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Abstract. We present an algorithm for finding valid polynomial rela-
tions (i. e. invariants) among program variables for imperative loops.
The algorithm is implemented in the verification environment for imper-
ative programs (using Hoare logic) in the frame of the Theorema system
(www.theorema.org). We use techniques from (polynomial) algebra and
combinatorics, namely Grobner Bases, variable elimination, algebraic de-
pendencies and symbolic summation (the Gosper algorithm, handling
geometric series, C-finite solving). These methods are demonstrated on
several examples which have been treated completely automatically by
our implementation.
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1 Introduction

In this paper we present several aspects of a verification environment for imper-
ative programs in the frame of the Theorema system [1] (www.theorema.org).
The Theorema system offers facilities for working with higher-order predicate
logic formulae (including various general and domain-oriented provers).

In more detail, we have implemented and integrated in the Theorema system a
verification condition generator (VCG) based on Hoare logic [12] and the weakest
precondition method [8,6]. The VCG takes an (annotated) imperative program
with its specification and produces a collection of first order predicate logic
formulae (the verification conditions), whose validity implies the correctness of
the program. It is well known that the weakest precondition method is completely
automatic, except for situation of loops, were additional assertions are needed:
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Education, Science, and Culture), BMWA (Austrian Ministry of Economy and Work)
and by MEC (Romanian Ministry of Education and Research) in the frame of the
e-Austria Timigoara project. The Theorema system is supported by FWF (Austrian
National Science Foundation) — SFB project F1302.



the loop invariant for partial correctness and the termination term for total
correctness. In most systems, these annotations are given by the user.

Our goal is to automate the discovery of the loop invariants. For doing so,
we combine methods from algebraic combinatorics (recurrence solving by the
Gosper algorithm [9], handling geometric series or C-finite solving, finding al-
gebraic dependencies) and from polynomial algebra (variable elimination and
Grobuner Bases computation [2]). By applying these techniques, if a P-solvable
imperative loop (see def. 4.1) has polynomial invariants, our algorithm generates
(all of) them.

The current paper extends our earlier work [19, 18] in several aspects:

— the transformation rule for loops with conditionals into nested loops is sim-
plified;

— we treat also C—finite recurrences in addition to other recurrence types;

— we generate algebraic dependencies among exponential sequences occurring
in closed forms;

— most importantly, we are now able to generate polynomial invariant relations
for a larger class of imperative loops, called here P-solvable.

The automatically obtained polynomial invariant relations, together with
the user asserted non-polynomial ones, are used in the verification process to
generate the verification conditions. The proving of these conditions is not in
the scope of this paper, however it is worth mentioning that we are producing in
this way useful case studies for the development of the existing Theorema provers.
(For many examples one already obtains automatically human-readable proofs.)

Our approach is practical and experimental: we try to combine the available
logical and algebraic techniques in order to realize a usable and useful verification
environment. The examples presented here and also in [17] are treated completely
automatically (except for the non—polynomial parts of the invariant).

1.1 Related Work

In [24], non-linear invariants are generated (by forward propagation), using the
theory of ideals over polynomial rings to reduce non-linear invariant generation
problem to a numerical constraint solving problem, where the constraints de-
scribe properties of the unknown coefficients of the polynomial loop invariant.
However, its use in practice, so far, has been limited to linear invariants of linear
programs. In [21], backward propagation is performed for non-linear programs
without branch conditions. Using techniques from abstract interpretation and
computable algebra, they compute a polynomial ideal that represents the weak-
est precondition for the validity of a gemeric polynomial relation at the target
program point. Both approaches generate polynomial invariants, but they need
to fix apriori the degree of a generic polynomial template. This is also the case
in [13], where a method for invariant generation using quantifier-elimination is
proposed , by generating (and solving) constraints on the coefficients (param-
eters) of the parameterized polynomial invariant. At the end of the invariant



generation procedure, one or more polynomial invariants of the respective de-
gree are obtained, but one has to further make a guess whether more polynomial
invariants are needed and what is their degree.

In contrast, the method presented in this paper does not need an apriori
assumption on the number of polynomials or on their degrees.

