MACMAHON’S PARTITION ANALYSIS XI:
THE SEARCH FOR MODULAR FORMS

GEORGE E. ANDREWS AND PETER PAULE

ABSTRACT. In this paper we continue the partition explorations made possible by Omega, the
computer algebra implementation of MacMahon’s Partition Analysis. The focus of our work
has been partitions associated with directed graphs. The graphs considered here are made up of
chains of hexagons, and the related generating functions are infinite products. The culmination
of our study leads to an infinite family of modular forms. These, in turn, lead to interesting
arithmetic theorems and conjectures for the related partition functions.

AMS Mathematics Subject Classification: 05A15, 05A17, 11P83

1. INTRODUCTION

In his pioneering book “Combinatory Analysis” [13, Vol. I, Sect. VIII, pp. 91-170] MacMahon
introduced Partition Analysis as a computational method for solving combinatorial problems in
connection with systems of linear diophantine inequalities and equations. In particular, he devotes
Chapter IT of Section IX to the study of plane partitions as a natural application domain for his
method.

In the course of a joint project devoted to Partition Analysis, the authors have turned MacMa-
hon’s method into an algorithm described in full detail in [5, 6]. As demonstrated in refer-
ences [2]-[11], the resulting computer algebra package Omega' has been used as a powerful tool
for combinatorial investigation. In particular, in [8, 10] we considered new variations of plane
partitions, a study which will be extended in the present paper to plane partitions of “hexagonal
shape”. We remark that this extension is completely different from the generalizations given in
[12].

The “most simple case” of classical plane partitions, treated by MacMahon in [13, Vol. II,
p. 183], is the situation where the non-negative integer parts a; of the partitions are placed at the
corners of a square such that the following order relations are satisfied:

(1.1) ai > as, a; > as, az > aq, and az > ay.

It will be convenient to use arrows as an alternative description for > relations; for instance,
Fig. 1 represents the relations (1.1). Here and throughout the following it will be understood that
an arrow pointing from a; to a; is interpreted as a; > a;.

a3
ai a4

as

FIGURE 1. The inequalities (1.1)
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By using Partition Analysis MacMahon derives that

 — ai,az, a3z, a4
P = E Ly Ty T3" Ty

(1.2) 1 —x%wgmg

(1 —21)(1 —z129)(1 — z123)(1 — 212023) (1 — Z122T324)
where the sum is taken over all non-negative integers a; satisfying (1.1). Furthermore, he observes
that if ; = 23 = £3 = x4 = ¢, the resulting generating function is

1
(1-a)(1—¢*)?(1 —¢*)
In order to see how Partition Analysis works on (1.2) we need to recall the key ingredient of
MacMahon’s method, the Omega operator 1.

Definition 1. The operator (), is given by

oo o0 oo o0
E E S1 L — E E

o Asla---’sv‘Al .-.ATT‘ T Asl’---;srd
=—00 =—00

S1=— Sp=— s1=0 s»=0

v

where the domain of the Aj, . . is the field of rational functions over C in several complex
variables and the \; are restricted to a neighborhood of the circle |A;] = 1. In addition, the
A, s, are required to be such that any of the series involved is absolute convergent within the
domain of the definition of As, .

To avoid confusion we will always have 0, operate on variables denoted by letters in the middle
of the Greek alphabet (e.g. A, g1, v). The parameters unaffected by Q. will be denoted by letters
from the Latin alphabet.

We emphasize that it is essential to treat everything analytically rather than formally because
the method relies on unique Laurent series representations of rational functions.

Another fundamental aspect of Partition Analysis is the use of elimination rules which describe
the action of the Omega operator on certain base cases. MacMahon begins the discussion of
his method by presenting a catalog [13, Vol. II, pp. 102-103] of twelve fundamental evaluations.
Subsequently he extends this table by new rules whenever he is forced to do so. Once found, most
of these fundamental rules are easy to prove. This is illustrated by the following examples which
are taken from MacMahon'’s list.

Proposition 1. For integer s > 1,

1 1
(13) SUoW0-E) " A-A0-4B)
1 1 - ABC
(14) S B)(1-9) ~ (1-A)(1-B)(1-AC)1-BO)

We prove (1.3); the proof of (1.4) is analogous and is left to the reader.

