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Create the residue class rifigm7 using the function
Resi dueC assRi ng orl nt eger R ng.

A. =Resi dued assRi ng( 6) ;
NE: We use the functiokl enent or Coer ce to
coerce an element in a set.

El enent ( Resi dueC assRi ng(5), 16543) ;

sMul tiplicative&oup, Sl ze,
PrimtiveEl enent, Addi ti veG oup, ...
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EXxercises
1) Find a function to compute all the square roots of the

unity in the residue class ring of integersdulo 9.
2) Compute the inverse @f3467879 and765432198673
In the residue class ring of integers)dulo 11. Compute

all the units.
3) Compute the order df in the residue class ring of

Integersmodulo 7°7.
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Complex Numbers have a default precisiorsof
One can change the precision to arbitrary
The complex numbdr such thal "2=- 1 is predefined
In KASHS3.
52:= 3+2*1; 2°3;2°1/8;
Exp(2+Pl +x1); (2+9%1 )/ (1+5+1);

NB: most real functions can be applied to complex
numbers.

Exercises1) Using the relation

Gamma( z+1) =z+*Ganma( z) Vz € C such that
Re(z) > 0, show thatGanma( n) is a positive integer
Vn € N\{0}.

2) Give the polar form of4- 7+1; 1/ ( 3+1);
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First give the coefficients ring.
Then the number of rows and columns and finitely a lis
consisting of the entries.
M =
Matri x(~2,5,3,(2,4,7,8,9,3,4,6,5,2,1,6, 8,4, 3]);
It IS not necessary to define the ground ring.

N :=Matrix(2,3,[2,4,7,8,9,3|);
P .=
Matri x(4,[2,4/5,1,58,9,13,0,54,8,8,1,0,2,7,1,7]);

Ker nel Mat r i'x, Transpose, Sm t hFor m Adj ol nt
Gramvatri x, | sUni pot ent , Det er m nant
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EXercises:

1) the smith normal form of

A= Matriz(Z,3,3,(2,4,4,—6,6,12,10, —4, —16]);

Is A invertible? Compute its adjoint, its Gram matrix an
Its eigen values. Compute the smith normal formdof
2) Given the matrix\/ :=

Matri x(~2,5,3,(2,4,7,8,9,3,4,6,5,2,1,6, 8,4, 3]);
Compute 2 unimodular square matriégandT such that
P+ Mk T=S whereS =
Matriz(Z,5,3,(1,0,0,0,1,0,0,0,2,0,0,0,0,0,0]);

3) Create a square matrixx 5 with coefficients inQ
and find a function in KASH3 to compute Iits
determinant. Compute its inverse If it Is invertible.
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In KASH3 lattices are represented as matrices. We cal
compute the Gram matrix and a LLL-reduced basis of
lattice.

LLL applied to a matrix M returns a matrix L whose
rows are a LLL reduced basis for the lattice (over a rea
subring) spanned by the rows of M together with a
unimodular matrix T ove¥Z such that L =T * M, and the
rank of M.

Also, we getLLLG am it returns a LLL-reduced form
of the Gram matrix M, together with the corresponding
transformation matrix T and the rank of M.
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Examples
N.=Matrix(Q3,[1/2,3,2,3,0,1,2,9/2,2]);
LLL(N) ;

A =G amvatri x(N);

LLLG an( A) ;

EXxercises:

1) Compute a square matrixx 4, named A, with
coefficients INQ. Compute a unimodular matri¥ such
that B.A has its rows LLL reduced basis for a lattice
over a real subring. Give the rank of A.

2) Is it possible to compute tHel LG ammatrix of

M =Matrix(4,[1/2,3,2,5,3,7,8,9,2,8,5,6,5,9,6,2]);
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A finite extension of the field of rational numbe(s
It IS generated by the root of a monic irreducible
polynomial with coefficients ir¥..

