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Abstract. A significant portion of MacMahon’s famous book “Combinatory Anal-
ysis” is devoted to the development of “Partition Analysis” as a computational
method for solving problems in connection with linear homogeneous diophantine
inequalities and equations, respectively. Nevertheless, MacMahon’s ideas have not
received due attention with the exception of work by Richard Stanley. A long range
object of a series of articles is to change this situation by demonstrating the power
of MacMahon’s method in current combinatorial and partition-theoretic research.
The renaissance of MacMahon’s technique partly is due to the fact that it is ideally
suited for being supplemented by modern computer algebra methods. In this paper
we illustrate the use of Partition Analysis and of the corresponding package Omega

by focusing on three different aspects of combinatorial work: the construction of
bijections (for the Refined Lecture Hall Partition Theorem), exploitation of recur-
sive patterns (for Cayley compositions), and finding nonnegative integer solutions
of linear systems of diophantine equations (for magic squares of size 3).
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1 Introduction

The initial motive for the revival of MacMahon’s Partition Analysis was the
beautiful refinement of a classic result due to Euler – the number of partitions
of N into distinct parts equals the number of partitions of N into odd parts
[1, p. 5] – that was discovered by M. Bousquet-Mélou and K. Eriksson [7]
only recently:

Theorem 1 (“Lecture Hall Partition Theorem”). The number of par-
titions of N of the form N = b1 + b2 + · · ·+ bn wherein

bn
n
≥ bn−1

n− 1
≥ · · · ≥ b1

1
≥ 0

equals the number of partitions of N into odd parts each ≤ 2n− 1.

Note that in lecture hall partitions some parts can be 0. For example, if
N = 13 and n = 3 we have the 10 lecture hall partitions 0+0+13, 0+1+12,
0 + 2 + 11, 0 + 3 + 10, 1 + 2 + 10, 0 + 4 + 9, 1 + 3 + 9, 0 + 5 + 8, 1 + 4 + 8,
and 2 + 4 + 7. On the other hand there are also 10 partitions of N = 13 into
parts from {1, 3, 5}, namely 103152, 133052, 123251, 153151, 183051, 113450,
143350, 173250, 1103150, and 1133050.

The same authors also derived a further refinement of Euler’s classic re-
sult; see the “Refined Lecture Hall Partition Theorem” (Theorem 17) below.
Section 2 will be devoted to the construction of a bijective proof of it.

In [7] Bousquet-Mélou and Eriksson gave two different proofs of this the-
orem, one using Bott’s formula for the affine Coxeter group C̃n, and one
of bijective-combinatorial nature. In [3] the first named author presented a
proof following an entirely different approach. Namely, an approach which is
based on the observation that MacMahon’s Partition Analysis, surveyed in
[12, Vol. 2, Sect. VIII, pp. 91–170], is perfectly tailored for theorems of this
kind. In order to illustrate this point, recall the definition of MacMahon’s
Omega operator Ω=.

Definition 2. The operator Ω= is given by

Ω
=

∞∑
s1=−∞

· · ·
∞∑

sr=−∞
As1,...,srλ

s1
1 · · ·λsrr :=

∞∑
s1=0

· · ·
∞∑
sr=0

As1,...,sr ,

where the domain of the As1,...,sr is the field of rational functions over C
in several complex variables and the λi are restricted to annuli of the form
1− ε < |λi| < 1 + ε.

Remark 3. It is convenient to treat everything involved analytically rather
than formally because the method relies on unique Laurent series represen-
tations of a variety of rational functions. For a more detailed discussion of
this aspect, the interested reader is referred to [4].
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Let us now consider the instance n = 3 of Theorem 1. Obviously, the
coefficient of qN in

1
(1− q)(1− q3)(1− q5)

(1)

equals the number of partitions of N into odd parts each ≤ 5. On the other
hand, the coefficient of qN in

Ω
=

∑
b1,b2,b3≥0

λ2b3−3b2
1 λb2−2b1

2 qb1+b2+b3 (2)

gives exactly the number of the desired lecture hall partitions for n being
fixed to 3. Note that due to the Omega operator Ω= only those partitions
b1 + b2 + b3 = N are counted for which 2b3 − 3b2 ≥ 0 and b2 − 2b1 ≥ 0. By
geometric series expansion the triple sum can be brought into product form,
which means that expression (2) can be rewritten as

Ω
=

1

(1− λ2
1 q)
(
1− λ2 q

λ3
1

)(
1− q

λ2
2

) . (3)

where the factors in the denominator correspond to b3, b2, b1 in this order.
Therefore all what remains for proving the Lecture Hall Partition Theo-

rem for n = 3 is to show equality of the generating function expressions (1)
and (3). For doing so, MacMahon introduced a catalogue of rules that de-
scribe the elimination of the λ-parameters involved. As an example, we state
one of these rules in form of a lemma.

Lemma 4. For any integer s ≥ 0,

Ω
=

1
(1− λx)

(
1− y

λs

) =
1

(1− x)(1− xsy)
.

Proof. By geometric series expansion the left hand side equals

Ω
=

∑
i,j≥0

λi−sjxiyj = Ω
=

∑
j,k≥0

λkxsj+kyj ,

where the summation parameter i has been replaced by sj + k. But now Ω=
sets λ to 1, which completes the proof. ut

With this lemma in hand, the proof of “(1) = (3)” reduces to successive
elimination of the Ω=-parameters λ1 and λ2.

Proof (of the Lecture Hall Partition Theorem for j = 3). Split (3) additively
into two parts by applying partial fraction decomposition 1/((1 − λ1z)(1 +
λ1z)) = 1/(2(1 − λ1z)) + 1/(2(1 + λ1z)) to the term 1/(1 − λ2

1q). Then by
using Lemma 4 eliminate from both summands the Ω=-parameter λ1. For
the last step one observes that Lemma 4 can be applied again in order to
eliminate λ2; this way one arrives at (1). ut
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Already this particular example suggests that MacMahon’s approach is an
ideal candidate for being supplemented by modern computer algebra meth-
ods. But rather than implementing tables of rules – as, for example, the list
of twelve fundamental evaluations given by MacMahon [12, Vol. II, pp. 102–
103] – in [4, Theorem 2] we explain how this can be achieved “in one stroke”
by a fairly general setting based on the “fundamental recurrence” for the Ω=
operator. Using the procedures from the Mathematica package Omega, the
problem of showing “(1) = (3)” is solved as follows:

We put the file Omega.m (together with the file Readme.txt) in the same
directory in which we run our Mathematica session. After invoking Mathe-
matica we load the package:

In[1]:= <<Omega.m
Axel Riese’s Omega implementation version 1.3 loaded

Now the proof of Theorem 1 for n = 3 can simply be done as follows.
First we input the expression the Ω= operator acts on; see (3). Then we call
the OR-procedure to eliminate the λ-variables λ1 and λ2:

In[2]:= f = 1 / ((1-λ1^2 q)(1-λ2 q/λ1^3)(1-q/λ2^2))

Out[2]=
1(

1− λ2 q
λ13

)
(1− λ12 q)

(
1− q

λ22

)
In[3]:= OR[f, λ1]

Out[3]=
1 + λ2 q3

(1− q)
(
1− q

λ22

)
(1− λ22 q5)

In[4]:= OR[%, λ2]

Out[4]=
1

(1− q) (1− q3) (1− q5)

This proves the equality in question.
More information (theoretical background, usage, etc.) about the Omega

package can be found in [4]. In this paper we focus on concrete applications
concerning the construction of bijections, exploitation of recursive patterns,
and finding nonnegative integer solutions of linear systems of diophantine
equations.

In Sect. 2 we illustrate how the Omega package and, more generally, Par-
tition Analysis can be used for the construction of a bijective proof, Propo-
sition 14 and Theorem 19, for the Refined Lecture Hall Partition Theorem
(Theorem 17), a refinement of Theorem 1 above. To this end we need an-
other essential ingredient, namely an involution, defined in Sect. 2.5, that is
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equivalent to an involution discovered by Bousquet-Mélou and Eriksson in [8,
Prop. 3.4].

In Sect. 3 we deal with a classical type of compositions that have been
introduced and studied by A. Cayley [9]. Here the application of the Omega
package leads to the discovery of a recursive pattern that enables to find
a surprising generating function representation, Theorem 29, which encodes
the solution to Cayley’s problem.

Finally, in Sect. 4 we briefly describe how MacMahon’s technique works for
finding nonnegative integer solutions of systems of linear homogeneous dio-
phantine equations. Instead of following MacMahon’s table look-up approach,
we again achieve elimination “in one stroke” by deriving a suitable analogue
(Theorem 33) of the “fundamental recurrence” developed in [4, Theorem 2]
for diophantine inequalities. We illustrate our Mathematica implementation
by revisiting a section of MacMahon’s book [12, Vol. 2, Sect. 407, p. 161].

2 A Lecture Hall Bijection

Following [3], for n ≥ 2 let us define

fn(y1, . . . , yn) =
∑

bn
n ≥

bn−1
n−1 ≥···≥

b1
1 ≥0

yb11 y
b2
2 · · · ybnn . (4)

We note that in [3] the notation Fn−1,0(yn, yn−1, . . . , y1) is used instead of
fn(y1, . . . , yn).

The generating function version of Theorem 1 then is

fn(q, . . . , q) =
n∏
k=1

1
1− q2k−1

(5)

which was proved in [3] by using Partition Analysis. In order to give a flavor
of the mechanism of MacMahon’s method, we briefly sketch how this has
been achieved.

