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A Bonus Problem in “Concrete Mathematics”

Chapter 6. Special Numbers, Bonus problem 69:

Find a closed form for

zn: kQHn—l—k‘a
k=1

where H, :== > 1.

Knuth’s answer to the problem is
1

1 1
gn(n + 5) (n+1)(2Hy, — H,,) — 3" (10n* +9n — 1)

with the remark

“It would be nice to automate the derivation of for-
mulas such as this.”

1= << Sigma‘
Sigma —-A summation package by Carsten Schneider

in2:= Problem69 = SigmaSum/[k"2
SigmaHNumber[n + k], {k, 1,n}]

n

Out[2]= Z (k2 Hk+n)

k=1
ni3:= SigmaReduce[Problem69]//Simplify

1
oufy= -0 (1+10) (~1+10n+6 (1+210) Hy — 12 (1 + 2 n) Hy)

e Based on Karr’s ideas (1981) of I13-fields



Indefinite Summation in Difference Field

Goal: Find a closed form for

i k k!
k=0

A Difference Field for the Problem

Let t1,ty be indeterminates where
ty «— k
ty «— k!

Consider the field automorphism o : Q(t1,t5) — Q(t1, ) canoni-
cally defined by

olc)=c YeeQ
J(t1)=t1+1 Sk=Fk—+1
O'(tg) = (tl -+ 1)t2 Skl = (k?—f— 1)'

(Q(tq1,t2),0) is our difference field.

The Telescoping Problem

Find g € Q(t1,82) :  |o(g) —g=tits
1 by Sigma
g = ta.

The Closed Form

(k+ 1) — k! = k k!
!

Y kkl=(n+1) -1
k=0




Calkin’s Identity and Variations

Find a closed form for

= (2()

J

Case 1:

oo =3 (23());

k=0 \ j=0

injs):= SigmaReduce[mySum]

w3 (v (3) +a2am ()

Case 2:

o= mySum — é( < Zk;((;‘))) );
(7= SigmaReduce[m;_Sum]

e (S

L
L1:0 L2:O 2

mgl:= SigmaReduce[mySum, SimplifyByExt — Depth]|

raen () S+ 03 (S0))

L1= 1=



Case 3: (Definite Summation)

n k N
Info}:= My Sum = Z(<Z((?) )) )
k=0 © j=0
e Finding a recurrence

in[10:= rec = GenerateRecurrence[mySum]|[1]]

outl10= —4 (142 1) SUMn] — (124 7 n) SUM[1 + n]

+(1+n)SUM2+n]==2(—10 +9n) (Zn:(<n>-)>

n11]:= Tec = rec/.{ ZH:(C:)) — (2)™}

L1 =0

outllj= —4 (1 + 2 n) SUM[n| — (12 + 7 n)SUM[1 + n]
+(14n) SUM2 +n] ==2 (— 10 (2)*)° +9n ((2)*)°)

e Solving the recurrence

in[12:= recSol = SolveRecurrence[rec, SUM|n],

Tower — {(2;1) }]

Out[12]= {{O,n <2nn>' (2)n'}, {1,% (2 +n) ((2)11)3}}

e Finding the linear combination

m13:= FindLinearCombination [recSol, mySum, 2]

w13 —Z n (QHD)' (2" + % (2+1n) (2*)°



(z()) fen M)+ dzem e )

find solutions

—4 (142 n) SUM[n| — (12 4+ 7 n)SUM|1 + n]
+ (1 +n) SUM[2+n] =22°"(—=10+9n) (1)

GOAL: Find ¢ € Q such that for all n > 0:
3

n k
n 2n\ ., 1 an
Z Z _ =cn 2"+ —(24+n)2
: Ji n 2
k=0 7=0
h ~ g =: rhs|n]

=: lhs[n]

. 7

Ve

ANSATZ: Find ¢ € Q s.t.
1 = lhs|0] rhs[0] = 1 3

S c=—-
9 = lhs[1] rhs[l] =12+ 4c¢ 4

Any sequence fulfilling (1) is uniquely determined by the first

two entries:

1

SUM|2 + n| < 4 (1+2n) SUM[n]
n—+1

+ (12 + 7 n)SUM[L + n] +22°"(—=10 + 9 n)

Hence

5 (S(1)) = 2 () de s



Case 1:

specializes to:

Calkin’s Identity and Variations

Case 2, non-alternating:

a (
k=0
specializes to:

k

2

J=0

(

n
J

V) =0 () S (5) v (5(0) -5



Case 2, alternating:

Br (£0) =0 (e £ Cpmer (£ ) Loan ()

specializes to:
n k ? 0 if n is even
k n _ .
E:(—l) <§ (])> - { _(_1)”%71(72;11) if n is odd

2

Case 2 for even n, interlaced alternating;:

on [/ k 2 . n 4
Z(Z(_l)é(jl)j<2jn>> 24 <4+6n—4n SHZ 4]_?? 5% 3”;(4]' (_231))223')

k=0 \j=0

Case 3, Calkin’s identity:

(5 0) e -5 ()

J

Case 3 for even n, alternating:

S (S () - - G S () (o

k=0 Jj=0 i=0




Definite Summation

GOAL:| Find a closed form for

S (e Btk tn)l (-1 ()
Z< k(1+k)!, 2+ k) (=k+n) )

(). <~ (Brk+nl (D" 01— @2+n) (1"
(3+n)! ; ( k(L4 k)7 (—k+n)! )

k=1

(The number of rhombus tilings of a symmetric hexagon, Fulmek & Krattenthaler)



= He B+ k+n)! (—1)f (—1)7
In14:= mySuml1 = ;( k(1+k)!. 2+1) (—k+n)! ),

Finding a recurrence

m15):= recl = GenerateRecurrence mySum1][[1]]
ouis=n (1 +n) (24+n) (3+n) (4+n) (—1+n)
]

(—(9+2n) (8+6n+n?) SUMn|+
(942n) (1348 n+n?) SUM[1 +n]+

(30 + 42 n + 17 n* 4+ 2 n®) SUM[2 + n|—
(3+m) (25+15n+2n?) SUM[3 +n]) ==
2 (—1)" (9+2n) (35+24n+4n°) (4+n)

Solving the recurrence

inj16:= recSoll = SolveRecurrence[recl, SUM|n|,
Tower — {Hy}]
3—n*+4H,+6nH,+20n°H,

outtil= { {0, 1}, {0, T1a) 210 }
{0.7 2+n) (-17},

(16 —13n?—5n%+32H, + 64 nH, +40n? H, + 8 n® H,) (—1)"
1
4(1+n) (2+n)

Finding the linear combination

in17):= solution1 = FindLinearCombination|recSoll, mySum1, 3|
3—n’?+4H,+6nH,+2n°H, 1 o
Oout[17]= —1 — —(24n) (—1)"
o (1+n) (2+n) T @n) (=)

(16 —13n? —5n°+32H, + 64 n H, + 40 n® H, + 8 n® H,) (—1)"
4 (14n) (2+n)
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L ((B+k+n) (-1 (1-(2+n) (-1D)™)\
nfsl= My Sum2 = kz_; ( k(1+Kk)!2(—k+n) )

Finding a recurrence

In[19]:= rec2 = GenerateRecurrence[mySum2, RecOrder — 2][[1]]

Out[19)= —n (1 +n) (3+n) (1 +3 (-1)"
(-1+4 (-1)"+(-1)"n)
6n(1+n) (3+n)° (-14+2(-1)"+(-1)"n)
(—1+4 (-1)"+(-1)"n) (=1 +n)! SUM[1 +n]+
n(1+n)(3+mn) (—1+2(-1)"+(-1)"n)
(1+3(-1)"+(-1)"n) (10+9n+20°) (—1+n)! SUM2+n] ==
2(-1+2(-1)"+(-1)"n) (1 +3(-1)"+(-1)" n)
(—14+4 (-1)"+(-1)

+(-1)"n)

n) (28 +15n+2n?) (—1+n)! SUM[n]+

+
+ (

"n) (354+24n+4n%) (4+n)

