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Telescoping:

• Given f (k);

• Find g(k) s.t.

g(k + 1)− g(k) = f (k + 1) (1)

THEN

g(n)− g(0) =

n∑

k=1

f (k)

Example:

• Given f (k) = Hk =
∑k

i=1
1
i

• Find g(k) s.t.

g(k + 1)− g(k) = Hk+1

SIGMA: g(k) = (k + 1)Hk − k

THEN

(n + 1)Hn − n =

n∑

k=1

Hk
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The Problem in Difference Fields

1. Consider rat. function field

F := Q(k)(t),

field automorphism σ : F→ F canonically defined by

σ(c) = c ∀c ∈ Q
σ(k) = k + 1 S k = k + 1

σ(t) = t +
1

k + 1
S Hk = Hk +

1

k + 1

(Q(k)(t), σ) is our difference field.

2. Find g ∈ F s.t.

σ(g)− g = t +
1

k + 1

SIGMA:

g = (k + 1) t− k



3
F
in

d
g
∈
Q

(k
)(

t)
:

σ
(g

)
−

g
=

t
+

1

k
+

1
(2

)

D
en

om
in

at
or

B
ou

n
d
in

g:
F
in

d
d
∈
Q

(k
)[
t]
:

g
∈
Q

(k
)(

t)
w

it
h

(2
)
⇔

g
′ =

g
d
∈
F[

t]
an

d

1

σ
(d

)σ
(g
′ )
−

1 d
g
′ =

t
+

1

k
+

1
(3

)

D
eg

re
e

B
ou

n
d
in

g:
F
in

d
b
≥

0:

g
′ ∈
Q

(k
)[
t]

w
it

h
(5

)
⇒

d
eg

(g
′ )
≤

b

[ σ
(g

2)
( t

+
1

k
+

1

) 2
+

σ
(g

1t
+

g 0
)] −

[ g 2
t2

+
g 1

t
+

g 0
] =

t
+

1

k
+

1
Z

Z
Z

Z
Z

co
eff

.
co

m
p
.

~
σ
(g

2)
−

g 2
=

0

=½
½

½
½

½

g 2
=

c
∈
Q

σ
(g

1
t
+

g 0
)
−

(g
1
t
+

g 0
)

=
[ t

+
1

k
+

1
]−

c[ 2
t(

k
+

1)
+

1

(k
+

1)
2

] Z
Z

Z
Z

Z
co

eff
co

m
p
.

~
σ
(g

1)
−

g 1
=

t
−

c
2

k
+

1

=½
½

½
½

½ c
=

0,
g 1

=
k

+
d
,

d
∈
Q

σ
(g

0)
−

g 0
=
−

k

k
+

1
−

d
1

k
+

1
↑↓

g 0
=
−k

,d
=

1



4
H

E
N

C
E

g
=

(k
+

1)
t
−

k



5

Let (F(t), σ) be a difference field where

σ(t) = α t + β, α, β ∈ F,
and

K = constσF := {f ∈ F(t) |σ(f ) = f}
plus some technical conditions.

Parameterized Linear Difference Equations (PLDE)

• GIVEN a = (a1, a2) ∈ F(t)2, f = (f1, . . . , fn) ∈ F(t)n

• FIND

V(a, f ,F(t)) = {(c1, . . . , cn, g) ∈ Kn × F(t) :

a1 σ(g) + a2 g = c1 f1 + · · · + cn fn } (4)

Reduction process

1. Denominator elimination

FIND d ∈ F[t]∗: (4) holds

⇔ g′ = g d ∈ F[t] and

a1

σ(d)
σ(g′) +

a2

d
g′ = c1 f1 + · · · + cn fn (5)

2. Degree bounding

FIND b ≥ 0: (5) holds with g′ ∈ F[t] then

deg(g′) ≤ b

3. FIND ci ∈ K and g′ = gb tb + · · · + g0:

Solving PLDE problems in (F, σ)
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V(a, f ,F(t))

Den. Reduction d ∈ F[t]∗

Deg. Bounding b ≥ 0

V(ã, f̃ ,F[t]b)

V(a1, f1,F) . . . V(ar, fr,F)

GIVEN f = (f1, . . . , fn) ∈ Gn

Construct ΠΣ-field (G(s1) . . . (sλ), σ) with

σ(si)− si ∈ G
s.t.

dim V((1,−1), f ,G(s1) . . . (sλ)) = n + 1.

Namely: adjoin extension si with

σ(si) = si + fj

if necessary.