By introducing parameters λ1 up to λn−1 where the jth lecture hall condi-
tion (j−1) bj ≥ j bj−1 is represented by a factor λ(j−1) bj−j bj−1

n−j+1 , (2 ≤ j ≤ n),
the generating function expression (4), is encoded as an Ω=-expression:

fn(y1, . . . , yn) = Ω
=

1

(1− λn−1
1 yn)

(
1− λn−2

2
λn1

yn−1

)
· 1(

1− λn−3
3

λn−1
2

yn−2

)
· · ·
(
1− λn−1

λ3
n−2

y2

)(
1− y1

λ2
n−1

) .
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For example, similar to the computation in the introduction, for n = 2 one
has

f2(y1, y2) =
∑

b2
2 ≥

b1
1 ≥0

yb11 y
b2
2

= Ω
=

∑
b1,b2≥0

λb2−2b1
1 yb11 y

b2
2

= Ω
=

1
(1− λ1y2)

(
1− y1

λ2
1

)
=

1
(1− y1y2

2)(1− y2)
. (6)

Since only one λ-variable is involved, elimination in the last line is elemen-
tary and can be done, for instance, by applying Lemma 4 with s = 2. This
computation can be found also in MacMahon’s book [12].

Setting y1 and y2 to q results in the desired product form 1/((1− q)(1−
q3)), which proves instance n = 2 of (5).

The general situation turns out to be considerably more involved; never-
theless it can be handled by Partition Analysis as follows. The λ-elimination
rules that are used for carrying out induction with respect to n, reveal that
fn must be of the form

fn(y1, . . . , yn) =
Pn(y1, . . . , yn)

(1− y1y2
2 · · · ynn)(1− y2

2 · · · ynn) · · · (1− yn−1
n−1y

n
n)(1− yn)

,

(7)
where Pn(y1, . . . , yn) is a polynomial in y1, . . . , yn with integer coefficients,
which is defined by a recursive pattern. This recursive description then is
used to prove that for the specialization yi = q the following factorization
property [3, Lemma 1] holds:

pn(q) := Pn(q, q, . . . , q) =
n∏
k=2

1− qkn−(k2)

1− q2k−1
(n ≥ 2) . (8)

Substituting this expression into the corresponding specialization yi = q of
(7) gives the Lecture Hall Partition Theorem in the form of (5).

We want to remark that from representation (8) the polynomial structure
of pn(q) is not entirely obvious. However, it is fully revealed by the following
elementary bijection.

Definition 5. For fixed positive n ∈ N we define the following permutation
of {1, . . . , n}:

σn : j 7→

{
n− 2j + 1, if 1 ≤ 2j ≤ n,
2j − n, if n < 2j ≤ 2n .
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Example 6. In order to illustrate the structure of the permutation σn we give
explicit presentations for the first few n:

σ1 =
(

1
1

)
, σ2 =

(
1 2
1 2

)
, σ3 =

(
1 2 3
2 1 3

)
,

σ4 =
(

1 2 3 4
3 1 2 4

)
, σ5 =

(
1 2 3 4 5
4 2 1 3 5

)
. ut

We will need the following property of σn.

Lemma 7. For 1 ≤ j ≤ n we have

j · (2n− 2j + 1) =
(
n+ 1

2

)
−
(
σn(j)

2

)
.

Proof. By elementary computation,

j · (2n− 2j + 1) =

{
(n−(n−2j+1)+1)(n+(n−2j+1))

2 , if 1 ≤ 2j ≤ n,
(n+(2j−n))(n−(2j−n)+1)

2 , if n < 2j ≤ 2n

=

{(
n+1

2

)
−
(
n−2j+1

2

)
, if 1 ≤ 2j ≤ n,(

n+1
2

)
−
(

2j−n
2

)
, if n < 2j ≤ 2n

=
(
n+ 1

2

)
−
(
σn(j)

2

)
. ut

Now it is easy to see that pn(q) is indeed a polynomial. Namely, since
kn−

(
k
2

)
=
(
n+1

2

)
−
(
n+1−k

2

)
, by Lemma 7 we obtain{

kn−
(
k

2

)
: 1 ≤ k ≤ n

}
=
{(

n+ 1
2

)
−
(
σn(k)

2

)
: 1 ≤ k ≤ n

}
= {(n− k + 1)(2k − 1) : 1 ≤ k ≤ n} .

In other words, we have

pn(q) =
1− q
1− qn

·
n∏
k=1

1− qkn−(k2)

1− q2k−1
=

1− q
1− qn

·
n∏
k=1

1− q(n−k+1)(2k−1)

1− q2k−1

=
n∏
k=2

1− q(n−k+1)(2k−1)

1− q2k−1
;

in particular, this gives

p2(q) = 1, p3(q) = 1 + q3, p4(q) = (1 + q5)(1 + q3 + q6)

and in general for n ≥ 3,

pn(q) = (1 + q2n−3)

· (1 + q2n−5 + q2(2n−5)) · · · (1 + q3 + q2·3 + · · ·+ q(n−2)·3) .
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After having recalled the Partition Analysis approach to the Lecture Hall
Partition Theorem (Theorem 1) we devote the remaining part of this section
to the question how Partition Analysis can help in the task of constructing a
bijective proof for the Refined Lecture Hall Partition Theorem (Theorem 17)
which is a substantially stronger result.

However, equipped with the Omega package, in Sect. 2.1 we will first con-
sider lecture hall bijections for special cases. This study then leads to an
algebraic representation of lecture hall partitions (Proposition 14) that will
be proved in Sect. 2.2. In Sect. 2.3 this parametrization is used for a further
refinement of the problem (Theorem 19) which extends to the case of the
Refined Lecture Hall Partition Theorem (Theorem 17). The task of finding a
bijective proof of this theorem then is reduced to the task of finding bijections
σn (derived from Definition 5) and τn. The first task is solved in Sect. 2.4
where we use a crucial permutation that has been suggested by the use of the
Omega package. The second task is solved in Sect. 2.5 by using a fundamental
involution that was also discovered by Bousquet-Mélou and Eriksson, but
who had used it in a different direction. Finally, combining the mappings σn
and τn results in the desired refined lecture hall bijection.

2.1 Lecture Hall Bijections for Special Cases

Before we construct a general lecture hall bijection for Theorem 1 and its
refined version, Theorem 17 below, we examine what Partition Analysis can
do for us in various special cases.

The key to making constructive use of Partition Analysis is based on the
fact that it delivers a parametrized representation of all nonnegative solutions
of a given system of linear homogeneous diophantine inequalities.

Let us consider the case n = 2. Starting from (6),

f2(y1, y2) =
∑

b2
2 ≥

b1
1 ≥0

yb11 y
b2
2 =

1
(1− y1y2

2)(1− y2)
,

geometric series expansion,

1
(1− y1y2

2)(1− y2)
=

∑
α1,α2≥0

yα1
1 y2α1+α2

2 ,

reveals that the diophantine solution set

L2 :=
{
〈b1, b2〉 ∈ N2 : b22 ≥

b1
1 ≥ 0

}
is identical with the set

L∗2 := {〈α1, 2α1 + α2〉 : 〈α1, α2〉 ∈ N2} ; (9)

i.e.,
L2 = L∗2 . (10)
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In other words, given a listing algorithm for N2, L2 can be constructed via
the bijection

ω2 : N2 → L2 : 〈α1, α2〉 7→ 〈α1, 2α1 + α2〉 ;

i.e.,
L2 = ω2(N2) = L∗2 .

From now on the following mappings on partitions will play a significant rôle;
it will be convenient to consider them as linear functionals on the vector space
Q
n.

Definition 8. We define the following three linear functionals on Qn:

|〈x1, x2, . . . , xn〉| := x1 + x2 + · · ·+ xn ,

‖〈x1, x2, . . . , xn〉‖ := (2n− 1) · x1 + (2n− 3) · x2 + · · ·+ 1 · xn ,

and

|||〈x1, x2, . . . , xn〉||| := xn − xn−1 + xn−2 − xn−3 + · · · ± x1 .

We need also a couple of definitions for partitions with odd parts.

Definition 9 (Parametrizing partitions with odd parts). Let On de-
note the set of partitions with odd parts, all parts ≤ 2n − 1. For each
a = 〈a1, a2, . . . , an〉 ∈ Nn let Ψn(a) denote the partition where parts with
size 2j − 1 occur with multiplicity an−j+1, i.e.,

Ψn(a) = 1an3an−1 . . . (2j − 1)an−j+1 . . . (2n− 1)a1 .

If On(N) denotes the partitions from On with sum of parts equal to N , then

On(N) = Ψn{a ∈ Nn : ‖a‖ = N} .

If On(N,K) denotes the partitions from On with K parts and with sum of
parts equal to N , then

On(N,K) = Ψn{a ∈ Nn : ‖a‖ = N, |a| = K} .

Considering the case n = 2 first, we denote for fixed N the corresponding set
of lecture hall partitions by

L2(N) := {〈b1, b2〉 ∈ L2 : |〈b1, b2〉| = N} . (11)

But from (10) we know that

L2(N) = L∗2(N)

where

L∗2(N) := {〈α1, 2α1 + α2〉 ∈ L∗2 : |〈α1, 2α1 + α2〉| = N} .
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Now, since we need to map any lecture hall partition onto a partition into odd
parts, we only need to rewrite N , the sum of the bi, as a linear combination
of the corresponding parameters αi; namely as

N = b1 + b2 = α1 + (2α1 + α2) = 3α1 + α2 ,

and we are immediately led to the bijection

γ2 : L∗2(N)→ O2(N) : 〈α1, 2α1 + α2〉 7→ 1α23α1 .

Before following the same approach for the higher cases, we introduce
notation for the underlying lecture hall partition sets.

Definition 10. For integers N,K ≥ 0 and n ≥ 1, let

Ln :=
{
〈b1, b2, . . . , bn〉 ∈ Nn : bnn ≥

bn−1
n−1 ≥ · · · ≥

b1
1 ≥ 0

}
,

Ln(N) := {b ∈ Ln : |b| = N} ,

and

Ln(N,K) := {b ∈ Ln : |b| = N, |||b||| = K} .

We remark that we will need On(N,K) and Ln(N,K) for the Refined Lecture
Hall Partition Theorem in Sect. 2.3.

