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A Bonus Problem in “Concrete Mathematics”

1 A Bonus Problem in

“Concrete Mathematics”

Chapter 6. Special Numbers, Bonus problem 69:

Find a closed form for

i kQHn—l—ka
k=1

where H, :== >} 1.

Knuth’s answer to the problem is

1 1 1
3" (n + 5) (n+1)(2Hy, — H,,) — 35" (10n* +9n — 1)

with the remark

“It would be nice to automate the derivation
of formulas such as this.”

in[1]:= Problem69 = DefineSum/[k"2
DefineHNumber|n + k|, {k, 1, n}]

n

Out[1]= Z (%° Hicyn)

k=1
2= KReduce[Problem69]//Simplify

1
oufz= —2-n (1+n) (~1+10n+6 (1+2n) Hy— 12 (1+2 n) Hy)



Calkin’s Identity

2 Calkin’s Identity

Find a closed form for

Case 1:

In[3}:= MySum = Za: <zk:((?>))

k=0 © j=0

ini4:= KReduce/mySum]//Simplify

Outw—é ((a+n) (z).+(2+2 a—n) i((i)))

Case 2:
a k .
o= mySum = S(( (1)) )
k=0  j=0
in6]:= KReduce[mySum)|

owi= 3 ( fj((“))) )

LQZO

in[7]:= KReduce[mySum, TowerSuggestion — True]

o taen () SC) 03 (S0))

L]_:O leo

a .2

> (-32((3))



Calkin’s Identity

Case 3:

s S (S()))

k=0  j=0

Finding a recurrence

inol:= rec = GenerateRecurrence mySum]|[1]]

outlo)= —16 (1 + 2 n) SUMn| — 4 (12 + 7 n) SUM[1 + n]
+4 (1 +n) SUM[2 + )

. (_10 (Z((i)')):m (i((z)))3>

L1:O L1:0

=]

in10}:= Tec = rec/.{ EH:(CD) — (2)™}

outf10]= —16 (1 + 2 nL)IZSUM[n] — 4 (1247 n)SUM[1 + n]
+4 (1+n) SUM2 4+ 0] ==8 (— 10 (2)*)° +9n ((2)*)°)

Solving the recurrence

In[11):= recSol = SolveRecurrence[rec, SUM|n],

Tower — {(2;1) }]

Out[11]= {{O,n <2nn>' (2)11'}, {1,% (2+n) ((2)11)3}}

Finding the linear combination
in[12:= FindLinearCombination|recSol, mySum)]//Simplify
3 (2 n
Out[12]= —— I
4 n

) @+ @+ (2°)



An Alternating Version of Calkin’s Identity

3 An Alternating Version of Calkin’s Identity
(Zhizheng Zhang)

Case 1:

k=0 j=0

m14:= KReduce[mySum|//Simplify

07 (Cavn (2) 40 Zial(2))

Out[14]= o n
Case 2:
n koo 2
In[15):= My Sum = Z ((—1)k' (Z((J) )) >;
k=0 j=0

m16:= KReducemySum, TowerSuggestion — True]

Out[16]= %(—1)“ (i((i))) +

%fi(—3<n—zu>(i)f<—n“)
where |
n .2
S (~5m-2w (")) -um)
11=0
0 if n is even

B —(—1)nT_1n ( nnjll ) if n is odd



An Alternating Version of Calkin’s Identity 6

Case 3: Find a closed form for

nemysum = > (-uk (S(HE)) )

k=0 j=0

Finding a recurrence

m18:= rec = GenerateRecurrence/mySum]//Simplify
ouis= {24 (17 — 12 n — 656 n® + 432 n® + 1584 n*) SUM[n]+
(—40—115n+ 510 n® + 3628 n° + 3784 n*) SUM[1 + n]+
(1+2n)® (= 5+ 17 n+ 22 n?) SUM[2 + n] ==
4 (—2829 — 2492 n + 37952 n? + 110192 n® + 80080 n*) (—1)"""* ™

