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Indefinite Summation Examples

n∑

k=0

Hk = (Hn+1 − 1)(n + 1)

where Hk =
∑k

i=1
1
i

n∑

k=3

Hk

(
3k(k + 1)Hk + 3k − 1

) ∏k
i=3

iHi−3
iHi

k2(kHk − 3)
=

81

8
−

(
H3

n + 3H2
n

)
n∏

i=3

iHi − 3

iHi

n∏

k=2

(k + 1)(k + 2)2(k2 − k + k!)(2k − 3k2 + k3 + k!)

(k − 1)5k6(k! + 1)(k + k!)
=

n5(n + 1)3(n + 2)2

9n!4(n! + 1)(n + n!)2(n2 − n + n!)
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Indefinite Summation in Difference Fields

Goal: Find a closed form for
n∑

k=0

Hk

where Hk =
∑k

i=1
1
i
.

A difference field for the problem

Consider the rational function field

F := Q(k)(t)

with the automorphism σ : F → F defined by

σ(c) = c ∀c ∈ Q,

σ(k) = k + 1, S k = k + 1,

σ(t) = t +
1

k + 1
, S Hk = Hk +

1

k + 1
.

(Q(k)(t), σ) is our difference field.

The telescoping problem

Find g ∈ Q(k)(t) : σ(g) − g = t

↓

g = (t − 1) k.

The closed form

S (Hk − 1)(k) − (Hk − 1)k = Hk

↓
n∑

k=0

Hk = (Hn+1 − 1)(n + 1).
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FIND g ∈ Q(k)(t):

σ(g) − g = t.

Denominator bounding: COMPUTE a polynomial d ∈ Q(k)[t]∗ s.t.

∀g ∈ Q(k)(t) : σ(g) − g = t ⇒ g d ∈ Q(k)[t].

FIND g′ ∈ Q(k)[t] with

σ(
g′

d
) −

g′

d
= t.

d = 1

Degree bounding: COMPUTE b ≥ 0 s.t.

∀g ∈ Q(k)[t] σ(g) − g = t ⇒ deg(g) ≤ b.

b = 2
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COMPUTE coefficients of g = g2 t2 + g1 t + g0.
[
σ(g2)

(
t +

1

k + 1

)2

+ σ(g1t + g0)
]
−

[
g2 t2 + g1t + g0

]
= t

❍❍❍❍coeff. comp. ❥
σ(g2) − g2 = 0

✙✟✟✟✟

g2 = c ∈ Q
σ(g1 t + g0) − (g1 t + g0) = t − c

[2t(k + 1) + 1

(k + 1)2

]

❍❍❍❍coeff comp. ❥

σ(g1) − g1 = 1 − c
2

k + 1
✙✟✟✟✟

c = 0, g1 = k + d,

d ∈ Qg0 = −k, d = 0 → σ(g0) − g0 = −1 − d
1

k + 1

g = k t − k
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Summation and Linear Difference Equations

GIVEN a ΠΣ-field (F, σ):

• F = K(t1) . . . (te) rational function field,

• for all 1 ≤ i ≤ e:

σ(ti) = αi ti + βi, αi, βi ∈ K(t1) . . . (ti−1),

• constσK(t1) . . . (te) = K plus other constraints.

Telescoping

• GIVEN f ∈ F

• FIND g ∈ F:

σ(g) − g = f

↓ ↑

Parameterized Telescoping

• GIVEN f0, . . . , fd ∈ F, a0, a1 ∈ F

• FIND ALL c0, . . . , cd ∈ K, h ∈ F:

a1 σ(h) − a0 h = c0 f0 + · · · + cd fd
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Example 2

Consider the ΠΣ-field (Q(k)(t)(p), σ) with

σ(k) = k + 1, σ(t) = t +
1

k + 1
, σ(p) =

t(k + 1) − 2

t(k + 1) + 1
p.

•Find g ∈ Q(k)(t)(p):

σ(g) − g =
t(3k(k + 1)t + 3k − 1)

k2(k t − 3)
p.

Den. bound: d = 1

Deg. bound: b = 1 (numerator)
g =

g′ p

1
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↓

•Find g′ ∈ Q(k)(t):

t(k + 1) − 2

t(k + 1) + 1
σ(g′) − g′ =

t(3k(k + 1)t + 3k − 1)

k2(k t − 3)
.

Den. bound: d = t k − 3

Deg. bound: b = 4 (numerator)

g′ =
g′′

t k − 3
,

g′′ =

4∑

i=0

gi t
i
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↓

• We compute:

g′′ = −
t(tk − 1)2(k(t + 3) − 1)

k2
.

Hence,

n∑

k=3

Hk

(
3k(k + 1)Hk + 3k − 1

) ∏
k

i=3
iHi−3
iHi

k2(kHk − 3)
=

81

8
−

(
H3

n
+ 3H2

n

)
n∏

i=3

iHi − 3

iHi

.
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Example 3

Consider the ΠΣ-field (Q(k)(t), σ) with

σ(k) = k + 1, σ(t) = (k + 1)t.

