
PARTITION ANALYSIS XII: PLANE PARTITIONSGEORGE E. ANDREWS AND PETER PAULEAbstrat. MaMahon developed Partition Analysis as a alulational andanalyti method to produe the generating funtion for plane partitions. Hise�orts did not turn out as he had hoped, and he had to spend nearly twentyyears �nding an alternative treatment. This paper provides a detailed aountof our retrieval of MaMahon's original projet. One of the key results ob-tained with Partition Analysis is an extension of a theorem of Gansner whihgeneralizes Stanley's famous trae theorem.1. IntrodutionThis is the twelfth paper in this series on MaMahon's Partition Analysis. It hasbeen our belief from the beginning that MaMahon's ideas ould be best exploitedby omputer implementation, and that was the genesis of our Partition Analysisprojet. Our algorithmi version of MaMahon's method has been implemented inthe form of the Mathematia pakage Omega whih is freely available via the web;see [20℄.In the bak of our minds was always MaMahon's melodramati experiene withhis own invention. He reated Partition Analysis solely to treat the generatingfuntions assoiated with various lasses of plane partitions. This spei� projetfailed, and in this paper, we shall retrieve MaMahon's original projet and ob-tain, using only Partition Analysis, an extension, Theorem 5.6, of a general planepartition theorem originally due to E. R. Gansner [14, Thm. 4.2℄. For furtherremarks on plane partition history, in partiular, on how Partition Analysis has ledus to a redisovery and to an alternative proof of Gansner's theorem, we refer theinterested reader to [7℄.The initial stage of MaMahon's investigations is hroniled by him in [16℄ wherehe re�nes the study of partitions and ompositions of multipartite numbers intothe theory of plane partitions. On page 658 of [16℄, MaMahon �rst states as anunproven assertion that the generating funtion for plane partitions is, in fat,(1.1) 1Yn=1 1(1� qn)n :This funtion has the series expression1 + q + 3q2 + 6q3 + 13q4 + � � � :Date: August 16, 2006.The �rst author was partially supported by NSF Grant DMS-0457003.The seond author was partially supported by SFB grant F1305 of the Austrian FWF.1



2 GEORGE E. ANDREWS AND PETER PAULEThus there are 13 two-dimensional or plane partitions of 4, namely:4; 3 1; 31 ; 2 2; 22 ; 2 1 1; 2 11 ; 211 ; 1 1 1 1; 1 1 11 ; 1 11 1 ; 1 111 ; 1111 :Indeed, MaMahon proeeds diretly to a nasent form of what he will laterperfet into Partition Analysis, a method inspired by earlier work of Cayley [10℄ ininvariant theory. His objet is lear from this early stage: One should be able toprove general theorems on plane partitions with Partition Analysis.Sadly, after two memoirs [16℄, [17℄ on developing Partition Analysis for thisproblem, MaMahon eventually onludes [18, Vol. II, p. 187℄ with the followingomment onerning 
, the entral operator of Partition Analysis, and the gener-ating funtion for plane partitions with at most m rows and l olumns:\Our knowledge of the 
 operation is not suÆient to enable us to establish the�nal form of result. This will be aomplished by the aid of new ideas whih willbe brought forward in the following hapters."The \new ideas" did, in fat, allow MaMahon to establish his generating fun-tion onjeture. Subsequently, R. P. Stanley [21℄, [23, Ch. 7℄, inspired by MaMa-hon's beginning [18, Vol. II, Art. 495℄, developed these latter methods into apowerful ombinatorial tool, (P; !)-partitions. Stanley provides an extensive a-ount of his researhes in Chapter 7 of [23℄.Stanley's treatment of plane partitions also keeps trak of the trae of the par-tition [23, p. 365℄. For example, the plane partition(1.2) � = 5 5 4 2 25 4 4 13 3 22of 42 has trae 5 + 4 + 2 = 11, the sum of the entries on the main diagonal.Stanley's trae theorem [23, Thm. 7.20.1℄ (a slightly di�erent version of it is givenin [22, Thm. 2.2℄) an be extended either by utilizing ombinatorial properties ofthe Burge orrespondene, as done by Gansner [14℄, or by the Partition Analysistreatment that we shall present in the remainder of this paper. Namely, there arelots of diagonals besides the main diagonal. Following Gansner [14℄, we shall labelall these diagonals with integer numbers where the main diagonal is labeled with0. Starting with label 1, the diagonals above the main diagonal are labeled withpositive integers in asending order. Starting with label �1, the diagonals belowthe main diagonal are labeled with negative integers in desending order.More formally, one an speify a plane partition � as an r� matrix � = (ai;j) ofnon-negative integers ai;j whih are weakly dereasing in rows and olumns. (Whenwriting onrete examples of plane partitions, the 0's are often suppressed as e.g.in (1.2).) Then for integer k with �r+1 � k � �1 the k-trae trk(�) of � = (ai;j)is de�ned as(1.3) trk(�) + X1�i�r1�j�j�i=k ai;j :



PARTITION ANALYSIS XII 3For example, for � as in (1.2) we have tr0(�) = 11, tr1(�) = 9, tr�1(�) = 8,tr2(�) = 5, tr�2(�) = 3, et.We will also use the standard abbreviation j�j for the sum of all elements of �,i.e., j�j + X1�i�r1�j� ai;j = �1Xk=�r+1 trk(�):We denote by Pr; the set of all plane partitions with � r rows and �  olumns.In addition, we de�ne �r;(t�r+1; : : : ; t�1; t0; : : : ; t�1;n) to be the number of planepartitions � in Pr; with j�j = n and with trae trk(�) = tk in the kth diagonal,�r < k < , andPr;(x�r+1; : : : ; x�1;x0; : : : ; x�1; q) +1Xn=0 1Xt�r+1=0 � � � 1Xt�1=0 �r;(t�r+1; : : : ; t�1; t0; : : : ; t�1;n)qn �1Yk=�r+1xtkk :Using only Partition Analysis we shall extend and prove Gansner's theorem [14,Thm.4.2℄:Theorem G. For integers r;  � 1,Pr;(x�r+1; : : : ; x�1;x0; : : : ; x�1; q) = rYi=1 Yj=1 11� x�i+1x�i+2 � � �xj�1qi+j�1 :To illustrate, we provide the power series expansion in the ase r =  = 4 withthe relevant plane partitions listed below eah term:1 +x0q +(x�1x0 +x0x1 +x20)q2? 1 11 1 1 2+(x�2x�1x0 +x�1x0x1 +x�1x20 +x0x1x2 +x20x1 +x30)q3111 1 11 21 1 1 1 2 1 3+(x�3x�2x�1x0 +x�2x�1x0x1 +x�2x�1x20 +x2�1x20 +x�1x0x1x21111 1 111 211 22 1 1 11+2x�1x20x1 +x�1x30 +x0x1x2x3 +x20x1x2 +x20x21 +x30x1 +x40)q4 + � � �2 11 1 11 1 31 1 1 1 1 2 1 1 2 2 3 1 4We note that Gansner's Theorem G not only generalizes (1.1), but also Stanley'strae theorem [22, Thm. 2.2℄.To make this paper as self-ontained as possible, we present in Setion 2 a briefaount on the way how MaMahon's method of Partition Analysis works. InSetion 3 we introdue rational funtion families QXA and RXA whih together withvarious symmetry properties will be used throughout the rest of the paper. In