(§n<(‘1:2“)'>>3}

L1:O

2 n—1

In[19):= rec = rec[[1]]/. { Z ( > ) = (2)—1+2 n. (_1)2 n-1 _, _1}
11 =0
outiigl= 24 (17 — 12 n — 656 n® + 432 n° + 1584 n*) SUM[n|+
(—40—115n+ 510 n® + 3628 n® + 3784 n*) SUM[1 + n|+
(14+2n)® (—5+17 n+ 22 n?) SUM[2 + n] ==
—4 (— 2829 — 2492 n + 37952 0 + 110192 n® + 80080 n%) ((2) **2 ™)



An Alternating Version of Calkin’s Identity 7

Solving the recurrence

In20:= recSol = SolveRecurrence[rec, SUM|n],
Tower — {DefinePower|[—1, k|, DefineBinomial[2n, n]}]

2n (2 ") (-1

n

bt 5 @72

Out[20]= {{O, “1+on

Finding the linear combination

in21):= FindLinearCombination [recSol, mySum, n, 1, {}]

o0 (QHn). (0" @7
Out[21]= 2 (_1 e n) _ 5 ((2)71+2 n_)

3




Karr’s Method and an Example

4 Karr’s Method and an Example
Find a closed form for

ikz-k!
k=0

A Difference Field for the Problem

Let t1,ty be indeterminates where

Consider the field automorphism o : Q(t1,t2) — Q(t1,t2) induced by
o(c) = ¢ YeeQ
O'(tl) = tl + 1
O'(tQ) = (tl + 1)t2

(Q(tq1,t2),0) is our difference field.

The Telescoping Problem

Find g < Q(tl,tg) : O'(g) — g = tite
} by Karr
g = tQ.

The Closed Form

(k+1) —kl =k k!
!

> kokl=(m+1)! -1
k=0




Difference Equations and Symbolic Summation 9
5 Difference Equations and Symbolic Summation
Let (IF, o) be a difference field and

K={keF|ok)=Fk}
be the constant field.

Telescoping
e GIVEN f e F
e FIND g € IF:
olg) —g=1
3 T

Extended Telescoping

e GIVEN fo,..., fs€F, ap,a1 € F
e FIND ALL ¢y, ...,cqg € K, h € FF:

ajo(h) —aph=cyfo+--+caqfa

Remark: Z's “Creative Telescoping”

e GIVEN f; = summand(n +1i,k) € F
e FIND ALL ¢y, ...,c; € K, g € F:

o(g)—g=cofo+---+cafa




Difference Equations and Symbolic Summation

m-th Order Linear Difference Equations
e GIVEN f,ag,...,a, € F
e FIND ALL g € IF:

amo"(g)+---+agg=[

The General Problem

e GIVEN ao,...,amEF,fo,...,deF.
« FIND ALL g € F. cy.....cq € K-

amo"(g)+--apg=cofo+---cifa

10



6 Definite Summation

GOAL:| Find a closed form for

UOIRTIUING 9IIULO(]

" (Hi (3+k+n) () (1) U
;( k<1 +k)! (2+k)! (~k+mn)!
M) = /B+k+n) (-1)* (1 —(2+n) (-1)™)
REEEp ( k(1+Kk)2 (—k+n)! )

" k=1

(The number of rhombus tilings of a symmetric hexagon, Fulmek & Krattenthaler)

1T



Definite Summation 12

= He B+ k+n)! (—1)f (—1)7
In22]:= mySuml = ;( k(1+k)!. 2+1) (—k+n)! ),

Finding a recurrence

in23):= recl = GenerateRecurrence/mySum1][[1]]//Simplify
ous=n (1 +n) (2+n) (3+n) (4+n) (—1+n)
]

(—(9+2n) (8+ 6 n+n®) SUM[n]+
(9+2mn) (13+8n+n”) SUM[1 + n]+

(30 + 42 n + 17 n* 4+ 2 n®) SUM[2 + n|—
(3+m) (25+15n+2n?) SUM[3 +n]) ==
2 (—1)" (9+2n) (35+24n+4n°) (4+n)

Solving the recurrence

Inj24:= recSoll = SolveRecurrence[recl, SUM|n|,
Tower — {Hn}]
—n’+4H,+6nH,+2n%H,
u 0,1 O
oute= 1}{ (1+n) (2+n) '
{o, ; (2+n) (—1)™},