A very interesting approach based on a fix-point algebraic procedure for the
generation of all polynomial invariants is presented in [22]. This method is able
to discover invariants of loops with conditional statements and assignments,
by computing iteratively the Grobner Basis of a certain polynomial ideal. The
method works when the list of (conditional) assignments present in the loop
constitutes a solvable mapping — as it is defined in the paper. It appears that
”solvable mappings” are similar to the notion of P—solvable loops introduced by
us — however our method is also applicable to (two level) nested loops. Moreover,
we are also detecting automatically the algebraic dependencies between the non-
algebraic parts of the closed forms, an operation which is also used in the above
cited work, but whose solution is only suggested there at the level of heuristics.

The automated detection of the algebraic dependencies between the non-
algebraic parts of the closed forms is solved quite elegantly in [20, 23], however
in a different context: differential equations for continuous dynamics, and only
for the case of loops with assignments containing only linear expressions.

2 Program Verification in Theorema

Theorema (www.theorema.org) is a project and a software system that aims at
supporting the entire process of mathematical theory exploration (invention and
verification) [3]. The Theorema system offers facilities for working with higher-
order predicate logic formulae (including various general and domain-oriented
provers). It is implemented on top of the computer algebra system Mathematica
[25], thus it has access to a wealth of powerful computing and solving algorithms.

Our work aims to enhance the system with a practical verification environ-
ment for imperative programs.

The implementation and verification process for imperative programs is
done in a prototype verification condition generator. This verification tool is
integrated into the overall framework of the Theorema system.

The programming language used in our experiments is a sequential im-
perative programming language, in which the programs are considered as pro-
cedures, without return values and with input, output and/or transient param-
eters. Expressions are Theorema (thus Mathematica) boolean and arithmetic
expressions. The commands of our programming language are [15,19]: assign-
ments, conditionals (If-Then-Else), loops (For and While), blocks (Module) and
procedure calls. Recursivity is not yet available.

The user interface has few simple and intuitive commands (Program, Speci-
fication, VCG, Execute), which allows the definition of programs and of their
specifications (pre- and postconditions), as well as annotating them with loop
invariants and termination terms.



The verification environment presented here addresses partial correctness
of programs.

The verification of programs contains two steps. First of all, the Verification
Condition Generator (VCG), that takes a program with its specification, and,
by applying the weakest precondition strategy [8, 6, 18], repeatedly modifies the
postcondition using a predicate transformer, such that at the end a purely logical
proof obligation remains. This proof obligation represents the so-called verifica-
tion conditions that must be satisfied in order to ensure the correctness of the
program. The automated invariant generation is performed in this phase.

Subsequently, as a second part of the verification, the verification conditions
are given to the automated theorem provers of the Theorema system in order to
check whether they hold. The obtained proofs are generated using natural style
of inferences.

3 Theoretical Background

In this section we present some methods and properties from algebraic combi-
natorics which are important for our approach.

Sequences and Recurrences

We begin by presenting some definitions and by fixing some notations that are
needed later on. Also, throughout this section we use notations and facts from
polynomial algebra as they are presented, for instance, in [5]. We denote by IK
a field with characteristic zero (like e.g. @, IR, C), and by IK we denote the
algebraic closure of IK (e.g. C is the algebraic closure of IR). IN denotes the
natural numbers.

Definition 1. Sequences and Recurrences.

1. A sequence in K is a function f : IN — IK. A multivariate sequence (m-
variate sequence) in IK is a function f: IN™ — IK.
By f(n) we denote both the value of f at the point n and the whole sequence
f itself.

2. A recurrence for a sequence f(n) is an equation of the form
fn+7) = R(f(n), fn+ 1), fntr—1)m) (n>1) (1)
for some function R : IK""' — IK, where r is the order of the recurrence.
Definition 2. Linear and C-finite recurrences.
1. A linear recurrence is a recurrence of the form
f(n+r) = ap(n) f(n)+ar(n) f(n+1)+ - +a,_1(n) f(n+r—1)+a(n), (n > 1).

The recurrence is called homogeneous if a(n) = 0 and inhomogeneous oth-
erwise.



