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Abstract. Quotients and factors are important notions in the design
of various computational procedures for regular languages and for the
analysis of their logical properties. We propose a new representation of
regular languages, by linear systems of language equations, which is suit-
able for the following computations: language reversal, left quotients and
factors, right quotients and factors, and factor matrix. We present algo-
rithms for the computation of all these notions, and indicate an applica-
tion of the factor matrix to the computation of solutions of a particular
language reconstruction problem. The advantage of these algorithms is
that they all operate only on linear systems of language equations, while
the design of the same algorithms for other representations often require
translations to other representations.

1 Introduction

In [3], Brzozowski introduced the notion of word derivative and proposed an ele-
gant algorithm to turn a regular expression into a deterministic finite automaton
(DFA). His insight was that the word derivatives of a regular expression serve
as states of the corresponding DFA. Antimirov [1] went a step further by in-
troducing the notion of partial word derivative and observing that partial word
derivatives of regular expressions serve as states of a corresponding nondeter-
ministic finite automaton (NFA) with a relatively small number of states. He
also noticed that computations based on partial word derivatives can improve
the efficiency of Brzozowski’s algorithm of translating regular expressions into
finite automata. A much broader analysis of the role of word derivatives in the
algebra of regular expressions was carried out by Conway [4]. His notion of left
(resp. right) derivate of a language coincides with the current notion of language
left quotient (resp. right quotient), whereas his notion of right factor coincides
with the recently proposed notion of product derivative with respect to some
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language [10]. Left quotients and product derivatives are natural generalizations
of the notion of word derivative, but in slightly different directions:

– The left quotient of a language E with respect to a language F is the union
of all word derivatives of E with respect to a word from F ,

– The product derivative of E with respect to F in [10], is the intersection of
all word derivatives of E with respect to a word from F .

In the same way, the notion of right quotient coincides with the notion of product
antiderivative with respect to some language, and right quotients and product
antiderivatives are natural generalizations of the notion of word antiderivative
in different directions.

Quotients and factors are relevant in the design of various computational
procedures for regular languages and the analysis of their logical properties.
In particular, the factors of a regular language can be arranged in a factor
matrix which exhibits several interesting properties [4], making it an useful tool
for solving problems like, e.g. the language reconstruction problem discussed in
Sect. 4.

The purpose of this paper is to identify a representation of regular languages
that is suitable for the computation of all these notions. There are several well
known representations of regular languages: by regular expressions, finite au-
tomata, systems of linear equations, etc. The choice of a representation depends
on the computation under consideration, and conversions between different rep-
resentations are often required. For example, the computation of quotients is
well known for representations of regular languages by finite automata [5, Thm.
3.6]. Algorithms for the computation of factors are more recent developments.
In [10], the right factor of a regular language with respect to another regular
language is obtained from the computation of the greatest fixed point of a con-
tinuous operator which renders the result as a finite intersection of languages
represented by regular expressions.

In this paper we identify the notions of product derivative and reversal of a
language to be useful in the computation of left/right factors and factor matrix
of regular languages, and a new representation of regular languages, by so called
linear systems of language equations (LSs for short). LSs are a special case of the
more general notion of systems of linear equations as defined, e.g., in [6], which
turn out to be suitable for several computations on regular languages, including
those mentioned before. We propose algorithms that manipulate LSs for the
computation of language reversal, product derivative and product antiderivative,
left/right quotients and factors, and factor matrix, without need to perform
costly translations between different representations. Thus, by introducing LSs
we define a common framework for the analysis of all these computations. We also
indicate an application of the factor matrix to the computation of the solutions
of a language reconstruction problem.

The paper is structured as follows. In Sect. 2 we present preliminary notions
and known theoretical results for regular languages and regular expressions, and
propose the alternative representation of regular languages by LSs. Conversion
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algorithms between LSs and regular expressions, and between LSs and nonde-
terministic finite automata are given in Sects. 2.3, 2.4, and 2.5. An algorithm
for the computation of language reversal of a language represented by an LS
is given in Sect. 2.6. Section 3 presents our algorithms for the computation of
quotients, factors, product derivative, and factor matrix. Section 4 indicates an
interesting language reconstruction problem with an algorithmic solution based
on the notion of factor matrix. Section 5 concludes.