Solving the recurrence (=1)"? =1

In[20]:= recSol2 =
SolveRecurrence[rec2, SUM|n], Tower — {H,},
’ WithMinusPower — True ‘]
Out[20]= {{0,24+n—(—1)"},{0,16 — 6 n* —n’+
(-1)™ +28n (-1)" +230° (-1)" +810° (—1)" +n* (-1)"},

1 2 3
{1,—% (260 — 150 n® — 39 n® + 336 Hy+

616 n H, + 336 n® H, + 56 n°® H, — 325 (—1)™ + 365 n® (—1)" +
228 n® (—1)™ +39n* (—1)™ — 672 H, (—1) — 1568 n H, (—1)™ —
1288 n° H, (—1)™ — 448 n° H, (—1)" =56 n* H, (—1)")}}

Finding the linear combination

in21):= solution2 = FindLinearCombination|recSol2, mySum?2, 2]

oup= (3+mn) (—1+3n+2n°—(—14+6n+70°+21n% (—1)"+
2 (2+3n+n°) H, (—1+ (2+n) (-1)"))

n



mp2:= solutionl — solution2/((n + 1)(n + 2)(n + 3))//Simplify
out2)= —2 + (2 T n) (_1)n.

1T



Difference Equations and Symbolic Summation
Let (IF, o) be a difference field and
K={keF|ok)=Fk}
be the constant field. Assume Q C K.

Telescoping
e GIVEN feF
e FIND g € IF:
olg) —g=1F
3 T

Parameterized Telescoping

e GIVEN fo,.... fa € F, ap,aq1 € F
e FIND ALL ¢qy,...,cs € K, h € F:

ajo(h) —agh=cyfo+---+cafa

Remark: Z's “Creative Telescoping”

e GIVEN f; = summand(n + i,k) € F
e FIND ALL ¢gy,...,cg € K, g € F:

o(g)—g=cofot---+cafa

12



Linear Difference Equations
e GIVEN f,ag,...,a, € F
e FIND ALL g € FF:

amo"(g)+---+agg=[

3 T

Parameterized Linear Difference Equations

e GIVEN CL(),...,CLmEF,fo,...,deF.
e FIND ALLg€eF, cy,...,cqg € Kt

amo"(g)+---+ayg=cofo+- -+ cafa

13



Sum Extensions for Recurrences

N (N) (_1)k'
In23):= My Sum = kZ:O ( le n 1)4 )3

Finding a recurrence

Inj24:= rec = GenerateRecurrence/mySum]
out24= {(1 +N) (2+N) (3+N) (4 + N) SUM[N]—
3 (2+N) (3+N)* (4+N) SUM[1 + N+
(3+1N) (4+N) (37 +21 N+ 3 N?) SUM[2 + N]|
—(4+N)* SUM[3 +N] == —1}

Solving the recurrence (A First Attempt)
In25):= recSol = SolveRecurrence|rec[[1]], SUM[N]]

1
Out[25]= {{O, m}}

14

The underlying difference field is too small!
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Solving the recurrence (Step 1)

in26):= recSol = SolveRecurrence|rec|[1]], SUM[N],
NestedSumExt — o]

(o) i<z(1ﬂ2>>

1 11=1 1=
Out[26]= {{O,m},{o, R }7{07 11N }7

e Inspired by Abramov/Petkovsek and Hendrik/Singer
e Theoretical result:

We can find all sum extensions over a given II>.-field
which give more solutions of a homogeneous or in-
homogeneous recurrence!

e Speed up in computation.

e Further simplification by our indefinite summation al-
gorithm




Sum Extensions for Indefinite Summation
L2 1
L1 Z (K + L3)
13=1
N (Z < K+ s ) )

In[27]:= My Sum = Z 271 an
L1

Ll—]_

In28):= SigmaReducemySum]|

LZQ (Ki%)

EES
[ )

K+L1

16

inj20:= SigmaReduce/mySum, SimplifyByExt — Depth]

o (63 () ven (3 ) ) o (35

L1= L1= 1=

3
1 ) n
K—|—L1

(~a-a0 2 (i) ) S (G2 -

11=1 11=1 11=1

K+3L1

)