4 GEORGE E. ANDREWS AND PETER PAULESetion 4 we exhibit important onnetions between QXA and RXA whih will be usedin the proof of our main result, Theorem 5.4. In Setion 5 our main theorem,Theorem 5.4, is introdued together with some orollaries. The �rst onsequene isan elegant speial ase, Theorem 5.5, whih turns out to be equivalent to Gansner'sTheorem G stated in the Introdution; see Corollary 1. Then Theorem 5.6 isderived as a reformulation of Theorem 5.4 under a speial substitution of variables.Finally, using the produt representation (5.7) of a ertain QXA , a simple instane ofTheorem 5.6 is given in the form of Corollary 2. It ontains as speial ases resultsby Gansner [14℄ and Bender and Knuth [8℄. In Setion 6 the Partition Analysisproof of Theorem 5.4 is presented. The paper onludes with a few remarks aboutwhat the future of Partition Analysis might be.2. Generating Funtions and Partition AnalysisIn this setion we introdue to MaMahon's method of Partition Analysis andpresent various representations of generating funtions in terms of MaMahon's fun-damental 
� operator. The setion onludes with a redution argument, Lemma2.5, whih is used as a key ingredient for the proof of our main result, Theorem 5.4in Setion 6.De�nition 2.1. Given an m� n matrix X = (xi;j) we de�nepm;n(X) +pm;n0BBB�x1;1 � � � x1;nx2;1 � � � x2;n... . . . ...xm;1 � � � xm;n1CCCA + X(ai;j)2Pm;n xa1;11;1 � � �xa1;n1;n � � �xam;1m;1 � � �xam;nm;nwhere Pm;n onsists of all m�n matries (ai;j) over non-negative integers ai;j suhthat ai;j � ai;j+1 and ai;j � ai+1;j .Hene pm;n(X) is the generating funtion for all plane partitions with at mostm rows and n olumns. For instane, it is easily seen that for m � 1,(2.1) pm;1(X) = 1(1� x1;1)(1� x1;1x2;1) � � � (1� x1;1x2;1 � � �xm;1) ;and, by symmetry, for n � 1;(2.2) p1;n(X) = 1(1� x1;1)(1� x1;1x1;2) � � � (1� x1;1x1;2 � � �x1;n) :Already for m = n = 2 the numerator is di�erent from 1. To �nd the rationalfuntion representation of p2;2(X) we follow MaMahon [18, Vol. II, p. 183℄ toillustrate his method. To this end we reall the de�nition of the key ingredient ofPartition Analysis, the Omega Operator 
�:
� 1Xs1=�1 � � � 1Xsk=�1As1;:::;sk�s11 � � ��skk + 1Xs1=�1 � � � 1Xsk=�1As1;:::;skwhere the domain of the As1;:::;sk is the �eld of rational funtions over C in severalomplex variables and the �i are restrited to a neighborhood of the irle j�ij = 1.



PARTITION ANALYSIS XII 5In addition, the As1;:::;sk are required to be suh that any of the series involved isabsolute onvergent within the domain of the de�nition of As1;:::;sk .It is important to note that throughout the paper the operator 
� is supposedto at only on the Greek letters � or �, or on orresponding indexed versions like�i and �i, or �i;j and �i;j . The parameters une�eted by 
� will be denoted byletters from the Latin alphabet.Now the �rst step to ompute the losed form of p2;2(X) is to derive whatMaMahon alled the \rude form" of the generating funtion:p2;2(X) = p2;2�x1;1 x1;2x2;1 x2;2� = X(ai;j)2P2;2 xa1;11;1 xa1;21;2 xa2;12;1 xa2;22;2= 
� Xai;j�0�a1;1�a1;21;1 �a2;1�a2;22;1 �a1;1�a2;11;1 �a1;2�a2;21;2 xa1;11;1 xa1;21;2 xa2;12;1 xa2;22;2= 
� 1(1� x1;1�1;1�1;1)�1� x2;1�2;1�1;1 ��1� x1;2�1;2�1;1 ��1� x2;2�2;1�1;2 � :(2.3)Note that the \rude form" in the last line has been obtained by geometri seriessummation.The next step is to eliminate the � and the � variables from the \rude form".To this end MaMahon ompiled tables of elimination rules like [18, Vol. II, p.102℄,(2.4) 
� 1(1� a�) �1� b�� = 1(1� a)(1� ab) :MaMahon's fundamental rules are elementary to prove. For instane, by geo-metri series expansion the left side of (2.4) equals
� Xi;j�0 �i�jaibj = 
� Xj;k�0 �kaj+kbj ;where the summation parameter i has been replaed by j + k. Finally, 
� sets �to 1 whih ompletes the proof of (2.4).Equipped with the above rule, we are in the position to eliminate the � and the� variables from (2.3). Using (2.4) we eliminate suessively �1;1, �2;1, and �1;2:p2;2(X) = 
� 1(1� x1;1�1;1)�1� x2;1�2;1�1;1 � (1� x1;1x1;2�1;1�1;2)�1� x2;2�2;1�1;2 �= 
� 1(1� x1;1�1;1)�1� x2;1�1;1 � (1� x1;1x1;2�1;1�1;2)�1� x2;1x2;2�1;1�1;2 �= 
� 1(1� x1;1�1;1)�1� x2;1�1;1 � (1� x1;1x1;2�1;1) (1� x1;1x1;2x2;1x2;2) :



