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A Bonus Problem in “Concrete Mathematics”

Chapter 6. Special Numbers, Bonus problem 69:

Find a closed form for

zn: szn—Hﬁ
k=1

where H, :== > +.

Knuth’s answer to the problem is

1 1 1
gn(n + 5) (n+ 1) (2Hy, — H,) — 5" (10n® +9n — 1)

with the remark

“It would be nice to automate the derivation of for-
mulas such as this.”

Infl]:= << Sigma’
Sigma -A summation package by Carsten Schneider
in2:= Problem69 = SigmaSum/[k"2
SigmaHNumber[n + k|, {k, 1,n}|

n

Out[2]= Z (k2 Hk+n)

k=1
ngl= SigmaReduce[Problem69]//Simplify

1
oufil= 2 (1+10) (~14+10n+6 (1+2n) Hy—12 (1 +2 1) Hy)

e First implementation of Karr’s algorithm in a major com-
puter algebra system



Calkin’s Identity and Variations

Find a closed form for

()

J

Case 1:

Inf4):= My Sum = i (i((?)))

k=0 " j=0

5= SigmaReduce[mySum|

w2 (v () +amam0 35(7)))

Case 2:
o mysum = 3 S(2)) )

7= SigmaReducemySum]

L1

Out[7]= i(<2(<2>)> )

Lo=

ng:= SigmaReduce[mySum, SimplifyByExt — Depth)|

outs- (~a+n) () i((i)ﬂ (t+a-3) (i((i).)):

L1= 1=



Case 3: (Definite Summation)

s S(S()))

k=0  j=0

e Finding a recurrence
In[10:= rec = GenerateRecurrence[mySum]|[1]]

outfi0)= —4 (1 + 2 n) SUM[n| — (124 7 n) SUM[1 + n]

+(1+n) SUM2+n]==2 (—10 +9n) (i((i)))

In[11]:= rec = rec/,{ zn:(<2)) - (2)‘“-}

outllj= —4 (1 + 2 n)hS:UM[n] — (1247 n)SUM[1 + n]
+(1+n) SUM2 +n] ==2 (— 10 ((2))° + 91 (2*)%)

e Solving the recurrence

in[12:= recSol = SolveRecurrence[rec, SUM|n],

Tower — {<2r?) }]

omin- {{0.n (1) @} {L.F @+n) (@*)})

e Finding the linear combination

in[13}:= FindLinearCombination|recSol, mySum, 2]

Out[13]= —Z n <2nn>' (2)™ + % (2+n) ((2)11‘)3



( (;))3 fen (r) s dzempic )

find rec find solutions

—4 (142 n) SUM[n] — (12 + 7 n)SUM][1 + n]
+ (1 +n) SUM[2+n] =22°"(—-10+9n) (1)

GOAL: Find ¢ € Q such that for all n > 0:
3

(1)) =en(3)2 s pme

n

k=0 0 N ~ y,
— fﬂs[n] =: rhs[n]
ANSATZ: Find ¢ € Q s.t.
| = 1hs[0] = rhs[0] = 1 3
| — C= —=
9 =1lhs[1] = rhs[l] =12+ 4c 4

Any sequence fulfilling (1) is uniquely determined by the first

two entries:

SUM[2 + n| « 4 (142 n) SUM[n]

n +
+ (1247 n)SUM[1 + n] +22°" (=10 + 9 n)
Hence
k
n 3 2n\ ., 1 .
3 Z(j) —En<n)2+§(2+n)2

~—

C
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- | ()& (_1)"1+n
In[14}:= mySum1 = Z (Hk (B+k+mn)l (-1)" (-1

2\ (LKL 2+ KL (~k+n)l /)

Finding a recurrence

i[15:= recl = GenerateRecurrence[mySum1]|[[1]]
oufis=n (1 +n) (2+n) (3+n) (4+n) (—1+n)!
]

(—(9+2n) (8+6n+n®) SUMn]+
(9+2mn) (13+8n+n”) SUM[L +n]+

(30 +42n+ 17 n? + 2 %) SUM[2 +n]—
(3+n) (254 15 n+2n?) SUM[3 + n]) ==
2(—1)" (9+2n) (35+24n+41%) (4+n)

