.1. Fiz a monomial order. Let f,g € K[A, X] be nonzero polynomials.
The S-polynomial of f and g is the following

Spoly2(f, g) = lcm(lprlﬁ )fv)lpp(g)) ;e 1cm(1p§>éf‘(2)lpp(g))

In this paper, we define this S-polynomial as “ Spoly2 ”.

g.

Definition 4.2. Fiz a monomial order. Let f = aa+ f1,9 = baf+ g1 with Im(f) =
ace in K[A, X] where a,b € K, o, € pp(A,X) and f1,91 € K[A,X]. Then a

reduction T—2>f is defined as follows: g T—2>f bafB + g1 — ba"B(ac + f1), where
baB need not be the leading monomial of g. In this paper we call this reduction

“Reduce2 ”. A reduction T—2>F by a set F' of polynomials is also natural defined
[BW93, Win96].

Before we describe an algorithm for computing Grébner bases in K[A][X],
we need the following theorem.

Theorem 4.3. Let F be a finite set of polynomials in K[A]|[X]. F can be seen as
a finite subset of polynomials in K[A, X] and we write the set as F again. Let
G = {g1,-..,9s} be a Grébner basis for (F) in K[A, X]| with respect to a block
order =5 := (=1, =2)(i.e., X > A). G can be seen as a set of K[A][X] and we
write the set as G again. Then, G is also a Grébner basis for (F) with respect to

=1 in K[A][X].

Proof. For all h € (F) C K[A][X], we prove that Im 4(h) is generated by {lm 4(g)|g
€ G'}. Since h can be seen as an element of K[A, X] and G is a Grébner basis for
(F) in K[A, X], h can be written as h = hig1 + - - + hsgs such that Im(h) =% z
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Im(hig1) =x.4 - =x,4 lm(hsgs) where hy,... hy € K[A, X]. As =% 73 is a
block order on K[A, X], we have Img(h) =1 lmg(h1g1) =1 -+ =1 Img(hsgs) in
K[A][X]. W.lo.g., hig1, ... , hxgr have the same leading power product “Ipp 4 (h)”
where k < s. That is, lm 5(h) = lm 5(h1g1)+- - -+1m 5 (hrgr). We have lm 5(h;g;) =
Im 3 (h;) lm 5 (g;), hence Im 4 (h) = lm (k1) lm 5(g1)+- - -+1m 5 (hx) lm 5(gx). There-
fore, Im 4(h) € (Imz(g1),.-. ,lm5(gs)). G is a Grobner basis for (F') with respect

to =1 in K[A][X]. O

By Theorem 4.3, we are able to compute Grébner bases in K[A][X] by computing
Grobner bases with respect to a block order ¢ z in K[A, X].

Algorithm 2 GrobnerBasis-Block
Input F: a finite set of polynomials in K[A][X],
Output G: a Grébner basis of (F) in K[A][X].
1. Consider F as a set of polynomials in K[4, X].
2. Compute a Grobner basis G for (F) with respect to a block order »¢ z in
KA X].
3. Consider G as a set of polynomials in K[A][X]. Then, by Theorem 4.3, G is

a Grobuner basis for (F') with respect to =5 in K[A][X].

Since we do not need the special S-polynomial Spolyl and the special reduction
Reducel in this algorithm, this algorithm is much more efficient than the algorithm
Insa-Pauer.

5. Problems
5.1. The first method

In this subsection, we consider a problem of the approach of the first method by
the following example.

Example 5.1. Let f; = a?x —a and fo = (a® — a)r — a? + 1 be polynomials in
Qla][x]. Then, a Grobner basis of (f1, f2) is {f1, f2}, because Spolyl(fi, f2) = 0,
S T—1>f2 f1 and fo T—1>f1 f2 in Q[a][z]. However, we have fs =a- f1 — fo = ax — 1.
The polynomial f5 is an element of (f1, f2), and f3 divides f; and fo. This means

(f3) = (f1, f2). That is, {f3} is a Grobner basis for (f1, f2), too. {fs} is simpler
than {f1, f2}. However, {axz—1} cannot be computed by the method of Insa-Pauer.

5.2. The second method (Approach via block orders)

In this subsection, we give a problem of the approach of the second method by the
following example.