(K—l— Ll)

Partial fraction decomposition:

K+ 21 K 2 K+ 31 2K

3

(K + i) (K +i)2 " K+i | (K +1i)? _(K+i)3+(K+z’)2

In[30]:= SlgmaReduce[mySum
Tower — {{HK+N,N} HZ N} {HY (N

ouatl- — (— BS — BHg 2,y + HSy + 3HHY
uol= g K Hgyy K+N K

3 Hy HQN +Hgyy (382 — 30 4+ 307, — 2807 + 2

I3

Hh)




Sum Extensions in the Difference Field Setting

i (Ki//:g)

: (z (e )>

K‘|‘L1

t1=1

The underlying difference field
(Q(t1)(22)(t3)(t4), 0):

O'(tl):tl—l—l
to) =1
o(t2) 2+K+t1+1
5
ta) =1
o(t3) 3+0(K+t1)

t
o(ts) = t4+a(Kjt1)

LT



1 2 2
g(—Hﬁ—BHKH§+N+H§+N+3HKH§{) — 3H¢HY,

+Hgy (382 — 30 + 307, — 20 + 2HT))

The underlying difference field (Q(¢1)(¢2)(#5)(t)), 0):

O(tl):t1—|—1

(to) = to + !

o =

’ ’ K+t +1
1

o(ts) =ts +

() = t3 (K 4+t +1)2
1

81



(Q(t1) (t2)(t3) (ta), 0)=(Q(t1)(£2) (t3) (1), 0)

61
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Finding the closed form evaluation

N
=1
D e = 3HHE o+ Hicy (3HE—
P 1 (2) 2\ ou® (3)
3H) +3Hy ) — 2Hy +2H, )

Solving the recurrence (Step Il)
In[31):= recSol =
SolveRecurrence|rec[[1]], SUM|N], Tower — {Hx, Hl(\?), Hl(\?) }

Out[31]= {{0, (11

+N)3(2+2HN+2NHN+H§+2NH§+N2 B2+ HY +2 0 + 82 )},
{o,

1
(1+N)°
2 NHy+H 42 NH + N H +HP + 28 HP + 8 )},

(—4N—2N°+2Hy+

{0,

2
m(—NnLN —Hy — 4 N Hy—

3N Hy +H2+2NH +N? H§+H§I2)+2NHIE]2)+N2 H»@)}»
1

6 (1+m*
3NH+3N2 K+ N K - 3NHY - 6N HY — 3N HD+

{1

(—6N—6NHy—6N Hy—3NH; — 6N Hy —3N° Hy + Hy+

3Hy H? +oNHy B +9 N2 Hy BH? + 3 8% By 8 + 28+
6 NHY +6 82 Y + 28 )1}
Finding the linear combination
im32:= FindLinearCombination|recSol, defSum, 3|//Simplify

Out[32]= (3 (1 +N)* H2+

1
6 (1+N)*
(A+N)° H+3 (1+N)2HY +3 (1+N) Hy (24 (1+N0)? 5Y)+
2 (3+HY +3NHY +3 w2 HY + 1 HY))
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Examples of [1>-fields

e The difference field (Q(t1, to, t3,t4), o) with

O'(tl) =11 +1 J 1
o(ty) =ty + 0(%) ”‘ ZT g
o(ts) = t3 + o(ts) =
0(t4) = t4 + O'(tg) Zzzl

e The difference (Q(n)(ty, ta, t3,t4), o) with

In general a I[13-field (K(¢1)(t2) ... (te), o) consists of

first order linear extensions,

l.e.

