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1 Introduction

The ideaof focuswindowsasa techniquefor proof presentationvasintroducedn
[Buchberger2000]. The presentpaperdescribeghe implementationof the technique
in the frame of the Theorema system[Buchbergeret al. 2000]. The implementation
wasdoneby thefirst authorunderthe guidanceof the secondauthor.

Proofs in mathematicalpublicationsare linear texts. In each proof step,a new
formula is derived from formulae appearingin earlier portions of the text using an
inferencerule. Typically, in long proofs, the formulae usedin a proof stepsoccura
coupleof lines, paragraphsor evenpagesdistantfrom the placein the text at which
the proof stepoccurs.Referenceo theseformulaeis usually doneby labelsandthe
readerhasto jump backandforth betweerthe formulaereferencedandthe proof step
in which they areneededThis is unpleasanand makesunderstandingf proofsquite
difficult evenif theproofsarenicely structuredandwell presented.

Most automatedheoremproversdo not put emphasison producingproofs that
are easyto readand understand(A very telling illustration of this is providedby the
collectionof proofsproducedor theirrationality of * 2 by 15 differentcurrentprover
in [Weijdeck 2001].) However,eventhosethat providetools for studyingproofshave
the problemdescribedabove.This is eventrue for naturaldeductionproversas, for
example,the Omegasystem[Omega], that displaythe entire proof treein treeform
andnot in linearizedpresentationStill, when studyingone particularproof step,one
may haveto jump to variousformulaein thetreefor beingableto checkor understand
thevalidity of the particularstep.
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From the outset,in Theorema we tried to emphasizattractiveproof presentation.
Theorema proofs are designedto resembleproofs generatedby humans,i.e.they
contain formulae and explanatorytext in English. In addition, Theorema provides
varioustoolsfor helpingthe readerto browsethe proofs:links to labeledformulaeare
realizedashyperlinksthatdisplaythe formulareferencedn a smallauxiliary window;
nestedoracketsat the right-handmargin makeit possibleto contractentire sub-proofs
to just one line; various color codesdistinguishthe (temporary)proof goals from
formulae in the (temporary)knowledge base;etc. Still, readingand understanding
linear proofsis difficult evenfor proofsgeneratedby thetypical Theoremarovers.

Focuswindows provide a meansto overcomethis difficulty. The techniquecould
be implementedor mosteveryproving system, evenfor systemghat do not actually
generateproofs automaticallybut restrictautomationto checkingproofs generatedy
humans(proof checkerdike HOL [Hol], MIZAR [Mizar]). The only prerequisitefor
applying the focus windows techniqueis that the resultsof the proversin the system
must be formal proof objectsthat contain, for eachproof step, the information on
which formulaeare usedandwhich formulaeare producedn the givenstep.Theidea
of the focuswindowstechniqueis simplebut helpful: Startingfrom the proof objects,
one analyzes,in each proof step, which formulae are used and which ones are
producedin the given step. One then composesa window containingexactly these
formulae for eachproof step. The windows also containa button for moving to the
next window in the proof. In proof situationsthat branchto two or more proof
situationsthe subsequentvindows are displayedin contractedform andthe usercan
decide which one to open next. In addition, each focus window containsa small
simplified imageof the entire proof tree so that the usercanalsojump to a randomly
chosenproof situationin the proof treeif he wantsto interruptthe sequencef proof
stepssuggestedby the system.

In more detail, a proof situationin a proof generatedoy one of the Theorema
provers(andalsothe proversin mostotherproving system)consistsof

¢ thecurrentproofgoaland
e the currentknowledgebase(definitions, axioms, known theorems,and
temporaryassumptions).

In oneproof step,usingonly afew formulaein the knowledgebase which we call
herethe"relevantformulae”,by applyingoneof theinferencetechnique®f the prover
a new goal or new formulae in the knowledgebaseor both are generatedin the
correspondindocuswindow we display

¢ thecurrentproofgoaland
¢ therelevantformulae
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and then, upon clicking, we display in addition the new goal and/ or the new
formulaein the knowledgebase.When clicking the next button, we thendisplay the
focuswindow for the nextproof situation.

Another way of describingthe focus window techniqueis to think abouta long
proof written on a sequencef blackboardsNow, for readingand understandinghe
proof, you equip the readerwith a magic glass(a "focus glass")that, in eachproof
step,concentratesll the relevantformulaeon oneblackboardanderasesll the other
formulaesothatthereaderjn eachproof step,hasall therelevantinformationin front
of his eyesandis notdistractedby anyirrelevantmaterial.