For the case n = 3 we start out again by computing the required param-
eter representation with help of the Omega package:

f3(y1, y2, y3) = Ω
=

1
(1− λ2

1y3)
(
1− λ2

λ3
1
y2

)(
1− y1

λ2
2

)
=

P3(y1, y2, y3)
(1− y1y2

2y
3
3)(1− y2

2y
3
3)(1− y3)

, (12)

with
P3(y1, y2, y3) = 1 + y2y

2
3 . (13)

Analogously to above, from (12) and (13) we can read off the desired param-
eter representation; namely

L3 = L∗3 , (14)

where

L∗3 := {〈α1, 2α1 + 2α2 + r2, 3α1 + 3α2 + α3 + 2r2〉 :

〈α1, α2, α3〉 ∈ N3 and r2 ∈ {0, 1}} . (15)

In other words, given a listing algorithm for N3 × {0, 1}, L3 can be con-
structed via the bijection

ω3 : N
3 × {0, 1} → L3

〈α1, α2, α3, r2〉 7→ 〈α1, 2α1 + 2α2 + r2, 3α1 + 3α2 + α3 + 2r2〉 ;
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i.e.,
L3 = ω3(N3 × {0, 1}) = L∗3 .

Therefore from (14) we learn that

L3(N) = L∗3(N)

where

L∗3(N) := {〈α1, 2α1 + 2α2 + r2, 3α1 + 3α2 + α3 + 2r2〉 ∈ L∗3 :
α1 + (2α1 + 2α2 + r2) + (3α1 + 3α2 + α3 + 2r2) = N} .

This time we can rewrite the bi-sum N as follows,

N = b1 + b2 + b3

= α1 + (2α1 + 2α2 + r2) + (3α1 + 3α2 + α3 + 2r2)
= α3 + 3(2α1 + r2) + 5α2 ,

which leads us directly to the bijection

γ3 : L∗3(N)→ O3(N)

〈α1, 2α1 + 2α2 + r2, 3α1 + 3α2 + α3 + 2r2〉 7→ 1α332α1+r25α2 . (16)

For the case n = 4 things work analogously. For instance, one computes
with the Omega package

f4(y1, y2, y3, y4) =
P4(y1, y2, y3, y4)

(1− y1y2
2y

3
3y

4
4)(1− y2

2y
3
3y

4
4)(1− y3

3y
4
4)(1− y4)

with

P4(y1, y2, y3, y4) = 1 + y3y
2
4 + y2

3y
3
4 + y2y

2
3y

3
4 + y2y

3
3y

4
4 + y2y

4
3y

6
4 .

However proceeding in this manner, the computation of the parametrized
representation L∗n of Ln that is needed for the construction of a lecture hall
bijection, i.e., a bijection between L∗n and On, gets more and more involved.
Nevertheless, guided by Partition Analysis this task can be accomplished by
looking at the structure from an algebraic perspective as shown in the next
section.

2.2 The Algebraic Structure of Lecture Hall Partitions

In view of the rational function representation (7) the parametrized repre-
sentation L∗n of Ln for arbitrary n has to combine two different aspects: the
contribution emerging from the nice pattern of the denominator product, and
the contribution of the numerator Pn. The latter one is much more involved
since the polynomials Pn are growing rapidly with respect to the number of
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monomials involved; see Proposition 14 together with (17). This growth is
also made explicit by the sufficiently complicated recursive scheme spelled out
in [3]; however, we don’t make use of this scheme in the algebraic approach
explained below.

Before stating the main result, Proposition 14, of this section, it is neces-
sary to introduce a couple of definitions.

Definition 11. For n ∈ N, n ≥ 1 we define sets of integer vectors

In := {〈r1, r2, . . . , rn〉 : 0 ≤ rj < j (1 ≤ j ≤ n)} ,

and

I0
n := {r ∈ In : rn = 0} .

The letter I is a mnemonic for inversion vectors as used in the combinatorial
study of permutations, although we will not use this significance.

Definition 12. For n ∈ N, n ≥ 1 we define the n linearly independent vec-
tors

δj := 〈0, . . . , 0︸ ︷︷ ︸
j−1

, j, 0, . . . , 0︸ ︷︷ ︸
n−j

〉 (1 ≤ j < n) and δn := 〈0, . . . , 0︸ ︷︷ ︸
n−1

, 1〉 ,

and
D0
n :=

∑
1≤j≤n

N δj

which is the free N-semimodule generated by the δj .

By the division property of the integers, each vector a = 〈a1, a2, . . . , an〉 ∈
N
n has a unique presentation

a = 〈α1 · 1 + r1, α2 · 2 + r2, . . . , αn−1 · (n− 1) + rn−1, αn · 1 + rn〉

= 〈r1, . . . , rn〉+
∑

1≤j≤n

αj δ
j

where 〈r1, . . . , rn〉 ∈ I0
n and 〈α1, . . . , αn〉 ∈ Nn, namely αj = quot(aj , j) and

rj = rem(aj , j) for 1 ≤ j < n, and rn = 0, αn = an. In short,

N
n = I0

n ⊕D0
n .

A parametrized representation of Ln, the set of lecture hall partitions
with n parts, is provided by the bijective mapping

ω : Nn → Ln : a = 〈a1, . . . , an〉 7→ 〈b1, . . . , bn〉
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where
b1 := a1, bj := aj +

⌈j · bj−1

j − 1

⌉
(1 < j ≤ n) .

This parametrization is straight-forward from the inequality constraints be-
tween the bi. For reasons of legibility we omit indexing ω by n since its
definition is essentially independent of n.

Note that ω is not linear in general, but certain linearity properties of ω
can be exhibited by choosing a second set of basis vectors. Besides the linearly
independent vectors δj (1 ≤ j ≤ n) introduced above we define another set
of independent vectors ε1, ε2, . . . , εn ∈ Nn by applying ω to the δj .

Definition 13. For n ∈ N, n ≥ 1 we define the n linearly independent vec-
tors

εj := ω(δj) = 〈0, . . . , 0︸ ︷︷ ︸
j−1

, j, j + 1, . . . , n〉 (1 ≤ j < n) and en := ω(δn) = δn ,

and
E0
n :=

∑
1≤j≤n

N εj

which is the free N-semimodule generated by the εj .

It is easily checked that for any a ∈ Nn and 1 ≤ j ≤ n

ω(a+ δj) = ω(a) + εj

and hence in general

ω(a+
∑
jαj δ

j) = ω(a) +
∑
jαj ε

j .

In particular we have that ω is an isomorphism of semimodules

ω : D0
n → E0

n .

We summarize in form of a proposition.

Proposition 14. For n ∈ N, n ≥ 1 we have the semilinear presentation

N
n = I0

n ⊕D0
n .

Moreover, if we put
R0
n := ω(I0

n)

we arrive at a semilinear presentation of Ln, namely

Ln = ω(Nn) = ω(I0
n)⊕ ω(D0

n) = R0
n ⊕ E0

n

where ω is an isomorphism between the semimodules D0
n and E0

n.
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Example 15. Let n = 2 and a = 〈a1, a2〉 ∈ N2. The I0
2 ⊕ D0

2-decomposition
in this case is trivial, namely a = r + α ∈ I0

2 ⊕D0
2 with

r = 〈0, 0〉 and α = 〈α1, α2〉 = α1δ
1 + α2δ

2 (= a) .

Then

ω(a) = ω(r) + ω(α) = 〈0, 0〉+ (α1ε
1 + α2ε

2) = α1〈1, 2〉+ α2〈0, 1〉
= 〈α1, 2α1 + α2〉 ,

in accordance with the definition (9) of L∗2. ut

Example 16. Let n = 3 and a = 〈a1, a2, a3〉 ∈ N3. By Euclidean division one
computes

a = 〈α1 · 1 + 0, α2 · 2 + r2, α3 · 1 + 0〉 where r2 ∈ {0, 1} .

This means, the I0
3 ⊕D0

3-decomposition a = r + α ∈ I0
3 ⊕D0

3 comes with

r = 〈0, r2, 0〉 and α = 〈α1, 2α2, α3〉 = α1δ
1 + α2δ

2 + α3δ
3 .

We obtain,

ω(a) = ω(r) + ω(α) = 〈0, r2, 2r2〉+ (α1ε
1 + α2ε

2 + α3ε
3)

= 〈0, r2, 2r2〉+ α1〈1, 2, 3〉+ α2〈0, 2, 3〉+ α3〈0, 0, 1〉
= 〈α1, 2α1 + 2α2 + r2, 3α1 + 3α2 + α3 + 2r2〉 ,

in accordance with the definition (15) of L∗3. ut

We conclude this section by the remark that the algebraic decomposition
Ln = R0

n ⊕E0
n is linked to the generating function presentation (7) in an ob-

vious way. Namely,R0
n corresponds to the numerator polynomial Pn, whereas

E0
n reflects the structure of the denominator product. More precisely, using

the convention ya = ya1
1 ya2

2 . . . yann whenever a = 〈a1, . . . , an〉 ∈ Nn we have

Pn(y1, . . . , yn) =
∑
R∈R0

n

yR (17)

and

(1− y1y
2
2 · · · ynn)(1− y2

2y
3
3 · · · ynn) · · · (1− yn−1

n−1y
n
n)(1− yn) =

n∏
j=1

(
1− yε

j)
.

2.3 The Refined Lecture Hall Partition Theorem

In the special cases n = 2 and n = 3 the mappings γ2 and γ3 have an impor-
tant additional property. To illustrate this, let us fix two positive integers N
and K.
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Take 1α23α1 ∈ O2(N,K), i.e., ‖〈α1, α2〉‖ = N and |〈α1, α2〉| = K. Then
for 〈b1, b2〉 := γ−1

2 (1α23α1) ∈ L2(N) we observe also that

|||〈b1, b2〉||| = |||〈α1, 2α1 + α2〉||| = |〈α1, α2〉| = K .

This means, γ2 is not only a bijection between L2(N) and O2(N) but also
between L2(N,K) and O2(N,K).