Proof of (1.3). By geometric series expansion the left hand side equals
i—sj AiRi — k gsi+k Rj
Q > NTHAB =9 > NeAsithpr,
4,j20 3,k>0

where the summation parameter ¢ has been replaced by sj + k. But now €, sets A to 1 which
completes the proof. O

Now we are ready for deriving the closed form expression for ¢ with Partition Analysis.
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Proof of (1.2). First, in order to get rid of the diophantine constraints, one rewrites the sum
expression in (1.2) into what MacMahon called the “crude form” of the generating function,

_ a1—a2\a1—a3 \a2—aq \a3—a4 ,,0a1 ,,02
p=1 E Al A5 A3 A4 oyt wy® gt vyt

~ ai,az2,a3,a4>0

=0 !
2 (1= Mdom) (1= 32m0) (1= Rws) (1= 53%7)
Next by rule (1.3) we eliminate successively A1, A3, and )\4,
p=10 .
> (1—>\2$1)(1—>\2>\3ZE1$2)(1 )\ )(1— )\3)\4)
=0 1
> (1= Xozy) (1 = Xomyzo) (1 - —xg) (1- A”;\%)
o) L :
> (1—)@5[71)(1-)@331562)( — i—z) (1—:61332:63:64)
Finally, applying rule (1.4) eliminates A» and completes the proof of (1.2). O

Instead of glueing squares together as in the case of standard plane partitions, in [8] we consid-
ered configurations shown in Fig. 2. In the present paper we shall study the natural generalization

a3n—1

a3n+1
a3p—2

FIGURE 2. A plane partition diamond of length n

depicted in Fig. 4 where we use k-elongated diamonds, depicted in Fig. 3, instead of squares as
building blocks of the chain.

as as ar 2k —1 A2k+1
al @ E o
a2 Q4 Qg a2—2 Q2

FI1GURE 3. A k-elongated partition diamond of length 1

Definition 2. For n,k > 1 define

Hygo={(a1,...,a0k41)n41) € NZFFDFL s the q; satisfy the order relations
in Fig. 4},
a n
B = Bk (T1, .o B ok g1)ngt) == Z {1 xy? - -x(éi'fll))nrl,

(@1, 02k 4+1)n+1) EHn &
and

hn,k(q) = h'mk (q7 EERE q)
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A2k41 A2k+4 Q4k42 A2k+1)n
< A2)t2 Qgpag O - v < > (2k+1)n+1
A2k+3 Q441 A2k+1)n

FIGURE 4. A k-elongated partition diamond of length n

In Section 2 we shall derive a closed form, Theorem 6, for the full generating function h, ;. As
a corollary, we will directly deduce that

Theorem 1. Forn,k > 1,
H] 0(1+q(2k+1)]+2)(1+q(2k+1)]+4) . (1+q(2k+1)j+2k)

H;iqu)mrl (1—4¢9)

hmk (l]) =

In Section 3, we shall prove a general theorem about partitions related to directed graphs from
which a source is deleted. In Figures 2, 3 and 4, a; is a unique source.

Definition 3. For n,k > 1 define

H o= {(a2, .., a2pt1)n41) € NEE+D7: the a; satisfy the order relations in
Fig. 4 where the vertex labelled a; has been deleted},
k= (@2 Bk yn) = > AR e

(az,art1)n41)EH,

and

h:z,k(q) = h:z,k (qa q,... :q)'

In Section 4 we shall derive a closed form for the full generating function Ay, ;, Theorem 8, and
from this we prove

Theorem 2. Forn,k > 1,
H;l:ol(l + q(2k+1)j+1)(1 + q(2k+1)j+3) . (1 + q(2k+1)j+2k—1)
k(@) = —— ,
" IPE™ (1 - ¢7)

This then suggests the broken k-diamond in Fig. 5; it consists of two separated k-elongated
partition diamonds of length n where in one of them the source is deleted.

b (2k+1)n b2k+1 A2k+41 A2k+1)n
2k+1 yn+1 < > {{km % % < a2k> < (2k+1)n+1
2k+1 2k+1

FIGURE 5. A broken k-diamond of length 2n
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Definition 4. For n, k > 1 define

H7<z>7k = {(bg, caay b(2k+1)n+1,a1, A2,y ...y a(2k+1)n+1) € N<4k+1)n : the a; and b,
satisfy all the order relations in Fig. 5},
hﬁ,k = hg’k(wm e T2kt 15 YT Y25 s Y2k 1))
— b b(2k+1)n+1
= Z Lo’ T (o 1)t

(bZa---ab(2k+1]n+17[1417“27---5“(2k+1)n+1)€H$'k

ai, as A(2k+1)n+1
X Y1 Yo y(2k+1)n+1’

Now it is immediate from the fact that Fig. 5 is made up of two disconnected directed graphs
that

hﬁik = hn,kh:z7k-
Owing to Theorem 1 and 2 this immediately implies

Theorem 3. For k> 1,

- (1+¢%)
hgok:H 2k+1))
s _ +1

i 1 q] -|-q( )J)
L

g1z n(27) ((2k + 1)7’)
n(r)? n((4k +2)r)

where ¢ = ™7 and n(7) :=q2 [[7_, (1 —q") is Dedekind’s n-function.