Note that this techniqueis applicablefor both generaland specialinferencerules:
For example,if polynomial simplification or evenadvancedechniquedike cylindric
algebraicdecompositioror symbolic summationare black-boxinferencerulesin the
prover applied to a particular proof problem then, for each proof step, the
correspondingocuswindow will only showthe proof goal andthe relevantformulae
beforeapplyingthe specialinferencerule andthe formulaeproducedy this inference
rule andwill notshowanyinternaldetailsof the executionof theinferencerule.

The focuswindows methodis mosteasily understooddy looking to the examples
in the appendix.Appendix 2 showsthe linear proof text generatedoy the current
version of the Theorema systemin an automaticpost-processingtep appliedto the
abstract proof object automatically generatedby one of the Theorema provers.
Appendix 3, in comparisonshowsthe sequencef focuswindowsgeneratedagainin
anautomaticgpost-processingtepappliedto the abstracproof object.

In Section2 we will give somecommentson the focuswindowsappearingn the
examplein Appendix3 in comparisorto the proof shownin Appendix2. In Section3,
we will then give some commentson the implementationof the focus windows
techniquein Theorema.

2 Using Focus Windows

The exampleusedto explainthe focus windows techniqueis part of a Theorema
case study that covers the theory of equivalencerelations, equivalenceclasses,
partitions and induced relations, [Windsteiger2001b]. All notions are defined in
termsof settheory. Appendix2 presentghe outputof a Prove call of Theorema that
generateshe proof of a simpletheoremon equivalencesndpartitionsautomatically.

We do not go hereinto the details of the Theoremalanguage.The formulae

shouldbe self-explanatory All the knowledgethe userhasto typein orderto obtaina
successfuproofis presentedn Appendix1.
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A typical call for startinga Theorema proverto work on a proof problemlooks
like this:

Prove:Lemma"Lemmd-, using: KnowledgeBase
by SomeProverProverOptions  optionsfor theprover,
showBy:- SomeDisplayer
The userof Theorema can control both the work of SomeProvenby settingthe

ProverOptionsand alsothe way the proof is presentedy settingthe showBy options.
By default, Theorema will presentthe proof in a new Mathematica notebookas a
linear proof text. By setting showBy FocusWindow the focus window display
methodwill be invoked, which is the topic of this paper.(For a completedescription
of the options of the Prove command and other details about Theorema see
[Windsteiger2001a],[Vasaru2000]).

For example,the following commandgenerateghe linear text proof presentedn
Appendix2

Prove:Lemma"Lemmd, using:
; Definition:"factorset" , Definition:"is all nonempty" , Definition:"class$ ,
Definitions"is reflexive" , Definition:"is relatiort: , Definition:"is subseset' -,
by SetTheoryPCSProver, otheroptions /-,

andthe following commandgenerateshe focus window presentatiorof the same

proof:
Prove:.Lemma"Lemmd:, using
. Definition:"factorset" , Definition:"is all nonempty' , Definition:"clas$:,
Definition:"is reflexive' , Definition:"is relatiort , Definition:"is subseset' -,
by SetTheoryPCSProveshowBy: FocusWindow: , otheroptions /-,

As mentionedearlierin this paper,the focuswindow methodpresentgroofsin a
step-wise manner Eachstepof the proof will be shownto the userin two phasesthe
attentionphaseandthe transformatiorphasewith a correspondingittention Window
anda TransformationNindow. Eachof thesewindowshas

¢ a'"goalarea"in whichthe currentgoalsareshown,

e an"assumptiongrea"in which the"relevant"assumptiongsreshown,

e a "proof treearea"in which the entire proof treeis displayedin a schematic,
simplified form,

e an area that presentsall the assumptionsthat are available (the "all
assumptionsirea"),

¢ anda "navigationarea"that helpsthe usernavigatein the proof by clicking
on variousbuttons.
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As a concreteexample the goal areaof the Attention Window 5 (Figure 1) shows
us the currentgoal formula (2.1) andthe assumptiorareashowsthe definitions of the
functions 'class' and ‘factor-set' and the predicate ‘'is—all-nonempty'. The area
containingthe schematicrepresentatiorof the proof tree and the areacontainingall
the assumptionghat are currently availableare shownin closedcells. If the useris
interestedo seethe contentsof thesecellsit hasto double<lick on therespectivecell
brackets. (The organizationof notebooksusing cells is a standard Mathematica
feature, see[Wolfram 96]). Note that, following the basic philosophyof the focus
windowstechniquethe userwill normally not wantto seeall assumptionsut only the
onesthat arerelevantfor the currentproof step,which are exactlythe onesshownin