Example 5.2. Let F = {fi =ax+ 1, fo = (b+ 1)y, f3 =az+bz+ z} be a set of
polynomials in QJa,b][x,y,z]. F can be seen as a set of Q[a,b, z,y,z]. We have
a block order >_{Qj7y7z},{a,b}: (>‘lez; >‘grlez) with x =lex Y >lex % and a >'grlex b
where ¢, is the lexicographic order and > g, is the graded reverse lexicographic
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order. Then the reduced Grébner bases G for (F') with respect to a block order
= {a,y,2}.{a,p} 18 the following.

G={g1=(a+b+1)z,90=(0b+ 1)y, g5 =yz,ga=ax+1,g5 = (b+ 1)zz — z}.

Since G is the reduced Grébner basis of (F'), g € G cannot be reduced by G\{g}
with respect to the block order in Q[a,b,x,y, z]. However, look at gs. Then, we
have Im 5(gs5) € (Imz(G\{gs})) in Q[a, b][x,y, z]. That is, g5 can be written g5 =
T - g1 — 2 - g4. This means that g5 can be still reduced to 0 by ¢g; and g4 in
Qla, b][z, y, z]. The polynomial g5 is a redundant polynomial in Q[a, b][z, y, z]. By
the method, G\{g5} cannot be computed.

Problem: Sometimes there exits a Grébner basis which has less
elements than Grobner bases computed by either of the

two methods above.

This Grobner basis cannot be computed by the two methods.

6. Algorithms for Computing Reduced Grobner Bases

In this section, we define a reduced Grobner basis for an ideal in K[A][X] and
give an algorithm for computing a reduced Grébner basis. First we define weak

reduced Grobner bases in K[A][X].

Definition 6.1 (Weak reduced Grébner bases). Let - z:= (=1, >2) be a block or-

der and I an ideal in K[A][X]. Then, a weak reduced Grobner basis G for I with

respect to -1, and =% 4 is a Grébner basis for I in K[A][X] such that

1. for allp € G, 1c(p) = 1 with respect to =% 4,

2. for all p € G, no monomial in Mono(p) lies in (Im(G\ {p})) in K[A, X] with
respect to > 7,

3. for all p € G, no monomial in Mono g(p) lies in (Im4(G\ {p})) in K[A][X]
with respect to >1.

As we said earlier, the approaches of the first and second method cannot

always compute reduced Grobner bases in K[A][X].

How do we compute (weak) reduced Grébner bases in K[A][X]?

A polynomial ring K[A][X] can be seen as a polynomials ring K [A, X]. This means
that the polynomial ring K[A][X] has properties of K[A, X]. In this sense, we have
two reduction systems Reducel, Reduce2 and two S-polynomial systems Spolyl,

Spoly2 for computing weak reduced Grébner bases in K[A][X].

For instance, in Example 5.1. we have a Grobner basis {f; = ax? — a, fo = (a® —

a)r — a® + 1}. If we use Reduce2 or Spoly2 to the Grébner basis {f1, f2}, then
we can obtain axz — 1 by the computation fo T—2>{f1} ax — 1, or Spoly2(f1, f2) =
ar — 1. Since fi T—2>{aw,1} 0 and fo T—2>{aw,1} 0, {ax — 1} is a weak reduced
Grobner basis for (f1, f2). In Example 5.2, we obtained a Grobner basis G =
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{91, 92, g3, 94, g5} by the algorithm GrébnerBasis-Block . Let’s apply Reducel to G.
Then, since 1ppy, 53 (91)11PP{a61(95),  1PPgap}(94)11PPfq 01 (95) and legq py(g5) =
—lcqapy(91) +Hlegapy (94) = —(a+b+1)+a = —b—1, we have g5 T—1>{91192} 0. Thus,
gs is a redundant polynomial which is found by Reduce2. By Definition 6.1, a weak
reduced Grobmer basis for G is {g1, 92, 93,94} with respect to the lexicographic
order with x > y > z.

By the observation above, we need Reducel, Reduce2, Spolyl and Spoly2 for
computing weak reduced Grébner bases in K[A][X]. We can easily construct an
algorithm for computing weak reduced Grobner bases. Now we know that by the
algorithms FirstGB or GrobnerBasis-Block, we can compute a Grébner basis G in
K[A][X]. The Grobner basis G is not always a weak reduced Grobner basis, hence
we need Reducel and Reduce?2 to reduce G to a weak Grobner basis. Actually,
we need two reduction systems Reducel, Reduce2 and one of two S-polynomial
systems Spolyl and Spoly2. We introduce an algorithm which returns a weak
reduced Grobner basis. In the first step of this algorithm, we apply FitstGB or
GrobnerBasis-Block.