Similarly, let 1α332α1+r25α2 ∈ O3(N,K) with r2 ∈ {0, 1}, i.e.,

‖〈α2, 2α1 + r2, α3〉‖ = N and |〈α2, 2α1 + r2, α3〉| = K .

Then for 〈b1, b2, b3〉 := γ−1
3 (1α332α1+r25α2) ∈ L3(N) we observe also that

|||〈b1, b2, b3〉||| = |||〈α1, 2α1 + 2α2 + r2, 3α1 + 3α2 + α3 + 2r2〉|||
= |〈α2, 2α1 + r2, α3〉| = K.

This means, γ3 is not only a bijection between L3(N) and O3(N) but also
between L3(N,K) and O3(N,K).

The observation concerning this extra property with respect to the pa-
rameter K has already been made by Bousquet-Mélou and Eriksson. More
precisely, they refined their theorem accordingly as follows [7].

Theorem 17 (“Refined Lecture Hall Partition Theorem”). The num-
ber of partitions of N of the form |〈b1, . . . , bn〉| = N wherein

bn
n
≥ bn−1

n− 1
≥ · · · ≥ b1

1
≥ 0

and
|||〈b1, . . . , bn〉||| = K (18)

equals the number of partitions of N into exactly K odd parts each ≤ 2n− 1.
In short,

#Ln(N,K) = #On(N,K) .

Example 18. From the partition sets listed after Theorem 1 we see, for in-
stance, that

L(13, 5) = {〈2, 4, 7〉, 〈1, 4, 8〉, 〈0, 4, 9〉}

and
O(13, 5) = {113450, 123251, 133052} . ut

Our goal for the rest of the paper is to construct a lecture hall bijection
Λn that takes also condition (18) into account. More precisely, for arbitrary
nonnegative integers N and K we will construct a map

Λn : On(N,K)→ Ln(N,K)

that is a bijection.
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We already know that both On and Ln are parametrized by Nn. Hence,
given

1an3an−1 . . . (2n− 1)a1 ∈ On(N,K) ,

an obvious first step is to apply Ψ−1
n ; i.e.,

a := 〈a1, a2, . . . , an〉 = Ψ−1
n (1an3an−1 . . . (2n− 1)a1) ∈ Nn . (19)

Next, by Euclidean division on the parts, we decompose a according to
N
n = I0

n ⊕D0
n; see the first statement of Proposition 14. In other words, we

compute r and α such that
a = r + α (20)

where
r = 〈r1, . . . , rn〉 ∈ I0

n

and

α = 〈α1, 2α2, . . . , (n− 1)αn−1, αn〉 =
n∑
j=1

αjδ
j ∈ D0

n .

Finally, in view of Ln = ω(Nn) = R0
n ⊕ E0

n, the second part of Proposi-
tion 14, we need bijections

τn : I0
n → R0

n and σn : D0
n → E0

n

that respect the various functional relations with respect to N and K. More
precisely, for any r ∈ I0

n we must have

|r| = |||τn(r)||| and ‖r‖ = |τn(r)| , (21)

and for any α ∈ D0
n we need

|α| = |||σn(α)||| and ‖α‖ = |σn(α)| . (22)

Because then we would achieve our goal as follows:
For a as in (19), i.e., ‖a‖ = N and |a| = K, and such that a = r + α as

in (20) we have,
τn(r) + σn(α) ∈ R0

n ⊕ E0
n = Ln

with

|τn(r) + σn(α)| = |τn(r)|+ |σn(α)| = ‖r‖+ ‖α‖ = ‖r + α‖ = ‖a‖ = N

and

|||τn(r) + σn(α)||| = |||τn(r)|||+ |||σn(α)||| = |r|+ |α| = |r + α| = |a| = K .

We summarize these considerations in form of a theorem.
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Theorem 19. Let n ∈ N, n ≥ 1. Suppose we have bijections

τn : I0
n → R0

n and σn : D0
n → E0

n

satisfying (21) and (22). Let Γn be the bijection defined as

Γn : Nn = I0
n ⊕D0

n → Ln = R0
n ⊕ E0

n : r + α 7→ τn(r) + σn(α) .

Then the map

Λn := Γn ◦ Ψ−1
n : On(N,K)→ Ln(N,K) (23)

is a bijection.

2.4 The Bijection σn

The construction of the map σn is suggested by Partition Analysis. More
precisely, we generalize the pattern that emerges from the special cases n = 2
and n = 3 as follows.

Definition 20. For n ∈ N, n ≥ 1, we define the linear transformation

σn : Qn → Q
n

on the basis vectors by setting

σn(δj) := εσn(j) (1 ≤ j ≤ n) ,

where the σn on the right hand side is the permutation from Definition 5.

Since the meaning will be always clear from the context, for the linear trans-
formation we use the same symbol σn as for the corresponding permutation.

Lemma 21. The linear transformation σn provides a semimodule isomor-
phism between D0

n and E0
n, i.e.,

σn : D0
n → E0

n ,

which satisfies the conditions (22).

Proof. The first part of the statement is obvious. Concerning property (22)
we have,

‖δj‖ = j · (2n− 2j + 1) =
(
n+ 1

2

)
−
(
σn(j)

2

)
= |εσn(j)| (1 ≤ j ≤ n) ,

|δj | =

{
j, if 1 ≤ j < n,

1, if j = n

}
= |||εσn(j)||| (1 ≤ j ≤ n)

as a consequence of Lemma 7. By linearity it follows that for any m =∑n
j=1mj δ

j ∈ D0
n,

|σn(m)| = ‖m‖ and |||σn(m)||| = |m| . ut
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We conclude this section by re-examining the special cases n = 2 and
n = 3.

Example 22. For n = 2 the maps τ2 and σ2 are nothing but the corresponding
ω-mappings. (Note that I0

2 = {〈0, 0〉} and σ2 =
(

1 2
1 2

)
, the trivial permutation

of {1, 2}.) ut

Example 23. In the case n = 3 the map τ3 can again be chosen as the
corresponding ω-mapping. But now the isomorphism σ3 is non-trivial since
σ3 =

(
1 2 3
2 1 3

)
as a permutation of {1, 2, 3}. Suppose we are given

a = 〈a1, a2, a3〉 = Ψ−1
3 (1a33a25a1) ∈ N3

with I0
3 ⊕D0

3- decomposition

a = r + α = 〈0, r2, 0〉+ 〈α2, 2α1, α3〉 = 〈0, r2, 0〉+ α2δ
1 + α1δ

2 + α3δ
3 .

Then

Γ3(a) = τ3(r) + σ3(α) = ω(r) + α2ε
2 + α1ε

1 + α3ε
3

= 〈0, r2, 2r2〉+ α2〈0, 2, 3〉+ α1〈1, 2, 3〉+ α3〈0, 0, 1〉
= 〈α1, 2α1 + 2α2 + r2, 3α1 + 3α2 + α3 + 2r2〉 ,

which corresponds to the mapping γ3; see (16). ut

Finally, let us consider an example for n = 4. Now σ4 =
(

1 2 3 4
2 1 3 4

)
as a

permutation of {1, 2, 3, 4}. Take, for instance, 11305171 ∈ O4(13, 3) and

a = 〈1, 1, 0, 1〉 = Ψ−1
4 (11305171) ∈ N4.

As in the case n = 3 let us choose again τ4 = ω. Consider the I0
4 ⊕ D0

4-
decomposition

a = r + α = 〈0, 1, 0, 0〉+ 1 · δ1 + 0 · δ2 + 0 · δ3 + 1 · δ4 .

Then we obtain

Γ4(a) = τ4(r) + σ4(α) = ω(r) + 1 · ε3 + 0 · ε1 + 0 · ε2 + 1 · ε4

= 〈0, 1, 2, 3〉+ 1 · 〈0, 0, 3, 4〉+ 1 · 〈0, 0, 0, 1〉
= 〈0, 1, 2, 3〉+ 〈0, 0, 3, 5〉 = 〈0, 1, 5, 8〉 ;

but 〈0, 1, 5, 8〉 ∈ L4(14, 4)! In other words, if we choose τ4 = ω then at least
one of the functional properties we need with respect to N and K is violated.
In this particular example we have

|r| = 1, |||ω(r)||| = 2 and ‖r‖ = 5, |ω(r)| = 6 .

Hence in general we need some extra effort to construct the bijection τn in a
suitable manner. This is accomplished by an involutive approach described
in the next section.
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2.5 The Bijection τn

A Local Involution. We consider again the ω-mapping form Sect. 2.2 which
affords a parametrization of lecture hall partitions:

ω : Nn → N
n : r = 〈r1, r2, . . . , rn〉 7→ 〈R1, R2, . . . , Rn〉 = ω(r) =: R

where
R1 = r1, Rk = rk +

⌈ k

k − 1
Rk−1

⌉
(1 < k ≤ n) .

Now the equation relating Rk and Rk−1 can be written as

(Rk − rk)(k − 1) = kRk−1 + εk−1

where 0 ≤ εk−1 < k − 1. Yet another way of writing this equation is

∆k = rk(k − 1) + εk−1

where we put1

∆k := (k − 1)Rk − kRk−1 .

Division by k − 1 allows to recover (rk, εk−1) from ∆k:

rk = quot(∆k, k − 1), εk−1 = rem(∆k, k − 1) = rem(−Rk−1, k − 1) .

Note that εk−1 depends only on Rk−1, not on Rk.
We will now say that the sequence R is reduced at position k, or k-reduced,

if 0 ≤ rk < k. Obviously we have the equivalence

0 ≤ rk < k ⇔ ∆k < k(k − 1) ⇔ rk = rem(Rk + εk−1, k) . (24)

Now note that the relation between Rk−1 and Rk can also be seen “from
the right”, i.e., one can write

Rk−1 =
⌊k − 1

k
Rk

⌋
− sk−1

where sk−1 ≥ 0. This can be rewritten as

kRk−1 + ksk−1 = (k − 1)Rk − δk

where 0 ≤ δk < k, or as
∆k = sk−1k + δk .