Solving the recurrence
im[16:= recSoll = SolveRecurrence[recl, SUM|n],
Tower — {H,}|
3—n’+4H,+6nH,+2n°H,
out[16)= 110,1;,10, ,
o= 1011 (1+n) (2+n) J

{0, (2+m) (-1)°},

(16 —13n? —5n%+32H, + 64 nH, + 40 n® H, + 8 n® H,) (—1)"
1
4 (1+mn) (2+n)

Finding the linear combination

in17:= solution1 = FindLinearCombination|recSoll, mySum1, 3|

3—n’4+4H,+6nH,+2n°H, 1 0
uti7= —1 — — (2 —1)*
Out[17] (1+n) 2+0) +4( +n) (—1)"+

(16 —13n>—5n°+32H, +64nH, +40n® H, + 8 n® H,) (—1)"
4(1+n) (2+n)




(B4 k+n)l (-1 1= (2+n) (D)),
il My Sum2 = 2 ( kK(1+K)!2(—k+n) >

Finding a recurrence

In[19]:= rec2 = GenerateRecurrence[mySum2, RecOrder — 2][[1]]

Out[19]= —n (1 +n) (3+n) (1+3 (-1)"+(-1)" n)

(-1+4(-1)"+(-1)"n) (28 4+ 15 n+21n%) (—1 +n)! SUM[n]+
6n(1+n) (3+n)° (-14+2(-=1)"+(—1)"n)

(-14+4 (-1)"+(-1)"n) (-1 +n)! SUM[L + n]+
n(14+n)(3+mn) (—1+2(-1)"+(-1)"n)

(1+3(-1)"+(-1)"n) (10+9n+20n?) (—1+n)! SUM2+n] ==
2(-14+2(=1)"+(-1)"n) 1 +3 (-1)"+(-1)" n)

(144 (-1)"+(-1)"n) (35+24n+41% (4+n)

Solving the recurrence (=1)"?* =1

In[20]):= recSol2 =
SolveRecurrence[rec2, SUM|n], Tower — {H,},
’ WithMinusPower — True ‘]
Out[20]= {{0,24+n—(—1)"},{0,16 — 6 n* —n®+
(-1)" +28n (-1)" +230n° (—1)" +81n° (—1)" +n* (—1)" },

1 2 3
{1,—% (260 — 150 n® — 39 n® + 336 Hy+

616 n H, + 336 n® H, + 56 n® H, — 325 (—1)™ + 365 n? (—1)"+
228 n® (—1)" +39n* (—1)™ —672H, (—1)" — 1568 n H, (—1)" —
1288 n° Hy (—1)™ — 448 n° H, (—1)" =66 n* Hy (—1)™)}}

Finding the linear combination
in21):= solution2 = FindLinearCombination[recSol2, mySum2, 2]

+

n

oupi= (34+n) (-14+3n+2n*—(—14+6n+7n°+2n° (—1)
2 (2+3n+n?) Hy (~1+(2+n) (—1)™))
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Indefinite Summation in Difference Field

Goal: Find a closed form for

z”: k k!
k=0

A Difference Field for the Problem

Let t1,ty be indeterminates where
tl — k

ty «—— k!

Consider the field automorphism o : Q(t1,t3) — Q(t1, ) canoni-
cally defined by

olc)=c VYeeQ
O'(Ifl)zt1-|-1 Sk:k-i-l
0'(752) = (tl + 1)t2 Skl = (k+ 1)'

(Q(ty1,t2),0) is our difference field.

The Telescoping Problem
Find g € Q(t1,t2) 1 |o(g) —g=tits
1 by Karr
g = to.