Nunber Fi el d( X'2+2) ;
Nunber Fi el d( X'8+7* X'5+1) ;

Subfi el ds, | sSubfi el d, Equat i onOr der,
Maxi mal Or der, Gal ol s, Basi s, Uni t G oup,
Cl assG oup, A assNunber, Uni t Rank,
PrimtiveEl enent, R ngO | nt egers
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Exercise:

Compute the number field K generated by the
polynomial:

f:=X9-3*X6-9*x X" 3+3;

Compute a primitive element of K and a basis of K.
Compute the ring of integers of K and a basis of this rin
Compute the discriminamnt; of K (the discriminant of
the ring of integers of K) and the discriminadit of f .

Apply | sSquar e tod;/dx. Conclusion.
Compute the Galois group of K (the Galois group of the
generating polynomial).
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KASHS3 can handle p-adic rings and p-adic fields
Examples Zs, Q-

NAC
NAC
NAC

NAC

e
| C
e
| C

R ng( 3); give the3-adic ringZs
Ri ng( 3, 6); give the3-adic ringmod 3°6
~1 el d(11); give thell-adic fieldQq;

-1 el d( 11, 8); give thell-adic fieldmod11°8

PAdI cRI ng, pAdi cFi el d, Laur ent Seri esRi ng,
Def | ni ngPol ynom al , Resi dueCd assFi el d,
Tot al | yRam f i1 edExt ensi on, Factori zati on,
Uni f orm zi ngEl enent
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Exercise:
Compute the polynomidl: =Y"3+626 with coefficients
In the 5-adic ringnod 5°4. Factorize it.
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KASH3 can handle integral ideals and fractional ideals

L: =l deal (Z, 5);
J: =l deal (Equati onOrder (X2+1),[7, 123]);
Ki =(1/2)xl deal ( Maxi mal Or der ( X'3+2), 4, 9);

M =Maxi mal Or der ( X'2+5) ;
N: =l deal (M Matrix(Z,2,2,[1,1,0,2]));
Resi dued assFi el d(N) ;

nt ersection, | sPri ne, Absol ut eNor m
Dl VI sors, Degree, |nertiabDegree,
sPrinci pal , Ram fi cati onDegr ee,
MakeCopri ne, Basi sMatri x, ...
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The dictionary between fractional ideals and rational
numbers:

ntegral ideals <+« integers
~ractional ideals— (non zero) rational numbers

nclusion — divisibility
Sum — GCD
Intersection — LCM
Product «— product

If (I;);c; are pairwise coprime ideals then
mz‘eJ l; = HjeJ ]j'
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Exercises:

1)l deal (Z, 6, 9);

2) Compute the intersection, the sum and the product «
a) 12Z and9Z.
b) 5Z and7Z.

3) Compute the maximal ordéyof f : =X"2+5.
Compute the ideal generated b7 and33 Iin A. Isit a
principal ideal? Give the generator. Give the divisors o

J. Is it possible to coumpute the residue class field df
IsAaPID?
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KASHS3 uses the GAP3 shell as a user interface. The
orogramming language of GAP3 Is an imperative
anguage with some functional and some objects orien
features. In KASH3 additional features like Methods,
Maps, and Extendable Objects are available.
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Synthax

< arg —ident > , < arg — ident >]
local < loc — ident > , < loc — ident >
< statements >

Purpose:

A function is In fact a literal and not a statement; so it
can be assigned to a variable or to a list element or a
record component.

It IS possible that a function calls itself, this is usually
called recursion.

A function <funl1> definition can be evaluated inside
another function <fun2>.
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kash% addi ti on: = function(argl,

%
%
%
%
%
%
%

arg2)

#this function returns the sum of

#t he both argunents

| ocal a;

a: = argl+arg2;
Print("The sumis:\n");
return a;

end;
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A comfortable way to define a "simple" function is to us
the maps-to operator:
Examples:

cube( 3) ?cube(6.9) ?cube(l)?
M=Matrix(3,[2,8,9,5,4,0,1, 3, 2]);
cube(M ?

addi t1 onby5(0) ?addi t1 onby5(-76) ?
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Synthax
< variable > < l1st > < statements >

Purpose:

Thetor loop executes the <statements> for every elem
of <list>. The statement sequence <variable> is first
executed with <variable> bound to the first element of
<list>, then with <variable> bound to the second eleme
of <list> and so on. <variable> must be a simple
variable, it must not be a list element selection or a
record component selection.
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kash% changel 1 st: = function(L)

% #this function takes a |1st as

% #ar gunent and changes 1ts entries
% local 1, K

% K= 1]; K1]:= L[1];

% L[1]:= K[1]-2*L[Length(L)];

% for 1 In [2..Length(L)] do

% K[i]:=L[1]; L[i1]:= K[I1]-2*xK[1I-1];
% od,;

% return L;

% end;
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< elt — alg boo > < statementsl >;
{elif < elt — alg”boo > then < statements2 >}

else < statements3d >

Theil statement allows one to execute statements
depending on the value of some boolean expression.
Theil statement terminates byiiakeyword.
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kash% checkpr i nenunber: = function(a)
% #this function checks If the given
% #nunber 1s prinme or not!

% i1f IsPrine(a) then

% Print(a);

% Print(" is a prinme nunber \n");
% el se

% Print(a);

% Print(" is not a prinme, bye!\n");
% f1;

% end;
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while < elt — alg”boo > do < statements > od;

Purpose

The loop executes the <statements> while the
condition evaluates toue. First the boolean expression
IS evaluated. If it evaluates talseexecution of the

loop terminates and the statement immediately followir
the loop Is executed next. Otherwise If it evaluate
to the <statements> are executed and the whole
process begins again.
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repeat < statements > until < elt — alg boo >;

Purpose:

The loop executes the statement sequence
<statements> until the condition evaluate$ta. First
<statements> are executed. Then the boolean express
IS evaluated. If it evaluates touethe loop
terminates and the statement immediately following the
loop Is executed next. Otherwise If it evaluates tc

the whole process begins again with the executiol

of the <statements>.
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kash% Mul _and I nv:= function(argl)
% #this function returns a map t hat
% #nmul tiplies by "argl"

% | ocal phi, psi;

% phi : = function(arg2)

% return arg2+~argl; end,

% psi .= function(arg3)

% return arg3/argl; end,

% return Map(Q Q phi, psi);

% end;

KANT/KASH tutorial = n. 27/



The keyword IS predefined Ini

Collapse arbitrary many arguments to a list of argumer
and pass it t@

kash%

X f:= function(arg) return arg, end;
kash% x f(1, 5.8, "yes", [3,45])7

X f(7)7
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kash% gcd int:= function(arq)

% #this function returns the GCD
% #of the given Integers.

% local ¢, r, how I;

% 1f Length(arg)=1 then return arg| 1];
% elif Length(arg) <> 1 then

% how.= function(a, Db)

% while b <> 0 do

% r.-=Db; b:=anod b; a:=r; od;
% return a;

% end;

% c:= howarg[l], arg[?2]);

% for 1 Iin [3..Length(arg)] do
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kash% GCD i nt:= function(arg)

% #this function returns the GCD

% #of the given Integers.

% local ¢, r, how I;

% 1f Length(arg)=1 then return arg| 1];
% elif Length(arg) <> 1 then

% how.= function(a, Db)

% repeat r:=a nod b; a:=b; b:=r;
% unti | b=0;

% return a;

% end;

% c:= howarg[l], arg[?2]);

% for 1 Iin [3..Length(arg)] do

KANT/KASH tutorial = o. 31/






The program file prog.k

| nverseMatri x: = function(M

#this function returns the Inverse

#of a matrix over Z if 1t Is

#l nverti ble using the fornula:

#lnv(M = Adjoint(M=*(1/Det(M)

| ocal A

A= Determ nant (M ;

| f BaseRing(M <> Z then

return "The coeff are not 1 n Z bye!",

elif A=-1or A=1then
Print("The inverse is: \n");
Print(Adjoint(M+(1/ A, "\n");

el se
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Print (" The determnant is: ");
Print(Determ nant(M, "\n");
Print("Not invertible over Z!' \n");
fi;

end;

kash% Read("prog. k");
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