6 GEORGE E. ANDREWS AND PETER PAULEAfter partial fration deomposition, (2.4) an be applied again to eliminate �1;1:p2;2(X)= 
� 1(1� x1;1�1;1)�1� x2;1�1;1 � (1� x1;2) (1� x1;1x1;2x2;1x2;2)�
� x1;2(1� x1;1x1;2�1;1)�1� x2;1�1;1 � (1� x1;2) (1� x1;1x1;2x2;1x2;2)= 1(1� x1;1) (1� x1;1x2;1) (1� x1;2) (1� x1;1x1;2x2;1x2;2)� x1;2(1� x1;1x1;2) (1� x1;1x1;2x2;1) (1� x1;2) (1� x1;1x1;2x2;1x2;2)= 1� x21;1x1;2x2;1(1� x1;1)(1� x1;1x1;2) (1� x1;1x2;1) (1� x1;1x1;2x2;1) (1� x1;1x1;2x2;1x2;2) :For inreasing m;n � 2 the numerator polynomial of the rational funtion formof pm;n(X) is getting more and more ompliated. To get a better handle on it, wefollow MaMahon and transform the general pm;n(X) series into its \rude form".To this end we need again to invoke the elimination rule (2.4) and also the followingstraightforward generalization for m � 2,
� (1� a1�1)�1 � m�1Yi=2 �1� ai �i�i�1��1 ��1� am 1�m�1��1(2.5) = 1(1� a1)(1� a1a2) � � � (1� a1a2 � � � am) ;whih is obtained by suessive appliation of (2.4). In addition, it will be onve-nient to introdue some short-hand notation.De�nition 2.2. For i; j � 1, we de�ne X(j)i + x1;j � � �xi;j, X(j)0 + 1; �(j)i +�1;j � � ��i;j and �(j)0 + 1.Our �rst version of a \rude form" of pm;n(X) reads as follows.Lemma 2.3. Given an m� n matrix X = (xi;j). For m � 1 and n � 2,pm;n(X) = 
� mYi=1 �1�X(1)i �(1)i ��1(2.6) � mYi=1 n�1Yj=2  1�X(j)i �(j)i�(j�1)i !�1 � mYi=1 1� X(n)i�(n�1)i !�1 :



PARTITION ANALYSIS XII 7Proof. We ode the inequalities ai;j � ai;j+1 by �ai;j�ai;j+1i;j and ai;j � ai+1;j by�ai;j�ai+1;ji;j . Consequently,pm;n(X)= 
� Xai;j�0 Y1�i�m1�j�n xai;ji;j Y1�i�m1�j�n�1 �ai;j�ai;j+1i;j Y1�i�m�11�j�n �ai;j�ai+1;ji;j= 
� (1� x1;1 �1;1 �1;1)�1�1� xm;1 �m;1�m�1;1��1�1� x1;n �1;n�1;n�1��1��1� xm;n 1�m;n�1�m�1;n��1 m�1Yi=2 �1� xi;1 �i;1�i;1�i�1;1 ��1��1� xi;n �i;n�i;n�1�i�1;n��1 � n�1Yj=2 �1� x1;j �1;j�1;j�1;j�1 ��1��1� xm;j �m;j�m;j�1�m�1;j��1 � Y2�i�m�12�j�n�1 �1� xi;j �i;j�i;j�i;j�1�i�1;j��1by geometri series summation. Simple rearrangement of the fators givespm;n(X) = 
� (1� x1;1 �1;1 �1;1)�1� m�1Yi=2 �1� xi;1�i;1 �i;1�i�1;1��1�1� xm;1�m;1 1�m�1;1��1� n�1Yj=2 264 �1� x1;j �1;j�1;j�1 �1;j��1Qm�1i=2 �1� xi;j �i;j�i;j�1 �i;j�i�1;j ��1��1� xm;j �m;j�m;j�1 1�m�1;j ��1 375��1� x1;n�1;n�1 �1;n��1 m�1Yi=2 �1� xi;n�i;n�1 �i;n�i�1;n��1��1� xm;n�m;n�1 1�m�1;n��1whih redues to the right side of (2.6) after using rule (2.5) n times to eliminatethe �i;1, �i;2, et., up to �i;n. �The produt in (2.6) an be redued further by eliminating all the �m;j variables.This gives the following seond version of a representation in \rude form".



8 GEORGE E. ANDREWS AND PETER PAULELemma 2.4. Given an m� n matrix X = (xi;j). For m � 1 and n � 2,pm;n(X) = (1�X(1)m � � �X(n)m )�1
� m�1Yi=1 �1�X(1)i �(1)i ��1� m�1Yi=1 n�1Yj=2  1�X(j)i �(j)i�(j�1)i !�1 � m�1Yi=1  1� X(n)i�(n�1)i !�1� n�1Yj=1 �1�X(1)m � � �X(j)m �(j)m�1��1 :(2.7)Proof. By Lemma 2.3,pm;n(X) = 
�m�1Yi=1 �1�X(1)i �(1)i ��1 m�1Yi=1 n�1Yj=2  1�X(j)i �(j)i�(j�1)i !�1� m�1Yi=1  1� X(n)i�(n�1)i !�1 � �1�X(1)m �(1)m�1�m;1��1� n�1Yj=2  1� X(j)m �(j)m�1�(j�1)m�1 �m;j�m;j�1!�1 1� X(n)m�(n�1)m�1 1�m;n�1!�1 ;and (2.7) follows after applying (2.5) with respet to all the �m;j . �The proof of our main theorem, Theorem 5.4 in Setion 6, is based on thefollowing basi redution lemma whih is an immediate onsequene of Lemma 2.4.Lemma 2.5. For m � 1 and n � 1,pm+1;n+10BBB� x1;1 � � � x1;n z0x2;1 � � � x2;n z1... . . . ... ...xm+1;1 � � � xm+1;n zm1CCCA = 0BB�1� z0 � � � zm Y1�i�m+11�j�n xi;j1CCA�1
�
�pm+1;n0BBBBB� x1;1 � � � x1;n�1 �0x1;nx2;1 � � � x2;n�1 �1x2;n... . . . ... ...xm;1 � � � xm;n�1 �m�1xm;nxm+1;1 � � � xm+1;n�1 xm+1;n