(16 —13n?—5n%+32H, + 64 nH, +40n? H, + 8 n® H,) (—1)"
1
4(1+n) (2+n)

Finding the linear combination

in25):= solutionl = FindLinearCombination[recSoll, mySum1]
3—n’?+4H,+6nH,+2n°H, 1

Out[2s)= —1 — A+n) (2+0) +t1 (2+mn) (=1)"+

(16 —13n? —5n°+32H, + 64 n H, + 40 n® H, + 8 n® H,) (—1)"
4 (14n) (2+n)




Definite Summation 13

In26:= MySum?2 = Z

k=1

((3 +k+mn)l (=) (1-(2+n) (—1)“')),
k (1+k)!?(~k+n)! ’

Finding a recurrence

In[27):= rec2 = GenerateRecurrence[mySum2, RecOrder — 2][[1]]

out27]= —n (1 +n) (3+n) (1 +3 (—1)"+(—1)"n)

(-1+4(-1)"+(-1)"n) (28 4+ 15n+21n*) (—1 +n)! SUMn|+
6n(1+n) (3+n)’ (142 (—1)"+(—1)"n)

(144 (—-1)"+(—1)"n) (—1+n)! SUM[1 + n]+

n(l+n) (3+n)(—1+2(—1)"+(—1)"n)

(1+3(-1)"+(-1)"n) (10+9n+2n?) (—1+n)! SUM2+n| ==
2(-142(-1)"+(-1)"n) (1 +3(-1)"+(—1)"n)

(-14+4(-1)"+(-1)"n) (35+24n+41n°) (4+n)

Solving the recurrence

In[28]:= recSol2 =
SolveRecurrence[rec2, SUM|[n|, Tower — {H,,},
WithMinusPower — True]

out28= {{0,2+n—(—1)"},{0,16 —6 n* —n®+
(=1)™ +28n (—1)" +23n° (=1)" +8n® (—1)" +n* (—-1)"},
1 2 3
{1, 2 (260 — 150 n* — 39 n® + 336 H,+

616 n H, + 336 n® H, + 56 n® H, — 325 (—1)™ +365 n® (—1)" +
228 n® (—1)™ + 39 n* (—1)™ — 672 H, (— 1)“~ — 1568 n H, (—1)" —
1288 n® H, (—1)™ —448 n® H, (—1)" —56 n* H, (—1)")}}

Finding the linear combination

in29):= solution2 = FindLinearCombination [recSol2, mySum?2]

owp= (3+mn) (—1+3n+2n°—(—14+6n+70°+20% (—1)"+
2 (2+3n+n°) H, (—1+ (2+n) (-1)"))



o= solutionl — solution2/((n + 1)(n + 2)(n + 3))//Simplify
out3o)= —2 + (2 + n) (—1)n'

UOIRTIUING 9IIULO(]

4!



An Alternating Sum (P. Kirschenhofer)

7 An Alternating Sum (P. Kirschenhofer)

N (N> (_1)k'
k
In31:= MmySum = Z ( ) ;
k=0
Finding a recurrence

in32):= rec = GenerateRecurrence mySum]|[[1]]

out[32]= —(1 +N) (2+N) (34 N) SUM[N|+
3(12+6K+16 N+5KN+7 N° 4K N* + N°) SUM[1 + N]+
(—857—45K—9K* —64N—33KN—3K*N—24 N —6KN° —3N°)
SUM[2 + N] + (3 + K + N)® SUM[3 4 N] ==

Solving the recurrence

e Manual product extension:

inj33)= tower = {{ (KEN), N}

inj34:= SolveRecurrence[rec, SUM|N]|, Tower — tower]

1
Out[34]= {{O, W}, {1, O}}
%)
e Automatic sum extension:

in35:= SolveRecurrence|rec, SUM|N],

Tower — tower, TowerSuggestion — True]

2—21 (Kial)
-}, {0,—= —}.{1,0}}

ey

Out[35]= { {O,

15



An Alternating Sum (P. Kirschenhofer) 16

N
In[36]:= tower = Join[{ Z (K i ; )}, tower}
1

L]_:]_

oun- (3 (i) A(4) )

L1:1

e Automatic Sum Extension:

In37:= recSol = SolveRecurrence[rec, SUM|N],

Tower — tower, TowerSuggestion — True]