theassumptiongrea.
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A click on the 'Next' buttonwill bring up the TransformationWindow 5 (Figure
2). Theinferencestepappliedin the currentproof steprewrotethe goalusingthe three
definitionsin the assumptiongrea- and no otherformulaeof the currentknowledge
base! The result of rewriting the goal is now displayedas formula (3) under the
heading’'New goal:'. Formula(2.1) is now an 'Old goal'. No new assumptionsvere
inferredin this step.Therefore,in this example the assumptionareadoesnot contain
any new formulae. (In contrast,in the Attention and TransformationwWindow 2 —
Appendix 3 — newassumptiongre generatedwhich aredisplayedunderthe heading
‘New assumptions:'.)
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Pressinghe 'Previousbuttonnow will takethe userbackto the Attention Window
5. Clicking 'Previousagain,the userwill seethe TransformatiorWindow 4. Onemay
go back and forth as many times as it needsto understandhe proof completely.
(Here, "understanding"means"verifying the correctness"of each proof step and
"verifying the completenessf the sequencef proof steps".In this paper,we cannot
go into thediscussiorof variousnotionsof "understandingnathematicaproofs".)

Now let uslook closerat the Attention Window 4 (Figure 3). The currentgoal —
formula (2) — is a conjunctionof two statementseachof them needsto be proved.
Therefore,the proof will split into two branches. The TransformationWindow that
comesup after clicking 'Next' (Figure 4) containsnow two closedcells, onefor each
sub-proof. Eachof the cells containsits goal area,assumptiorarea,navigationbutton
areaandall-assumptiorarea.The usercancontinueon the branchit wishesto seeby
clicking on the 'Next' buttonof the correspondindpranch.Thereis, however,only one
prooftreeareain this window.
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Transformation Window
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Figure4 —thecell correspondingo thefirst branchis opened.

The simplified proof representatiornn the proof tree areais not only a graphical
representatiorbut it also has some functionality. The nodesof the simplified tree
representatiorare in one-to—one correspondencwith the nodesof the proof object.
The nodecorrespondindo the proof stepthatis currentlyseenin eitherthe Attention
or the TransformationwWindow is high-ighted. Also, clicking any of thesenodeswill
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causethe correspondingocuswindow to be displayed,allowing the userto readthe
proofin the orderit prefers.(In contrastusingthe buttonsin the navigation,the proof
canberead"forward" and"backward"in the sequencesuggestedby theprover.)

3 Implementation of Focus Windows

The proof presentationtechniqueexplainedin the sectionabove should not be
difficult to implementin any existingautomategrover.The main pre-fequisiteis that
the data structure for the proof object, for each proof step, contains sufficient
information for extractingthe formulae usedand inferredin the particularstep.The
FocusWindows techniquecan then be describedroughly, by the following pseudo-
algorithm:

Stepl: phase=initial;

current_positiorF root_position;
ShowWindow[phasegurrent_positionproof object];
Step2: while user_actions notdone
if phasdsinitial or transformation
thenphase= attention;
elsephase= transformation;
endif;
current_positiors
DetermineCurrentPosition[current_position,
user_actionproof_object];
ShowWindow|[phasesurrent_positionproof_object];
endwhile;

Step3: stop.

Note that the value of 'proof_object'doesnot changeduring the executionof the
algorithm: The proof object is the essentialinput parameterof the algorithm. The
variables used in this pseudoalgorithm are 'phase’, 'current_position' and
'user_action'. The variable 'phase' may have the values 'initial’, ‘attention’, or
‘transformation’. The 'current_paositionpoints to the currentproof stepin the proof
objectis. The values'current_positioninay take dependon the exactdatastructureof
the proof objects.We assumeéherethat the proof objectis in a treedike form but the
algorithmmay be easilyadaptedo any otherdatastructure.The 'user_actionvariable
is neededo takein the useractions(buttonclicks, keyson the keyboard wordstyped
in atthe prompter etc.). The constantappearingn thealgorithmarein italics.

The core of the algorithmis the ShowWindowfunction. At the very beginning,it
is calledwith theinitializing parametersnitial androot_position. In theinitial phase,
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we generatehe initial focuswindow that containsthe goal that hasto be provedand
the availableknowledge(axioms, definitions, lemmata,temporaryassumptionsetc.).
Whenthe usertakesanactionthreemainstepsareexecuted:

¢ Dependingontheactualphasethetypeof thenextphasds set.