2 Preliminaries

From now on we assume given a finite alphabet A and a set of language variables
X . Elements of A will be denoted by a, possibly subscripted, and elements of
X will be denoted by x, y, z, possibly subscripted. We write A∗ for the set of
words of symbols from A, and ε for the empty word. The length of a word w is
denoted by |w|. A language is an arbitrary set of words, that is, a subset of A∗.
The sum of two languages is their union E∪F . Their product (or concatenation)
E F is the set {vw | v ∈ E, w ∈ W}. The asterate E∗ is the set

⋃
n∈NEn where

E0 = {ε} and En+1 := E En. These 3 operations are called regular operations.
The set Reg(A) of regular languages over A is the set of languages obtained from
languages of the set {∅, {ε}} ∪ {{a} | a ∈ A} by a finite number of applications
of regular operations.

The reversal of a language L is the language Lr := {an . . . a1 | a1 . . . an ∈ L}.
Regular languages are closed under intersection, complementation, and reversal,
that is, L1 ∩ L2,A∗ − L,Lr ∈ Reg(A) whenever L,L1, L2 ∈ Reg(A).

The set T (A,X ) of regular expressions over A and X is defined recursively
as follows:

– The symbols of A, X , and 0 and 1 are regular expressions;
– If r and s are regular expressions, then so are r · s, r + s and s?.

We write T (A) instead of T (A, ∅). The alphabetic width of r ∈ T (A), denoted
by ‖r‖, is the number of occurrences of symbols from A in r. The reversal of
r ∈ T (A,X ) is the regular expression rr defined by: rr := r if r ∈ {0, 1}∪A∪X ;
(r + s)r := rr + sr; (r · s)r := sr · rr; and (r?)r := (rr)?.

In general, if M is a set and m,n ∈ N \ {0}, then Mm,n(M) denotes the
set of m× n matrices with elements from M . We write Mi,j for the element at
position (i, j) of M ∈Mm,n(M).

An assignment for r ∈ T (A,X ) is a mapping σ : X → 2A
∗
. The interpretation

[[r]]σ of a regular expression r ∈ T (A,X ) with respect to an assignment σ is the
language defined recursively by:

– [[0]]σ := ∅, [[1]]σ := {ε}, [[a]]σ := {a}, [[x]]σ := σ(x),
– [[r · s]]σ := [[r]]σ [[s]]σ,
– [[r + s]]σ := [[r]]σ ∪ [[s]]σ, and
– [[r?]]σ := [[r]]∗σ.
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Note that, if r ∈ T (A) then [[r]]σ does not depend on σ, and in this case we write
[[r]] instead of [[r]]σ. We also consider the matriceal operations + and · as being
the natural extensions of the operations + and · on T (A); and the interpretation
[[ ]]σ : Mm,n(T (A,X )) →Mm,n(Reg(A)) defined by ([[A]]σ)i,j := [[Ai,j ]]σ for all
assignments σ : X → 2A

∗
, 1 ≤ i ≤ m and 1 ≤ j ≤ n.

Note that the equality [[rr]] = [[r]]r holds for all r ∈ T (A). Two regular ex-
pressions r, s ∈ T (A,X ) are equivalent for assignment σ, and we write r

.=σ s, if
[[r]]σ = [[s]]σ. Two matrices A,B ∈Mm,n(T (A,X )) are equivalent for assignment
σ, and we write A .=σ B, if [[A]]σ = [[B]]σ.

The quotients of two languages E and F are defined as follows [2]:

– the left quotient of E with respect to F is

F−1E := {w | ∃v.(v ∈ F ∧ vw ∈ E)} =
⋃

v∈F

{v}−1E.

– the right quotient of E with respect to F is

E F−1 := {w | ∃v.(v ∈ F ∧ wv ∈ E)} =
⋃

v∈F

E{v}−1.

If F is a singleton language {w} then we write simply w−1E and Ew−1 instead
of the more cumbersome notations {w}−1E and E{w}−1. We call these sets the
word derivative and word antiderivative of E with respect to w. It is well known
that a regular language E has only finitely many left quotients F−1E (even for
irregular language F ), and all left quotients are regular [4]. The proof of this
result can be easily adapted to conclude the same property for right quotients.