1CCCCCA mYi=1�1� z0 � � � zi�1�0 � � ��i�1��1 :(2.8)
Proof. To onnet to Lemma 2.4 we introdue the renaming �l ! �l+1;n of vari-ables. The ase n = 1 follows from Lemma 2.4 after applying (2.1) to rewritepm+1;10BBB� �1;1x1;1...�m;1xm;1xm+1;1 1CCCA



PARTITION ANALYSIS XII 9into produt form. For n � 2 it is onvenient to de�neHm;n + mYi=1 �1�X(1)i �(1)i ��1 mYi=1 n�1Yj=2  1�X(j)i �(j)i�(j�1)i !�1� n�1Yj=1 �1�X(1)m+1 � � �X(j)m+1�(j)m ��1 :Applying Lemma 2.4 to the right side of (2.8) gives0BB�1� z0 � � � zm Y1�i�m+11�j�n xi;j1CCA�1
�Hm;n0BB�1� �(n)m Y1�i�m+11�j�n xi;j1CCA�1
� mYi=124 1� z0 � � � zi�1�(n)i !�1 1� �(n)i X(n)i�(n�1)i !�135 :Finally it is easy to hek that applying Lemma 2.4 to left side of (2.8) gives thesame expression. �3. Rational Funtions and SymmetryIn this setion we introdue rational funtions whih together with various sym-metry properties will be used throughout the rest of the paper.De�nition 3.1. Let A = fA0; A1; : : : ; Amg and X = fX0; X1; : : : ; Xng be two setsof variables. For A 2 A de�neqXA (A) + QX2X�1� AX �QA02AnfAg �1� AA0 � :For example, for A=fA0 ; A1; A2g and X =fX0; X1g,qXA (A0) = �1� A0X0��1� A0X1��1� A0A1��1� A0A2 � ; qXA (A1) = �1� A1X0 ��1� A1X1��1� A1A0��1� A1A2� ; et.Throughout the paper we use the onvention QA2? f(A) + 1, hene, for ex-ample, q?fA0g(A0) = 1. Similarly, we will use Sl2? Sl + ?; for example, if n = 0then fX0; X1; : : : ; Xn�1g = [0�l�n�1fXlg = ?:Subsequently the rational funtions qXA will play a ruial role. In partiular, theyserve as building bloks of two fundamental families of rational funtions whih wede�ne next.



10 GEORGE E. ANDREWS AND PETER PAULEDe�nition 3.2. Given A = fA0; A1; : : : ; An+1g and X = fX0; X1; : : : ; Xng wheren � 0. We de�ne reursively a rational funtion QXA in z0; z1; : : : ; zn+1 and in thevariables from A and X by Q?fA0g(z0) + 11�A0z0and QXA (z0; z1; : : : ; zn+1) + 11�A0A1 � � �An+1z0z1 � � � zn+1� n+1Xi=0 qXA (Ai)QXnfXngAnfAig (z0; z1; : : : ; zn):De�nition 3.3. Given A = fA0; A1; : : : ; An+1g and X = fX0; X1; : : : ; Xng wheren � 0. We de�ne reursively a rational funtion RXA in w0; w1; : : : ; wn+1 andz0; z1; : : : ; zn+1 and in the variables from A and X byR?fA0g(w0; z0) + 1(1�A0w0)(1�A0w0z0)andRXA (w0; : : : ; wn+1; z0; : : : ; zn+1)+ 11�A0 � � �An+1w0 � � �wn+1z0 � � � zn+1� n+1Xi=0 qXA (Ai)1�Aiwn+1�RXnfXngAnfAig (w0; : : : ; wn; z0; : : : ; zn)�Aiwn+1RXnfXngAnfAi g (w0; : : : ; wn�1; wnwn+1Ai; z0; : : : ; zn)�:Next we state elementary properties of the QXA and RXA that will be used later.The �rst one is immediate from the De�nitions 3.1 and 3.2.Lemma 3.4. Given A = fX0; X1; : : : ; Xng and X = fX0; X1; : : : ; Xn�1g, n � 0.Then QXA (z0; z1; : : : ; zn) = nYi=0(1�X0 � � �Xiz0 � � � zi)�1:For general A and X there is no suh fatored form but both, QXA and RXA , haveimportant symmetry properties. For suh onsiderations it is onvenient to reallthe onept of Lagrange symmetrization.For a given set A = fA0; A1; : : : ; Ang of variables let K(A ; z) denote the �eld ofrational funtions in z and in the Ai with oeÆients from a �eld K.De�nition 3.5. Given A = fA0; : : : ; Ang, n � 0, let f(A0; : : : ; An�1; z) be arational funtion from K(A nfAng; z) that is symmetrial in all the variables fromA nfAng. We denote f in short by fAnfAng(z). In order to de�ne the Lagrangesymmetrization L(f) of f we proeed as follows. For eah i 2 f0; : : : ; n � 1g letfAnfAig(z) denote that rational funtion from K(A nfAig; z) whih is produed byreplaing in f the variable Ai by An. Obviously eah fAnfAig(z) is symmetrial inall the variables from A nfAig, and we de�ne L(f) 2 K(A ) byL(f) + nXi=0 fAnfAig(Ai)QA02AnfAig(Ai �A0) :



PARTITION ANALYSIS XII 11De�nition 3.5 introdues Lagrange symmetrization in a version whih was studiedextensively by A. Lasoux; see e.g. [15℄. Lemma 3.6 states its ruial symmetryproperty whih is easily veri�ed.Lemma 3.6. L(f) as in De�nition 3.5 is symmetrial in all the variables from A .Lemma 3.6 implies an important symmetry of our fundamental rational funtionsQXA and RXA .Lemma 3.7. Given A = fA0; A1; : : : ; Ang and X = fX0; X1; : : : ; Xn�1g, n � 0.The rational funtions QXA and RXA are symmetrial in all the variables from A .Proof. The proof is immediate from Lemma 3.6 by indution on n. E.g., the sym-metry of QXA is implied by the fat that for n � 1,QXA (z0; z1; : : : ; zn) = (�1)n A0A1 � � �An1� A0A1 � � �Anz0z1 � � � znL(f)where for eah i 2 f0; : : : ; ng,fAnfAig(z) = 1z YX2X�1� zX �QXnfXn�1gAnfAig (z0; z1; : : : ; zn�1):The symmetry of RXA is proved analogously. �Setting z0 = 0 in QXA will beome important; see Theorem 5.5 in Setion 5.Lemma 3.8. Given A = fA0; A1; : : : ; Ang and X = fX0; X1; : : : ; Xn�1g, n � 0.Then QXA (0; z1; : : : ; zn) = 1:Proof. We proeed by indution on n. Aording to De�nition 3.2, to proeedfrom n� 1 to n, n � 1, we need to show that(3.1) nXi=0 qXA (Ai) = 1:In view of De�nition 3.5, we rewrite identity (3.1) to(3.2) nXi=0 fAnfAig(Ai)QA02AnfAig(Ai �A0) = (�1)nA0A1 � � �Anwhere fAnfAi g(z) = 1z QX2X�1� zX �. After expanding the produt, identity (3.2)is implied by the relations(3.3) nXi=0 AkiQA02AnfAig(Ai �A0) = 0 (0 � k � n� 1)and(3.4) nXi=0 A�1iQA02AnfAig(Ai �A0) = (�1)nA0A1 � � �Anwhih are folklore in the ontext of lassial Lagrange interpolation; see e.g. Set.1.3 in [19℄. �Writing degXi for the polynomial degree with respet to Xi, the following lemmais immediate from De�nition 3.3.