¢ Depending on the 'current_position'and the 'user_action',the algorithm
determineghe positionin the proof objectof the next proof stepon which we
wantto focuson (DetermineCurrentPosition).

¢ The focuswindow correspondingo the new 'current_positionand ‘phaseis
shown.

We implementedhe focuswindow methodin MathematicalWolfram 96], which
is also the languagewe chosefor the implementationof Theorema. In fact, the
implementatiorwasquite easybecaus®f two reasons:

e From the outset,the datastructureof Theoremaproof objectswas carefully
designedin orderto give easyaccesdo the formulaerelevantin eachproof
step. Also, the datastructurefor Theorema proof objectsleavessomeslots
open for adding additional information which is relevantfor certain prove
methodsor certainproof presentatiomethods.

¢ The front end of Mathematica providesconvenientprogrammingtools for
active objects that, basically, allow to apply the usual Mathematica
programmingstyle also for programmingman-machineinterfaces.We use
this facility for entering the information in the action buttons and the
schematigproof tree representatiointo the Showwindowfunction. We give
somemoredetailsaboutthis below.

The useractionsare takenin via the buttons'Next', 'Previous'and 'Done’in the
navigationareaand the schematicproof tree presentatiorwhosenodesare, in fact,
also realizedas buttons. The schematicproof tree representatioris a static objectin
the sensethat the data attachedto its node buttons do not changeduring the
presentatiorof the proof by the focuswindow viewer. In contrastthe buttons'Next'
and'Previousaredynamicobjects,whoseinformationis usedin thefollowing way:

e Supposehat the focuswindow is presentinghe Attention Window of some
noden of the proof tree. Thenthe dataattachedo the 'Previous’buttonis a
link to the parentnodeof n. The dataattachedo the 'Next' buttonis alink to
the noden becausevhenpressingt we wantto bring up the Transformation
Window of the samenoden.

¢ Supposethat the focuswindow is presentinghe TransformationWindow of

somenoden of the proof tree. Note that sucha window may haveseveral
branches.Then the data attachedto the 'Previous'button in each of the



10 FocusWindow:A NewTechniquédor Proof Presentation

branchess alink to the noden becausavhenpressingt we wantto bring up
the Attention Window of the samenoden. The dataattachedto the 'Next'
buttonin eachof thebranchess alink to the correspondinghild nodeof n.

4 Conclusion

We presenteda new methodfor presentingmathematicalproofs that could be
applied, in principle, to both proofs generatecby humansand proofs generatecby
algorithms.The essencef the methodis that we presentjn eachproof step,exactly
the formulaethat arerelevantfor the particularproof stepandwe put theseformulae
into our focus. If proofsare printed on paperor written on other passivemedialike
blackboardsthis operationof focusing cannotbe executedautomatically(but is done
"in the head of the personwho studiesa proof"). In contrast,in the context of
automatedtheoremproving, when proofs are naturally availableas processablelata
objects(the "proof objects")this focusingoperationcanbe describedby an algorithm
and can be madeavailablefor the usersof automatedheoremproving systemsWe
describecanimplementatiorof this newtool in theframeof the Theorema project.

Note that the focus windows tool startsfrom proof objectsand justimplementsa
particular way of presenting proof objects. The focus window tool is not a prove
method!

Note also that the focus windows tool is applicable for any type of prover
including specialproversthat have powerful special proof rules that apply only for
certainmathematicatheories.For example simplification modulo an AC-theory may
be a black-box proof rule in a predicatelogic natural deductionprover. Thus, the
focus windows techniquedoes not assertthat each of the proof stepsshould be
"easily" verifiable but, rather, it just gives a methodto keeptrack of the relevant
informationusedin eachproof stepthe particularprovergenerates.

When comparing the linear proof presentationand the focus window proof
presentatiorof oneandthe sameproof onemay makethefollowing observations:

¢ In short proofs, the focus windows presentatiormay generatepresentation
overheadhatwill distractthereaderratherthanhelphim.

e In proofs that are more than one or two pageslong, the focus window
presentatiommay increasehe possibility of verifying proofsdrastically.

e Linear presentationsare helpful for obtaininga quick overviewon the overall
flow of the proof whereasocuswindow presentationsupportthe processof
verifying proofs.
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¢ Most probably,browsinga proof in linear representatioand, then, verifying
the detailsof the proof in focus window presentatioris the mostreasonable
andefficientway of studyingproofs.