2. A homogeneous linear recurrence is called C—inite if ai(n),...,ar—_1(n) are
constants, i.e. independent of n.

Remark 1. We consider C-finite recurrences of the form:
F+7) = apf(n) + arf(n+1) + -+ arr flntr— 1) +a(n), (02 1), (2)

where ag,...,a,_1 are constants, and a(n) is a C-finite sequence in n (i.e. we
deal with inhomogeneous C-finite recurrences, with the property that they can
be transformed in homogeneous form).

Proposition 1. [7] C-finite recurrences always admit a closed form solution
(i.e. a solution that is expressed, without recursion, as a function of the recur-
rence index).

Proof. Let us take the general form of a C-finite recurrence given by Def. 2:
flnt+r)=aof(n)+arf(n+1) 4+ +a1f(ntr-1), (n=1) (3)

Since (3) is homogeneous, we immediately obtain the characteristic polynomial
[7] of f(n) as being:

c(z)=a2"—ap— a1z — - —ap_12" L. (4)

Let 61,0s,...,0, € IK be the roots of the characteristic polynomial c¢(z) and let
e; be the multiplicity of §; (i = 1,...,s). Then, according to [7], we have

f(n) =pr(n)by +--- +ps(n)by (n=>1) (5)

for certain polynomials p; € IK[n] of degree at most e;. The coefficients of the
polynomials p; € IK[n| are obtained by taking the first r initial values of the
sequence f(n).

Thus, the closed form of f(n) is given by (5).

Remark 2. For solving C-finite recurrences in our invariant generation algorithm,
we use the SumCracker package [14] implemented in Mathematica by the Com-
binatorics group of RISC-Linz.

Algebraic Dependencies

Definition 3. Algebraic Dependencies.

Let f1(n),..., fs(n) be sequences in K.

An algebraic dependency (or algebraic relation) [14] of these sequences is
defined as a polynomial p such that

p(fi(n),.., frln+ ), (), fs(ntrs)) =0 (neN),  (6)

where r1,...,1s represent the orders of f1(n),..., fs(n), respectively.



A complete study of finding algebraic dependencies among sequences 67, . .., 67
(i.e. exponentials), with 6y,...,0s € IK, can be found in [14]. In this paper, let
us state only two properties on which our algorithm relies on:

Proposition 2.

p(07,...,00)=0,Yyn>1< p(by,...,05) =0, (7)
i.e. the algebraic dependency p among 07, ...,0% is also an algebraic dependency
among 01, . ..,0, and vice versa.
Proposition 3. In the case when 01, ...,05 are algebraic numbers, then, if they

are related algebraically, one can determine automatically all their algebraic de-
pendencies [14].

Remark 3. In the case of our algorithm, at the current stage we restrict our work
to rational exponential sequences from @, i.e. #1,...,0s € Q. Thus, using Prop.
3, we are able to determine automatically the existing algebraic dependencies
among 61, ...,0,.

Remark 4. For obtaining automatically the needed algebraic dependencies, we
use Dependencies package [14] implemented in Mathematica by the RISC com-
binatorics group.

Ezample 1. Consider the sequences of the form

9(0):1’9(n+1):4*g(n):4n+1 (n>0).

The algebraic dependency for f(n) and g(n) is: f2(n) — g(n) = 0.

4 Generation of Polynomial Invariants

In this section we present our algorithm which finds polynomial invariants (i.e.
valid polynomial relations among the loop variables) for P-solvable imperative
loops. More precisely, if a P-solvable imperative loop has polynomial invariants,
our algorithm is able to find all of them.

4.1 P-Solvable Imperative Loops.

Definition 4. P-Solvable Imperative Loops.
An imperative loop is called P-solvable iff

— its assignment statements are either Gosper-summable [9], [18], geometric
series (i.e. special cases of C-finite) or C-finite recurrences;



— its recursively changed variables x1,...,x,, have their closed form of the
following nature:

z1(n) =p11(n)07; + - +p1s (0075,

s

x2(n) =p21(n)05; + - +pas, ()05,

T (1) = pma ()05, 1 + - + P s, (W),

where:

1. n s the loop counter;

2. z;(n) (1 <i<m) represents the value of x; at iteration n;

3. P11, -5 Plsyseeeeee sPm,1s -+ Pmys,, € IK[”]}

4. 01’1,...,91’51, ...... 76m,17”'»9m,sm € K;