2.1 Factors of Regular Languages

According to [4], an n-subfactorization of a language L is a tuple of languages
(L1, . . . , Ln) such that the language concatenation L1 · · ·Ln is a subset of L.
The relation ‘<’ defined on n-tuples of languages by

(L1, . . . , Ln) < (L′1, . . . , L
′
n) iff Li ⊆ L′i for all 1 ≤ i ≤ n and

Lj 6= L′j for some 1 ≤ j ≤ n

is irreflexive and transitive, thus a partial order. An n-factorization of L is an
n-subfactorization of L which is <-maximal. The components of such n-factor-
izations are called factors. We write Facts(L) for the possibly infinite set of
factors of L. A factorization of L is an n-factorization for some n ≥ 1. A left
(resp. right) factor of L is the leftmost (resp. rightmost) term in a factorization
of L. We denote the set of left factors of L by LF(L), and the set of right factors
of L by RF(L).

It is important to notice that there are two popular but different ways to
define language factorization. In [8, 9], an n-factorization of a regular language
L is a decomposition into n languages L1, . . . , Ln such that L1 · · ·Ln = L. In
this paper we have considered factorizations to be <-maximal subfactorizations,
as suggested by Conway in [4]. Therefore, we can encounter n-factorizations
(L1, . . . , Ln) of a language L such that L1 · · ·Ln ( L.
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Example 1. Let A = {a, b} and L = [[a?b?]]. There are four 2-factorizations
of L: (∅, [[(a + b)?]]), ([[a?]], [[a?b?]]), ([[a?b?]], [[b?]]), and ([[(a + b)?]], ∅). Note that
([[(a + b)?]], ∅) is a factorization of L although [[(a + b)?]] ∅ 6= L. This is so because:

– ([[(a + b)?]], ∅) is a 2-subfactorization: [[(a + b)?]] ∅ = ∅ ⊂ L.
– ([[(a + b)?]], ∅) is <-maximal: the first subfactor [[a + b]]∗ can not be enlarged

any further, and ∅ is the only value of L2 for which [[a + b]]∗ L2 ⊆ [[a?b?]].
ut

For E, F ∈ Reg(A) we define the languages

E C F := max
⊆
{L | LF ⊆ E} and F B E := max

⊆
{R | F R ⊆ E}.

The language F B E is called the product derivative of E with respect to F , and
E C F the product antiderivative of E with respect to F . Note that

E C F = {w | ∀v. (v ∈ F → wv ∈ E)} =
⋂

v∈F

E{v}−1,

F B E = {w | ∀v. (v ∈ F → vw ∈ E)} =
⋂

v∈F

{v}−1E,

and that if (L,R) is a 2-factorization of a language E then L = E C R and
R = L B E. A remarkable fact [4] is that, if E is a regular language then
Facts(E) is a finite set. Moreover, if {L1, . . . , Ln} := LF(E), Ri := Li B E, and
Fi.j := Li B Lj for all 1 ≤ i, j ≤ n, then RF(E) = {R1, . . . , Rn}, Facts(E) =
{Fi,j | 1 ≤ i, j ≤ n}, and the following properties hold:

(f1) All elements of Facts(L) are regular languages,
(f2) Fi,k Fk,j ⊆ Fi,j for all 1 ≤ i, j, k ≤ n, and
(f3) There exist l, r ∈ {1, . . . , n} such that Fl,r = L and, for any k-subfactorization

(L1, . . . , Lk) of L there exist u1, . . . , uk+1 ∈ {1, . . . , n} with u1 = l and
uk+1 = r, such that Li ⊆ Fui,ui+1 for all 1 ≤ i ≤ k. In this case, the matrix
(Fi,j)1≤i≤n

1≤j≤n
is called the factor matrix of L.