14+ K 1o (1+K) Zi:l.(ﬁ>}

(&) (KM
o, )+ (2o () o (20 ()
| (K -+ N)

K

outzr= { {0,

Y

{1,0}}

Finding the linear combination

in38):= FindLinearCombination[recSol, mySum]//Simplify
N

Out[38]= (2 (1 +K)—K? Z ((;14———';;)12)—#

L1:1

N

K@+3K)§:(Kih>+K2“+K)(§5<Kih))7//

L1:1 [,1:1

(2W(L+M(K;N))



An Identity from Physics (Essam, Guttmann) 17

8 An Identity from Physics (Essam, Guttmann)
- Case 2 -

Goal: Eliminate sum quantifiers in

> (% (a1 () (5))

k1=0 *k2=0

by using the two sums

2 a

In[39):= tower = { i(((ﬂ)) ), (<E>)})

k=0

e Step 1:

k1 . .
= Sum1 — kz: ((kl —k2) (1?1) (kn2> );

in1):= summand = KReduce[Sum1, Tower — tower]

Outtl= _% (knl). <(k1 ) <kn1>. (2Kl +n) i((i))>

o Step 2:

inj2):= Sum2 = DefineSum[summand, {k1, 0, a}]

Out[42]= i (_% <kn1)' ((kl—n) (knl)'—l—(_Q ki+n) i<(i)))>

in43:= KReduce[Sum2, Tower — tower|//Simplify

w3 (a2 (2) ()2 32(2)))

L1= L1=



An Identity from Physics (Essam, Guttmann) 18

- Case 3 -

Goal: Eliminate sum quantifiers in

Sn: (;: (%2: (k1 - K2)

a9 () (3) (3))))

e Step 1:

Inf44):= Suml =
k2

3 (1142 010 1) (33) () ()

k3=0

in45):= summand = KReduce[Sum1, Tower — tower]

Outias]= _% (k1 — k2) <kn1). (an) ((—1 +2%1 —n) (k2 —n) (an)'_

(4k1k24+n—2kin—2k2n+n°) i((n).)>

L
L1:0 1



An Identity from Physics (Essam, Guttmann) 19

o Step 2:
in46:= Sum?2 = DefineSum[summand, {k2, 0, k1}];

Inj7:= summand = KReduce[Sum2, Tower — tower]|

1
O n (“1+2n)
((knl). ((kl —1n)? (k1 —2 k1 n+n>+2 ki n® —n?) ((1?1)')2—
ki (k1 —n)n (—1+2n) (;1) i((i))—knz
(2kt (1—2n)n+ (~1+1n) 0>+ k1 (—2+4n)) i(((i)ﬂ))
e Step 3:

ini48:= Sum3 = DefineSum[summand, {k1,0,n}|;

n49:= KReduce[Sum3|//Simplify
e (S5 (M) ()

U U

Out[49]= "8 116n



An Identity from Physics (Essam, Guttmann) 20

- Case 5 -

We eliminate the sum quantifiers in

In[50):= My Sum =

n k1 k2 k3 k4
3 (Z (Z (Z (Z ((kl—k2) (k1 — k3) (k2 — k3)
k1=0 k2=0 k3=0 k4=0 k5=0

(k1 — k4) (k2 — k4) (k3 — k4) (k1 — k5) (k2 — k5)

(k3 — k5) (k4 —k5) (1?1) (1?2) (1?3) (1?4)'

@)

by using the two sums

a

inj51):= tower = { Za:(((i:))z)’ kz_:(G{l))}’

k=0 0

We get:

inj52:= result = KReduce mySum, Tower — tower|

Out[52]=

3(=3+mn) (—2+n)*(—1+n)°n° (i((i))) (i(((i).;))

L1:O L1:0

256 (—5+21n) (3 —8n+4n?)’



An Identity from Physics (Essam, Guttmann)

By the substitution

In[53):= subst = {i((i)) — (2)"™,
S - ()

we get the final result:

In[54:= result/.subst
2

3(~3+n) (2407 (1400 ((2F)) (2P

Out[54]= 5
256 (—~5+21n) (3— 8 n+ 4 n?)