5. there exist algebraic dependencies (see Def. 3) among
INEARES A W IRAR yYm,1s s Ym, sy,

Remark 5. As presented in equation (5), any solution of a C-finite recurrence is
a linear combination of terms of the form n4™. Thus for the situation when an
imperative loop contains only C-finite assignment statements, the general form
of equation (8) is always satisfied. In this case the only restriction that we have is

that there must exist algebraic dependencies among 67 1,...,07, ,...... ,0
n

e O

Note that the class of P—solvable loops includes the simple situation when
the expressions in the assignment statements are linear (i.e. affine mappings).
Our experience shows that most practical examples exhibit the P—solvable loop
property, as well as the examples presented in the related research (see subsection
1.1) This shows that the class of P—solvable loops covers at least a very significant
part of practical programming.

4.2 Algorithm for Invariant Generation

Algorithm for Polynomial Invariant Generation

Step 1: Transformation of (P-solvable) loops with conditionals, i.e. outer loops,
into nested (P-solvable) loops with assignments only, i.e. inner loops (see prop.
4);
Step 2: For the inner loops (containing assignments only):

Step 2.1: Extracting system of recurrences;

Step 2.2: Recurrence solving for each inner loop (by Gosper algorithm,
handling geometric series or C-finite solving by using eq. (5));

Step 2.3: If it is the case, introduction of extra variables with their algebraic
dependencies (by using remark 3);

Step 2.4: Merging connected systems of recurrences (inner loops contained
in outer loop);
Step 3: Recurrence-counter bound (and extra variable) elimination for the outer
loops;



Step 4: Take the minimal set of the polynomial invariant properties of the (P-
solvable) outer loops, by using Grobner basis w.r.t. to the loop variables;
Step 5: The final invariant for the outer loops is the conjunction of the formulae
from Step 4 and of the non—polynomial assertions (specified by the user).

Proposition 4. Transformation Rule

{1}

While[b,

While[b A b1, c1; ¢2; c4];
While[b A —b1’, c1; €3; c4]]
{I N —b}

{I} While[b,cl; IF[bl Then ¢2 Else c3];c4] {I A—b}

, where

— all loops have the same invariant I;
— b1’ represents condition bl modified by the assignment statement(s) cl.

(The soundness proof of this rule is given in [17].)

In order to show the details of each step of the algorithm, we demonstrate the
algorithm on an example:

Ezample 2. Program computing the floor of the square root (by E.W.
Dijsktra)

Specification[“Sqrt”, Sqrt[] n, T p],
Pre — (n > 0),
Post — (p* <n) A ((p+1)* > n)]

Program[“Sqrt”, Sqrt[] n, T p],
Module[{q,r, h}, p:=0; q:=1; r:=n;

(A) While[g < n, ¢ :=4x*q];

(B) While[gq # 1,

q:=q/4h:=p+qp:=p/2;

Iffr > h Then p:=p+q; r:=1r— h]]

Step 1. Program Transformation.

By applying the rule from Prop. 4 to the while loop (B), we obtain the following
system of nested loops:

Module[{q,r, h},
p:=0; ¢g:=1; r:=mn;

(A4) While[g < n,q:=4xq];
(B) While[q # 1,
(@) While[(q # 1) A (r = p+q),

q:=q/%h:=p+qp=p/2ip:=p+q r=r—h]
(D) While[(g # 1) A=(r = p +q),
q:=q/%h:=p+qp:=p/2



Step 2.1. Extracting system of recurrences for the inner loops.
After statement simplification, we obtain the following recurrence systems for
the while loops (4), (C) and (D):
While loop (A): k=0,K
Qk+1 = 4% g
Pk+1 = Pk

Tk+1 =Tk

While loop (C): i =K,I

qi+1 = Qi/4
Pis1 = Ppi/2 + qi/4
Tid1 =Ty — Pi — %/4

While loop (D): j=1,J

gj+1 = q;/4
Dj+1 = Dpj/2
Tit1 =T;j

where K, I,J represent the unknown bounds of the iteration number of each
loop counter k, 1, j, respectively.

Step 2.2. Solving system of recurrences of the inner loops.