To appreciate the relevance of this result, consider the following language
reconstruction problem:

Given r ∈ T (A, {x1, . . . , xk}) and L ∈ Reg(A),
Find all <-maximal tuples (L1, . . . , Lk) of languages over A such that [[r]]σ ⊆ L

holds for the assignment σ = {x1 7→ L1, . . . , xk 7→ Lk}.
This problem shows up in situations when we use r as a pattern for the language
produced by a combination of k input languages and we wish to compute all
<-maximal tuples of languages (L1, . . . , Lk) that can instantiate (x1, . . . , xk)
such that the corresponding instance of r is valid with respect to the output
specification language L. Conway noticed in [4, Ch. 6] that this problem has
finitely many solutions, that the solutions consist of regular languages, and that
they can be found “with patience” using a generate and test approach that makes
use of the factor matrix of L. Since “with patience” is a rather vague statement,
we indicate an algorithm to solve this problem in Sect. 4.
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2.2 Linear Systems of Language Equations

Let A be a finite alphabet, and

lin(A) := {0} ∪ {a1 + . . . + ap | p > 0 and a1, . . . , ap ∈ A}.

Note that lin(A) ∈ 2T (A). A linear system of language equations (LS) over A is



x1

...
xn


 = B + A ·




x1

...
xn


 (1)

where A ∈ Mn,n(lin(A)), B ∈ Mn,1({0, 1}), and x1, . . . , xn are language vari-
ables. A solution of (1) is an assignment σ : {x1, . . . , xn} → 2A

∗
such that

X .=σ B + A ·X where X =




x1

...
xn


 .

A system of type (1) is a special case of the more general notion of system
of linear equations as defined, e.g., in [6], where the elements of A and B are
arbitrary regular expressions. It is well known known that (1) has the solution
σ defined by σ(xi) = [[A? ·B]]i,1 for all 1 ≤ i ≤ n, where A? ∈ Mn,n(T (A)) is
the asterate of A. Note that the elements of A denote ε-free languages, therefore
the solution of (1) is unique.

We call (1) an LS representation of a language L if [[A? ·B]]1,1 = L. For
xi ∈ X and a ∈ A we also define

– rhs(xi) := Bi,1 +
∑n

j=1 Ai,j · xj , and
– rhsa(xi) := {xj ∈ X | a · xj occurs in the equation of xi in LS (1)}.

2.3 Converting LSs to Regular Expressions

If (1) is an LS representation of L then L = [[r]] where r is the regular expression
(A? ·B)1,1. Thus, languages represented by an LS are regular, and the conversion
of the LS representation to an equivalent regular expression amounts to the
computation of (A? ·B)1,1.

2.4 Converting Regular Expressions to LSs

We consider the problem of computing an LS representation for [[r]] when r ∈
T (A). We can solve this problem by using Antimirov’s improvement of Brzo-
zowski algorithm [1, Sect. 4.2] which computes, for every r ∈ T (A), the following:

– A finite set ∂A∗(r) := {r1, . . . , rn} ⊆ T (A), called the partial word deriva-
tives of r,

– A ∈Mn,n(lin(A)) and B ∈Mn,1({0, 1})
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such that n ≤ ‖r‖+ 1 and



r1

...
rn


 .= B + A ·




r1

...
rn


 . (2)

We recall from [1] that ∂ : (A∗ ∪ 2A
∗
)× T (A) → 2T (A) satisfies the conditions:

– ∂ε(s) := s, ∂aw(s) :=
⋃

s′∈∂a(s) ∂w(s′), ∂W (s) :=
⋃

w∈W ∂w(s) , and
– w−1[[s]] =

⋃
s′∈∂w(s)[[s

′]]

for all a ∈ A, w ∈ A∗, W ⊆ A∗, and s ∈ T (A). Therefore we can assume
without loss of generality that r1 = r, and learn from (2) that X = B + A ·X

with X =




x1

...
xn


 is an LS representation of [[r]].

Antimirov’s algorithm identifies regular expressions modulo fine similarity, which
is an equivalence relation coarser than .=. Therefore, (2) may not be minimal in
the number of equations among the LS representations of [[r]]. We can minimize
the system if we identify the partial word derivatives of r modulo .=.

2.5 Converting between LSs and Finite Automata

The translations between the representation of a regular language by an LS and
a representation by a nondeterministic finite automaton are straightforward:

– Given the LS (1), we construct the automaton (Q,A,∆, x1, F ) with Q :=
{x1, . . . , xn}, F = {xi | Bi,1 = 1}, and ∆ = {(xi, a, xj) | xj ∈ rhsa(xi)}.

