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é

N
o
te

:
r m

(x
),

s m
(x

),
t m

(x
)

w
it

h

r m
(x

)
(l

og
x
)2

+
s m

(x
)

lo
g(

x
)
+

t m
(x

)
=

O
((

x
−

1
)3

m
+

2
)

ar
e

u
n
iq

u
el

y
d
efi

n
ed

(u
p

to
a

co
n
st

an
t

fa
ct

or
).

D
E

F
IN

E

R
m

(x
)

:=
r m

(x
)
(l

og
x
)2

+
s m

(x
)

lo
g(

x
)
+

t m
(x

)

T
H

E
N

R
m

(x
)

is
a

so
lu

ti
on

of

[ x
(δ
−

m
)3
−

δ3] y
(x

)
=

0

fo
r

th
e

op
er

at
or

δ
:=

x
d d
x



12

[ x
(δ
−

m
)3
−

δ3] y
(x

)
=

0

↓
F
ro

b
e
n
iu

s’
m

e
th

o
d

↓
G

en
er

al
so

lu
ti

on
: y

(x
)

=
c 1

y 1
(x

)
+

c 2
y 2

(x
)
+

c 3
y 3

(x
)

w
it

h y 1
(x

)
=

m ∑ k
=

0

( m k

) 3 (−
x
)k

,
y 2

(x
)

=
y 1

(x
)
lo

g(
x
)
+

m ∑ k
=

0

[ d d
k

( m k

) 3] (−
x
)k

,

y 3
(x

)
=

y 1
(x

)
lo

g2
(x

)
+

2
lo

g(
x
)

m ∑ k
=

0

[ d d
k

( m k

) 3] (−
x
)k

+

m ∑ k
=

0

[ d2 d
k

2

( m k

) 3] (−
x
)k

.



13

H
en

ce

R
m

(x
)

=
r m

(x
)

(l
og

x
)2

+
s m

(x
)

lo
g(

x
)
+

t m
(x

)

=
c 1

y 1
(x

)
+

c 2
y 2

(x
)
+

c 3
y 3

(x
)

w
it

h
R

m
(1

)
=

0,
R
′ m

(1
)

=
0.



14

H
en

ce

R
m

(x
)

=
r m

(x
)

(l
og

x
)2

+
s m

(x
)

lo
g(

x
)
+

t m
(x

)

=
c 1

y 1
(x

)
+

c 2
y 2

(x
)
+

c 3
y 3

(x
)

w
it

h
R

m
(1

)
=

0,
R
′ m

(1
)

=
0.

C
om

p
u
te

r
ex

p
er

im
en

ts
: c 1

=
π

2 ,
c 2

=
0,

c 3
=

1

R
m

(x
)

=

m ∑ k
=

0

( m k

) 3 (−
x
)k

(l
og

x
)2

+
2

m ∑ k
=

0

[ d d
k

( m k

) 3] (−
x
)k

lo
g(

x
)

+

m ∑ k
=

0

[ d2 d
k

2

( m k

) 3 +
π

2( m k

) 3] (−
x
)k



15

C
om

p
u
te

r
ex

p
er

im
en

ts

R
m

(1
)

=
0,

R
′ m

(1
)

=
0

w
it

h
c 1

=
π

2 ,
c 2

=
0,

c 3
=

1



16

C
om

p
u
te

r
ex

p
er

im
en

ts

R
m

(1
)

=
0,

R
′ m

(1
)

=
0

w
it

h
c 1

=
π

2 ,
c 2

=
0,

c 3
=

1

m
A

.
W

ei
de

m
an

m ∑ k
=

0

(−
1)

k

( d
2

d
k

2
+

π
2

)[ k
`( m k

) 3] =
0,

`
=

0,
1



17

C
om

p
u
te

r
ex

p
er

im
en

ts

R
m

(1
)

=
0,

R
′ m

(1
)