While loop (A):
The final system of closed forms, describing the behavior of loop-variables in
the while loop (A):

k=0,K
— k
4k Geom.series 4% x 9o
Pk = Po 9)
Tk = To

While loop (C):

i=K,1I
— 1yi
i Geom.series (Z)l * 4K
Pit1 = pi/2+ (1) * gk
Tit1 = Ti —DPi — (i)lH * gK

In order to obtain the closed form of p;, we solve its C-finite recurrence (using
Prop. 1), namely:

Pi o Finite (P +qx) * 27" — g % 47"

Substituting the closed form expression of p; in 7;, and by applying the
Gosper algorithm ([19]) in 2 steps, we obtain the closed form for r;, namely:

Tit1 = ri — (P +qi) * 270 — (7)™ * gk
*

K +qx — 47 kg — 2% (P + ) + 2% 27" % (pk + gK)

split+:Gosper



Remark 6. In determining the closed form of r;, handling the sum of two hyper-
geometric terms [10] was needed. Since the sum of hypergeometric terms is not
always hypergeometric, which is also the case in our example, we extended our
previous work [19] by applying the Gosper algorithm on each hypergeometric—
summand. Adding the obtained closed forms for each summand, we obtain the
closed form of the original sum.

Thus, the obtained system of closed form expressions for the while loop (C):

g = ()" *qk _ 4
pi=(px +gx)*27" —qr*47" , (10)
ri =rK + gk — 47 kg — 2% (pr + k) + 2% 270 ¢ (Pk + gK)

While loop (D):

The system of closed forms describing the behavior of loop-variables in the
while loop (D) is:

(] =1 J)

)7 * qr
)j * P1 (11)

4qj Geom,:sem'es (

N =

bj Geom . series (

Tj = 1

Step 2.3. Introduction of extra variables and their algebraic depen-
dencies for the inner loops.

While loop (C): We denote u; = 27% v; = 4=% Thus, by remark 3, we can
determine all algebraic dependencies among them, if they are related. In this
case, we obtain the algebraic dependency (see example 1): u? — v; = 0.

Thus, the final system of closed forms, describing the behavior of loop-
variables in the while loop (C) is:

qi = V; * gK
i = (pK + qK) * Ui — GK * V; (12)
T =7TK +qK — Vi xqK — 2% (P + qK) + 2 * u; * (px + k)

2 —
ujy —v; =0

While loop (D): Working in the same manner, we introduce the extra variables

zj = (3)7,y; = (§)7, and their algebraic dependency 3 —y; = 0. Thus, the final
system of the closed forms of variables from the while loop (D) is:

qy =YJ*qr

y2) =13 *P1 (13)
ry =TI

x?] —y3 =20

Since systems (10) and (11), i.e. while loops (C) and (D), satisfy the definition of
a P-solvable loop, we are able to determine polynomial invariants for the while
loop (B), if they exist.



Step 2.4. Merging connected systems of recurrences (inner loops con-
tained in outer loop).

While loop (B): By substituting the values of variables from (12) into (13),
we obtain the system (using uy = wuy;vy = vy, and ignoring the index J by
the convention that the variables indexed by J denote the final values after an
iteration of the while loop (B)):

q =y (v*gK)

p :T/*((PKJHIK)*U*(]K*U)

r =rk+qk —v*qx + 2% (px +qx) * (u—1)
22—y=0

w—v=0

Step 3. Recurrence-counters bound (and extra variable) elimination
for the outer loops.
While loop (B):

By eliminating the loop-bound variables I, J and the extra variables u, v, x, y,
we obtain the polynomial:

ak * (p° — q* (r —rk)) = Pk * 4, (14)

describing a valid polynomial invariant relation among the variables of the while
loop (B). By substituting the values of variables from (9) into (14), the auto-
matically obtained (and simplified) polynomial invariant for the while loop (B):

p?—qx(r—n)=0. (15)

‘While loop (A):

In this, since (A) is not a P-solvable loop and we cannot eliminate the loop-
bound K, we introduce existential quantification (as in [18]), and we generate
the invariant relation:

(sz/\rzn/\(il(kZO)/\(q=4k)). (16)

Step 4. Minimal set of polynomial invariant properties for the (P-
solvable) outer loops.