Algorithm 3 WRGB (Weak reduced Grébner bases)
Input F': a finite set of polynomials in K[A][X], =1 : a monomial order on pp(X),
2 : a monomial order on pp(A4), >x 4:= (>1,>2) : a block order,
Output G: a weak reduced Grébner basis of (F) w.r.t. =1 and = ¢ 5 in K[A][X].
begin /
G «— Compute a Grobuner basis G for (F') by FirstGB or GrébnerBasis-Block
El1+0
while £1 # 1 do
if there exists p € G such that

(P 6\ Pl) or (P " (o) P and wrt - 4 )
then
if py 0 then G — {G\{p}} U {p1}
else if G — G\{p}
end-if
else-if £1 «— 1
end-if
end-while
return(G)
end

Theorem 6.2. The algorithm WRGB terminates. The output forms a weak reduced
Grébner basis for (F').

Proof. In the first line of Algorithm 3 WRGB, if we apply FirstGB for computing a

Grébner basis for (F') in K[A][X], then FirstGB terminates. (Since K[A] is a Noe-
therian ring, K[A][X] is a Noetherian ring too. Thus, the termination of FirstGB
is guaranteed because we have a finite ascending chain condition of properly con-

tained ideals over a Noetherian ring.) In the first step of Algorithm 3 WRGB, if
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we apply GrobnerBasis-Block for computing a Grobner basis for (F), obviously
GrobnerBasis-Block terminates. (see [Buc65]).

Let G be a finite set of polynomials in K[A][X]. In the while-loop step, if there
exists an element p of Mono(g) or Mono 5(g) which can be reduced to p; by some
polynomials of G\{g} in Reducel or Reduce2, then we always have Im(p) > x 1
Im(py) (Im(py) is smaller or equal than lm(p) with respect to the monomial or-
der =% 5). That is, the result of applying Reducel or Reduce2 to any monomial
m € Mono(g) UMono 4 (g) has a leading monomial which cannot be greater than
m with respect to =g 3. Therefore, iterated application of Reducel and Reduce2
to G will eventually terminate. This algorithm terminates and the outputs satisfy
the properties of Definition 6.1. O

Corollary 6.3. Let I be an ideal in K[A][X] and -5 _s:= (>=1,>2) a block order.
Since the algorithms terminates, there exists a weak reduced Gréobner basis for I
in K[A][X]. By Ezample 5.2, the reduced Grébner basis for I with respect to = x 4
in K[A, X] is always not a weak reduced Grébner basis for I with respect to =1,

=1 and »x z in K[A][X].

In the Algorithm 3 WRGB, if we apply the algorithm FirstGB for computing a
Grobner basis, then we need syzygy computations Spolyl and “extended Grébner
bases algorithm [BW93] Reducel (transformation of Grébner bases)”. In general,
syzygy computations and “extended Grébuner bases algorithm [BW93]” are expen-
sive. However, in Algorithm 3 WRGB, if we apply the algorithm GrobnerBasis-
Block, then we do not need any syzygy computation. Actually, the algorithm
GrobnerBasis-Block is a normal Grébner bases computation in polynomial rings
over a field with respect to a block order. At present, we have very powerful
programs for computing Grobner basis in K[A, X] in computer algebra systems
Singular!, Risa/Asir?[NT92] and Magma®. We can apply these powerful programs
for computing weak reduced Grébner bases in K[A][X]. Thus, in implementation
and computation speed points of view, WRGB with GrobnerBasis-Block is better
than WRGB with FirstGB.

Before concluding this section, we consider a property of reduced Grébner bases.
Now we have a question. “Is a weak reduced Grobner basis uniquely determined
by an ideal I C K[A][X] and monomial orders?” In fact, this answer is “NO”. A
weak Reduced Grobner basis is not unique. We have the following easy example

for this question.