It follows that the k-reducibility condition (24) transforms into another equiv-
alent statement:

0 ≤ sk−1 < k − 1 .

1 Note: the Lecture Hall Condition is equivalent to saying “∆k ≥ 0” for 1 ≤ k ≤ n.
The condition for k = 1 is void, of course.
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Again, the pair (sk−1, δk) can be recovered from ∆k:

sk−1 = quot(∆k, k), δk = rem(∆k, k) = rem(−Rk, k) .

This shows that δk only depends on Rk, not on Rk−1.
Now assume that the sequence R is both k-reduced and (k + 1)-reduced;

we will say k+-reduced for short. This means that we have equations

∆k = rk(k − 1) + εk−1, where 0 ≤ rk < k

∆k+1 = sk(k + 1) + δk+1, where 0 ≤ sk < k .

This suggests the following: since the conditions put on rk and sk are precisely
the same, and since εk−1 depends only on Rk−1 and δk+1 depends only on
Rk+1, we may simply exchange the rôles of rk and sk – thus producing a new
k+-reduced sequence R′ which differs from R only in position k, namely, we
define

R′k := Rk − rk + sk, R′ = 〈R1, . . . , Rk−1, R
′
k, Rk+1, . . . , Rn〉

and we have

Rk = rk +
⌈ k

k − 1
Rk−1

⌉
=
⌊ k

k + 1
Rk+1

⌋
− sk ,

R′k = sk +
⌈ k

k − 1
Rk−1

⌉
=
⌊ k

k + 1
Rk+1

⌋
− rk

and an immediate consequence of this is

Rk +R′k =
⌈ k

k − 1
Rk−1

⌉
+
⌊ k

k + 1
Rk+1

⌋
. (25)

It is clear from the exchange argument that this mapping φk : R 7→ R′ is an
involution on the set of k+-reduced sequences for any fixed k < n.

Global Involution for Reduced Sequences. A sequenceR = 〈R1, R2, . . . ,
Rn〉 is reduced if it is k-reduced for all k ≤ n. Note that this is equivalent to
saying that R ∈ Rn where

Rn := ω(In) .

For reduced sequences the involutive procedure φk : R 7→ R′ at position
k, as described in the previous section, can be simultaneously executed2 for
all positions k = n − 2j − 1, (0 ≤ j < bn/2c). Each of the φk keeps all the
Rn−2i, (0 ≤ i < bn/2c) fixed, so that these actions commute with each other.
We denote by R 7→ Φn(R) this simultaneous involution on Rn.
2 In order to deal with the case k = 1 consistently one has to put formally R0 = 0.
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From the fact that the action of Φn keeps all the Rn−2i (0 ≤ i < bn/2c)
fixed it follows that

|R|+ |||R||| = |Φn(R)|+ |||Φn(R)|||

or equivalently
|||R− Φn(R)||| = |Φn(R)−R| . (26)

The main property of Φn w.r.t. reduced sequences is

|||R+ Φn(R)||| =
⌈n+ 1

n
Rn

⌉
. (27)

The proof uses the result (25) from the previous section and a simple rear-
rangement of terms:

|||R+ Φn(R)|||

= 2
∑
k≥0

Rn−2k −
∑
k≥0

(
Rn−2k−1 +R′n−2k−1

)
= 2

∑
k≥0

Rn−2k −
∑
k≥0

(⌈n− 2k − 1
n− 2k − 2

Rn−2k−2

⌉
+
⌊n− 2k − 1

n− 2k
Rn−2k

⌋)

= 2
∑
k≥0

Rn−2k −
∑
k>0

(⌈n− 2k + 1
n− 2k

Rn−2k

⌉
+
⌊n− 2k − 1

n− 2k
Rn−2k

⌋)
−
⌊n− 1

n
Rn

⌋
= 2

∑
k≥0

Rn−2k −
∑
k>0

2Rn−2k −
⌊n− 1

n
Rn

⌋
= 2Rn −

⌊n− 1
n

Rn

⌋
=
⌈n+ 1

n
Rn

⌉
.

The Extension Step. Let r ∈ In, r′ = 〈r, rn+1〉 ∈ In+1 and let S =
〈S1, . . . , Sn〉 ∈ Rn such that

|r| = |||S||| and ‖r‖ = |S| .

Then for S′ := 〈Φn(S), rn+1 + dn+1
n Sne〉 ∈ Rn+1 :

|r′| = |||S′||| and ‖r′‖ = |S′| .

The sequence S′ belongs indeed to Rn+1: from S ∈ Rn we have Φn(S) ∈ Rn
because Φn is an involution on Rn. Reducibility at position n+1 follows from
the fact that Φn(S) has the same last element as S, namely Sn. By the same
argument: if r′ ∈ I0

n+1, i.e., if rn+1 = 0, then S′ ∈ R0
n+1.
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The proof of the asserted properties of S′ is by simple verification, using
the properties (26) and (27) mentioned in the previous section.

|||S′||| = rn+1 +
⌈n+ 1

n
Sn

⌉
− |||Φn(S)|||

= rn+1 +
⌈n+ 1

n
Sn

⌉
+ |||S||| −

⌈n+ 1
n

Sn

⌉
= rn+1 + |r| = |r′| ,

|S′| = |Φn(S)|+ rn+1 +
⌈n+ 1

n
Sn

⌉
= |S|+ |||S − Φn(S)|||+ rn+1 + |||S + Φn(S)|||
= |S|+ 2|||S|||+ rn+1

= ‖r‖+ 2|r|+ rn+1 = ‖r′‖ .

We will use the extension step in the following obvious way.

Iterative Construction of τn.

Suppose that τn : In → Rn is a bijection that satisfies

|r| = |||τn(r)||| and ‖r‖ = |τn(r)|

then, writing S = τn(r),

τn+1 : 〈r, rn+1〉 7→
〈
Φn(S), rn+1 +

⌈
n+1
n Sn

⌉〉
is a bijection τn+1 : In+1 → Rn+1 that satisfies

|r′| = |||τn+1(r′)||| and ‖r′‖ = |τn+1(r′)| .

Since the existence of such a bijection can easily be checked for small
values of n, it follows that such a bijection τn : In → Rn and τn : I0

n → R0
n

exists for all n ∈ N.
In particular, we can construct a specific sequence τn by starting with

τ2 = ω and τ3 = ω.

Example 24. Choosing τ3 = ω one can easily check that the iterative con-
struction then gives

τ4 : I4 → R4

〈r1, r2, r3, r4〉 7→〈
r1, 2r1 +

⌊
2r2+r3

3

⌋
, 2r2 + r3, 2r2 + r3 + r4 +

⌈
2r2+r3

3

⌉〉
. ut

Example 25. Consider

O4(13, 3) = {11305171, 103250, 10315270}
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and
L4(13, 3) = {〈0, 0, 5, 8〉, 〈0, 1, 5, 7〉, 〈1, 2, 4, 6〉} .

The corresponding bijective map Λ4 between these two sets details as follows:

Ψ−1
4 (11305171) = 〈1, 1, 0, 1〉 = r + α ∈ I0

4 ⊕D0
4

where

r = 〈0, 1, 0, 0〉 and α = 1 · δ1 + 0 · δ2 + 0 · δ3 + 1 · δ4 ;

this gives

Γ4(〈1, 1, 0, 1〉) = τ4(r) + σ4(α) = 〈0, 0, 2, 3〉+ 〈0, 0, 3, 5〉 = 〈0, 0, 5, 8〉 .

The second entry:

Ψ−1
4 (10325071) = 〈1, 0, 2, 0〉 = r + α ∈ I0

4 ⊕D0
4

where

r = 〈0, 0, 2, 0〉 and α = 1 · δ1 + 0 · δ2 + 0 · δ3 + 1 · δ4 ;

this gives

Γ4(〈1, 0, 2, 0〉) = τ4(r) + σ4(α) = 〈0, 1, 2, 3〉+ 〈0, 0, 3, 4〉 = 〈0, 1, 5, 7〉 .

The third entry:

Ψ−1
4 (10315270) = 〈0, 2, 1, 0〉 = r + α ∈ I0

4 ⊕D0
4

where

r = 〈0, 0, 1, 0〉 and α = 0 · δ1 + 1 · δ2 + 0 · δ3 + 0 · δ4 ;

this gives

Γ4(〈0, 2, 1, 0〉) = τ4(r) + σ4(α) = 〈0, 0, 1, 2〉+ 〈1, 2, 3, 4〉 = 〈1, 2, 4, 6〉 . ut

We conclude this section by the remark that all our bijections can be
reverted easily.

2.6 Concluding Remarks

With the Benefit of Hindsight. If we take variables y1, y2, . . . , yn and
define as in Sect. 2.2 for r = 〈r1, r2, . . . , rn〉 ∈ Nn the monomial

yr := yr11 y
r2
2 · · · yrnn



24 George E. Andrews, Peter Paule, Axel Riese, and Volker Strehl

then we have from the semilinear representation of lecture hall partitions

fn(y1, y2, . . . , yn) =
∑
{yb : b ∈ Ln = R0

n ⊕ E0
n}

=
∑
{yR : R ∈ R0

n}∏
1≤j≤n(1− yεj )

.

Multiplying the numerator and the denominator of this last fraction by 1−yn
= 1− yω(n δn) leads (thanks to a finite geometric series) to

fn(y1, y2, . . . , yn) =
∑
{yR : R ∈ Rn}∏

1≤j<n(1− yεj ) · (1− yω(n δn))

=
∑
{yb : b ∈ Ln = Rn ⊕ En}

where En = ω(Dn), and where Dn is the free semimodule generated by
δ1, . . . , δn−1 and n δn = 〈0, . . . , 0, n〉(= ω(n δn)). Obviously: Nn = In ⊕ Dn.
This avoids the special treatment of the last basis vector.

In other words, we could have used the semilinear presentation Ln =
Rn⊕En instead of Ln = R0

n⊕E0
n – and everything would have gone through

equally well. In particular, the essential properties of the mapping λn are
available for both λn : In → Rn, and λn : I0

n → R0
n.