At this stage one would apply the Grobner Bases algorithm in order to obtain
the essential set of polynomials for the while loop (B). In the case of this example
this is not done, because the relation (15) consists in only one polynomial, thus
no further simplification is possible.

Step 5. Final invariant properties for the outer loops.

In addition to the automatically generated invariant properties, there are some
other invariant properties that cannot be yet obtained automatically by our
algorithm (e.g. inequalities, modulo expressions, etc.). In the current version



of our verification framework for imperative programs these properties are still
considered to be given by the user.
Thus, in the case of example 2, the user—asserted invariant properties are:

— For the while loop (A): n > 0;
— For the while loop (B): ( (1>0 :4l))/\(r<2*p—|—q)/\(r20).

5 Verification Condition Generator. Proving

After the process of invariant generation, the program is annotated by the ob-
tained polynomial invariants. Furthermore, the Verification Condition Genera-
tor (VCG), using the weakest precondition strategy [11, 8], generates a universally
quantified formula with several proof obligations that have to be proven in or-
der to ensure the correctness of the program. The conditions are expressed in
the language of predicate logic, in a human readable format, and can also be
immediately given to the automatic provers of Theorema in order to obtain suc-
cessful [or failed] proofs, which are also expressed in a human readable way, thus
providing either convincing arguments for correctness, either possible help for
debugging.

For example 2, we obtain a Theorema lemma with 5 proof obligations, namely:

Lemma(Sqrt): for any: n, p, q, r, h

(WHILE. Inv)
3(l20 A q=4l)/\r20/\r<q+2*p/\(q*r+p2:q*n)/\q7$1:>

l

(r>l** =
=3 qxp

3

1

(le/\%*q:4l)/\(Oﬁfi*q*rfp<i*q+2*(i*q+%*p))/\

1 1 1 1 1
Z (—Z*q+r—p)+(i*q+§*p)2:Z*Q*n))/\

1 1 1 1
El(l>0/\f*q—4) (O§r<z*qup)/\(Z*q*rJrZ*pz:Z*q*n))

(WHILE.Final)
El(l>0/\q_4) (0§r<q+2*p)/\(q*r+p2:q*n)/\—'(q;tél):
1

PP <nA(1+pY)>n

(WHILE. Inv)

nz()/\p:()/\r:n/\fl(kzO/\q:4k)/\q§n:>
k

n>0Ap=0Ar=nA3(k>0A4%q=q")
k



(WHILE.Final)
nZOAsz/\r:n/\EI(kzO/\q:4k)/\q£né

k
3(l20/\q:4l)/\(0§r<q+2*p)/\(q*r+p2:q*n)
1
(Init)

n>0=n>0A0=0)A(n=n)A3 (k>0A1=4")
k

The proof or this lemma can be performed automatically by the PCS prover
of Theorema system [1], that uses quantifier elimination.

6 Further Examples

We have tested our algorithm on a several examples (some of them taken from
[24], [22]) containing programs that needed polynomial invariants in order to be
verified. In all cases, our algorithm succeeded with the generation of polynomial
invariants. In this section we present some of these examples.

Ezample 3. Algorithm Searching for a Divisor for Factorization [16]

Specification[“Factor”, Factor[| n, | dd, 1 d],
Pre — Odd[n,dd] A (n>0)A(dd—1)° <8x%n,
Post — (7" =0 = (SmallestOddDiv[d,n,dd] A (dd < d < sqrt[n]))) /\

(r # 0= —(3 0ddDiv[z,n] A (dd <z < sqrt[n])))]

Program[“Factor”, Factor[| n, | dd, 1 d],
Module[{r, rp, ¢, s, t},
s:=sqrt[n];d :=dd;r :=n mod d;rp =n mod (d — 2);qg=4x* (n/(d—2) —n/d);
While[((s > d) A (r # 0)),
H2«r—rp+qg<0
Then t:=r;r:=2%r-rp+q+d+2;rp:=t;q:=q+4;d:=d+2
Else f2xr—rmp+q¢>0A2xr—rp+qg<d+2
Then t:=r;r:=2xr—rp+qrp:=t;d:=d+2
ElseIf[2*r—rp—|—q20/\2*r—rp+q2d+2A2*r—rp+q<2*d+4
Then t:=r;r:=2%xr—rp+q—d—2;rp:=t;q:=q—4d:=d+2
Else t :=r;r:=2xr—rp+q—2xd—4;rp:=t;q:=q—8;d:=d+ 2]]]]]]