Example 6.4. Let F' = {ab+1,ac+1} be a subset of Q[a, b, c|[z, y] and >, ,} (a.b,c}
= (>lex, >lez) a block order with = e, ¥y and a >y b >1ex ¢ Where =, is the
lexicographic order. Then, F' is a weak Grobner basis for (F) in Q[a, b, c][z, y].
Actually, F satisfies the property 1,2 of Definition 6.1. However, we can say (F') =

lhttp://www.singular.uni-kl.de/
®http://www.math.kobe-u.ac.jp/Asir/
Shttp://magnma.maths.usyd.edu.au/magma/
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(ac+1,—=b+c). The set {ac+1,—b+ c} is a weak reduced Grobner basis for (F),
too. Therefore, a weak reduced Grobner basis is not uniquely determined.

We give one more example facilitate the understanding of the next definition.
Let F = {(ac+b)2?, (ac — c+bd?)z?, (—ed — be + bd®)x} C Qla, b, ¢, d][x]. We have
the lexicographic order > such that a > b > ¢ > d. In fact, F' is a weak Grébner
basis for (F). For e € Ippy,.c.ay(F), let Fo = {f|Ippyy4.c.ay(f) = €}. We have
DDy p,c,ay (F) = {2, 2%}, 50 Fyy = {(—cd —be+bd*)z} and Fp2 = {(ac+b)z?, (ac—
¢ + bd?)z?}. Let’s consider all coefficients of F, and F2. Since lcqqpc.ay(Fr) =
{—cd—bc+bd?} has only one element, { —cd—bc+bd?} is the reduced Grébner basis
for an ideal generated by itself. Next we consider lc(, p ¢ .ay (Fp2) = {ac+b,ac—c+
bd?}. Actually, {ac+b,ac—c+bd?} is NOT the reduced Grobner basis for the ideal
generated by itself {ac+ b, ac — c+bd?} with respect to = in Q[a, b, ¢, d]. However,
since (the main variable) z divides 2, by definition of Reducel, Icga,b,c,a} (Fip2) is
constrained by (lcgq p.c 43 (Fr)). Therefore, we have to consider lc(q p.c 43 (Fy2) in
@[CL, b,c, d]/<lc{a7b,c,d} (Fm)>

We did not take care of conditions of all coefficients in K[A] and thus a weak
reduced Grobner basis was not uniquely determined. Since the coefficient domain
is a polynomial ring, we need some conditions to obtain a unique reduced Grébner
basis.

Definition 6.5. The normal form of a subset F' in K[A] with respect to an ideal I

in K[A] and a monomial order > is the set of all non-zero remainders of elements
of ' after division by a Gréobner basis of I with respect to >.

Definition 6.6. Let F' be a subset of K[A], I C K[A] an ideal and - a monomial
order on pp(A). G C K[A] is called a reduced Grébner basis for F' with respect to
= in a quotient ring K[A]/I if G is the normal form of the reduced Grébner basis

for (F) with respect to an ideal I and ».

Remark 6.7. We know algorithm for computing Grobner bases and division. It is
possible to compute a reduced Grobner basis G in K[A]/I. A reduced Grébner
basis G in K[A]/I is uniquely determined. It is an easy exercise.

Now we define more strict reduced Grobner bases than weak reduced Grobner
bases. We call this reduced Grobner basis “strong reduced Grobner basis”.

Definition 6.8 (Strong reduced Grobner bases). Let = z:= (=1,>2) be a block
order and I an ideal in K[A][X]. For e € Ipp4(G), let G. = {f|lpps(f) = e}.
Then, a strong reduced Grébner basis G for I with respect to =1, =2 and =% z is

a Grébner basis for I in K[A][X] such that
1. for all p € G, no monomial in Mono(p) lies in (Im(G\ {p})) in K[A, X] with
respect to > x 1,
2. for all p € G, no monomial in Mono 4(p) lies in (Im4(G\ {p})) in K[A][X]
with respect to =1,
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3. for e €lpp4(G), lc4(Ge) is the reduced Grébner basis for an ideal generated
by itself with respect to =5 in the quotient ring K[A]/J. where J. is an ideal
generated by F = {lc;(g) € K[A]|g € G\G. such that lpp z(g)|e}.

(If F =0, K[A]/J. = K[A].)