– Given a finite automaton (Q,A, ∆, x1, F ) with Q = {x1, . . . , xn}, we con-
struct the LS (1) with Ai,j :=

∑
(xi,a,xj)∈∆ a, and Bi,1 := 1 if xi ∈ F.

2.6 LS Computation for the Reversal of a Regular Language

Suppose L is a regular language represented by the LS

S :





x1 = b1 + `1,1 · x1 + . . . + `1,n · xn

...
xn = bn + `n,1 · x1 + . . . + `n,n · xn

with bi ∈ {0, 1} and `i,j ∈ lin(A). In order to compute an LS for Lr we can
proceed as follows. Then L coincides with the language accepted by the non-
deterministic finite automaton N = (Q,A,∆, x1, F ) where Q := {x1, . . . , xn},
F := {xi | bi = 1}, and ∆ := {(xi, a, xj) | a occurs as summand in `i,j}. By re-
verting the transitions of N , adding a fresh new state x0 with ε-transitions to all
final states of N , and making x1 final state, we obtain an NFA with ε-transitions
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for Lr, namely Nr
ε := (Q∪{x0},A,∆r∪∆ε, x0) where ∆ε := {x0 → xi | xi ∈ F}

and ∆r := {(xj , a, xi) | (xi, a, xj) ∈ ∆}.
Let Nr be the NFA produced from Nr by the elimination of ε-transitions. It

is not hard to see that an LS representation of the language accepted by Nr is

Sr :





x0 = c0 + `0,1 · x1 + . . . + `0,n · xn

x1 = c1 + `1,1 · x1 + . . . + `n,1 · xn

...
xn = cn + `1,n · x1 + . . . + `n,n · xn

where c0 = b1, c1 = 1, cj = 0 for 2 ≤ j ≤ n, and l0,k :=
∑

i∈{j|bj=1} `i,k for
1 ≤ k ≤ n. We claim that the computational complexity of Sr from S is linear
in the size of S. This is so because:

– The elements of the linear matrix of Sr at positions (1, 1), . . . , (1, n) are `0,1,
. . . , `0,n, and the computation of every such element has complexity O(n).
Thus, the overall computation of these n elements has complexity O(n2).

– The values of all other elements that characterize Sr are either constants
0 or 1, or can be picked up from the LSH S. There are n · (n + 1) such
elements, and the computation of every such element is O(1). Thus, the
overall computation of the remaining elements has complexity O(n2).

– The size of S is Ω(n2). Thus, the complexity of computing Sr is linear in
the size of S.

3 Computational Methods for Quotients and Factors

In this section we initiate the study of LSs as a common representational frame-
work for several computations in the algebra of regular languages, by avoiding
translations to other equivalent representations. We have already seen in Sect.
2.6 how to compute an LS for the reversal of a language L directly from an LS
representation of L. We are especially interested in algorithms that take as input
LS representations of two regular languages E and F , and produce

1. LS representations for the right and left quotient of E with respect to F .
2. LS representations for the right and left factors of E.
3. LS representations for F B E and E C F .
4. LS representations for the elements of the factor matrix of E.

3.1 LS Computation for Right and Left Quotients

First, we consider the following problem:

Given languages E,F ∈ Reg(A) and the LSs X = B + A ·X and Y = D +
C · Y with A ∈ Mm,m(lin(A)), C ∈ Mn,n(lin(A)), B ∈ Mm,1({0, 1}),
D ∈Mn,1({0, 1}), such that [[A? ·B]]1,1 = E and [[C? ·D]]1,1 = F

Compute an LS representation for the right quotient E F−1.
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Suppose σ and µ are the unique solutions of the LSs X = B + A · X and

Y = D + C ·Y. Let




x1

...
xm


 := X,




y1

...
yn


 := Y, Ei := σ(xi) for 1 ≤ i ≤ m, and

Fj := τ(yj) for 1 ≤ j ≤ n. Then E1 = E, F1 = F , and

Ei F−1 = [[xi]]σ [[y1]]−1
µ = [[Bi +

m∑

j=1

Ai,j · xj ]]σ [[y1]]−1
µ = [[ki,1 +

m∑

j=1

Ai,j · zj ]]τ

for all 1 ≤ i ≤ m, where

– ki,j = 1 if ε ∈ [[xi]]σ [[yj ]]−1
µ and ki,j = 0 otherwise.