The above use of the presentation Ln = R0
n ⊕ E0

n was motivated by what
Ω-calculus (or better: its implementation) had suggested. Automatic simplifi-
cation led to cancelling the factor 1−ynn , which made things less homogeneous.

Other Bijections. The involutory approach we have used for the construc-
tion of τn is essentially equivalent to an involution discovered by Bousquet-
Mélou and Eriksson in [8, Prop. 3.4]. However, they applied this tool in a
different direction; in addition, our presentation differs very much from that
in [8].

We also want to remark that the limiting case n → ∞ of the Refined
Lecture Hall Partition Theorem (Theorem 17) finds a much more direct bi-
jective treatment. In fact, before the finite version in form of Theorem 17 had
been discovered, in 1994 C. Bessenrodt [6, Prop. 2.2] described a very elegant
bijection between the underlying sets of this limiting case. To this end Bessen-
rodt uses 2-modular Young diagrams in order to formulate a new version of
a classic bijection due to Sylvester. Another variant of Sylvester’s bijection
was given by D. Kim and A. Yee [11] in 1999; they essentially describe the
inverse of Bessenrodt’s map. This gives rise to the following problem.

Problem 26. Is there any bijective proof of Theorem 17 that in the limit
n→∞ converges to Bessenrodt’s bijection?

Being based on an iterative use of the involution Φn, our bijection does
not have an infinite version. More generally one can ask the following.
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Problem 27. Is there any bijective proof of Theorem 17 without using the
involution Φn?

It might well be possible that there is a simpler bijection in case the
refinement condition is dropped. So we conclude by raising another problem.

Problem 28. Is there any simpler lecture hall bijection for the version of The-
orem 1, i.e., in case the refinement condition (18) is dropped?

Note added in proof: A.E. Yee [18] developed a bijective approach which
is different to our bijection and which seems to solve Problem 26 and Prob-
lem 27.

3 Cayley Compositions

3.1 Introduction

In [9], A. Cayley poses and solves the following problem:

“It is required to find the number of [compositions] into a given num-
ber of parts, such that the first part is unity, and that no part is
greater than twice the preceding part.
Commencing to form the [compositions] in question, these are (read
vertically):

1 1 1 1 1 1 1 1 1
1 2 1 1 2 2 2 2 &c. . . ”

1 2 1 2 3 4

We shall call such compositions, Cayley compositions. Let us define cj(n)
to be the total number of Cayley compositions ending in n and having j parts.
Thus from Cayley’s enumeration we see that c1(1) = 1, c2(1) = c2(2) = 1,
c3(1) = c3(2) = 2, c3(3) = c3(4) = 1.

Clearly the Cayley composition with j parts and largest last part is
1, 2, 4, . . . , 2j−1. So if we define a Cayley polynomial as

Cj(q) =
∑
n≥0

cj(n) qn ,

then Cj(q) has degree 2j−1. Returning to Cayley enumeration, we see that

C1(q) = q ,

C2(q) = q + q2 ,

C3(q) = 2q + 2q2 + q3 + q4 .
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Cayley’s Theorem. The number of [Cayley compositions with j parts] is
equal to the number of partitions of 2j−1−1 into the parts 1, 1′, 2, 4, . . . , 2j−2.
Or again, it is equal to twice the sum of the number of partitions of 0, 1, 2, . . . ,
2j−2 − 1 respectively into the parts 1, 1′, 2, 4, . . . , 2j−3 (where the number of
partitions of 0 counts for 1).

Cayley closes [9] with this example:

“... the partitions of 0, 1, 2, 3, &c. with the parts 1, 1′, 2, . . . are

(·) ,

1, 1′ ,
1 + 1, 1 + 1′, 1′ + 1′, 2 ,

1 + 1 + 1, 1 + 1 + 1′, 1 + 1′ + 1′, 1′ + 1′ + 1′, 2 + 1, 2 + 1′ ,

the numbers of which are 1, 2, 4, 6. Hence, by the first part of the
theorem, the number of 3-partitions is 6, and by the second part of
the theorem, the number of 4-partitions is

2(1 + 2 + 4 + 6) = 26 .”

Cayley’s proof of his theorem is quite elegant, efficient and elementary.
Our object here is not to improve on Cayley. Rather we wish to show
that a direct application of the Partition Analysis paradigm developed by
P.A. MacMahon [12] (and subsequently implemented in Mathematica [4])
allows one to obtain easily:

Theorem 29. For j ≥ 2:

Cj(q) =
j−2∑
h=1

bj−h−1 (−1)h−1 q2h−1

(1− q)(1− q2)(1− q4) · · · (1− q2h−1)

+
(−1)j q2j−1−1 (1− q2j−1

)
(1− q)(1− q2)(1− q4) · · · (1− q2j−2)

, (28)

where bn is the coefficient of q2n−1 in the power series expansion of

1
1− q

∞∏
m=0

1
1− q2m

. (29)

It hardly needs to be pointed out that (28) is a surprising representation
of a polynomial. Indeed the right-hand side does not look like a polynomial
at all. However when j = 3, we note b1 = 2 and

2q
1− q

− q3 (1− q4)
(1− q)(1− q2)

=
2q − q3 − q5

1− q
= 2q + 2q2 + q3 + q4 = C3(q) .
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From Theorem 29, Cayley’s Theorem follows as a natural corollary.
In Sect. 3.2, we shall apply Partition Analysis to Cayley compositions.

This will yield Theorem 29 quite directly. The short Sect. 3.3 will derive
Cayley’s Theorem from Theorem 29. In Sect. 3.4 we briefly describe some
generalizations and relations to other work.

3.2 Partition Analysis and Cayley Compositions

The following is the only strictly Partition Analysis identity that is required:

Ω
=

λ

(1− λ2A)(1−B/λ)
=

1 +B

(1−A)(1−AB2)
. (30)

While (30) is not in MacMahon’s fundamental list [12, p.102], it is easily
proved:

Ω
=

λ

(1− λ2A)(1−B/λ)
= Ω
=

∑
r,s≥0

ArBsλ2r+1−s

=
∑
r≥0

2r+1∑
s=0

ArBs

=
∑
r≥0

Ar(1−B2r+2)
1−B

=
1

(1−A)(1−B)
− B2

(1−AB2)(1−B)

=
(1−AB2)−B2(1−A)

(1−A)(1−B)(1−AB2)

=
1 +B

(1−A)(1−AB2)
.

We remark that applying the Omega package would give (30) in one stroke.
Let us now consider a j + 1 variable generating function for Cayley com-

positions:

pj(x0,x1, . . . , xj) :=
∑

n1,n2,...,nj≥1
n1≤2,ni+1≤2ni

x1
0 x

n1
1 · · ·x

nj
j

= Ω
=

∑
n1,...,nj≥1

x1
0 x

n1
1 · · ·x

nj
j λ

2−n1
1 λ2n1−n2

2 · · ·λ2nj−1−nj
j

= Ω
=

x0 x1 · · ·xj λ1λ2 · · ·λj(
1− λ2

2x1

λ1

)(
1− λ2

3x2

λ2

)
· · ·
(
1− λ2

jxj−1

λj−1

)(
1− xj

λj

)
= Ω
=

x0 x1 · · ·xj λ1λ2 · · ·λj−1(
1− λ2

2x1

λ1

)
· · ·
(
1− λ2

j−1xj−2

λj−2

) (1 + xj)(
1− xj−1

λj−1

)(
1− xj−1x2

j

λj−1

)
(by applying (30) to λj)
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= Ω
=

x0 · · ·xj λ1 · · ·λj−1(
1− λ2

2x1

λ1

)
· · ·
(
1− λ2

j−1xj−2

λj−2

) (1 + xj)
(xj−1 − xj−1x2

j )

·
(

xj−1

1− xj−1
λj−1

−
xj−1x

2
j

1− xj−1x2
j

λj−1

)

=
xj

1− xj
Ω
=

x0 · · ·xj−1λ1 · · ·λj−1(
1− λ2

2x1

λ1

)
· · ·
(
1− λ2

j−1xj−2

λj−2

)( 1
1− xj−1

λj−1

−
x2
j

1− xj−1x2
j

λj−1

)
=

xj
1− xj

(
pj−1(x0, . . . , xj−1)− pj−1(x0, . . . , xj−2, xj−1x

2
j )
)
. (31)

We now note that for j ≥ 2

Cj(q) = pj−1(1, 1, . . . , 1, q) .

So (31) implies the recurrence

Cj(q) =
q

1− q
(
Cj−1(1)− Cj−1(q2)

)
. (32)

It is interesting to note that once the recurrence (32) has been found, here
by using Ω-calculus, it can be also proved by straight-forward combinatorial
reasoning.

Combinatorial proof of (32). Comparing the coefficients of qn on both sides
of (32) after shifting j → j + 1, we see that (32) is equivalent to

Cj(1)−
m−1∑
l=1

cj(l) =

{
cj+1(2m), if n = 2m,
cj+1(2m− 1), if n = 2m− 1 .

First, suppose that n = 2m and let

{〈1, n2, . . . , nj , 2m〉}

be the set of Cayley compositions with j+1 parts ending in 2m. Its cardinality
is cj+1(2m). Each part of a Cayley composition is less or equal twice the
preceding part. Hence, if we omit the last entry 2m from all these tuples, the
resulting set

{〈1, n2, . . . , nj〉}

is running through all Cayley compositions with j parts ending in elements
nj ≥ m. The cardinality of this set is exactly Cj(1) −

∑m−1
l=1 cj(l). The case

n = 2m− 1 is analogous. ut
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Now let us iterate recurrence (32) which implies something very close to
(28) namely

Cj(q) =
j−2∑
h=1

Cj−1−h(1) (−1)h−1 q2h−1

(1− q)(1− q2)(1− q4) · · · (1− q2h−1)

+
(−1)j q2j−1−1

(
C1(1)− C1(q2j−1

)
)

(1− q)(1− q2)(1− q4) · · · (1− q2j−2)

=
j−2∑
h=1

Cj−1−h(1) (−1)h−1 q2h−1

(1− q)(1− q2)(1− q4) · · · (1− q2h−1)

+
(−1)j q2j−1−1(1− q2j−1

)
(1− q)(1− q2)(1− q4) · · · (1− q2j−2)

.