Definition 5. For n > 0 and k& > 1 let Ax(n) denote the total number of broken k-diamond

partitions, i.e.,
W = Z A(n

In Section 5 we shall prove the following two theorems.

Theorem 4. Forn,k > 1,
)+2 Z 1A (n —52)
is equal to the number of ordinary partitions ofn into parts not congruent to 2k +1 modulo 4k + 2.

Theorem 5. Forn > 0,
Aij(2n+1)=0 (mod 3).

The following observations about congruences suggest strongly that there are undoubtedly a
myriad of partition congruences for Ay (n). This list is only to indicate the tip of the iceberg.

Conjecture 1. Forn >0,
Ay(10n+2) =0 (mod 2).

Conjecture 2. Forn > 0,
Ay(25n+14) =0 (mod 5).

Conjecture 3. Forn > 0,
A»(625m + 314) =0 (mod 5%).
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2. A CLOSED FORM FOR hy, 1

In this section we shall prove the following theorem which provides a representation of the
generating function h, ; as a product. Throughout we shall use the convention

(2.1) Xo:=1, and X,;, ;= 212902, (M >1)

Y

Theorem 6. Forn, k> 1,

Pk (T1, 22, o 2k 1)ng1) = 1

—_

k
= Xkt 1)it20—1 X (2k41)it2041
(22) x J H 1— X(or41)i42041 ’

i=0 (=1 T(2k41)it20

The proof of Theorem 6 requires some background preparation. Consider the k-elongated par-
tition diamond of length n = 1 in Figure 3. Similarly as in the proof of (1.2), the inequalities
represented by the arrows can be coded into the form

.— \@1—02)01—a3 \02—04 \A2—0a5\ G304 \A3—05
A(A1, .oy Agg) 1= AT 02 (01708 \G2 =04 \ G2 =05 N304 ya3 a5

a2k —2— A2k a2k—27a2k+1 a2k —1—02k ﬂ2k_17a2k+1
X M5 Mk—4 Mk—3 A2

A2k —A2k+2 y A2k+1 —A2k+2
X Agk—1 Atk .

We shall use this notation subsequently in our treatment of the case n = 1 of Theorem 6; see
Lemma 2.2 and its proof.

The key to our Partition Analysis proof of Theorem 6 is the following elimination rule.

Lemma 2.1.
N 1— ABM ),
23) > (1= AM\)(1 = BX)(1— CAA)(1— DAho)(1— 15)
' (1—- AB)(1 - CDE)
(1-A)(1-B)(1-C)(1-D)(1-CE)(1-DE)

We remark that (2.3) may be proved automatically using the Omega package. A direct proof is
also easy to produce. First prove the case D = 0 of (2.3) by successively applying rule (1.4) and
the similar rule [6, eq. (2.2)]

A 1+C - AC - BC

S AT ava-Bac gy T 1-A)1-B)(1-AC)(I-BC)

Lemma 2.1 then follows from the case D = 0 of (2.3) after rewriting the left-hand side of (2.3) by
inserting the partial fraction decomposition

1 c D

(I1-CM\A)(I-DM\X)  (C—D)(I-ChX)  (C—D)(1—-DAhy)

Our proof of Theorem 6 will be by mathematical induction on n. The initial n = 1 case we
state as a separate lemma.

Lemma 2.2. For k > 1,

242 2
hik(zr, 2o, ookg) = [] e 11 |- Ko

j=1 I y=1 Toe

1— Xop 1 Xop41
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Proof. We now proceed by induction on k. The case k = 1 is identity (1.2). To pass from step &
to step k£ + 1, we note that

hi g1 (T, T2, .o Togga)
_ a1 .. ar a2k+1 [L2k+2 a2k+3 [L2k+4
= Q E (2] TopTogt1 Togto Tort3 Togta
~a; >0
A2k —A2k+3 \ A2k+1—02k+3 | A2k +2 —A2k44 | A2k+3 — A2k +4
x A(A, .., /\4k)/\4k+1 Adkto Adkt3 Adkra
a Aok —1
= S aft e a T (@anAakg1) " (Taks1 Mapga)
T A1,..,02k42>0
X (@akt2Aak43) 2 F2A(A, -, Aag)