In order to consider the strong reduced Grébner basis, let’s see Example 5.1.
In the example, we obtained a Grébner basis G = {f1 = a?x — a, fo = (a® —
a)r — a® + 1} by FirstGB. G does not satisfy the property 3 of Definition 6.8.
Since the set of all power products is lpp 1(G) = {z}, we have G, = {f1, f2}
and lc4(G,) = {a? a® — a}. Since the reduced Grobner basis for (lc 5(Gz)) is
{a} in K[A], G is not a strong reduced Grébner basis. However, we can construct
the strong reduced Grobner basis. Since (a) = (lc5(G,)), a can be written as
a=cilei(f1) + cales(f2), where ¢1,ca € Q[a]. In this case, ¢; = a,ca = —1. Now
we can compute a new polynomial g such that (g) = (G), (Im z(g9)) = (lm 4(Q))
and {lc 5(g)} is the reduced Grobner basis for lc 5(Gy). g = cafit+cafe = afi—fo =
ax — 1. Therefore, {g} is a strong reduced Grobner basis.

We introduce an algorithm which returns a strong reduced Grébner basis.

Algorithm 4 SRGB (Strong reduced Grébner bases)
Input F: a finite set of polynomials in K[A][X], =1 : a monomial order on pp(X),
2 : a monomial order on pp(A4), >x 4:= (>1,>2) : a block order,
Output L: a strong reduced Grobner basis of (F') with respect to =1, =2 and > ¢ 4
in K[A][X].
begin
G «— Compute a Grobner basis for (F); B «— lpp4(G); L0
while B # ) do
Select the lowest power product p w.r.t. =1 from B; B « B\{p}
Gp —{f € Fllppa(f) =p}; G — G\Gp; Jp — {lea(f)|f € G s.t Ippa(f)Ip}
iflc 1(Gp) is NOT the reduced Grébner basis with respect to =9 in K[A]/(J,)
then
Q@ <« Compute @ such that (Q) = (G,), (Im;(Q)) = (Im 4(G,)) and
lc 5(Q) is the reduced Grébner basis for (le 4(Gp)) w.r.t. =2 in K[A]/{J,)
(Im 4(@Q) is irreducible by Jp)
L—Lu{QlL}
else-if L — LU{G, |1}
end-if
end-while
return(L)
end
In the algorithm, we used the notations @) | and G, |r where Q,Gp,, L C
K[A][X]. This meaning is the following.

Q |1:= begin
S—10
while Q # 0 do
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Select ¢ from @Q; @ — Q\{q}; @1 — ¢ lr (by Reducel and Reduce2)
if ¢1 # 0 then
S—Su{an}
end-if
end-while
return(S)
end

Theorem 6.9. The algorithm SRGB terminates. The output forms a strong reduced
Grébner basis for (F).

Proof. We know that how to compute a weak reduced Grobner basis G, and this
step terminates. Since we have a Grébner basis G, we have to check lc;3(Gp)
where p € Ipp 1(G). If Ic 1(Gp) is not a reduced Grébner basis with respect to >

in K[A]/(Jp), then, we have to compute the following;

@ « Compute @ such that (Q) = (G)), (Im3(Q)) = (Im 3(G,)) and lc 5(Q) is the

reduced Grobner basis for (lc 1(G,)) with respect to =9 in K[A]/(Jp).

As we said in Remark 6.7, it is possible to compute Q. This step clearly terminates.
Since B is a finite set, the first while-loop terminates. Therefore, this algorithm
terminates. In the if-part of the algorithm, if Ic 1(G,) is not the reduced Grébner
basis with respect to =2 in K[A]/(J,), then the algorithm computes Q. Next
the algorithm computes @ |1 . In fact, by reducel, reduce2 and the weak reduced
Grobner basis, we have Im 4(Q) = 1m 5(Q |1). That is, in this step, the algorithm
does not reduce any leading monomials of @) for the properties 1,2 of Definition 6.8.
By the same reasons, if lc5(Gp) is the reduced Grébner basis with respect to
o in K[A]/(Jp), then we have lm 4(G,) = lm4(G, 1), and G, |, satisfies the
properties 1,2 of Definition 6.8. Therefore, this algorithm outputs a strong reduced
Grobner basis with respect to =1, =2 and > ¢ 3. g

A strong reduced Grobner bases have the following nice property.