)

o F(ty,...,t.) is a rational function field,

e we have

o(ti) = at;+ p|,
with a, 5 - K(tl)(t2> Ce (ti—l);
o const,K(t)(ta) . .. (£.) = K.
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General Construction of I1X-fields
& Solving Linear Difference Equations

e M. Karr. Summation in finite terms. J. ACM, 28:305-350, 1981.

e M. Karr. Theory of summation in finite terms. J. Symbolic
Comput., 1:303-315, 1985.

e M. Bronstein. On solutions of linear ordinary difference equations
in their coefficient field. J. Symbolic Comput., 29(6):841-877, June
2000.

e C. Schneider. Symbolic summation in difference fields. Technical
Report 01-17, RISC-Linz, J. Kepler University, November 2001.
PhD Thesis.

e C. Schneider. Solving parameterized linear difference equations

in I1X-fields. Technical Report 02-03, RISC-Linz, J. Kepler Uni-
versity, July 2002. Submitted.

e C. Schneider. A collection of degree bounds to solve parameterized
linear difference equations in IT¥-fields. Technical Report 02-05,
RISC-Linz, J. Kepler University, July 2002. Submitted.

e C. Schneider. A collection of denominator bounds to solve param-
eterized linear difference equations in II3-fields. Technical Report
02-04, RISC-Linz, J. Kepler University, July 2002. Submitted.

Simplifying [1>-fields

e C. Schneider. Product representations in II¥-fields. Technical
Report 02-24, RISC-Linz, J. Kepler University, 2003. Submitted.

e C. Schneider. Nested sum extensions in I1X-fields. 2003. In
preparation.

Higher Order Linear Extensions

e C. Schneider. Higher Order Linear Extensions over IIX-fields
2003. In preparation.



Higher Order Linear Extensions

Given a [1¥-field (F, o) and

o™ (t) = a1 0" HE) -+ ayo(t) + ag

where a; € .

Fibonaccy Numbers

in33):= recFib = Fib[l 4+ 2] == Fib[l + 1] + Fib[l];

in34:= BuildEvaluation|recFib, Fib[l], {1,1}, 0]
35— Table[Fibli], {i, 0, 10}]
oums— {1,1,2,3,5,8,13, 21,34, 55,89}

In36):= My Sum = Z Fib[l] x';
1=0
n37:= SigmaReduce[mySum, {{rec, Fib|[l]} }]
—1+ x? Fib[n] x® + x Fib[1 + n] x™
—1 4 x + x?

Out[37]=

n[38):= My Sum = n Fibll] my
i3 ; (1)

39— GenerateRecurrence[mySum, n, {{rec, Fib[l|} }|

out[39)= {SUM[n| — 3 SUM[1 + n] + SUM[2 4+ n| == 0}

23



24

n

Fib|l
In[40:= MySum = ZLH

In11):= recSol = GenerateRecurrence[mySum, n, {{rec, Fib[l]}}]

Out[41]= { — SUM[n] + SUM[1 + n] + SUM[2 + n] ==
(—(1+n) (5+3n)(3+4n) (5+4n)
(5+10n+4n% (114+24n+120°) —2 (1 +n)” (2+n) (3+4n)
(5+4mn) (5+10n+4n°) (11+24n+120°) Hy+
(—(1+4+n) (1+2n) (5+3n) (2221 + 13360 n+
32774 n’® + 41916 n’® + 29448 n* + 10768 n° + 1600 n°)—
2 (1+n)® (2+n) (1 +2n) (2221 + 13360 n + 32774 n*+

41916 n® + 29448 n* + 10768 n® + 1600 n°) H,)

Hon+...

(=2 (t+n)* (1+21n)* (5+3 n)
(1088 4 5071 n+ 9162 n® + 8016 n® -+ 3400 n* + 560 n°)—
4 (1+1n)® (24n) (1+2 n)?
(1088 4+ 5071 n+ 9162 n” + 8016 n®+ 3400 n* 4+ 560 n°) Hy) H3 ,+
(-4 (1+n)® (1+21n)® (3+2n)
(5+3mn) (774200 n+160 n? +40 n®) =8 (1+n)* (2+n)
(1+2m1)° (34+2n) (774200 n+ 160 n®+40 n®) Hy) H} ,+
(-8 (1+n)* (2+n) (1+2n)* (3+2 1) (5+3 n)—
6 (1+n)° (2+1n)* (1+2n)* (3+2n)® Hy) HY ,+