12 GEORGE E. ANDREWS AND PETER PAULELemma 3.9. Given A = fA0; A1; : : : ; Ang and Y = f1=X0; 1=X1; : : : ; 1=Xn�1gwith n � 0. The expression RYA (w0; : : : ; wn; z0; : : : ; zn) an be viewed as a multi-variate polynomial in the Xi with oeÆients being rational funtions in the Ai,where(3.5) degXi RYA � n� i (0 � i � n� 1):Now we are ready for another fundamental result based on Lagrange symmetriza-tion.Lemma 3.10. Given A = fA0; A1; : : : ; An+1g and Y = fY0; Y1; : : : ; Yng, n � 0.Then(3.6) n+1Xi=0 Ai qYA (Ai)1� AiYn RYnfYngAnfAig (w0; : : : ; wn�1; wnAi; z0; : : : ; zn) = 0for arbitrary variables wi and zj :Proof. Let g denote the left side of (3.6). First we note that g is a rational funtionbeing symmetrial in A0; A1; : : : ; An+1. This, in view of De�nition 3.5, is impliedby the Lemmas 3.6 and 3.7, sine g = (�1)n+1A0A1 : : : An+1L(f) wherefAnfAig(z) = YY 2YnfYng �1� zY �RYnfYngAnfAig (w0; : : : ; wn�1; wnz; z0; : : : ; zn):Seondly, we introdue another set X = fX0; : : : ; Xng of variables suh thatafter the substitutions Yi = 1=Xi, 0 � i � n, g an be viewed as a polynomialg(X0; X1; : : : ; Xn) in the Xi with oeÆients being rational funtions in the Ai, wjand zk. Note that degXn g � 0 sine 1� Ai=Yn = 1� AiXn is a fator of qYA (Ai).Moreover, from Lemma 3.9 we obtain the degree bounds with respet to the Xiwhere 0 � i � n� 1, namely(3.7) degXi g � n� i+ 1:For k 2 f0; : : : ; n+ 1g de�negXA (k) + g� 1A0 ; 1A1 ; : : : ; 1An�k ; Xn�k+1; Xn�k+2; : : : ; Xn� :Note that gXA (0) is g for the speial hoie Y = fA0; A1; : : : ; Ang. Beause ofdegXn g � 0 we have that gXA (0) = gXA (1). As a ruial ingredient of the proof weshow that for all k 2 f1; : : : ; ng:(3.8) gXA (k) = 0 implies gXA (k + 1) = 0:Consequently, to prove (3.6), whih is nothing but gXA (n+ 1) = 0, it is suÆient toprove gXA (0) = 0.First we will prove (3.8). Owing to gXA (k) = 0 there exists a polynomial h =h(Xn�k; : : : ; Xn) suh thatgXA (k + 1) = �Xn�k � 1An�k�h:Suppose that permutations � of A at in the usual way on rational funtions inthe Al, i.e., �r(A0; A1; : : : ; An+1) = r(A�(0); A�(1); : : : ; A�(n+1)):



PARTITION ANALYSIS XII 13For eah i 2 f0; : : : ; k + 1g let �i be suh a permutation whih, in addition, leaveseah of the A0, A1,. . . , An�k�1 �xed and whih exhanges An�k with An�k+i.Owing to the full symmetry of g with respet to all the elements of A we have forall suh �i, gXA (k + 1) = �igXA (k + 1) = �Xn�k � 1An�k+i��ih:Hene gXA (k + 1), viewed as a univariate polynomial in Xn�k, has at least k + 2di�erent roots, namely 1=An�k, 1=An�k+1,. . . , 1=An+1. But from (3.7) we havethat degXn�k gXA (k+1) � k+1, hene gXA (k+1) must be the zero polynomial whihproves (3.8).Finally our proof is ompleted by showing gXA (0) = 0 whih is equality (3.6) forY = fA0; A1; : : : ; Ang. For this speial hoie, aording to the de�nition of qYA , thesum in (3.6) redues to the two summands for i = n and i = n+1. In other words,it remains to prove the identityRXX[fAg(w0; : : : ; wn�1; wnB; z0; : : : ; zn)= RXX[fBg(w0; : : : ; wn�1; wnA; z0; : : : ; zn)(3.9)for arbitrary variables A, B and X = fX0; : : : ; Xn�1g, n � 0. For n = 0, i.e.X = ?, (3.9) is immediate from De�nition 3.3. For n � 1 De�nition 3.3 givesRXX[fAg(w0; : : : ; wn; z0; : : : ; zn)= 11�X0 � � �Xn�1Aw0 � � �wnz0 � � � zn� 11�Awn�RXnfXn�1gX (w0; : : : ; wn�1; z0; : : : ; zn�1)�AwnRXnfXn�1gX (w0; : : : ; wn�2; wn�1wnA; z0; : : : ; zn�1)�:Using this relation to rewrite the left and the right hand side of (3.9) veri�es theequality (3.9), and the proof of Lemma 5 is ompleted. �4. Relations between QXA and RXAIn this setion we exhibit identities, used in the proof of our main result, Theorem5.4, that relate the rational funtions QXA and RXA .Lemma 4.1. Given A = fA0; A1; : : : ; Ang, Y = fY0; Y1; : : : ; Yn�1g, n � 0, andadditional arbitrary variables An+1; w0; : : : ; wn+1, and z0; : : : ; zn. Then
� QYA (w0�0; : : : ; wn�n)(1�A0 � � �An+1w0 � � �wn+1�0 � � ��n)Qnk=0 �1� z0���zk�0����k �= 11�An+1wn+1 �RYA (w0; : : : ; wn; z0; : : : ; zn)�An+1wn+1(4.1) �RYA (w0; : : : ; wn�1; wnwn+1An+1; z0; : : : ; zn)�:Proof. We proeed by indution on n. For n = 0 the veri�ation of (4.1) is asimple exerise using the elimination rule(4.2) 
� 1(1� a�)(1� b�) �1� �� = 1� ab(1� a)(1� b)(1� a)(1� b)