– τ : {z1, . . . , zm} → 2A
∗

with τ(zi) := [[xi]]σ [[y1]]−1
µ for 1 ≤ i ≤ m.

Thus




z1

...
zm


 =




k1,1

...
km,1


 + A ·




z1

...
zm


 is an LS representation of E F−1, where

we still have to compute the components k1,1, . . . , km,1 of the constant vector of
the LS. For this purpose, we define the monotone operator

F : 2{x1,...,xm}×{y1,...,yn} → 2{x1,...,xm}×{y1,...,yn}

represented compactly by the following collection of inference rules

[Bi,1 = 1 ∧Dj,1 = 1]
〈xi, yj〉

〈xk, yl〉 [a ∈ A ∧ xk ∈ rhsa(xi) ∧ yl ∈ rhsa(yj)]
〈xi, yj〉

Each rule states that if the pair above the bar is in the input set of F and the
conditions within square brackets hold, then the pair below is in the output set
of F. In particular:

1. The first rule states that if Bi,1 = 1 and Dj,1 = 1 then 〈xi, yj〉 ∈ F(S) for
any S ∈ 2{x1,...,xm}×{y1,...,yn}.

2. The second rule states that if S ∈ 2{x1,...,xm}×{y1,...,yn}, 〈xk, yl〉 ∈ S, a ∈ A,
xk ∈ rhsa(xi), and yl ∈ rhsa(yj) then 〈xi, xj〉 ∈ F(S).

These rules are designed to infer 〈xi, yj〉 if and only if xi and yj have a com-
mon word in their denotations, that is, iff [[xi]]σ ∩ [[yj ]]µ 6= ∅, or equivalently, iff
ε ∈ [[xi]]σ[[yj ]]−1

µ . A proof of this fact will be given shortly. First, we note that
the operator F defined on the finite cpo (2{x1,...,xm}×{y1,...,yn},⊆) is monotone.
Therefore, the least fixed point µF of F is a finite computable set.

Lemma 1. The least fixed point µF of F is the set {〈xi, yj〉 | ε ∈ [[xi]]σ[[yj ]]−1
µ )}.

Proof. Let M = {〈xi, yj〉 | ε ∈ [[xi]]σ[[yj ]]−1
µ )}. We prove that 〈xi, yj〉 ∈ µF ⇒

〈xi, yj〉 ∈ M by induction of the length of the inference derivation that witnesses
that 〈xi, yj〉 ∈ µF. If 〈xi, yj〉 ∈ µF was deduced by the inference rule

[Bi,1 = 1 ∧Dj,1 = 1]
〈xi, yj〉
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then ε ∈ [[Bi,1 +
∑m

k=1 Ai,k · xk]]σ ∩ [[Dj,1 +
∑n

k=1 Ci,k · yk]]µ = [[xi]]σ ∩ [[yj ]]µ,
thus ε ∈ [[xi]]σ[[yj ]]−1

µ , which shows that 〈xi, yj〉 ∈ M.
If 〈xi, yj〉 ∈ µF was deduced by a derivation with the last inference rule

〈xk, yl〉 [a ∈ A ∧ xk ∈ rhsa(xi) ∧ yl ∈ rhsa(yj)]
〈xi, yj〉

then 〈xk, yl〉 ∈ µF, [[a · xk]]σ ⊆ [[xi]]σ and [[a · yl]]µ ⊆ [[yj ]]µ. By induction hy-
pothesis we have ε ∈ [[xk]]σ[[yl]]−1

µ . But ε ∈ [[xk]]σ[[yl]]−1
µ iff [[xk]]σ ∩ [[yl]]µ 6= ∅ iff

[[a · xk]]σ ∩ [[a · yl]]µ 6= ∅. Since [[a · xk]]σ ∩ [[a · yl]]µ ⊆ [[xi]]σ ∩ [[yj ]]µ, we conclude
[[xi]]σ ∩ [[yj ]]µ 6= ∅, thus ε ∈ [[xi]]σ[[yj ]]−1

µ , that is, 〈xi, yj〉 ∈ M .
Next, we prove M ⊆ µF. Note that 〈xi, yj〉 ∈ M iff there exists a word

w ∈ [[xi]]σ ∩ [[yj ]]µ, and thus we can define the complexity measure |〈xi, yj〉| of
every 〈xi, yj〉 ∈ M as the minimal length of a word of [[xi]]σ ∩ [[yj ]]µ. We prove
M ⊆ µF by induction on the complexity measure of elements of M .