Fibn] (2 (14+mn) (1+21n) (3+2n) (11424 n+12 n?) bl (152 (252 (222 12200t

(43+ 115 n+94 n2 +24 n3) +2 (1 +n)2 (1+2 n) (5+3 n) 32774 02 + 41916 n° + 29448 n® + 10768 n® + 1600 n6)+
(11424 n+12 n?) (43 + 1156 n+ 94 n® 4 24 n®) Hy+ (m) (420 (6+3m) (22204 13360 nt ]
3 2 32774 n® + 41916 n° + 29448 n” + 10768 n° + 1600 n°) Hp+
2 (1+n) (2+n) (1+2 n) (11+24 n+12 n ) (1+0)? 24n) (1+2n) (2221 + 13360 n+
(43+ 115 n+ 94 n® + 24 n3) Hﬁ—l— (2 (14n) (142 n)2 (342 n) 32774 n? + 41916 n° + 20448 n* + 10768 n® + 1600 n®) H2+
(995 + 4565 n + 8128 n? 4 7020 n® 4 2944 n* + 480 n°)+ (@ G4m at2n? @2 . . .
5 5 (1088 + 5071 n + 9162 n” + 8016 n° + 3400 n~ + 560 n”)+
2 (1+mn)° (1+2n) (5+3n) 4 (1402 (14202 (5+3n)
(995 + 4565 n + 8128 n® + 7020 n® 4 2944 n* + 480 n°) Ha+ (1088 + 5071 n 5162 n? + eote n® + 3200 n* + 560 1°) Hy+
4 (1+n 24n) (14+2n 1088 + 5071 n+
2 ( n) ( ) (1+2 n)2 ( 91:2 n(z+8(:16( n3+3i00<n4+560 ns) Hﬁ) Ho n+
(995+4565 n -+ 8128 n? 4 7020 n® + 2944 n* + 480 n°) H?) (12 (14m)? (142m)° 3+2m2 (7 4200 n + 160 12 + 40 %) +
H2n+( 1+n (1+2n) 12 (1 +1n)° (1+2n)23(s+23n>(5+3n) \
(77 4+ 200 n + 160 n“ + 40 n°) Hy + 12 (1 +10)” (2 +n)

2 3 3
(3+2 n)? (111 +285 n+226 0% +56 n°) +4 (1+1)® (1+2 n) (1420 @+2m) (7743200 n+ 160 22 + 20 %) 1) B2, +

(3+2n) (5+3n) (111 +285 n+226 n®>+56 n°) Hy+ (2 (+n® @+n) G+20* G+20)°+
32 (14+n)* 240 1+20)* 3+20)2 (5+3n) Byt
4 (1+n)4 (2+mn) (1+2 n)3 32 E1+n;5 Ez+n;2((1+2)n)4((3+21)2(1-12) Hg)))/
n n
(3+2 n) (111 +285 n+226 n®> +56 n°) H2) H} |+ (A4 (14n)By) (3+2n+ (1+n) (24mn) Hy)
(16 (1+ n)® (2410) (1+20)* (342 n)+ (1+(1+2n) Kpp) B+4n+2(1+n) (1+20) Ky y)

n) (tt426n+1202 42 (14n) (1420) (3+2=n) Hy )
6 (1+n)* (2+n) (1+2n)* (34+2n)? (5+3 n) Hot (5+4n) (54 10n+4n2)4
16 (1410)° (24+1n)% (1+20)* (3+2 ) B) B )+ 204w GFw (2w (422 8 )}
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Hermite Polynomials

m21= rec = H[l1 4 2] == 2x H[l + 1] — 2(1+ 1)H[]]
outiazj= H[2 + 1] == —2 (1 + 1) H[1] + 2 x H[1 + 1]

In43):= initial = {1, 2x}
outl43= {1, 2 x}
inj24):= BuildEvaluation[rec, H]1], {1, 2x}, 0]
mis):= Table[H[i], {i, 0, 6}]//Simplify
Out[45]= {1,

2 X,

—2+4 X2,

4 x ( —-3+2 x2),

4 (3—12x*+4x%),

8 x (15— 20 x* + 4 x*),

8 (— 15+ 90 x* — 60 x* + 8 x°)