a2k ask

< T (mertin) (BES)
3T —
Adk41Adky2 Adk4+3Adk44

2k 43,02k 44>0

_ Qh1,k(~’61, ey Tok—1, Lok 1, Tok41 b2, Tok42[43)
- > _ Ha _ 1 )
- (1 L2k+3 1 p2 )(1 T2ak+4 M3H4)

where for brevity we have written u; instead of A4z, in the last line. We now apply the induction
hypothesis and obtain,

hl’k+1 ($1,$2, ey l’2k+4)

2k—1 k—1
B H 1 H 1— X5 1 X001
= | 1— Xj 1— Xorq1

=1 (=1 Tog

1
x Q)
> (1= Xogpr)(1 = Xogyrpapz)(1 — Xogyopun pops)
y 1 — Xop 1 Xopqrpiaprz 1
1— % (1 — zop43 IJI:ZZ J(1 — k4 u3u4)

Eliminating p3 and p4 by rule (1.3) with s = 1, the (>) portion of the above expression reduces

to
1 1— Xop—1 Xopq1 0102
= Xogta > (1 — Xoppp)(1— %Mz)

1
$2k+3)

X
(1= Xopprpnpz) (1 = Xopopapz)(1 — 2255

- 2ﬁ4 1 (1= Xop—1 Xogg1)(1 = Xogi1 Xopys)
= 1—Xj (1_X2k+1)(1_M) ’

j=2k Tk T2k+42

where the last line follows by Lemma 2.1. This then completes the proof of Lemma 2.2 by

induction. O

Proof of Theorem 6. We proceed by induction on n. The case n = 1 is Lemma 2.2. For the
induction step we proceed similarly to the proof of Lemma 2.2. Namely,

P k(15 -+ o Bkt D)t 1 TR+ 1) nd2s - - s T(2k41)nt2k+2)
_ Q xal . -xa(2k+1)n+1 A(2k4+1)n+2 L A(2k41)n+2k+2
- > z : 1 (2k+1)n+1 7 (2k+1)n+2 (2k+1)n+2k+2

- aiZO
a1—as A2k41)n —A(2k4+1)n+1 A2k4+1)n+1~ A (2k4+1)n+2
X A o Mg Adknt1
)\ﬂ(zk+1)n+1—ﬂ(2k+1)n+3 . )\a(2k+1)n+2k+1_a(2k+1)n+2k+2
kn+2 ak(n+1)

= g P i (T1, - T2kt 1) ms T(2k41) 1 M1 H2)
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x Z xbg xbg . b2k 2
Ck+1)n+2T2k+1)n+3 " T2k +1)nt2k+2
ba,....bary2>0
0—bs , 0—bs3 bort1—barg2
Xy TRy T g, )

where again for brevity we have written b; for a(apq1)n4i, and p; for Aagni;. We now apply the
induction hypothesis and obtain,

hpyrk(z1, 22, .. ,l’(2k+1)(n+1)+1)
(2k+1)n n—1 k
_ H 1 H 1= Xopt1)it2e—1X(2k+1)it2041
o 1-X; 1 — Xepenivaen
Jj=1 i=0 (=1 T(2k41)i420
1 b b
x Q Z x)? coegoht?
2h+1)n+2 2he+1)n+2k+2
> 1= Xopyt)nt1 142 (k4 1)n+ (2k+1)n+2k+
bo,...;baky2>0
0—bs, 0—b b2k+1—b2k+2
Xy Py g

Noting by the geometric series that
1
L= Xkt 1)nt 14142

b b, b
= ZX(21k+1)n+1ll‘11p‘227

b1 >0
we see that the above f>2 expression becomes
Ptk (X 2k 41)n4 15 T2kt 1)n425 - - 5 T2kt 1)nt 2k42)5

which by Lemma 2.2 equals

(2k+1) (n+1)+1 k X

H H X(2kt+1)n+20-1 (2k+1)nt2641
X(2k+1)n+zé+1

i=(2k+1)n+1 = T(2k+1)n+2¢
This completes the induction step and thus the proof of Theorem 6. g
Proof of Theorem 1. In Theorem 6 replace each z; with g. d

3. SOURCE DELETION
We propose here to prove a general theorem that we shall subsequently apply to the k-diamonds
considered in Section 2.