=
0

w
it

h
c 1

=
π

2
,c

2
=

0,
c 3

=
1

m
A

.
W

ei
de

m
an

m ∑ k
=

0

(−
1)

k

( d
2

d
k

2
+

π
2

)[ k
`( m k

) 3] =
0,

`
=

0,
1

m
H

.
P
ro

di
n
ge

r

m ∑ k
=

0

(−
1)

k

( m k

) 3 [ 3(
H

m
−

k
−

H
k
)2

+
H

(2
)

m
−

k
+

H
(2

)
k

] =
0,

m ∑ k
=

0

(−
1)

k

( m k

) 3 [ k
(3

(H
m
−

k
−

H
k
)2

+
H

(2
)

m
−

k
+

H
(2

)
k

)
+

2(
H

m
−

k
−

H
k
)] =

0

w
h
er

e

H
k

=

k ∑ i=
1

1 i,
H

(2
)

k
=

k ∑ i=
1

1 i2



18

Z
’s

C
re

a
ti

v
e

T
e
le

sc
o
p
in

g
T
ri

ck

•
G

IV
E

N

S
U

M
(m

)
:=

m ∑ k
=

0

(−
1)

k

( m k

) 3 [ 3(
H

m
−

k
−

H
k
)2

+
H

(2
)

m
−

k
+

H
(2

)
k

]
︸

︷︷
︸

=
:
f
(m

,k
)

•
F

IN
D

c 0
(m

),
c 1

(m
),

c 2
(m

),
an

d
g
(m

,k
)

s.
t.

g
(m

,k
+

1)
−

g
(m

,k
)

=
c 0

(m
)
f
(m

,k
)
+

c 1
(m

)
f
(m

+
1,

k
)
+

c 2
(m

)
f
(m

+
2,

k
)

fo
r

al
l
0
≤

k
≤

m
an

d
al

l
m
≥

0



19

Z
’s

C
re

a
ti

v
e

T
e
le

sc
o
p
in

g
T
ri

ck

•
G

IV
E

N

S
U

M
(m

)
:=

m ∑ k
=

0

(−
1)

k

( m k

) 3 [ 3(
H

m
−

k
−

H
k
)2

+
H

(2
)

m
−

k
+

H
(2

)
k

]
︸

︷︷
︸

=
:
f
(m

,k
)

•
F

IN
D

c 0
(m

),
c 1

(m
),

c 2
(m

),
an

d
g
(m

,k
)

s.
t.

g
(m

,k
+

1)
−

g
(m

,k
)

=
c 0

(m
)
f
(m

,k
)
+

c 1
(m

)
f
(m

+
1,

k
)
+

c 2
(m

)
f
(m

+
2,

k
)

fo
r

al
l
0
≤

k
≤

m
an

d
al

l
m
≥

0

S
ig

m
a

co
m

p
u
te

s:

c 0
(m

)
:=

3(
3m

+
2)

(3
m

+
4)

(3
m

+
8)

,
c 1

(m
)

:=
0,

c 2
(m

)
:=

(m
+

2)
2
(3

m
+

8)

g
(m

,k
)

:=
(−

1)
k

( m k

) 3 p 1
(k

,m
,H

k
,H

(2
)

k
,H

m
−

k
,H

(2
)

m
−

k
)

(m
−

k
+

1)
5
(m

−
k

+
2)

5

g
(m

,k
+

1)
:=

(−
1)

k

( m k

) 3 p 2
(k

,m
,H

k
,H

(2
)

k
,H

m
−

k
,H

(2
)

m
−

k
)

(m
−

k
+

1)
5



20

Z
’s

C
re

a
ti

v
e

T
e
le

sc
o
p
in

g
T
ri

ck

•
G

IV
E

N

S
U

M
(m

)
:=

m ∑ k
=

0

(−
1)

k

( m k

) 3 [ 3(
H

m
−

k
−

H
k
)2

+
H

(2
)

m
−

k
+

H
(2

)
k

]
︸

︷︷
︸

=
:
f
(m

,k
)

•
G

IV
E

N
c 0

(m
),

c 1
(m

),
c 2

(m
),

an
d

g
(m

,k
)

s.
t.

g
(m

,k
+

1)
−

g
(m

,k
)

=
c 0

(m
)
f
(m

,k
)
+

c 1
(m

)
f
(m

+
1,

k
)
+

c 2
(m

)
f
(m

+
2,

k
)

fo
r

al
l
0
≤

k
≤

m
an

d
al

l
m
≥

0

S
u
m

m
in

g
th

is
eq

u
at

io
n

ov
er

k
fr

om
0

to
m

gi
ve

s:

g
(m

,m
+

1)
−

g
(m

,0
)

=
c 0

(m
)
S
U

M
(m

)+
c 1

(m
)
[ S

U
M

(m
+

1)
−

f
(m

+
1,

m
+

1)
]

c 2
(m

)
[ S

U
M

(m
+

2)
−

f
(m

+
2,

m
+

1)
−

f
(m

+
2,

m
+

2)
]



21

•
L
in

ea
r

P
ad

é
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