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m Example of Using a Theorema Prover (the PCS Prover)

Definition["limit:", any[f, a,
limit[f, al <= v 3V [f[n] -2l <]
€ n

e0 n=N

Proposition["limit of sum", any[f, a, g, b],
(limit[f, a] Alimit[g, b)) = limit[f +g, a+ b]]

Definition["+:", any[f, g, x],
(f +g)[x] = f[x] + olx]]

Lemmal["|+", any[Xx, y, & b, 6, €],
(x+y)-@+bl<@+e) = (x-al<dAly-hl<e)]l

Lemma["max", any[m, M1, M2],
m= max[M1, M2] = (Mm=M1Am=M2)]

Theory]["limit",
Definition["limit:"]
Definition["+:"]
Lemma["|+]"] ]
Lemma["max"]

The PCS prover: A heuristic proof method (by Bruno Buchberger 2000) for predicate logic.
Generates "natura" proofs.
For formulae with aternating quantifiers.

The proof of the above theorem (and hundreds of other theorems in analysis) can now be generated completely
automatically by calling the PCS prover:

Prove[Proposition["limit of sum"], using - Theory["limit"], by - PCS]

The proof generated completely automatically by the above call of the PCS algorithm is shown below:
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Prove:

(Proposition (limit of sum)) . v b(Iimit[f, al A limit[g, b] = limit[f + g, a+ b]),
a9,

under the assumptions:

(Definition (limit:)) f\7’ limit[f,a]l < V % Y (f[nl—-al<e)|,
a € n

e>0 n=N

(Definition (+:)) f\gx ((f + @Ix] = fIx]+gIxD,

(Lemma (}+])) v (X+y)-@+bl<d+e=(x-a <IAly-bl<e),
X,y,a,0,0,e

vvvvv

(Lemma (max)) M\{ o (m=max[M1, M2] = m>= M1A m= M2).
m,M1,

We assume
(D) limit[fg, ag] A limit[go, bo],
and show
(2) limit[fo + go, @ + bol.
Formula (1.1), by (Definition (limit:)), implies:

(3 ¥ 3V (ol -l <o

e>0 n=N

By (3), we can take an appropriate Skolem function such that

@ v Y (foln -l <e),

e>0 n=Np| €]
Formula (1.2), by (Definition (limit:)), implies:

(8 Y 3V (golnl-bol <e).

e0 n=N

By (5), we can take an appropriate Skolem function such that

© Y Y (glnl-bol <e),

e>0 n=Ny|€]

Formula (2), using (Definition (limit:)), isimplied by:
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(M) ¥ 3V (fo+glnl - o+ bo)l < e).

e>0  n=N

We assume
(8) € >0,
and show

© 3V (fo+go)nl - (0 + Do)l < €o)-

n=N

We havetofind N3 such that
(10) ¥ (n=N;3 = |(fo + go)n] - (8 + bo)l < €0)-
Formula (10), using (Definition (+:)), isimplied by:
(11) ¥ (n=Nj = |(foln] + GolN]) — (& + bo)l < €0)-
Formula (11), using (Lemma (J+]), isimplied by:

12) 3 V(n=N; = foln] — &l < J A lgoln] — bol < €).

S+e=€g

We havetofind &g, €, and N3 such that
(13) @ +€=eo) [\ Y (=N = [foln] — &l <5 Algoln] - bol < €f).
Formula (13), using (6), isimplied by:
(6p + €1 = €0) /\\nf (n=N3 = € > 0An=Ny[ef] Alfoln] — &l < 6p),
which, using (4), isimplied by:
(56+ej=eo)/\\r{(nz N5 = 65> 0A € >0An=Ng[d5] A n=Ny[e]),
which, using (Lemma (max)), isimplied by:
(14) (5 +€ =€) /\ ¥ (n=Nj = 55> 0\ & >0 n=max(Noldp], Nalej]).
Formula (14) isimplied by
(15 @s+ei=eo) /\65>0/\e>0/\ ¥ (0= N3 = n > max(Nol 6], NalelD).

Partially solving it, formula (15) isimplied by
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(16) (55 + €1 =€) A g >0 A€ >0 A (N3 = maxNo[dp], Nale€i]]).
Now,
(6h+€ =€) N\N6g>0A€ >0
canbe solvedfor 65 ande; by a call to Collins cad-methodyielding a samplesolution
€0

0C o

€ « 3.
Furthermore, we can immediately solve
5 = max[No[dp], N1[€1]]
for N3 by taking

5 & max[Nol 31, Na[ 3 ]1.

Hence formula (16) is solved, and we are done.