The proof given as an examplein the appendicess just borderline: The positive
effect of the focus window presentationon verifiability is noticeablebut not yet
drastic.However,by spacdimitation, it is not possibleto preseniongerproofsin this
paper.Thus,we encouragehe readerto experimentwith the Theorema systemandits
linearandfocuswindowsproof presentationools.

After having implementedthe focus window techniquein Theorema, we also
made another, interesting and unexpectedexperience:The tool can of coursebe
appliedalsoto wrong proofs.In particularit canbe usedto checkthe proofsgenerated
by theoremproversthat are under constructionand not yet fully tested.Here we
noticedthat checkingthe proofsby the focuswindow techniqguemakesit mucheasier
to detecterrorsin the provers. Thus, the focus window tool may also be a useful
research instrument for people working in the design and implementation of
automatedheoremprovers.

In the next version of our focus window tool,we intend to add a couple of
improvements:

¢ The size of the font of the formulaein a focus window will be adjustedin
sucha way that, always,the entire focus window will fit into the screenfor
facilitating havingthe overviewon the currentproof situation.

¢ A standardtext will appearin eachfocus window that indicatesthe proof
techniqueusedfor going from the formulaein the attentionwindow to the
formulae in the transformationwindow. This text will be a hyperlink that
leadsthereader,ifit wants,toa detailedexplanatiorof the prooftechnique.

¢ The focus window will be an option that can be clicked when studying a
proof in linear notation.Inother words,whenclicking into a proof goal in a
linear proof text,thecorrespondindocuswindow (attentionwindow andthen
transformationwindow) should appearthat contains exactly the formulae
relevant in the current proof situation. Maybe, this way of using focus
windows will be the most attractive combination of tranditional linear
presentatiomndthe newfocuswindow technique.
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Appendices

Appendix 1
Loadingup the Theorema systemis doneby evaluatingthe following command:
Needs"Theoremd" ;
The notion of "relation” is introducedas a subsetof a binary cartesiarproduct(X
beinga constant):

Definition:"is relatior, anyR , is—relationR x R- X X

Definitions"is reflexive', anyR , is—reflexiveR: X;x, X2+ R
Xe

Otherdefinitionsneeded:

Definition:"clas$, anyx, R, classR, x : a«a X+ R:
Definitions"factorset, anyR-, factor-setR : classR, x «

Definitions"is subseset, any:P , is—subsetsetP Pp= X
p:
Definitions"is all nonempty', any:P , is—all-nonemptyP = § Ppue I
N »

Thelemmawe wantto prove:

Lemma:"Lemma, anyR , -is—relationR a is—reflexiveR/ 4
.is—all-nonemptyfactor-setR - a is-subsetsetfactor-setR /-

The proof presentedin Appendix 2 is obtained by evaluating the following
command:

Prove.Lemma"Lemma, using: ; Definition:"factorset",
Definition:"clas$: , Definition:"is relatiort , Definition:"is reflexive'"
Definition:"is subseset" , Definition:"is all nonempty" -,

by SetTheoryPCSProveshowBy FocusWindow
transformBy  ProofSimplifier TransformerOptions branches Proved steps Useful,
ProverOptions GRWTarget "goal', "kb" , UseCyclicRules True

RWEXistentialGoal True DisableProver STC PND , SearchDepth 50
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Appendix 2

Prove:

(Lemma) . .is—relationR a is-reflexive:R 4 ,

is—all-nonemptyfactor-setR - » is—subsetsetfactor-setR -/
undertheassumptions:

(Definition (factorset) RMfau:tor—setR- : classR, x «x: X1,
N

X A

(Definition (class) ficlassR, x : a.a: Xa.ax%: R},
WX N a A

(Definition (is relation) R+is—relation;R- xR X X,

(Definition (is reflexive). . -is—reflexiveR :x Xz XA& X X = Ru,
X

(Definition (is subseset) Pkﬂis—subsetselaP- x .p: Pa p- Xid,
N P a

(Definition (is all nonempty)’ Pkﬁis—all—nonemptyP- Ix p: Pa +pe .
N p

A

We assume
(1) is—relationRy a is—reflexiveRy ,
andshow
(2) is—all-nonemptyfactor-setRy - a is—subsetsetfactor-setRy - .
We provetheindividual conjunctivepartsof (2):
Proofof (2.1) is—all-nonemptyfactor-setRy - :
Formula(2.1), using(Definition (factorset), is implied by:

is—all-nonempty classRy, x « X X (,
X

which, using(Definition (class), is implied by:

is—all-nonempty a«a- Xa;a X+ Ry «X: X,
a X

which, using(Definition (is all nonempty), is implied by:

(3)  hp: a<a: Xa:aX: Ry «X: X 4 +Pe /.
PN a X

A

We assume
(4) Po « a«a: Xa.a X = Ro «X: X,
a

X
andshow

) poe
Fromwhatwe alreadyknow follows:

From(4) we know by definitionof T P thatwe canchooseanappropriatesaluesuchthat
X

(6) alp: X,
(7) po a«a: Xa.aaly: Ry.
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Formula(5) meanghatwe haveto showthat
(13) +pl: por.
pl
Formula(13), using(7), is implied by:
(14) bpl: a.a: Xa.a alp: Rol.
ply a A

In orderto prove(14) we haveto show:
(15) o1 +pl: Xa;pl aly: Ro.
Now, let p1: alp. Thus,for proving(15) it is sufficientto prove:
(16) alp: Xa.aly, alyr: Ro.
We provetheindividual conjunctivepartsof (16):
Proofof (16.1) aly - X:
Formula(16.1) is truebecausét is identicalto (6).
Proofof (16.2) . aly, aly> - Ro:
Formula(1.2), by (Definition (is reflexive), implies:
(26) . Xe XA X X+ Ry
Formula(16.2), using(26), is implied by:
(27) alp: X.
Formula(27) is truebecausét is identicalto (6).
Proofof (2.2) is—subsetsetfactor-setRy - :
Formula(2.2), using(Definition (factorset), is implied by:

is—subsetset classRy, x « Xx: X (,
X

which, using(Definition (class), is implied by:

is—subsetset a.a: Xa.a X : Ry «X: X,
a X

which, using(Definition (is subseset), is implied by:
(28)  hp: a.a: Xa:ax: Ry «x: X 4 p- X.
PN a X A
We assume
(29) p1: a<a: Xa:;aX: Ry «xX: X,
a

X
andshow

(30) pp- X.
Fromwhatwe alreadyknow follows:
From(29) we know by definitionof Ty <P thatwe canchooseanappropriatesaluesuchthat
X

(31) a&: X,
(32) pp a«a: Xa.aa8: Ry.
a

For proving(30) we choose
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(38) P2 pa,
andshow:
(39) pz: X

Formula(38), by (32), implies:
(42) pZ: ac<a: Xa:a a8r: Ry.
a
Fromwhatwe alreadyknow follows:
From (42) we caninfer

(43)  p2y: X1 . p2, a8 : Ro.
Formula(39) is truebecausdt is identicalto (43.1).
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Appendix 3

Appendixthreepresentshe sequencef the focuswindows,asthey appeatin the
orderproposedy the proverthatgeneratedhe proof:

E Initial Proof Situation

Tree revresentation 77 &

Current goal: ]

(Lernroa) }‘ (is-relation[®] nis-reflexive [R] =

iz-all-nonempty[factor-sec[E]] A —
izs-subset-set[factor-set[R]])

Agsmmptions:

(Diefindtion (class)) R\f (class[R, x] :={a | @ eXmia, xb ER})

(Defiration (factor set)) g[:factor—set[R] :={class[2€, x] | XEXH

(Definition (is all non exmpty))

;g‘ (is—all—nonempty[}?] e Yipel=ips {}J))
F
(Defiration (is reflexgve)) ;‘ (is—reflexiwe[R] te YW (HEN =2 {N, ¥} E Rj]

(Defiration (1= relation)) ;‘ (is-relation[R] (e RcX«X)

—_ — L

(Definition (is subset set)) ;‘ (is—suhset—set.[}?] e Y(pEPp gXJ)
]

A1 assurmptions ]]

Next | Previous i Done |

1002 = 4] | Pl 4

Window 1: Initial Proof Situation
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Tree revresentation

Current goal: j

(Lernrna) ;‘ (iz-relation[R] Ais-reflexive[R] =

iz-all-nonenpty|[factor-set[R] ] A
is-subset-set[factor-set[R]])

A assumptions j]

Hext Prewvious | Done |

100z « 4] | v

Attention Window 2

E Transformation Window [_ (O]

Tree revresentation 77

L
o0 00O QOO
Old goal: i
(Lernrma ) ;‘(is—relation[R] Ais-reflexive[R] = e
is-all-nonenpty[factor-set[R]] A
is-subset-set[factor-set[R]])
Hewr goal: j
{2y diz-all-nonempty[factor-set[R,]] A
is-subszet-set[factor-set[Ry]]

Hew assumptions: j
(1} diz-relation[REy] nis-reflexive[Ry] j
Al assurptions j]
Next |  Previous | Done |
-
100% ~ 4] | v