Consequently

q2j−1
Cj(q−1) = −

j−2∑
h=1

Cj−1−h(1) q2j−1

(1− q)(1− q2)(1− q4) · · · (1− q2h−1)

+
1

(1− q)(1− q2)(1− q4) · · · (1− q2j−2)
. (33)

Now we observe the magic of (33). The Cj(q) have degree 2j−1 and the
lowest power of q appearing is q1. Consequently q2j−1Cj(q−1) is a polynomial
of degree 2j−1 − 1. Now let us examine the right-hand side of (33) as an
analytic function of q with |q| < 1 (even though we know a priori that it
is a polynomial of degree 2j−1 − 1). The terms in the sum all have q2j−1

as
the lowest power of q appearing. They, therefore, contribute nothing to this
polynomial; i.e. they must be cancelled out by the tail of the expansion of

1
(1− q)(1− q2)(1− q4) · · · (1− q2j−2)

.

Hence q2j−1Cj(q−1) is the polynomial made up of the first 2j−1 terms of the
power series expansion of

∞∏
n=0

1
1− q2n

.

Therefore Cj(1) is the coefficient of q2j−1−1 in

1
1− q

∞∏
n=0

1
1− q2n

,

and this completes the proof of Theorem 29.
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3.3 Cayley’s Theorem

The first assertion in Cayley’s Theorem is equivalent to the last sentence in
Sect. 3.2. The second assertion is equivalent to the statement that the sum
of the first 2j−1 coefficients in

1
1− q

∞∏
n=0

1
1− q2n

equals the coefficient of q2j−1 in the same series. To see this we note that if

F (q) =
1

1− q

∞∏
n=0

1
1− q2n

,

then
F (q) =

1 + q

1− q
F (q2) = (1 + 2q + 2q2 + 2q3 + · · · )F (q2)

and comparison of the coefficients of q2j−1 on both sides of this identity is
the second assertion in Cayley’s Theorem.

3.4 Generalizations and Observations

The entire development so far can be generalized by essentially replacing “2”
by “k” throughout where k > 1 is an integer. In doing so, one replaces (30)
by

Ω
=

λk−1

(1− λkA)(1−B/λ)
=

1 +B + · · ·+Bk−1

(1−A)(1−ABk)
,

and (32) by

Cj(k; q) =
q

1− q
(
Cj−1(k; 1)− Cj−1(k; qk)

)
. (34)

The rest of Sect. 3.2 can be generalized accordingly. For example, C3(3; q) is

3q + 3q2 + 3q3 + 2q4 + 2q5 + 2q6 + q7 + q8 + q9 ,

and the coefficient of q9−1 in

1
1− q

∞∏
n=0

1
1− q3n

= 1 + 2q + 3q2 + 5q3 + 7q4 + 9q5 + 12q6 + 15q7 + 18q8 + 23q9 + · · ·

is 18 = C3(3; 1).
It should be emphasized that a combinatorial proof of (32) (or more

generally (34)) is quite straight-forward. The point here is that Partition
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Analysis reveals these recurrences without any combinatorial reasoning on
the part of the investigator.

It should be pointed out that H. Minc [13,14] in his work on groupoids
studied enumeration problems that are essentially equivalent to Cayley com-
positions. In a subsequent paper [2], inspired by [14], it was shown that (in
our notation)

∞∑
j=0

pj(q, q, . . . , q) =
q

1 +
∑∞
j=1

(−1)j q2j+1−j−1

(1−q)(1−q3)(1−q7)···(1−q2j−1)

.

This is the generating function for all Cayley compositions classified according
to the number being composed (not largest summand).

4 Linear Homogeneous Diophantine Equations

The fundamental step in our construction of a bijective proof for the Re-
fined Lecture Hall Partition Theorem (Theorem 17) was the computation of
a parametrized representation of lecture hall partitions; see Sect. 2.2. This
was achieved by extrapolation from the first special cases that have been
computed by applying the Omega package to Ω=-expressions which encode
generating functions whose summation parameters satisfy constraints in form
of linear homogeneous diophantine inequalities.

In this concluding section we want to explain briefly that generating func-
tions involving constraints in form of linear homogeneous diophantine equa-
tions can be handled in an analogous fashion as already observed by MacMa-
hon. This does not come as entire surprise since any equation is equivalent
to two inequalities. However, for various reasons, e.g., from efficiency point-
of-view, it pays off indeed to have a closer look at this aspect of MacMahon’s
method.

To this end we follow MacMahon and consider:

Definition 30. The operator Ω= is given by

Ω
=

∞∑
s1=−∞

· · ·
∞∑

sr=−∞
As1,...,srλ

s1
1 · · ·λsrr := A0,...,0 .

This means, all nontrivial power-products in the λ’s are killed by the Ω=

operator which, alternatively, can be viewed as a constant term operator.

As already pointed out by MacMahon [12, Vol. 2, Sect. VIII, p. 104], this
operator is related to Ω=, for instance, as follows:

Ω
=
F (λ) = Ω

=
F (λ) + Ω

=
F (1/λ)− F (1) .

In other words, the rules for the Ω= operator in principle would be suffi-
cient to carry out elimination of λ-variables from Ω=-expressions. However,
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it turns out that the use of special Ω=-rules that are tailored in the spirit of
Lemma 4 is much more convenient – especially with respect to efficiency of
computer algebra implementation. Despite having developed his theory long
time before the age of computers, this was exactly the program carried out
by MacMahon in his book. There he presents a collection of such rules, for
instance

Ω
=

1
(1− λ2x)

(
1− y

λ

) (
1− z

λ

) =
1 + xyz

(1− xy2)(1− xz2)
; (35)

see [12, Vol. 2, Sect. 351, p. 105]. The proofs of many of these rules are quite
elementary but in case of several λ-variables, elimination can be much more
cumbersome.

In Sect. 4.2 we present a very general elimination mechanism, Theorem 33.
As an application we will have a look at magic squares of size 3. But before
doing so, we discuss two elementary examples.

4.1 Introductory Examples

We had mentioned that Partition Analysis has not received due attention with
the exception of work by R. Stanley. For instance, in the pioneering paper [15]
containing his proof of the Anand-Dumir-Gupta conjecture, Stanley makes
essential use of an Ω=-method that MacMahon describes as “The Method
of Elliott”; see [12, Vol. 2, Sects. 358 and 359]. Stanley’s interest in the
problem of solving linear homogeneous equations for nonnegative integers
is also reflected by his book [16] that contains many further references to this
problem area. An additional reference is the chapter on rational generating
function in Stanley’s textbook [17].

Example 31. We illustrate the use of rule (35) by choosing an example from
[16, Ex. 3.5]: find all nonnegative integer solutions 〈a1, a2, a3〉 ∈ N3 of

a1 + a2 − 2a3 = 0 . (36)

First we encode the corresponding generating function as an Ω= expression,∑
a1+a2−2a3=0

xa1
1 xa2

2 xa3
3 = Ω

=

∑
a1,a2,a3≥0

λa1+a2−2a3xa1
1 xa2

2 xa3
3

= Ω
=

1
(1− λx1)(1− λx2)(1− x3

λ2 )
.

Now due to
Ω
=
F (λ) = Ω

=
F (1/λ) ,

rule (35) gives

Ω
=

1
(1− λx1)(1− λx2)(1− x3

λ2 )
=

1 + x1x2x3

(1− x2
1x3)(1− x2

2x3)
.
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By geometric series expansion we obtain the desired parametrized represen-
tation of the solution set of (36), namely

〈a1, a2, a3〉 = {n1〈2, 0, 1〉+ n2〈0, 2, 1〉+ r〈1, 1, 1〉 : 〈n1, n2〉 ∈ N2, r ∈ {0, 1}} .

This means,
{〈2, 0, 1〉, 〈0, 2, 1〉, 〈1, 1, 1〉}

is the set of fundamental solutions, whereas

{〈2, 0, 1〉, 〈0, 2, 1〉}

is called the set of completely fundamental solutions; note that 2〈1, 1, 1〉 =
〈2, 0, 1〉 + 〈0, 2, 1〉. This terminology, together with corresponding ring and
module theoretic considerations, traces back to Hilbert’s syzygy theorem [10];
for further information consult, e.g., [15], [16] or [17]. ut

In order to treat also such Ω=-problems in a purely automatic fashion, we
developed a procedure that has also been implemented in Mathematica.

Example 32. We illustrate its use by taking another example from [16,
Ex. 5.14] (see also [17, Ch. 4, Example 4.6.15]): find all nonnegative inte-
ger solutions 〈a1, a2, a3, a4〉 ∈ N4 of

a1 + a2 − a3 − a4 = 0 . (37)

Encoding the corresponding generating function as an Ω=-expression results
in ∑

a1+a2−a3−a4=0

xa1
1 xa2

2 xa3
3 xa4

4 = Ω
=

∑
a1,a2,a3,a4≥0

λa1+a2−a3−a4xa1
1 xa2

2 xa3
3 xa4

4

= Ω
=

1
(1− λx1)(1− λx2)(1− x3

λ )(1− x4
λ )

.

The λ-elimination rule that is needed for this situation is also to find in
MacMahon’s book; see [12, Vol. 2, Sect. 351, p. 105]. Nevertheless, this time
we will apply our procedure:

In[2]:= ?OEqR

OEqR[expr, z] applies the OmegaEq operator to expr
eliminating the variable z.