Applying our algorithm, the program transformation step yields a nested-loop
system with 4 loops. Extracting the recurrence equations for each inner loop,
in each inner loop for the variable r we obtain C-finite recurrence equations of
order 2: e.g. denoting by i, (i > 1) the counter of the loop obtained from the
branching condition showed in italics, the recursive equation of r; is of the form:



rir1 = 2%1r; — 121 + ¢; + d; + 2. At the end of our algorithm, the polynomial
invariant relation that we obtained automatically is:
A rq+ds(—2xq—4xr+4dxrp)+8xr

3 xqi+dix (2% qu —4dxri +Adxrp) + 8%,

where di = dd,r1 = nmod dd, rp1 = rp = nmod (dd—2), ql = 4*(n/(dd—2)—n/dd),
i.e. the initial values.

Hence, this example shows how our method is also able to handle recurrence
equations of higher order, which, as far as we know, is not the case in related
works.

Ezample 4. Program for Computing Square Roots, by K. Zuse

Specification[“SqrtZuse”, SqrtZuse[| a, | err, T ¢l,
Pre — (a > 1) A (err > 0),
Post — (¢> < a) A (a < ¢* + err))]
Program[“SqrtZuse”, SqrtZuse[| a, | err, T q],
Module[{r,p},r:=a—1; ¢:=1; p:=1/2;
While[(2 * p *r > err),
Ifi2xr—2%qxp>0
Then r:=2%xr—2%xq—p; q:=q+p; p:=p+2,
Else r :=2x7r; p:=p/2]]]]
The automatically obtained polynomial invariant is ¢ +2#* p*r = a. Using this
generated invariant property and the additionally asserted invariant properties
(err > 0) A (p > 0) A (r > 0), the VCG produces a universally quantified lemma
with 3 proof obligations in order to prove partial correctness of the program. The

proofs of these verification conditions were done by applying the PCS prover of
the Theorema system [1].

Example 5. Algorithm for Computing the product of two natural numbers

Specification[“Product”, Prod[| a, | b,1 2],
Pre — (a > 0) A (b > 0),
Post — (z = a * b)]
Program[“Product”, Prod[] a, | b, 7 2],
Module[{z,y},x :=a; y:=b; z:=0;
While[(y £ 0),
If[Odd[y] Then z := z + z,y :=y — 1];
z:=2xz;y :=y/2]]]
The automatically obtained polynomial invariant is z + x * y = a * b. Using
this generated invariant property, the VCG produces 3, universally quantified

verification conditions, whose proofs were done by applying the PCS prover of
the Theorema system [1].



7 Conclusions

The presented imperative verification environment implemented in the frame
of the Theorema system demonstrates the applicability and the usefulness of
several algebraic and combinatorial techniques for the automated generation of
polynomial invariants, and, in more general terms, the advantages of combining
techniques from computational logic with techniques from computer algebra.

Concerning future work, we plan to integrate in the current algorithm the
generation of algebraic dependencies among non-rational algebraic numbers oc-
curring in the closed forms (like e.g. in the case of computing the Fibonacci
numbers). Furthermore, we also plan to treat the case when the assignment
statements of the loop are P-finite (i.e. linear recurrences with polynomial coef-
ficients).

Moreover, since a current limitation of our method is the necessity of man-
ually asserting the inequalities, we are currently investigating the possibility of
generating these type of invariants using the method of cylindrical algebraic
decomposition [4].

Concerning the class of programs to which our method is applicable, we plan
to extend our approach in order to handle recursivity as well as more complicated
datatypes (e. g. arrays).

References

1. B.Buchberger, A.Craciun, T.Jebelean, L.Kovacs, T.Kutsia, N. Popov K.Nakagawa,
J.Robu, W.Windsteiger, F.Piroi, and M.Rosenkranz. Theorema: Towards System-
atic Mathematical Theory Exploration. Journal of Applied Logic, Special Issue on
Mathematical Assistant Systems, 2005. To appear.