14 GEORGE E. ANDREWS AND PETER PAULEfrom MaMahon's table [18, Vol. II, pp. 102{103℄. For the step from n � 1 to n,n � 1, we invoke De�nition 3.2 together with the partial fration deomposition1(1� a)(1� ab) = 11� b � 11� a � b1� ab� :This way the left side of (4.1) an be rewritten as11�An+1wn+1� " nXi=0 qYA (Ai)
� QYnfYn�1gAnfAig (w0�0; : : : ; wn�1�n�1)(1�A0 � � �Anw0 � � �wn�0 � � ��n)Qnk=0 �1� z0���zk�0����k ��An+1wn+1� nXi=0 qYA (Ai)
� QYnfYn�1gAnfAig (w0�0; : : : ; wn�1�n�1)(1�A0 � � �An+1w0 � � �wn+1�0 � � ��n)Qnk=0 �1� z0���zk�0����k�#:After elimination of �n by rule (2.4) this expression is equal to(4.3) 11�An+1wn+1 �h(wn)�An+1wn+1h(wnwn+1An+1)�whereh(wn) + 11�A0 � � �Anw0 � � �wnz0 � � � zn� nXi=0 qYA (Ai)
� QYnfYn�1gAnfAig (w0�0; : : : ; wn�1�n�1)(1�A0 � � �Anw0 � � �wn�0 � � ��n�1)Qn�1k=0 �1� z0���zk�0����k � :Applying the indution hypothesis givesh(wn) = 11�A0 � � �Anw0 � � �wnz0 � � � zn� nXi=0 qYA (Ai)1�Aiwn�RYnfYn�1gAnfAig (w0; : : : ; wn�1; z0; : : : ; zn�1)�Aiwn�RYnfYn�1gAnfAig (w0; : : : ; wn�2; wn�1wnAi; z0; : : : ; zn�1)�= RYA (w0; : : : ; wn; z0; : : : ; zn);where the last equality is by De�nition 3.3. This ompletes the proof of Lemma 4.1.�Finally we show that the QXA an be represented as rational funtion multiplesof ertain RYB . We state this relation in a form that is onvenient for our proof ofTheorem 5.4 in Setion 6.Lemma 4.2. For k � 0 let X = fX0;X1; : : : ; Xk�1g and B = fB0; B1; : : : ; Bkg.For additional variables x and Xk let Y = fX1=x;X2=x; : : : ; Xk=xg and A =



PARTITION ANALYSIS XII 15fxB0; xB1; : : : ; xBkg. Then for arbitrary z0; : : : ; zk:kYl=0�1� xBlX0 �� RYB � xX0 ; xX1 ; : : : ; xXk ; z0; : : : ; zk�= QXA � z0X0 ; z1X1 ; : : : ; zkXk� :(4.4)Proof. The ase k = 0 is immediate from the De�nitions 3.2 and 3.3. For theindution step from k � 1 to k, we rewrite the left side of (4.4) by De�nition 3.3whih givesQkl=0 �1� xBlX0 �1� xk+1Qkj=0 BjzjXj� kXi=0 qYB (Bi)1� xBiXk hRYnfXk=xgBnfBig � xX0 ; xX1 ; : : : ; xXk�1 ; z0; : : : ; zk�1�� xBiXk RYnfXk=xgBnfBig � xX0 ; xX1 ; : : : ; xXk�2 ; x2BiXk�1Xk ; z0; : : : ; zk�1�i= 11� xk+1Qkj=0 BjzjXj kXi=0 1� xBiX01� xBiXk qYB (Bi)Qkl=0 �1� xBlX0 �1� xBiX0�RYnfXk=xgBnfBig � xX0 ; xX1 ; : : : ; xXk�1 ; z0; : : : ; zk�1�where the last equality is by Lemma 5. Applying the trivial identity1� xBiX01� xBiXk qYB (Bi) = qXA (xBi)and the indution hypothesis, redues this expression to11� xk+1Qkj=0 BjzjXj kXi=0qXA (xBi)QXnfXk�1gAnfxBig � z0X0 ; z1X1 ; : : : ; zk�1Xk�1�= QXA � z0X0 ; z1X1 ; : : : ; zkXk�where in the last step De�nition 3.2 has been applied. This ompletes the proof ofequality (4.4). �5. The Main Theorem and CorollariesIn this setion we state our main theorem, Theorem 5.4, together with someorollaries. The �rst onsequene is an elegant speial ase, Theorem 5.5, whihturns out to be equivalent to Gansner's Theorem G stated in the Introdution;see Corollary 1. Then Theorem 5.6 is derived as a reformulation of Theorem 5.4under a ertain substitution of variables. Finally, using the produt representation(5.7) of a speialized QXA , a simple instane of Theorem 5.6 is given in the form ofCorollary 2. It ontains as speial ases results by Gansner [14℄ and Bender andKnuth [8℄.First we introdue some onvenient de�nitions.