In[3]:= f = 1 / ((1-x1 λ)(1-x2 λ)(1-x3/λ)(1-x4/λ))

Out[3]=
1

(1− λ x1) (1− λ x2)
(
1− x3

λ

) (
1− x4

λ

)
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In[4]:= OEqR[f, λ]

Out[4]=
1− x1 x2 x3 x4

(1− x1 x3) (1− x2 x3) (1− x1 x4) (1− x2 x4)

By geometric series expansion we again obtain the desired parametrized
representation of the solution set of (37), but this time – due to the mi-
nus sign in the numerator polynomial – the representation in this form is
not of the same type as in the previous example. Namely, despite the fact
that the fundamental solutions again are immediate from the factors of the
denominator, namely

{〈1, 0, 1, 0〉, 〈0, 1, 1, 0〉, 〈1, 0, 0, 1〉, 〈0, 1, 0, 1〉} ,

the numerator monomial gives rise to the syzygy

〈1, 0, 1, 0〉+ 〈0, 1, 0, 1〉 = 〈0, 1, 1, 0〉+ 〈1, 0, 0, 1〉 .

Instead of writing the syzygy additively, its multiplicative version reads as

x1x2x3x4 = (x1x3)(x2x4) = (x2x3)(x1x4) . ut

One of MacMahon’s interests was to use Partition Analysis for discovering
syzygetic relations. Below we will give an example in connection with magic
squares.

4.2 The Fundamental Recurrence

For automatic elimination of λ-variables with respect to Ω= we use essen-
tially the same method as described in [4]. The only difference consists in
the replacement of the “fundamental recurrence” [4, Theorem 2] by the cor-
responding result for the Ω= operator which we formulate as Theorem 33.

Before we state our result, we must recall the homogeneous symmetric
functions, denoted by hj(x1, x2, . . . , xn), which are given by

∞∑
j=0

hj(x1, x2, . . . , xn) tj =
1

(1− tx1)(1− tx2) · · · (1− txn)
.

Theorem 33 (“Fundamental Recurrence”). For n and m positive inte-
gers and a any integer,

Ω
=

λa

(1−A1λ)(1−A2λ) · · · (1−Anλ)
(
1− B1

λ

)(
1− B2

λ

)
· · ·
(
1− Bm

λ

)
=
Pn,m,a(A1, . . . , An;B1, . . . , Bm)∏n

i=1

∏m
j=1(1−AiBj)

,
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where for n > 1,

Pn,m,a(A1, . . . , An;B1, . . . , Bm)

=
1

An −An−1

·
{
An

m∏
j=1

(1−An−1Bj)Pn−1,m,a(A1, . . . , An−2, An;B1, . . . , Bm)

−An−1

m∏
j=1

(1−AnBj)Pn−1,m,a(A1, . . . , An−2, An−1;B1, . . . , Bm)
}

and for n = 1,

P 1,m,a(A1;B1, . . . , Bm)

=


A−a1 , if a ≤ 0,

A−a1 −
m∏
j=1

(1−A1Bj)
a−1∑
j=0

Aj−a1 hj(B1, . . . , Bm), if a > 0 .

Proof. The proof of the recurrence is exactly as the proof in the Ω=-case [4,
Theorem 2]. We again use the convenient identity

1
(1−Anλ)(1−An−1λ)

=
1

An −An−1

( An
1−Anλ

− An−1

1−An−1λ

)
,

and the rest follows as before.
The n = 1 case splits into two cases as before:

Case a ≤ 0.

Ω
=

λa

(1−A1λ)
(
1− B1

λ

)(
1− B2

λ

)
· · ·
(
1− Bm

λ

)
= Ω

=

∞∑
h=0

∑
n1,...,nm≥0

Ah1B
n1
1 · · ·Bnmm λa+h−n1−···−nm

=
∑

n1,...,nm≥0

An1+···+nm−a
1 Bn1

1 · · ·Bnmm

=
A−a1

(1−A1B1)(1−A1B2) · · · (1−A1Bm)
,

which means that when a ≤ 0

P1,m,a(A1;B1, . . . , Bm) = A−a1 .
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Case a > 0.

Ω
=

λa

(1−A1λ)
(
1− B1

λ

)(
1− B2

λ

)
· · ·
(
1− Bm

λ

)
= Ω

=

∞∑
h=0

∑
n1,...,nm≥0

Ah1B
n1
1 · · ·Bnmm λa+h−n1−···−nm

=
∑

n1,...,nm≥0
n1+···+nm≥a

An1+···+nm−a
1 Bn1

1 · · ·Bnmm

=

( ∑
n1,...,nm≥0

−
∑

n1,...,nm≥0
n1+···+nm<a

)
An1+···+nm−a

1 Bn1
1 · · ·Bnmm

=
A−a1

(1−A1B1)(1−A1B2) · · · (1−A1Bm)
−
a−1∑
j=0

Aj−a1 hj(B1, . . . , Bm) ,

so for a > 0

P1,m,a(A1;B1, . . . , Bm) = A−a1 −
m∏
j=1

(1−A1Bj)
a−1∑
j=0

Aj−a1 hj(B1, . . . , Bm) ,

as desired. ut

Example 34. Starting with Sect. 406, in his book [12, Vol. 2, p. 149] MacMa-
hon studied magic squares of size 3. More precisely, given an arbitrary integer
a10 he is interested to find all nonnegative solutions a1 up to a9 of the corre-
sponding eight equations

a1 + a2 + a3 = a4 + a5 + a6 = a7 + a8 + a9 = a10 ,

a1 + a4 + a7 = a2 + a5 + a8 = a3 + a6 + a9 = a10 ,

a1 + a5 + a9 = a3 + a5 + a7 = a10 . (38)

MacMahon then states that the corresponding generating function

f =
∑

a1,...,a10

xa1
1 xa2

2 xa3
3 xa4

4 xa5
5 xa6

6 xa7
7 xa8

8 xa9
9 xa10

10 ,

where the nonnegative integers ai satisfy the equations in (38), turns into the
Ω=-expression

f = Ω
=

1
(1− λ1λ4λ7x1)(1− λ1λ5x2)(1− λ1λ6λ8x3)(1− λ2λ4x4)

· 1
(1− λ2λ5λ7λ8x5)(1− λ2λ6x6)(1− λ3λ4λ8x7)

· 1
(1− λ3λ5x8)(1− λ3λ6λ7x9)(1− x10/(λ1λ2λ3λ4λ5λ6λ7λ8))

.

We eliminate λ1 up to λ6 with our package as follows:
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In[2]:= f = 1/((1-λ1 λ4 λ7 x1) (1-λ1 λ5 x2) (1-λ1 λ6 λ8 x3) *
(1-λ2 λ4 x4) (1-λ2 λ5 λ7 λ8 x5) (1-λ2 λ6 x6) *
(1-λ3 λ4 λ8 x7) (1-λ3 λ5 x8) (1-λ3 λ6 λ7 x9) *
(1-x10/(λ1 λ2 λ3 λ4 λ5 λ6 λ7 λ8)));

In[3]:= g = OEqR[OEqR[OEqR[OEqR[OEqR[f,λ1],λ6],λ5],λ2],λ3]

Out[3]=

−(−1+x1 x103 x2 x3 x4 x5 x6 x7 x8 x9) /(
(1− λ82 x10 x3 x5 x7)

(
1− x10 x2 x6 x7

λ7

) (
1− x10 x3 x4 x8

λ7

)
(
1− x1 x10 x6 x8

λ8

) (
1− x10 x2 x4 x9

λ8

)
(1− λ72 x1 x10 x5 x9)

)
Note that λ7 and λ8 correspond to the last two equations in (38). So set-
ting λ7 = λ8 = 1 corresponds to dropping the conditions on the diagonals.
Furthermore, if we also set xi = x for 0 ≤ i ≤ 9 and x10 = y we obtain

In[4]:= g /. {λ7->1,λ8->1,x1->x,x2->x,x3->x,x4->x,x5->x,x6->x,
x7->x,x8->x,x9->x,x10->y}

Out[4]=

−−1 + x9 y3

(1− x3 y)6

which is the result obtained by MacMahon [12, Vol. 2, Sect. 407, p. 161] who
concludes his (hand) computation by the remark, “In this the coefficient of
x3nyn represents the number of squares such that in each column and in each
row the sum of the numbers is n. It has the value 3

(
n+3

4

)
+
(
n+2

2

)
.” ut

4.3 Concluding Remarks

At the end of his Ω-treatment of the syzygetic theory of magic square enumer-
ation MacMahon writes [12, Vol. 2, Sect. 409, p. 164], “There is no theoretical
difficulty in dealing with the squares of higher orders, but even in the case
n = 4 there is practical difficulty in handling the Ω= generating function.”

With the Mathematica implementation of the Fundamental Recurrence,
Theorem 33 above, it was our hope to be able to treat at least the cases
n = 4 and n = 5 in purely automatic fashion. But it turned out that the
problems Mathematica had with the rational function arithmetics were too
involved. In order to overcome these computational difficulties we decided
to take a different approach which is essentially based on partial fraction
decomposition and which proceeds iteratively.

We already mentioned that Stanley [15] had used the Ω=-method in a
way that MacMahon describes as “The Method of Elliott”; see [12, Vol. 2,
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Sects. 358 and 359]. Also this algorithm proceeds iteratively with basic steps
being partial fraction decompositions of the type

1
(1− xλA)(1− y

λB
)

=
1

1− xyλA−B

(
1

1− xλA
+

1
1− y

λB
− 1
)

,

where A and B are positive integers.
Our new Ω=-algorithm [5] is a variation of this Elliott iteration but uses

a different partial fraction decomposition for the fundamental steps. Com-
putations show that concerning efficiency this new strategy is far superior
to the method of Elliott and also considerably faster than the implementa-
tion based on the Fundamental Recurrence. Moreover, we adapted this new
method also to the Ω=-situation where we achieved a similar speed-up. Fi-
nally we want to mention that using this new approach the computation of
the generating function for general magic squares of order 4 has been reduced
to a basic problem of computer algebra, namely to the task of adding 254
rational functions, i.e., to simplify them to a single one. So far we were not
able to accomplish this in Mathematica.
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