Transformation Window 2
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B Avenbon window _____HiiE

Tree revresentation 77

Current goal: j

(2 is-all-nonewpty[factor-set[Eq]] A
is-subset-set[factor-setc[Eqs]]

Ageuraptions: j
{1y dis-relation[Eg] nizs-reflexive|Ry] j
A1 assumptions j]
Hext | Previous | Done |
-
100% - 4] | il [

Attention Window 3

ormatio do _|[Of X
Tree revresentation 37 5
Charzent goal: j
() diz-all-noneupty[factor-set[RBy]] A
is-subset-set[factor-set[&y]]

A gsumptions:
{1} iz-relation[E;] Ads-reflexiwve[Ry]
HMew assmraptions:

(1.1} is-relation[Eg]

L0 L Ly L L

(12 dis-reflewiwve[Ry]

&l assurnptions j]

Next | | Previeuws | |Done |

100% - 4] | v

Transformation Window 3

19
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Tree rebresentation I3
Current goal: ]
(2 is-all-nonewpty[factor-set[Ey]] A
is-zubset-set[factor-set[E;]]

&1 assurptions ]]

Hext | Previous | Done |
-

100% ~ 4] | v

2 Transformation Window H=]

Attention Window 4

Tree renresentation 7 -

Branch 1

01 goal:

(2} is-all-nonewpty[factor-zet[Ru]] n
is-subset-set[factor-set[E;]]

Hew goal:

L L L4 Lu L

{21y dis-all-nonempty[factor-set[&y]]

A1 assummptions ]]

Hext | Previous Done

Branch 2 1

| 100% ~ 4] | v

Transformation Window 4
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£ Altention Window - 100]

Tree repregentation

=

Churrent goal:

{21y is-all-nonempty[factor-set|[Ra]]

Lssumptions:

(Definition (class)) R\:‘x [class[R, x] := {a l 2EXA{d, X} E R}]

(Definition {factor set)) X [factor—set[R] S {class[R, x] | x EX}]

(Deefinition (is all non ergpty)) ‘;‘ (is—all—nonempty[}?] H

YipeP=(p#il)]
P

T T TN S|

L1l assurptions

Next | Previous | Donme |

100% « 4] |

J

Attention Window 5

Tree revnresentation

Old goal:
(21) isz-all-nonewpty[factor-set[Ry]]
Hew goal:

3] ;‘[pE{{dldEXJ’\<d, x}ERo}leX}-—»(p#{})]

Asgumptions

(Definition {class)) RV [class[R, x] 1= {a |aexXnia, xp ER}]
(Diefinition (factor set)) ;‘[factor—set[}%] i= {class[R, x] | x EX}]

(Diefinition (is all non erapty)) \;‘ (is—all—nnnempty[}?] H

YipeP= s ()]
P

All assurnptions

Next | | Prewious | Done |

[ oz o~ 4] |

Transformation Window 5

21
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Tree repregentation IR E
Current goal: ]
3 g(pE{{dldEXf\{d,X}ER@}J‘XEX}:-(pi{})] j|
A1 assuraptions ]]
Hext | Frevious | Dione |
100z~ 4] | il

Attention Window 6

E Transformation Window

Tree revpresentation 14 =

O goal: ]

(3 :"(pE{{ELEEXJ’\{d,X}ERo}lXEX}=(p${}j] ]

HMew goal: j
(5 pos(d 1

New assmmptions: j

{ poE{{&|dEXJ’\{d, x}ERo}|XEX} ]

A1 assuraptions ]]
Next | Previous | Done | =
| 10z ~ 4| | AE

Transformation Window 6
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E Attention Window [_ (O] %]

Tree revpresentation I3 =
Cmrrert goal: ]
) posl} i

Lesumptions: ]-
[E] paE{{d|&EXh{d, X}ER@}|XEX} j|
&1 assuraptions ]]

Next | | Previous |  Done |
om o« 4 | a7

Attention Window 7

] Transformation Window M=l

Tree revresentation 33 =

Charrent goal: ]
() poei) i

A asumptions:

(&) poe{{a |aeXnia, X}ERO} | XEX}

() algel

]
]
Hew assumptions: ]
]
]

(T po={d | @ eXnia, alg) ERO}

&1 assurmptions ]]

Next | Previous | Done |

100z =~ «| | Ml 4

Transformation Window 7

23
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E Attention Window

Tree revresentation

=l E3
H=

Crrent goal:

(5) poel}

&]1 assuraptions

Hext Frevious | Done |

100z ~ 4] |

i

-

b

Attention Window 8

£ Transformation Window B=

Tree revresentation

7

Ol goal:
(5) poedl}
Wew goal:

{13) 3 (plepg)
7

— —u L

411 assurnptions

Hext | Previous | Tione |

1% =~ 4] |

Transformation Window 8
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E Attention Window

Current goal:

(13) 3 (plepy)
oi

Egsurnptions:

(T p.;.:{a | @ eXnda, aigh ER,;.}

L]l assuraptions
(B) agilpeX
m p,;.:{a |aEXﬂ<&,ala}ERa}

(& poe{{& |aexXnia, x}ERa} | xEX}

(1.1} is-relation|Ry]
{12y is-reflexive[Rs]

{Defination (factor set)) ;‘ (factor—set[R] He {class[R, x] l x EX})
(Deefinition {class)) N\:‘x (class[R, x] = {d l FEXN{d, XY E R}]
{Definition (is relation)) ;‘ (iz-relation[k] e REcX:X)

{Defination (is reflexae)) ‘;‘ (is—reflexive[)&] HE :‘ (xeX={x, ¥+ € R)]
(Defindtion (is subset set)) g {is—subset—set[P] H :‘ (pel=apc XJ]

(Definition (is all non empty)) ¥ (is—all—nonempt.y[}?] HE
r

YpePs(pz (1))
Fa

Next | Prewious | Done |

100% - 1| I

-
&_ 4

Attention Window 9 - All assumption area opened

25
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£3 Attention Window H=E3

Tree revresentation j]:J
Current goal: j
(1) 3 (p1epo) ]
7t
Assuraptions: j
n pa:{d | @ eXndia, dlo}ERo} ]
A assumptions ]]
Next | | Prewious | Done |
100z« <] | Ay

Attention Window 9 - All assumption area closed

£ Transformation Window =] E3

Tree revresentation 74
Old goal ]
(13 3 (plep) ]
o2
Hew goal: ]
(14 p31 (ple{alaexn{a, dlo}ERa}] ]—

Azaumptions: ]
[ po={d |&EXJ’\{&,&1@}ER@} ]
&1 assurmptions j]
Hext | Previous | Done |
100z - 4] | v

Transformation Window 9
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Tree revresentation 4 =
Charrent goal: ]
(14 p:-i (plE{dl&EXh{d, algh ER@}] ]
A1 assuraptions ]]
Next | Previous | Dione |
100% «~ «| | M

Attention Window 10

B TranslomationWindow ________________________EEK

Tree representation I3 =

Old goal:

(14 31 (pl E{& l aEXMdia, diah ERO}]

Hew goal:

(15 31 (Bl eXn{pl, aly} € Ro)
F

&1 asguraptions ]]

Hext | Prewvious | Done |

100z ~ ¢] | v

Transformation Window 10

27
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E Attention Window =1

Tree revresentation 33
Current goal: ]
(1) 3 (o2 eXA(pl, alo) € Ro) ]
?
A gsumptions: j
(6) alyeX i
A1 assuraptions ]J
Next Previous | Dane | =
100% -~ 4] | bl 2

Attention Window 11

Tree revresentation 34 =

O1d goal:

(15 3 (prexnipl, alpl & Ryl
P

HNew goal:

L Lu Ly L

(16) alpeXad{aly, aigh e o

Sgguraptions: j
@ alpeX il
&1 assurnptions ]J
Next | Previous | Tione | .
1m0z - 4] | M 4

Transformation Window 11
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1 Attention Window

Tree representation

=

Churrent goal:

(16) aipeXnadialy, alpie Ry

Al assurptions

Next | Previous | Done |

| 00z~ 4|

Attention Window 12

Tree revresentation

Branch 1
Old goal:

(16) alpeXnialy, alpye Ry
Mewr gnal:

(16.1) ai,eX

A1 asgurptions

Hext | Prewious Done

Lo L ¥ Ly L

il

Branch 2

| 100% - 4] |

Transformation Window 12
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Attention Window 13

Transformation Window 13
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Attention Window 14

Transformation Window 14
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Attention Window 15

Transformation Window 15
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Attention Window 16

Transformation Window 16
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Attention Window 17

Transformation Window 17
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Attention Window 18

Transformation Window 18
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Attention Window 19

Transformation Window 19
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Attention Window 20

Transformation Window 20
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Attention Window 21

Transformation Window 21
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Attention Window 22

Transformation Window 22
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Attention Window 23

Transformation Window 23
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Attention Window 24

Transformation Window 24
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