Inf46):= My Sum = EH: HI <I11)

1=0
ina7:= GenerateRecurrencemySum, n, {{rec, H[1]}}]

outi47)= {—2 (1 +n) SUM[n] + (1 + 2 x) SUM[1 + n] — SUM[2 + n| == 0}
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n 1 :
In[48):= mysum - Z H[l] Z (E)
1-0

k=0
Inl49):= recSol = GenerateRecurrence[mySum, n, {{rec, H[1]} }]
outiasl= {4 (1 + n) SUM[n|—
2(24+n+2x)SUM1+n]+ (342 x) SUM[2 + n| — SUM[3 + n| ==

(H[n] (2 (1+n) (—4+n+n°+16x+10nx+20n° x)—

N | —

. (14n) (24n) (n)

k
_I_
1—k+n) (2—k+n)

4(14m) (3423 3

. (141)(24n) (3+n) (E)

4 (1+mn) (1+2x) Y R —— (3k+n)>+

k=0

H[1 + n] (52+51 n+17n°+2n0°+12x+2nx—2nx— 32 x°—

. (14n) (E)

20nx*—4n°x*—4(2+n+2x) +

— 1—k+n

. (1+n) (2+n) (E)

(i—%k+n) 2-k+n)

2(1+2x) (34+2x%)

=

. (14n) (2+n) (3+n) (E)

— (1—k+n) (2—k+n) (3k+n)>>}

2 (3+2n—2x—4x°)
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Inj50):= recSol = recSol/.

" ﬂ+n)@+nﬂ3+M(E)

{kzo (1—-k+n)(2—k+mn)(3—k+n)

—>% (—14—7n—n?+16 2"),

. ﬂ+nﬂ2+M(E)

(1-k+n) (2—k+n)

n (1+mn) (E)

> — —1+22%,
— 1-k+n

— -3 —-n+4 2",

k=0

Liﬂ(i) — 2™}

outis0l= {4 (1 4+ n) SUM[n|—
2 (2+1n+ 2 x) SUM[L +n] + (3 + 2 x) SUM[2 + n] — SUM[3 + n] ==
4(2(1+n) (—1+2x) Hn]+ (7+3n+2x—4x%) H1 +n]) 2}
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A Series of Identities (S. Ahlgren)

PROBLEM: Find a closed form for
Z(l—ajHj+ajH_j+n) (n>,a21
j=0 J

. . . n

> (1—jH, +]Hnj)<-) =1
j=0

> (1—2jH;+2jH,,
§=0

> (1=3jH;+3jH,
J=0

() -
() -
i(l—llej—Hlen ~ (
() -

S

n

2 .
S (1—55H;+5)H, ) K <n> <nﬂ>
/=0 =0 J

S

. 3
\_/\/\/\_/

3
M:
o
VRN
.
N—

[\
I

|

—_
N——
3
TR
S 03
N—

- Case 14 -

Naive summation

- . . ny\’
In[51):= mySum4 = Z(l —4jH;+4jH_;.,) ((( . ) ) )
j=0 J.

In[52]:= GenerateRecurrence[mySum4|

outs2= { —8 (1 +n) (1+2n) (3+4n) (5+4n) (129+ 193 n+ 94 n® + 15 n®)
SUM[n| — 4 (7560 + 39369 n + 82597 n® 4 92434 n®+
60256 n* + 23024 n® + 4792 n® + 420 n') SUM[1 + n|—
2 (2+n) (1425 + 6187 n+
9949 n® + 7891 n® + 3314 n* + 706 n° + 60 n°) SUM[2 + n]+
(2+1)? (3+n)® (15+50 n + 49 n® + 15 n°) SUM[3 + n] ==

J
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Creative summation

By

S () <o ()

.