The Closed Form

(k+ 1) — k! = k k!
|

Y kkl=(n+1)! -1
k=0
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A Simple Example

n

In[23:= MySum = Z (Hk (E))a

k=0

Finding a recurrence
Inj24:= rec = GenerateRecurrence[mySum]

out24= {4 (1+n) SUMn]—2 (3+2n) SUM[1+n|+(2+n) SUM[2+n]| == 1}

Solving the recurrence

In25):= recSol = SolveRecurrence[rec[[1]], SUM|n],

Tower — {SigmaPower[2, n|}, NestedSumExt — 2]

n

v {0, 1 (0.2 Y (D)) (e - X (e 1)
Finding the linear combination

in26:= FindLinearCombination [recSol, mySum, 2]

outj26)= (2)™ Zn: (%) - (2" uzn; (Ll (12)L1.)

1=

Where is a proot?
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Z’s Creative Telescoping Trick

e GIVEN

e FIND c¢y(n), c1(n), ca(n) and g(n, k) s.t.

g

(n,k+1)—g(n, k)

for

co(n) f(n, k) +ci(n) f(n+1,k) + co(n) f(n+2,k)

alll <k <nandalln>1

and

g(n, k) =

Sigma computes:

ci(n) =4(14+n), ca(n) =-203+2n), c3(n) =2+n

1+n)(—24+k—n+ 2k —2k*+kn)H) (})
1—k+n)2—-k+n)

Summing this equation over k from 1 to n gives:

gn,n+1) —g(n,1)]=

co(n) SUM(n)+
ci(n) (SUM(n+1) — f(n+1,n+1))+
co(n) (SUM(n+2) — f(n+2,n+1) — f(n+2,n+2))




Difference Equations and Symbolic Summation
Let (IF, o) be a difference field and
K={keF|ok)=Fk}
be the constant field. Assume Q C K.

Telescoping
o GIVEN f e
e FIND g € IF:
olg) —g=1/
| T

Parameterized Telescoping

e GIVEN fo,.... fs€F ap,a1 € F
o FIND ALL cy.....cs € K. h € F:

ajo(h) —aph=cyfo+--+caqfa

Remark: Z's “Creative Telescoping”
e GIVEN f; = summand(n + i, k) € F
e FIND ALL ¢g,...,cq € K, g € IF:

o(g)—g=cofo+---+cafa

14
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Linear Difference Equations

e GIVEN f,ag,...,a, € F
e FIND ALL g € FF:

amo™(g)+---+ag=f

! T

Parameterized Linear Difference Equations

e GIVEN aO,...,amGF,fo,...,deF
e FIND ALLg€F, ¢y,...,cg € K:

amo"(g)+--+ayg=cofo+ - +cafd

My Results
e Streamlining of Karr’s ideas result in a simpler algorithm

e Generalization of Karr’s algorithm:

first order — m-th order

e New connections:

indefinite-)) «—— definite-X.
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Sum Extensions for Indefinite Summation

f: (K—lkag)

),

N
In[27):= MySum = Z (Lzl KT,
1

L1:1

in28):= SigmaReduce[mySum)|

i (Ki@)

2 (T
Er)

K+L1

In209):= SigmaReduce[mySum, SimplifyByExt — Depth]

Out(20] #(6 XN; (Kibl) + 6K (ﬁ: (Kibl)>2+K2 (ﬁ: <Kic1>>3+

1= L1:1 L1:1

(~e-a 3 (1)) S () -3 ()

L1:1 L1:1 L1=1

Partial fraction decomposition:

K+ 21 K 2 K+ 31 2K 3

(K + 1) __(K+i)2+K+i’ (K +1i)?| (K+i)3+(K+i)2

Ini30):= SigmaReduce [mySum,
Tower — {{Hx n, N}, {HZ, N}, {HY ( N1}]
1
Out[30]= P ( — Hﬁ — 3Hx HI%JFN + H§+N + 3 Hg HI(f)—

3Hg HYy + Hy oy (307 — 30 +307,) — 28 + 28,
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( 7 o+ 71 = (7)o

7+

()04 = (%)

+ 17+

H M = ()0
I+1= ()0

(0(")(5) (%) (") D)

P[Py 90ULIJIP SUIATIOpUN 9y T,

T4y

21+ ) — M
A €1+ ¥ ;vw
()X

]