Theorem 6.10. Let -5 j:= (>1,=2) be a block order on pp(X, A). Let I be an
ideal in K[A][X]. Then, I has a unique strong reduced Grébner basis.

Proof. Since the existence of strong reduced Grobner bases was proved by Theo-
rem 6.9, we prove the uniqueness. First we prove the following claim.

Claim 1 Let > s:= (>1,>2) be a block order on pp(X,A) and I an ideal in
K[A][X]. Let G; and G be strong reduced Grébner bases for I with respect to
=1 and > 4. Then, Im(G1) = Im(G?2). Namely, the set of all leading monomials

of strong reduced Grébner bases for I is unique.

(Proof of Claim 1) Assume that G and Gg are strong reduced Grobner bases for
I in K[A][X]. We set G1 ={g1,...,9s}, Ga ={h1,... ,hp}. W.lo.g., Ipps(g1) =
... = lpps(gr) is the lowest leading power product of Gy with respect to =; for
1<k<s,and lpps(h1) = ... =Ippz(h) is the lowest leading power product of
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G4 with respect to =1 for 1 <1 < p. If Ipp4(91) >1 lpps(h1) (Ipps(g1) is big-
ger than lpp 5(h1)), h1 can not be in (Gy), because there is no element such that
Ipp 4(g:)|1pp 4 (h1) where g; € G1. However, by (G1) = (G2), we have h; € (Gy).
Hence, Ipp5(h1) = Ippi(g91) (by the order >1). By the same reason, we have also
Ipps(91) = Ipp4(h1) (by the order >1). Therefore, Ipp 5(h1) = Ipp5(g1). We have
two sets

{lms(g1), ..., Imz(gr)} = {lea(91) PP 4(91), - - - s lc4(gx) PP 4(91) 1,
{Imz(h1),...,lmz(h)} = {lez(h1)Ipp 4(91),- - ,lc (M) Ipps(91)}-

Since G, G are strong reduced Grobner bases for I with respect to =1, =2 and
x.4 in K[A][X], {lcz(g1), .- ,lcz(gr)} is the reduced Grébner basis for an ideal
generated by itself in K[A], and {lcg(h1),...,lcz(h;)} is also the reduced Grébner
basis for an ideal generated by itself in K[A]. By the property of Grobner bases

G1,G2 and lpp 5(h1) = Ipp 5(91), we have the following relations

Imy(h;,) = airlmg(gr) + -+ ok lmg(gr)
= aleg(g1)lppa(gr) + -+ + arles(gr) Ippagr),
Img(gs,) = PBilmg(hy) +--+ Bilmy(h)
= Pulea(ha)lppa(gr) + -+ Biles(he) Ipp a(91),
where aq, ... ,a,B1,...,3 € K[A], 1 < j; <kand 1< jp <I. Hence we can say

(leg(g1),---,lcsi(gr)) = (cz(h1),...,lcz(hy)). Since the two sets {lcz(g1),...,
les(gx)} and {lcz(h1),... ,lcz(hy)} are the reduced Grobner bases with respect
to = in K[A], we have {lc4(g1), ... ,lc5(gk)} = {lcz(h1),... ,1c5(h;)}. Therefore
we have

{Imz(g1), ..., Img(gr)} = {lms(h1),... , Imz(h)}.

Next we consider two sets G11 := G1\{g1,..., 9k} and Ga1 := G2\{h1,... , u}.
W.lo.g., Ipps(gk+1) = ... = lpps(gk,) is the lowest leading power product of
G111 with respect to > for 2 < k; < s. That is, gx+1,... .95, € G11 C Gi.
Since G is a strong reduced Grébner basis, Im 5(gx+1),- .. ,lmz(gx, ) can not be
reduced by Im4(¢g1),...,lmz(gx). W.lo.g., Ippz(hi41) = ... = lpps(hy,) is the
lowest leading power product of Ga; with respect to =1 for 2 < I3 < p. That
is, hig1,...,h, € G21 C Ga. By the same reason above, we have lpp 1(gx+1) =
Ipp 4 (huv1) and (cs(grs1), - - 5lealgr, ) = (lea(huga), ... leg(h,)). We know
that lpp 5(g1) is the lowest leading power product of Gy and Gs. If Ipp 5(¢g1) does
not divide Ipp 5(gk+1), then by the same reason above,