I
3 |
o
S
|
=
T
.
RN
<. 3
N~
. =~

<.
|

we obtain

S (1 H ) (j“) S (a2 (”)

j=0 7=0

In[53:= mySum4 = Z(l —4jH;+4 (—j+n) Hy) (((n)) ) ;

inj54:= GenerateRecurrence mySum4|

Order: 1
Order: 2
Solution!

oups= {4 (1 +2n)° (11 + 8 n) SUMn] + 2 (29 + 110 n + 108 n® + 32 n°)
SUM[1 4+ n] 4 (2 +n)® (348 n) SUM[2 +n] ==

0}
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A Recurrence with minimal order

inj55:= rec = GenerateRecurrence mySum4,

SimplifyByExt — DepthNumber|
Order: 1

Solution!

Out[55]= {2 (1+n)(1+2n) SUMn| + (1 + n)2 SUM[1 + n] ==

. @tn—20) (7))
2<n(3+8n)“38“>2 T >}

11=0
The rhs vanishes (computer proof!), hence

2 (1+n) (1+2n) SUM[n|+ (1+n)* SUM[L +n] = 0.

Remember:

S 4G H, 4 H, ) (7;) - -0 (21

J=0
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Challenging Sums (A. Weideman)
Case 3

s Sum3 =3 (8 (~H+ Hseon)” + BZ 1Y) () (1)

k=0

In[57]:= GenerateRecurrence[Sum3a, RecOrder— > 2]
50.42 Second

out[57)= {3 (2+ 3 m) (4 + 3 m) SUMm| + (2 +m)* SUM[2 + m] == 0}

2m 3
2
E (—1)k( }T) {3(H2m_k —H) +HY  + H,?)} =0

in58)= Sumd = > (3 (4 (H — Hoy ) + HZ + HE, )+

2k (8 (—Hyx + H—k+m)3 +6 (—Hx + H x1m) (H(z) + H! 11+m)

B9+ 1) (7))

In[59]:= GenerateRecurrence[Sum4, RecOrder— > 3]
1190.07 Second
Outfs9)= { —8 (1 +m) (1+2m) (3+4m) (5+4m) (129+ 193 m+ 94 m* + 15 n®)
SUM[m] — 4 (7560 + 39369 m + 82597 m* + 92434 m®+
60256 m* + 23024 m® + 4792 m°® 4 420 m’) SUM[1 + m|—
2 (2+m) (1425 + 6187 m + 9949 m*+
7891 m® + 3314 m* + 706 m° + 60 m°) SUM[2 + m]+
(2+m)? (3+m)? (15+50 m+ 49 m* + 15 m*) SUM[3 +m] == 0}

Case 5 (the simplest of 4)

i(—1)’f(z>5[125(ﬁk—ﬂ,§?_k) +150(H, — HO ) (H® + H2)))

k=0

+15(H + 0D )+ 40(Hy — Hy) (B — ) + 60 + 60, ] =0




2m 3
2
Discovery of E (—1)’“( ]:n) [B(Hgm_k — Hp)*+ HQ(?T)Hc + H,?)}

k=0
Sigma finds: s = 5™ (2 Ly = BN oy o
Lgma Hnas. n '_kzg k (=1 H,™ = 2m!m!m) [ m 2’”}

2m 3
2 3m)l(—1)™ 1
5@ =3 < ;") (—1)g2 = BmiED™ :/Z')wi‘m') = (3an 4 12Hop (Hom + Hy — Hap) — 6Hyy Hapy + 3H2, — H® 4+ 21 — 3H§$,3)
— Imlm!

2m 3
S .= ? ( L ) () HyHayop = = o <3an + 12Hyy, (Hop + H,, — Hsp,) — 6H,, Hyy, + 3H2, + H + 41 — 3H§n3)
=0

The right combination delivers:
2m o, 3
0=35% -352 4+ 50 =3" < ) (1) [3H;§ — 3Hy,Hop i + H,ﬁ”]

Applying symmetries we obtain

2m 3 2m 3
k[ 2m 2, g® @] _ 2m\" ka2 @] _
kz:;( 1) (k [3(Hom s — Hy* + H_, + H} }_; ) (0 [3H = 3H Ho i+ | = 0
By symmetries it follows that

2m—1 2m_1 3
S (P [30 s B B ] =0
k=0

(43