2. B. Buchberger. Groebner-Bases: An Algorithmic Method in Polynomial Ideal The-
ory, chapter 6, pages 184-232. Reidel Publishing Company, 1985.

3. B. Buchberger. Symbolic Computation: Computer Algebra and Logic. In Frontiers
of Combining Systems, volume 3 of Applied Logic Series, pages 193—219, 1996.

4. G. E. Collins. Quantifier Elimination for the Elementary Theory of RealClosed
Fields by Cylindrical Algebraic Decomposition. LNCS, 33:134-183, 1975.

5. D. Cox, J. Little, and D. O’Shea. Ideal, Varieties, and Algorithms. An Introduction
to Computational Algebraic Geometry and Commutative Algebra. Springer, second
edition, 1998.

6. E. W. Dijkstra. A Discipline of Programming. Prentince-Hall, 1976.

7. G. Everest, A. van der Poorten, I. Shparlinski, and T. Ward. Recurrence Sequences,
volume 104 of Mathematical Surveys and Monographs. American Mathematical
Society, 2003.

8. R. W. Floyd. Assigning Meanings to Programs. In Proc. Symphosia in Applied
Mathematics 19, pages 19-37, 1967.

9. R. W. Gosper. Decision Procedures for Indefinite Hypergeometric Summation.
Proc. of the National Academy of Science, USA, 75(5-6):40-42, 1978.

10. R. L. Graham, D. E. Knuth, and O. Patashnik. Concrete Mathematics. Addison-
Wesley Publishing Company, second edition, 1989.
11. D. Gries. The Science of Programming. Springer, 1981.



12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

C. A. R. Hoare. An Axiomatic Basis for Computer Programming. Comm. ACM,
12, 1969.

D. Kapur. A Quantifier-Elimination Based Heuristic for Automatically Generating
Inductive Assertions for Programs. Technical Report TR-CS-2003058, Department
of Computer Science, University of New Mexico, Albuquerque, USA, 2003.

M. Kauers. Algorithms for Nonlinear Higher Order Difference Equations. PhD
thesis, RISC-Linz, Johannes Kepler University Linz, Austria, 2005.

M. Kirchner. Program Verification with the Mathematical Software System The-
orema. Technical Report 99-16, RISC-Linz, Austria, 1999.

D.E. Knuth. The Art of Computer Programming, volume 2. Addison-Wesley, 1969.
Seminumerical Algorithms.

L. Kovacs. Using Combinatorial and Algebraic Techniques for Automatic Gener-
ation of Loop Invariants. Technical Report 05-16, RISC-Linz, Austria, 2005.

L. Kovacs and T. Jebelean. Automated Generation of Loop Invariants by Recur-
rence Solving in Theorema. In Proc. of SYNASC’04, pages 451-464, Romania,
2004.

L. Kovacs and T. Jebelean. An Algorithm for Automated Generation of Invariants
for Loops with Conditionals. Proc. of SYNASC’05. IEEE Computer Society Press.,
pages 245-249, 2005.

G. Lafferriere, G. J. Pappas, and S. Yovine. Symbolic Reachability Computation
for Families of Linear Vector Fields. Journal of Symbolic Computation, 32:231-253,
2001.

M. Muller-Olm and H. Seidl. Polynomial Constants are Decidable. In Static
Analysis Symposium (SAS 2002), volume 2477 of LNCS, pages 4-19, 2002.

E. Rodriguez-Carbonell and D. Kapur. Automatic Generation of Polynomial Loop
Invariants: Algebraic Foundations. In Proc. of ISSAC’04, pages 266—273, Spain,
2004. ACM.

E. Rodriguez-Carbonell and A. Tiwari. Generating Polynomial Invariants for Hy-
brid Systems. In Springer-Verlag, editor, Proc. of HSCC’05, LNCS, 2005.

S. Sankaranaryanan, B.S. Henry, and Z. Manna. Nonlinear Loop Invariant Gener-
ation using Groebner Bases. In Proc. of POPL’04, Italy, 2004. ACM.

S. Wolfram. The Mathematica Book, 3rd ed. Wolfram Media / Cambridge Univer-
sity Press, 1996.