16 GEORGE E. ANDREWS AND PETER PAULEDe�nition 5.1. Given an m � n matrix X = (xi;j) and a olumn vetor y =(y1; y2; : : : ; ym)t, we de�neX ^ y + 0BBB� x1;1 � � � x1;n y1x2;1 � � � x2;n y2... . . . ... ...xm;1 � � � xm;n ym 1CCCA :If X = ?, i.e., X is the empty matrix, then X ^ y + y.Of partiular importane are matries of Toeplitz type, i.e., having onstantentries along their diagonals.De�nition 5.2. For m;n � 1 let x = fx1; : : : ; xn+m�1g be a set of variables.De�ne an m � n matrix Tm;n(x) = (ti;j) by ti;j + xn+i�j . For n = 0 we de�neTm;0(x) + ?, the empty matrix.Example 5.3. For (m;n) = (4; 6) and x = fx1; : : : ; x9g;T4;6(x) = 0BB�x6 x5 x4 x3 x2 x1x7 x6 x5 x4 x3 x2x8 x7 x6 x5 x4 x3x9 x8 x7 x6 x5 x41CCA :Now we are ready to state the main theorem of this paper.Theorem 5.4. Let X0 = 1 and Xk = x1 � � �xk, k � 1. For m;n � 0 let A =fXn; Xn+1; : : : ; Xn+mg, X = fX0; X1; : : : ; Xm�1g, and x = fx1; : : : ; xn+mg. Thenfor any z = (z0; z1; : : : ; zm)t we havepm+1;n+1(Tm+1;n(x) ^ z) = pm+1;n+10BBB� xn � � � x1 z0xn+1 � � � x2 z1... . . . ... ...xn+m � � � xm+1 zm 1CCCA= n�1Yk=0 1�1� XnXk ��1� Xn+1Xk � � � ��1� Xn+mXk �(5.1) �QXA � z0X0 ; : : : ; zmXm� :Proof. The proof of Theorem 5.4 is given in Setion 6. �The �rst orollary of Theorem 5.4 is an elegant speial ase.Theorem 5.5. For m � 0 and n � 1 let x = fx1; : : : ; xn+mg. Thenpm+1;n(Tm+1;n(x)) = pm+1;n0BBB� xn � � � x2 x1xn+1 � � � x3 x2... . . . ... ...xn+m � � � xm+2 xm+11CCCA= n�1Yk=0 1�1� XnXk ��1� Xn+1Xk � � � ��1� Xn+mXk �(5.2)where X0 = 1 and Xk = x1 � � �xk (k � 1).



PARTITION ANALYSIS XII 17Proof. Theorem 5.4 with z0 = 0 givespm+1;n+1(Tm+1;n(x) ^ z)jz0=0 = pm+1;n+10BBB� xn � � � x1 0xn+1 � � � x2 z1... . . . ... ...xn+m � � � xm+1 zm1CCCA= n�1Yk=0 1�1� XnXk ��1� Xn+1Xk � � � ��1� Xn+mXk � �QXA �0; z1X1 ; : : : ; zmXm� :By De�nition 2.1 it is obvious thatpm+1;n+1(Tm+1;n(x) ^ z)jz0=0 = pm+1;n(Tm+1;n(x));and the rest of Theorem 5.5 follows immediately from Lemma 3.8. �Corollary 1. Gansner's Theorem G is equivalent to Theorem 5.5.Proof. In (5.2) replae m and n by r � 1 and , respetively. Then replae all thexl by qx�l and the statement follows. �Next we onsider a variant of Theorem 5.4 whih is obtained by the followingsubstitution of variables in (5.1). First, to relate the result to Theorem G fromthe Introdution, it will be onvenient to replae m and n by r and , respetively.Then, replae all the xl by qx�l, and all the zl by qx�lzl. As a onsequene theleft side of (5.1) turns intopr+1;+1(Tr+1;(x) ^ z)j xl!qx�lzl!qx�lzl= X�=(ai;j)2Pr+1;+1 za1;+10 � � � zar+1;+1r qj�j Y1�i�r+11�j�+1xai;jj�i= X�=(ai;j)2Pr+1;+1 za1;+10 � � � zar+1;+1r qj�j Yk=�r xtrk(�)k= 1Xn=0 1Xt�r=0 � � � 1Xt=0 1Xa0=0 � � � 1Xar=0 �r+1;+1(t�r; : : : ; t�1; t0; : : : ; t; a0; : : : ; ar;n)� qn rYj=0 zajj Yk=�r xtkk ;where(5.3) �r+1;+1(t�r; : : : ; t�1; t0; : : : ; t; a0; : : : ; ar;n)denotes the number of plane partitions � = (ai;j) in Pr+1;+1 with j�j = n and withtrae trk(�) = tk in the kth diagonal where �r � k � , and with ai;+1 = ai�1where 1 � i � r + 1.



18 GEORGE E. ANDREWS AND PETER PAULEUnder the same replaements of variables, the right side of (5.1) turns into�1Yk=0 1�1� XXk ��1� X+1Xk � � � ��1� X+rXk �QXA � z0X0 ; : : : ; zrXr������� xl!qx�lzl!qx�lzl= �1Yk=0 1(1� q�kx0 � � �x�k�1) � � � (1� q�k+rx�r � � �x�k�1)�QYB �qxz0; z1; q�1 z2x�1 ; q�2 z3x�2x�1 ; : : : ; q�r+1 zrx�r+1 � � �x�1�= r+1Yi=1 Yj=1 11� x�i+1 � � �xj�1qi+j�1QYB �qxz0; z1Y0 ; z2Y1 ; : : : ; zrYr�1�with(5.4) Y = fY0; Y1; : : : ; Yr�1g and B = fY; Y+1; : : : ; Y+rgwhere(5.5) Yk + qk k�1Yj=0 x�k+j :We summarize in the form of a theorem.Theorem 5.6. For r;  � 0 let �r+1;+1(t�r; : : : ; t�1; t0; : : : ; t; a0; : : : ; ar;n) be asin (5.3). Then for Y and B as in (5.4) and (5.5), respetively, one has thatpr+1;+10BBBBB� qx0 qx1 qx2 � � � qx�1 qxz0qx�1 qx0 qx1 � � � qx�2 qx�1z1qx�2 qx�1 qx0 � � � qx�3 qx�2z2... ... ... . . . ... ...qx�r qx�r+1 qx�r+2 � � � qx�r�1 qx�rzr
1CCCCCA= 1Xn=0 Xt�r;:::;t�0a0�:::�ar�0 �r+1;+1(t�r; : : : ; t�1; t0; : : : ; t; a0; : : : ; ar;n)� qn rYj=0 zajj Yk=�r xtkk= r+1Yi=1 Yj=1 11� x�i+1 � � �xj�1qi+j�1QYB �qxz0; z1Y0 ; z2Y1 ; : : : ; zrYr�1� :(5.6)Remark. Our ruial rational funtions QXA and RXA satisfy many additional relationsthat are not stated expliitly in this paper but whih ould be explored further.For example, using the fat that for X0 = 1, Xk = x1 � � �xk, k � 1; and arbitraryAi, �, �, and  6= 0,(5.7)QfX0;:::;Xk�1gfA0;:::;Akg � �X0 ; x1X1 ; : : : ; xk�1Xk�1 ; �Xk�1� = 1� A0���AkX0���Xk�1�1� A0���AkX0���Xk�1 �� kYj=0 11�Aj�;