21



An Identity from Physics (Essam, Guttmann) 22

The Corresponding g-Identity - Case 2

We eliminate the sum quantifiers in

In55):= MySum =

S (G NN

((q)é(”kz)kz [1?2] q) (— (@) + (q)k2')>> :

by using the elements

(w1 ()

We get:

in57:= result = KReduce[mySum, Tower— > tower|//Simplify

Outl57)= % ( ((q)é(lﬁ) N H q)
<¢—w@ﬂ§2<<mﬂlﬂmﬁjlj )—

(—1+¢U§;(<MP<H““12L>2>>
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9 A Series of Identities by S. Ahlgren
-Work in Progress-

Case 3: Prove

n

3
. ; n
> (1-3jHj+3) Hj+n)(]-) =0

Jj=0

Case 3a - Straight forward

n

Inj5s):= My Suma3a = Z <(1 —-3jH;+3jH j1,) (((n>)3) )2

pr J i

inj59:= GenerateRecurrencemySum3a, RecOrder — 3]
103.06 Second
oufsol= {8 (1 +n) (7 + 3 n) SUM[n] + (256 + 432 n + 243 n® + 45 n®
SUM[1 + n| + 2 (88 + 129 n + 60 n® + 9 n°) SUM[2 + n]—
(24 + 38 n+ 19 n* 4+ 3 n°) SUM[3 +n]) ==

0}



A Series of Identities by S. Ahlgren 24

Case 3b - Creative Summation

In60):= My Sum3b = i ((1 -3jH;+3 (—j+n) H)) (((n>) ) >;

j=0 !

Inj61):= creativeSol =
CreativeTelescoping|mySum3b, RecOrder — 2|//Simplify
16.85 Second
—3—2n 2+n 1
out61]—{{—1, , — + ) B B
1+n ' 1410 (1—j+n)°(2—j+n)

(f (23*-63°(3+2n)+6 (2+n)° (3+5n+2n?)+

3 3° (21+28n+9n)—23 (524 104 n+ 67 n® + 14 n°)—
3j(3*—3*(+5n)+2(2+n)° (3+5n+2n?)+
3 j° (8+1On+3n)—3 (344 65 n+40 n* 4+ 81n°)) H;)

{0,0,0, 1}}.

inj62):= rec = TransformToRecurrence|creativeSol, mySum3b]
5.66 Second
outl62)= (—1 —n) SUM[n] + (—3 — 2 n) SUM[1 + n]
+(—2 —n) SUM[2 4 n] == 0}
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Case 4: Prove

>4t gem ) (1) = ()

J=0

In[63):= My Sum4 = i ((1 —4jH;+4 (—j+n) Hy) (((n))4) )

j=0
m64:= GenerateRecurrence/mySum4, RecOrder — 2]
37.78 Second
ouiss= {4 (1 +2 1) (11 + 8 n) SUM[]
+2 (29 4 110 n + 108 n® + 32 n®) SUM[1 + 1]
+(2+1n)? (3+8n) SUM2 +n] == 0}



Difference Field Extensions
10 Difference Field Extensions

mjes):= tripleSum = DefineSum[DefineSum|
DefineHNumberli]/(i"2 — 1), {i, 2,k}],{k, 1,n}]

Out[65]= i <i <_1H41- 12>)

k=1 i=2

me6):= K Reduce[tripleSum]|//Simplify

! <2H 2n(1 + n)H+
S e— n— 2n n
4n(1 +n) "

(1 +n)<2 —n+4n(1 +n)z <_1H:1L L%)))

L1:2

Out[66]=

Manual Extension

mie7:= KReduce[tripleSum, Tower — {H](az)}} //Simplify
1

4(1+n)
(—2(3+2n)H, — 2(1 +0)H? + (1 +n)(3n +2(1 + n)H

Out[67]=

Automatic Extension
injss):= KReduce[tripleSum, TowerSuggestion — Clever]

Out[68]= ( — 2n(3 + 2n)H, — 2n(1 + n)H>+

4n(1 +n)

(1—|—n)<2—|—2n—i—3n2+2n(1+n)zn: (%))

2i—1 1 (¢ 1+”1 1
20-1)2 2\&Zi—-1 & &

where

n

1=2

2)

26
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