{Img(gr+1)s--- s Ima(ge,)} = {Img(his1), ... Img (R, )}

If Ipp 4(g1) divide Ipp 4(gk+1), then the reduced Grobner basis for (lc 4(gk+1),- - -
lc 5(gx, )) is unique in K[A]/J. Since G and G5 are strong reduced Grébner bases,
we have

{lmA(gk+1)a R 71mA(gk1)} = {lmA(hH-l)a s vlmA(hll)}'
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By the Hilbert basis theorem, G; and G2 have finite many elements. Therefore,
repeat the same procedure, then we have lm 5(G1) = lm 5(G2). d

Suppose that G; and G2 are strong reduced Grobner bases for I. Then, by the
claim 1, we have lm 5(G1) = lm 5(G2). Thus, given g1 € Gy, there is g € G2 such
that Im 5(g1) = lm 5(g2). If we can show that g; = go, it will follow that G; = G,
and uniqueness will be proved.

To show g1 = ga, consider g; — go. This is in I, and since G is a Grobner basis,
it follows that g1 — go T—1>G1 o T—2>G1 o0---0 T—1>G1 0 (by Reducel and Reduce2).
However, we also know lm 4(¢91) = lm;(g2). Hence, these monomials cancel in
g1 — g2, and the remaining monomials are divisible by none of Im 5 (G1) = Im 4 (G2)

since G1 and G are reduced. This shows that g; — g2 T—1>G1 o T—2>G1 0---0 T—1>G1
g1 — g2, and then g — go = 0 follows. This completes the proof. O

7. Computation Examples

The algorithms WRGB (with GrobnerBasis-Block) have been implemented for the
case K = Q in the computer algebra system Risa/Asir by the author. In this
section, we give three easy examples of reduced Grobner bases .

Example 7.1. Let a, x,y be variables and f; = (a—1)z+y?, fo = ay+a polynomials
in Q[a][z, y]. We compute a reduced Grébuer basis for (f1, f2) with respect to the
lexicographic order with = > y in Q[a][x, y].

By the procedure of WRGB, first we compute the reduced Grobner basis G for
(f1, f2) with respect to a block order >, 3 (o} in Q[a, z,y]. The reduced Grébner
basis G in Q[a, z,y] is the following

G={p=ay+a,g2=ar—z+y’ gs=—ay—z+y° +y°}.
Second, we need to check whether there exists a polynomial p € G which can be

reduced by G\{p} or not.

We have Ippy,;(91)|1pP {41 (93); 1PPy4}(92)1 PP 4y (93) and legay(g3) = legay(91) —
lcgay(92) = —a+ (a — 1) = —1, therefore g3 can be reduced as follows

1
93 T_’{gl,g2} g3 — (—xg1 +yg2) = ax — x +9* = go.

The set {g1, g2} is a weak reduced Grobner basis for (f1, f2) in Q[a][z, y]. Actually,
{g1, 92} is the strong reduced Grébner basis, too.

In the following example, we compare three algorithms GrobnerBasis-Block,
FirstGB and WRGB. We used a PC with [CPU: Pentium M 1.73 GHZ, OS: Windows
XP].

Example 7.2. Let a,b,,y, z be variables and F = {az?z + ay + a,axz + b, (a +
1)xz 4+ ab} in Qla, b][z,y, z]. We have the lexicographic order with = > y = z. We
compute a Grobner basis for (F) in Qla, b][z,y, z] by three algorithms FirstGB,
GrobnerBasisB, and WRGB (with GrébnerBasis-Block).

1. By FirstGB, we have the following Grébner basis
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[b*a~2-b*a-b,-b*x+axy+a, (a+l)*zxx+b*a,a*z*x+b,
axz*xy+a*xz+b”"2*a-b"2, (-a~3+a"2+a)*y-a"3+a"2+a] .

(cputime: 0.04688sec)

This list has six polynomials.

2. By GrobnerBasis-Block, we have the following Grobner basis

[-bxa"2+b*a+b, (a"3-a"2-a) *y+a~3-a"2-a,b*z*y+bxz-b"3*a+2*b"3,
axzxy+a*xz+b~2xa-b"2,-bxx+axy+a,-z*xx-b*a+b].

(cputime: Osec)

This list has six polynomials.