PARTITION ANALYSIS XII 19one an obtain Gansner's Theorem G di�erently to Corollary 1. Namely, in (5.6)just set all the zj to 1. { It should be also noted that the proof of (5.7) is verysimilar to the proof of Lemma 3.8. Finally we remark that (5.7) an be used toobtain further speializations of Theorem 5.5, for instane, Corollary 2.Corollary 2. Let �(t;�; �; ;n) denote the number of plane partitions � = (ai;j)in Pr; with j�j = n , with 0-trae tr0(�) = t, and with ar;1 = �, a1; = �, andar; = , thenXn�0Xt�0 X�;�;�0 �(t;�; �; ;n)qnxt0x�1 x�2x3 = r�1Yi=1 �1Yj=1 11� x0qi+j�1(5.8)� r�1Yi=1 11� x0x2q+i�1 �1Yj=1 11� x0x1qr+j�1 11� x0x1x2qr+�1 1� xr0x1x2qr1� xr0x1x2x3qr :Note that setting x1 = x2 = x3 = 1 gives Stanley's trae theorem [23, Thm. 7.20.1℄;setting x0 = x3 = 1 gives Thm. 4.5 in Gansner [14℄; setting x0 = x2 = x3 = 1gives Cor. 4.6 in [14℄ whih is equivalent to a theorem of Bender and Knuth [8℄.6. Proof of the Main TheoremIn this setion we present the proof of our main result, Theorem 5.4.The ase m = 0 is immediate from (2.2). Thus we shall proeed by indution onn assuming that m � 1. The ase n = 0 of Theorem 5.4 is settled by Lemma 3.4together with (2.1).For the indution step from n � 1 to n, n � 1, we �rst apply Lemma 2.5 torewrite the left side of (5.1). In the resulting pm+1;n expression we rename thex-variables by yi = xi+1 for all i � 0. In view of this renaming of variables, it isonvenient to introdue the sets Y=fY0; Y1; : : : ; Ym�1g and B = fB0; B1; : : : ; Bmgwhere Yi = Xi+1=x1 and Bi = Yn�1+i for i � 0. Note that Y0 = 1 and Yi = y1 � � � yifor i � 1.Now invoking the indution hypothesis on the pm+1;n expression givespm+1;n+1(Tm+1;n(x) ^ z) =  1� mYk=0 Xn+kXk zk!�1�n�2Yk=0 1(1� Yn�1Yk )(1� YnYk ) � � � (1� Yn+m�1Yk ) �
�QYB (�0w0; : : : ; �m�1wm�1; wm)Qm�1k=0 �1� z0���zk�0����k �where wi = yi=Yi for 0 6 i 6 m. We abbreviate the 
� expression by Hm; i.e.,Hm + 
�QYB (�0w0; : : : ; �m�1wm�1; wm)Qm�1k=0 �1� z0���zk�0����k � :Applying De�nition 3.2 to Hm we obtain thatHm = mXi=0 qYB (Bi)
� QYnfYm�1gBnfBig (�0w0; : : : ; �m�1wm�1)(1�B0 � � �Bmw0 � � �wm�0 � � ��m�1)Qm�1k=0 �1� z0���zk�0����k � :



20 GEORGE E. ANDREWS AND PETER PAULEApplying Lemma 6 to eah of the summands (i.e., Bi is playing the same role asAn+1 in Lemma 6) results inHm = mXi=0 qYB (Bi)1�Biwm �RYnfYm�1gBnfBig (w0; : : : ; wm�1; z0; : : : ; zm�1)�Biwm � RYnfYm�1gBnfBig (w0; : : : ; wm�2; wm�1wmBi; z0; : : : ; zm�1)�= mXi=0 qYB (Bi)1�BiwmRYnfYm�1gBnfBig (w0; : : : ; wm�1; z0; : : : ; zm�1);the seond equality is by Lemma 3.10 noting that wm = ym=Ym = 1=Ym�1.Summarizing, in view of Yn�1+iYk = Xn+iXk+1 and X0 = 1, we have derived thatpm+1;n+1(Tm+1;n(x) ^ z)= n�1Yk=0 1�1� XnXk ��1� Xn+1Xk � � � ��1� Xn+mXk � � Qmj=0(1�Xn+j)1�Qmi=0Xn+i ziXi� mXi=0 qYB (Bi)1�BiwmRYnfYm�1gBnfBig (w0; : : : ; wm�1; z0; : : : ; zm�1):This means, to omplete the proof of (5.1) it remains to show thatmYj=0(1�Xn+j) � mXi=0 qYB (Bi)1�BiwmRYnfYm�1gBnfBig (w0; : : : ; wm�1; z0; : : : ; zm�1)= mXi=0 qXA (Xn+i)QXnfXm�1gAnfXn+ig � z0X0 ; : : : ; zm�1Xm�1� ;(6.1)sine by De�nition 3.2 the right side of (6.1) turns into 1� mYi=0Xn+i ziXi!QXA � z0X0 ; : : : ; zmXm� :To prove identity (6.1), in view of X0 = 1, Xn+i = x1Bi, Yi = Xi+1=x1, andwi = x1=Xi, we apply Lemma 4.2 to eah of the summands of its left side whihthen is transformed intomXi=0 1� x1Bi1�Biwm qYB (Bi)QXnfXm�1gAnfXn+ig � z0X0 ; : : : ; zm�1Xm�1� :But this, beause ofqXA (Xn+i) = Qm�1k=0 �1� Xn+iXk �Q0�k�mk 6=i �1� Xn+iXn+k � = (1� x1Bi) Qm�1k=1 �1� x1Bix1Yk�1�Q0�k�mk 6=i �1� x1Bix1Bk �= 1� x1Bi1� BiYm�1 qYB (Bi) = 1� x1Bi1�Biwm qYB (Bi);turns out to be equal to the right side of (6.1). This ompletes the proof of identity(5.1) and thus of Theorem 5.4.
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