Su11198 PRI 2OULIPI(] 9Y? Ul SUOISUd)X, WNg
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I
[+
! : M4ty = ()0
+ 174
I+ =(lo

(2 (T EN (e (T)D) Py 9ouSIayp SUIAopun oY,

N-+X pi N+ A b
( HT+ JHT - ( DHe+ JHe - g) NI+
9

N-+My7 M DTS N+3Y N+3Myr D' S T U
SHHE — JHMHe + T+ "HHe - IH vH
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(0 (T EDE)(HO)= (2 (") (2) (@) (1) D)




Sum Extensions for Recurrences

No
N /() D
v S = g ( (k+ 1) >;

Finding a recurrence

in32:= rec = GenerateRecurrence/mySum]|
ouz= {(1+N) (2+N) (3+N) (4 + N) SUM[N]—
3(24N) (3+N)” (4+N) SUM[1 + N|+
(3+N) (4+N) (37 +21 N+ 3 N*) SUM[2 + N|
—(4+N)* SUM[3 + N] == —1}

Solving the recurrence (A First Attempt)
in33):= recSol = SolveRecurrence(rec|[1]], SUM[N]]

1
Out[33]= {{O, m}}

20

The underlying difference field is too small!
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Solving the recurrence (Step |)

In34:= recSol = SolveRecurrence[rec|[1]], SUM[N],
NestedSumExt — o]

S (R

1 1= 1=
Out[34]= {{O,m},{O,L 11—|—N }a{oaL 14N }’

L2 1
Z<1+L3

Ll )
> () |

e Inspired by Abramov/Petkovsek and Hendrik/Singer
e My theoretical result:

We can find all sum extensions over a given II>.-field
which give more solutions of a homogeneous or in-
homogeneous recurrence!

e Speed up in computation.

e Further simplification by my indefinite summation al-

gorithm
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We know:
i
=1
o R 2)
> % = 3Hg H), v+ Hpow (3HE—
=1 o 3O 4 3H ) —2HY + 21 )
K K+N K K+N

Solving the recurrence (Step I1)
In35):= recSol =
SolveRecurrence|rec[[1]], SUM|N], Tower — {Hx, Hl(\?), Hl(\?) }

ity (2+2Hy+2NHy +H2 + 2 NH + N H2 + HY + 2 NHP + 82 HY) ),
{0,

1
(1+n)°
2N Hy+H+2NH + N H +HP + 28 H + 8 5P},

(—4N—2N+2Hy+

1
(1+N)°
3N Hy+H2 42 NEE+ N B2+ B2 2 v ED + 02 5P)),

{o.

(—N+N°>—Hy — 4 NHy—

1
6 (1+N)*
SNE 43N+ E —3NHaP — 6N B — 38 HP+

{t.

(—6N—6NHy—6NHy—3NH; — 6N Hy —3N° H + Hy+

3Hy B + 9 NHy H? +9 N2 Hy H? + 3 N° Hy H? + 2 H® +
6 NHY +6 N2 HY +2 8 HY)})
Finding the linear combination
in36:= FindLinearCombination|recSol, defSum, 3]//Simplify

Out[36]= (3 (1+ N)* H2+

6 (1+N)*
(A+N)° H+3 (1+N)2HY +3 (1+N) Hy (24 (1+N0)? 5Y)+
2 (3+HY +3NHY +3 8 HY + 1 HY))



A Series of Identities (S. Ahlgren)

23

PROBLEM: Find a closed form for

n

d l—ajHj+ajH j.) C) Ca>1

J=0

an(l—jHﬁan_j)(?f‘) 1

j=0 J
jzn%(l?JH +2jH,_ ‘7)(?>2:0
‘ 3
;(1_3]H +3j H,- ﬂ(?) — (-1
;O(l —4jH; + 45 H,- j)@) — (-1 ;O (7;) _ 1y <2nn>
jio(l—BJH +55H,_ ﬂ(? T (—1)" j”o (7;)2 <nj]>

Naive summation

Inf37):= mySum4 = Z(l —4jH;+4jH ) (((n> ) )
j=0 J.