3. By WRGB, we have the following reduced Grébner basis
[-b*a~2+b*a+b, (a”3-a"2-a) xy+a~3-a"2-a,a*z*xy+a*z+b~2*a-b"2,
-b*x+a*y+a,-z*x-b*a+b] .

(cputime: 0.01563sec)

This list has five polynomials.

8. Conclusions

The existing algorithms cannot compute reduced Grobner bases. In this paper, we
defined reduced Grobner bases in polynomial rings over a polynomial ring and gave
algorithms for computing them. By the algorithm SRGB, we can uniquely obtain
the strong reduced Grébner basis in polynomial rings over a polynomial ring.
We can apply the technique of reduced Grobner bases in K[A][X] for computing
comprehensive Grobner bases [Wei92, Mon02, SS06] as one of applications. If we
apply the technique for computing comprehensive Grébner bases, then we can
obtain comprehensive Grobner bases which are more optimal.

References

[AL94] William W. Adams and Philippe Loustaunau. An Introduction to Grébner
Bases. AMS-Providence, 1994.

[Buc65] Bruno Buchberger. Ein Algorithmus zum Auffinden der Basiselemente des
Restklassenrings nach einem nulldimensionalen Polynomideal. Ph.D. Thesis,
1965. Universitat Innsbruck, Austria.

[Buc79] Bruno Buchberger. A citerion for detecting unnecessary reductions in the con-
struction of Grébner bases. In E. W. Ng, editor, EUROSAM’79, pages 3-21.
Springer, 1979.

[BWO93] Thomas Becker and Volker Weispfenning. Grébner Bases, a computational Ap-
proach to Commutative Algebra. Springer New York, 1993.

[IP98]  Mariano Insa and Franz Pauer. Grobner Bases in Rings of Differential Oper-
ators. In Bruno Buchberger and Franz Winkler, editors, Grébner Bases and
Applications, pages 367-380. Cambridge University Press, 1998.

[KRK88] Abdelilah Kandri-Rody and Deepak Kapur. Computing a Grébner basis of a
polynomial ideal over a euclidean domain. Journal of Symbolic Computation,
6:37-57, 1988.



Reduced Grébner Bases in Polynomial Rings over a Polynomial Ring 17

[Mon02] Antonio Montes. A new algorithm for discussing Grobner basis with parame-

[NG94]

[NT92]

[SS06]

[Weig7)]

[Wei92]
[Win96]

[ZW06]

ters. Journal of Symbolic Computation, 33/1-2:183-208, 2002.

George Nakos and Nikolaos Glinos. Computing Grobner Bases over the integers.
The Mathematica Journal, 4-3:70-75, 1994.

Masayuki Noro and Taku Takeshima. Risa/Asir- A Computer Algebra Sys-
tem. In P. Wang, editor, International Symposium on Symbolic and Algebraic
Computation, pages 387-396. AMC-Press, 1992.

Akira Suzuki and Yosuke Sato. A Simple Algorithm to compute Comprehensive
Groébner Bases using Grobner bases. In International Symposium on Symbolic
and Algebraic Computation, pages 326-331, 2006.

Volker Weispfenning. Grobner bases for polynomial ideals over commutative
regular rings. In James H. Davenport, editor, EUROCAL 87, LNCS378, pages
336-347. Springer, 1987.

Volker Weispfenning. Comprehensive Grébner bases. Journal of Symbolic Com-
putation, 14/1:1-29, 1992.

Franz Winkler. Polynomial Algorithms in Computer Algebra. Springer-Verlag
Wien New York, 1996.

Meng Zhou and Franz Winkler. On computing Grébner bases in rings of dif-
ferential operators with coefficients in a ring. In Dongming Wang and Zhiming
Zheng, editors, International Conference on Mathematical Aspects of Computer
and Information Sciences, pages 45-56, 2006.

Acknowledgment

This work has been supported by the Austrian Science National Foundation (FWF),
project P16357-N04. The author thanks Prof. Franz Winkler for stimulating dis-
cussions and suggestions.

Katsusuke Nabeshima

Research Institute for Symbolic Computation (RISC-Linz),
Johannes Kepler Universitat Linz,

Altenberger Strafie 69, A-4040, Linz,

Austria

e-mail: Katsusuke.Nabeshima@risc.uni-linz.ac.at