•Find g ∈ Q(k)(t):

σ(g)

g
= −

(k + 2)(k + 3)2(k + t)(k2 − k + t)

k5(k + 1)5(t + 1)(1 + (k + 1)t)
=: f ⇔ σ(g) − f g = 0

Den. bound d = t4 (t + 1) (t + k)2 (t − k + k2)

Deg. bound b = 0 (numerator)

g =
g′

t4 (t + 1) (t + k)2 (t − k + k2)
,

g′ ∈ Q(k)

↓
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0

•We compute

g′ = k5 (1 + k)3 (2 + k)2.

Hence,

n∏

k=2

(k + 1)(k + 2)2(k2 − k + k!)(2k − 3k2 + k3 + k!)

(k − 1)5k6(k! + 1)(k + k!)
=

n5(n + 1)3(n + 2)2

9n!4(n! + 1)(n + n!)2(n2 − n + n!)
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Denominator Bounding

σ(
g′

d
)− (k + 2)(k + 3)2

(k + t)(k2 − k + t)

k5(k + 1)5(t + 1)(1 + (k + 1)t)

g′

d
= 0

✴✓
✓

✓
✓

✓
✓

✓
✓

✓
✓

[Bronstein00]
[SYNASC]

d = d0 d1

❙
❙

❙
❙

❙
❙

❙
❙

❙
❙

[Karr81]
[SYNASC]

✇

d0 = (t + 1)(t + k)2(t − k + k2)

“Good cancellation”

σ(
1

d0
)

1

d0

=
(k + t)(k2 − k + t)

k5(k + 1)5(t + 1)(1 + (k + 1)t)

d1 = t4

“Bad cancellation”

σ(
1

d1
)

1

d1

=
t4

σ(t4)
=

1

(k + 1)4
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Remark: Z’s “Creative Telescoping”

• GIVEN fi = summand(n + i, k) ∈ F

• FIND ALL c0, . . . , cd ∈ K, g ∈ F:

σ(g) − g = c0 f0 + · · · + cd fd
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Zeilberger’s Creative Telescoping Paradigm

• GIVEN

SUM(m) :=
m∑

k=0

(−1)k
(

m

k

)3[

3(Hm−k − Hk)
2 + H

(2)
m−k + H

(2)
k

]

︸ ︷︷ ︸

=: f(m, k)

, H
(2)
k :=

k∑

i=1

1

i2

• FIND c0(m), c1(m), c2(m), and g(m, k) s.t.

g(m, k + 1) − g(m, k) = c0(m) f(m, k) + c1(m) f(m + 1, k) + c2(m) f(m + 2, k)

for all 0 ≤ k ≤ m and all m ≥ 0
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Denominator bounding + reduction gives:

c0(m) := 3(3m + 2)(3m + 4)(3m + 8), c1(m) := 0, c2(m) := (m + 2)2(3m + 8)

g(m, k) := (−1)k
(

m

k

)3p1(k, m, Hk, H
(2)
k , Hm−k, H

(2)
m−k)

(m − k + 1)5(m − k + 2)5

g(m, k + 1) := (−1)k
(

m

k

)3p2(k, m, Hk, H
(2)
k , Hm−k, H

(2)
m−k)

(m − k + 1)5
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Summing this equation over k from 0 to m gives:

g(m, m + 1) − g(m, 0) =

c0(m) SUM(m)+

c1(m)
[
SUM(m + 1) − f(m + 1, m + 1)

]

c2(m)
[
SUM(m + 2) − f(m + 2, m + 1) − f(m + 2, m + 2)

]
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Quadratic Padé Approximation to the Logarithm

(A. Weideman, K. Driver, H. Prodinger, C.S.)

Theorem (Sigma 2002). For all m ≥ 0 we have

m∑

k=0

(−1)k
(

m

k

)3[

3(Hm−k − Hk)
2 + H

(2)
m−k + H

(2)
k

]

= 0.

Proof.

In[1]:= Pade2 =
m∑

k=0

(
3 (−Hk + H−k+m)2 + H

(2)
k

+ H
(2)
−k+m

) (

(
(m

k

).

)
3

(−1)k.

)

k.

;

In[2]:= GenerateRecurrence[Pade2]

Out[2]=

{
3 (2 + 3 m) (4 + 3 m) SUM[m] + (2 + m)2 SUM[2 + m] == 0

}

In[3]:= Table[Pade2, {m, 0, 10}]

Out[3]= {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}

�
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Linear Difference Equations

• GIVEN f, a0, . . . , am ∈ F

• FIND ALL g ∈ F:

am σm(g) + · · · + a0 g = f

↓ ↑

Parameterized Linear Difference Equations

• GIVEN a0, . . . , am ∈ F,f0, . . . , fd ∈ F.

• FIND ALL g ∈ F, c0, . . . , cd ∈ K:

am σm(g) + · · · + a0 g = c0 f0 + · · · + cd fd