We now consider a general directed graph D with N vertices vy, ...,vn. As in the special cases
considered in Section 1, we associate partitions by considering as parts non-negative integers a;
placed at each vertex v; with the understanding that the direction arrows between vertices are
interpreted as “>” between the related summands.

Let the associated generating function
=D oty
where the sum is over all partitions associated with D.

Theorem 7. Suppose v is a source in D (i.e., a vertex with no edges directed into vy ). Let D~
be the directed graph obtained by deleting v, from D. Then

P(D7) = lim (1-z)P(D).

Proof.

[ee]
*
— ai a2 ,a3 an
P(D) = E Ty E Ty Xz TN

a1:0
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where “ x” denotes the condition that we are summing over all partitions associated with D~
which have the added restriction that each a; associated with a vertex in D dominated by a; is,

in fact, < a;. Hence by Abel’s Lemma [1, p. 190, Th. 14-7]

lim (1—2)P(D)

x1—1-
= 1 " pa208 . gaN
=P([D"),
because any partition associated to D~ will be counted once a; is large enough. O

4. k-DIAMONDS WITH DELETED SOURCE

Having established Theorem 7, the case of k-diamonds with deleted source is immediate from
Theorem 6.

Theorem 8. Now X; :=1 and X,, := x223...2,. Forn>2and k > 1,

(2k+1)n+1 n—1 k
. H 1 1 — Xpt1)it (20— 1) X (2k+1)i+(204+1)
nk — J 1— X]. J 1— X(2k41)i4(2041) ’
Jj=2 i=01=1 T(2k+1)i+21

Proof. By Theorem 7,

:z,k = lim (1 —Cﬂl)hmk,
x1—1—

and the desired result follows immediately once we observe that the denominator factor (1 — X)
in hy i is cancelled by (1 — z7). O

Proof of Theorem 2. Theorem 2 is now an immediate consequence of Theorem 8 because in the
above each X; — ¢/ 1. O

5. BROKEN k-DIAMONDS

As we noted in the introduction, the first line of Theorem 3 follows immediately by multiplying
together the generating functions in Theorems 1 and 2 and letting n — 0o. The exact formulations
of the infinite products follow by algebraic simplification.

Proof of Theorem 4. We begin with the classic theta series identity [1, p. 178, Ex. 1]

o0

Cnn? _ (@9
2 (-1 (0

n=-—oo

where

(49) = |[(1 - Ag).

—

S
I
=)
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By Theorem 3,

(550 (£ )

n=-—o0o
_ (=49 R
(0% (=1 2 ) (= 0) 0
1
T (@)oo (—gPRHT @R AT o
2k+1. 4k+2
B U 3 (by [1, pp. 164-165] )
(@)
_ ﬁ 1
- n=1 1- qn.
nZ2k+1  (mod 4k+2)

The first entry in the above sequence of equations clearly has

o0
Ap(n) +2) Ap(n - j2)(-1)/
i=1
as the coefficient of ¢", and the final entry is clearly the generating function for ordinary partitions

in which no part is congruent to 2k + 1 modulo 4k + 2. Coefficient comparison concludes the proof
of Theorem 4. O

Proof of Theorem 5.

(mod 3)  (because (1 — X)* =1— X? mod 3)

(@500
The latter expression is clearly an even function of q. This means that the coefficients of odd
powers of ¢ are all zero. Hence for all n > 0,

Ai(2n+1)=0 (mod 3).

6. CONCLUSION

The culmination of our study led to an infinite family of modular forms. These, in turn, led to
interesting arithmetic theorems and conjectures for the related partition functions. As we said in
the introduction, Conjectures 1, 2 and 3 suggest a true wealth of arithmetic theorems concerned
with Ak (n)

We conclude with a remark that connects to previous work. Namely, in [10] we considered
plane partitions with diagonals, i.e., the generating function of partitions into parts a; where the
a; satisfy the order relations depicted in Fig. 6. As stated in [10, Thm. 1] its rational function
representation involves complicated irreducible numerator polynomials of total degree 2. We want
to note that despite the nice structure of the rational function representation of hj, , in Theorem 4
above, the poset H ; can be viewed as a variation of the poset described by Figure 6 if drawn in
an equivalent alternative to Figure 4. For instance, for n = 3 the poset Hj , can be depicted as in
Figure 7.
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A4n—3 A4p—1 A4n+1

B aiENry

A4an—2 QA4n  A4n42

FIGURE 6
ay as as
ag  asg a10
a2 a4
air  a13 a5
ar Qg

a12 14 a16
FIGURE 7
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