In[38):= GenerateRecurrence[mySum4]|

out38)= { =8 (1 +mn) (1+2n) (3+4n) (5+4n) (129+ 193 n+ 94 n* + 15 n®)
SUM[n] — 4 (7560 + 39369 n + 82597 n® + 92434 n®+
60256 n* + 23024 n® + 4792 n° 4 420 n”) SUM[1 + n|—
2 (2+n) (1425 + 6187 n+
9949 n* + 7891 n® + 3314 n* + 706 n° + 60 n°) SUM[2 + n]+
(2+1n)® (3+n)* (15+ 50 n+ 49 n® + 15 n°) SUM[3 + n] ==

0}
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Creative summation

By
n n 4 n n 4
' H,,_; = — 7) H;
Sty (7) =w-aw (")
j= j=
n n 4
j=0 /
we obtain

n

S (14 Hy 4 H, ) (j) Y (A2 )i (”)

J=0 7=0

In[30):= MmySum4 = Z(l —4jH;+4 (—j+n) H;) (((n)) ) ;

j=0 J.

in40:= GenerateRecurrence mySum4|

Order: 1
Order: 2
Solution!

outfao= {4 (1 +2n)® (11 + 8 n) SUM[n] + 2 (29 + 110 n + 108 n’ + 32 n°)
SUM[1 +n] + (2 +n)® (3+8n) SUM2 + n] ==

0}
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A Recurrence with minimal order

inj11):= rec = GenerateRecurrencemySum4,

SimplifyByExt — DepthNumber|
Order: 1

Solution!
oufaj= {2 (1 +n) (1 + 2 n) SUM[n] + (1 + n)* SUM[L + n] ==

. 4
n

. @tn-20) (7))
2(n(3—|—8n)—|—(—3—8n)2 Ll’)}

1,1:0

(1 —|—I1—L1>4

The rhs vanishes (computer proof!), hence

2 (1+n) (1+2n) SUM[n|+ (1+n)” SUM[L +n] = 0.

Remember:

(14 H, £ 47 H,) (j) - -0 (27)

J=0
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Challenging Sums (A. Weideman)

m .3

In[42:= Sum3a = Z (3 (—Hx + H o m)+ H(z) +H! 11+m) (((rlr(l) ) (—1)k') ;

In[43]:= GenerateRecurrence[Sum3a, RecOrder— > 2]
50.42 Second

out[43)= {3 (2+ 3 m) (4 + 3 m) SUM[m| + (2 + m)* SUM[2 + m] == 0}

inj44):= Sum3b = > "3k HY + 2 H oy — 2 Hy (143 k H o)+
k=0

k (3B, +HY +HE.) (1)) 1%)

In[45]:= GenerateRecurrence[Sum3b]
87.33 Second

outl45)= {3 (1 +3n) (2+3n) (11 + 16 n+ 6 n*) SUM[n|—
6 (2+6n+3n%) SUM[1+n]+ (1+n) (2+n) (1+4n+6n*) SUM2+n]==0}

In[46]:= Sum4 = Z 4 (H, —H_ k+m) + Hy 2+ HE k+m)+

2 k (8 (—Hi + Hopim)® +6 (—Hi + Hoy) (HP +HE, -

. 4

1) ((50)))

In[47]:= GenerateRecurrence[Sum4, RecOrder— > 3]
1190.07 Second

Outid7]= { =8 (1+m) (1 +2m) (3+4m) (5+4m) (129+ 193 m+ 94 n” + 15 n®)
SUM[m] — 4 (7560 + 39369 m + 82597 m” + 92434 m®+
60256 m* + 23024 m® + 4792 m® 4 420 m’) SUM[1 + m|—
2 (24 m) (1425 + 6187 m+ 9949 m*+
7891 m® + 3314 m* + 706 m® + 60 m®) SUM[2 + m|+
(2+m)® (3+m)® (15+ 50 m+ 49 m® + 15 m*) SUM[3 + m] == 0}



