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Indefinite Summation Examples

> Hp=(Hy—1)(n+1)
k=0

where Hy = S8 1

i=17

n B k  iH;—3 no.
Z H;,(3k(k + 1)Hy, + 3k — 1) 11, i 81 (H3 n 3H2) H iH; — 3
— k2(kHy — 3) 8 " ML il
(kb +1)(k+22k* — k+kD)(2k — 3k + K> + kI) n’(n+1)3(n + 2)?
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Indefinite Summation in Difference Fields

Goal: Find a closed form for

>
k=0

k
where Hy = > 7, %

A difference field for the problem
Consider the rational function field

F:=Q(k)(t)
with the automorphism o : IF — [ defined by
o(c)=c VeeQ,
olk)=Fk+1, Sk=Fk+1,
1 1
t=t+ ——— H,=H,+——.
o) =t+ T SHi=Hit 7

(Q(k)(t), o) is our difference field.

The telescoping problem

Find g € Q(k)(?) : |o(g9) —g =t

!
g=(t—1)k.

The closed form
S (Hy —1)(k) — (Hy — 1)k = Hj,
|

in = (Hn+1 — 1)(71‘{‘ 1)




FIND g € Q(k)(t):
o(g)—g=t.

Denominator bounding: COMPUTE a polynomial d € Q(k)[t]* s.t.

Vg€ Qk)(t): olg)—g=t = gde Q).
FIND ¢ € Q(k)|t] with

Degree bounding: COMPUTE b > 0 s.t.
Vg€ Qk)t] olg)—g=t = deg(g) <.




COMPUTE coefficients of g = g2t + g1t + go. g=kt—Fk

[0(92)(t + L)2 + o(git + 90)} — [92 24+ g1t + go} =1

k+1
coeff. comp. 0-(92) —go =0
20k +1)+1 ‘6:%@
o(g1t+g0) — (911 + 9o) :t_c[w}
coeff comp.| ™ 2

1/ 0207 g1:k+d7

o= —k,d=0— —go=—1—d—— deqQ
g a(g0) — 9o A <




Summation and Linear Difference Equations
GIVEN a 1S field (F, o):
o ' =K(t1)...(t) rational function field,
eforalll <i<e:
o(t;)) =a;it;+ 6, o, B € K(ty) ... (ti1),

e const,K(ty) ... (t.) = K plus other constraints.

Telescoping
e GIVEN felF
e FIND g € FF:
olg) —g=1
| T

Parameterized Telescoping

e GIVEN fo,.... fa€F ap,a; € F
e FIND ALL ¢,...,cq € K, h €TF:

ajo(h) —ach=cy fo+---+cafa




Example 2
Consider the IT3-field (Q(k)(¢)(p), o) with

1 tk+1)—2
k)=k+1 t)=t+-—— - :
oFind g € Q(k)(1)(p):
t(3k(k + 1)t + 3k — 1)
e A R
Den. bound: d =1 g p
Deg. bound: b=1 (numerator) 9=




ol'ind ¢’ € Q(k)(2):
tk+1)—2

, tBk(E+ 1)t +3k—1)

109 9=

K2(kt —3)

2

Den. bound: d=tk—3
Deg. bound: b =4 (numerator)

) g
th—3

g

4
g// _ Z g; tz’
1=0



e We compute:

p o Htk=1)P2(k(t+3) - 1)

— %

Hence,

" Hy(3k(k + 1) Hy + 3k — 1) T[1_, 3
2 k2(kHj, — 3)

k=3

i=3 iH,




Example 3
Consider the ITX-field (Q(k)(t), o) with
olk)=k+1, o(t)=(k+1)1.

(
(9) (k+2)(k+3)*(k+t)(k*—k+t) B
g B+t + DA+ (k4 1)) =1 = ol9) = fg=0

elFind g € Q(k)(1):
g

Den. bound d = t* (¢t + 1) (t + k)? (t — k + k?) g =

Deg. bound b =0 (numerator) Lt +1) (t+ k) (t =k +E)

g € Q(k)



eWe compute
g =K 1+k°’2+k)>

Hence,

ﬁ (k+1)( k+2) (K* =k + k) (2k — 3k* + K> + k) nd(n +1)3(n + 2)?
— 1)5KS (k! + 1) (k + k) ol (! + D (n+n)2(n2 —n+n!)

k=2

0T




Denominator Bounding

(k+t)(k* —k+1)
Bk + 12+ 1)(1+ (k+ 1))

a'(%,)—(k+2)(k+3)2 %,:0

[Bronstein00] d = dyd, [Karr81]
[SYNASC] [SYNASC]
do = (t+ 1)t + k)t —k+ k) dy =t
“Good cancellation” “Bad cancellation”
( 1
Udo)_ (k+8) (k2 —k+1) U(d_l)_ th
1 Bk + 15+ D1+ (k+ 1)) L ot (B+1)4

dy dy

1T



Remark: Z's “Creative Telescoping”

e GIVEN f; = summand(n + i,k) € F

e FIND ALL c, . .

g €K gel:

o(g)—g=cofo+---+cafa

12



Zeilberger’s Creative Telescoping Paradigm

m 3
. 1
sUM(m) = Y- (-0 (1) [t~ B2+ 12+ 1), B =30
k:O « 7 Zzl

e FIND ¢y(m), c1(m), ca(m), and g(m, k) s.t.

gm,k+1) —g(m,k)|=|co(m) f(m, k) +ci(m) f(m+1,k)+ co(m) f(m + 2, k)

forall0 < k<mandallm>0

€1



Denominator bounding + reduction gives:

co(m) = 3(Bm +2)Bm +4)(3m +8), ci(m) =0, co(m) = (m +2)*(3m +8)

m—

(m—k+1)°(m—k+2)

D
2 2
(_1)/€ m 3p2(k7m7Hk‘7H]£; )7Hm—k‘7Hm_k;)
(m—Fk+1)

m) Bpl(k, m, Hk;; H]E;Q)a Hm—ka H(2 kj)

V1



Summing this equation over k from 0 to m gives:

gim,m+1) — g(m,0)|=| c1(m) FUM(m +1) = f(m+1,m+1)]
M

q1



Quadratic Padé Approximation to the Logarithm
(A. Weideman, K. Driver, H. Prodinger, C.S.)

Theorem (Sigma 2002). For all m > 0 we have

m 3
> (=1 (?) [3<Hm—k ~ H)?+ HY 4 H,f)} — 0.
k=0

Proof.
In[1]:= Pade2 = Z (3 (—Hk + H—k-l-m)z + Hl(f) + H(_211+m> (((rlzl) ) (_1)k) :
k=0

2= GenerateRecurrence[Pade2]

ou= {3 (2+3m) (4 + 3 m) SUMm] + (2 + m)* SUM[2 +m] == 0}

msl= Table[Pade2, {m, 0,10}]
ou= {0,0,0,0,0,0,0,0,0,0,0}

91



Linear Difference Equations

e GIVEN f.ag,...,a, € F
e FIND ALL g € FF:

ano’(g)+- - +agg=f

! 1

Parameterized Linear Difference Equations

e GIVEN ao,...,amEF,fo,...,deF.
e FIND ALLg€eF, cy,...,cqg € Kt

amo"(g)+---+avg=cofo+ -+ calfa

17