If 〈xi, yj〉 ∈ M and |〈xi, yj〉| = 0 then ε ∈ [[xi]]σ ∩ [[yj ]]µ. This can happen
only if Bi,1 = 1 and Dj,1 = 1, and in this case we can perform the derivation

[Bi,1 = 1 ∧Dj,1 = 1]
〈xi, yj〉

to deduce that 〈xi, yj〉 ∈ µF. If 〈xi, yj〉 ∈ M and |〈xi, yj〉| = p > 0 then ε 6∈
[[xi]]σ∩[[yj ]]µ and there exists w = aw1 ∈ [[xi]]σ∩[[yj ]]µ of length p with a ∈ A. This
implies w1 ∈ [[xk]] for some xk ∈ rhsa(xi) and w1 ∈ yl for some yl ∈ rhsa(yj).
Thus w1 ∈ [[xk]]σ∩[[yl]]µ, and we learn that 〈xk, yl〉 ∈ M. Since w1 has length p−1,
we learn that |〈xk, yl〉| ≤ p−1 < p and we can apply the induction hypothesis to
conclude that 〈xk, yl〉 ∈ µF. Finally, we can use the facts that xk ∈ rhsa(xi) and

yl ∈ rhsa(yj), and apply the inference step
〈xk, yl〉
〈xi, yj〉 to conclude 〈xi, yj〉 ∈ µF. ut

Example 2. Consider the regular languages E and F represented by the LSs
(

x1

x2

)
=

(
0
1

)
+

(
a + b a

0 0

)
·
(

x1

x2

)
and

(
y1

y2

)
=

(
0
1

)
+

(
0 b
0 a

)
·
(

y1

y2

)
respectively.

Note that the solutions of these LSs are σ = {x1 7→ [[(a + b)? · a]], x2 7→ [[1]]},
τ = {y1 7→ [[b · a?]], y2 7→ [[a?]]}, thus E = [[(a + b)? · a]] and F = [[b · a?]].

According to our algorithm, an LS representation of E F−1 is
(

z1

z2

)
=

(
k1,1

k2,1

)
+

(
a + b a

0 0

)
·
(

z1

z2

)

where ki,j ∈ {0, 1} and ki,j = 1 iff 〈xi, yj〉 belongs to the least fixed point of the
monotone operator F on 2{x1,x2}×{y1,y2} defined by the inference rules

〈x1, y2〉
〈x1, y1〉

〈x1, y2〉
〈x1, y2〉

〈x2, y2〉
〈x1, y2〉 〈x2, y2〉 .
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Since µF = {〈x2, y2〉, 〈x1, y2〉, 〈x1, y1〉}, we get k1,1 = 1, k2,1 = 0 and learn that
(

z1

z2

)
=

(
1
0

)
+ A ·

(
z1

z2

)
with A =

(
a + b a

0 0

)

is an LS representation of E F−1. Since A? =
(

(a + b)? (a + b)? · a
0 1

)
, we learn

that E F−1 =
[[
A? ·

(
1
0

)]]

1,1

= [[(a + b)?]] = {a, b}∗. ut

Computing Right and Left Quotients: Given two languages E and F
in an LS representation as it is specified at the beginning of this section, we
would like to compute LS representations for the right quotient EF−1 and
for the left quotient F−1E. For EF−1, we use the algorithm described in this
section. For F−1E, since F−1E = (Er(F r)−1)r, we proceed as follows:

1. Compute an LS representation of Er from the LS representation of E,
and an LS representation of F r from the LS representation of F .

2. Compute an LS representation of Er(F r)−1 from the LSs computed be-
fore, by using the algorithm presented in this section.

3. Compute an LS representation of (Er(F r)−1)r from the LS representation
of Er(F r)−1.

3.2 LS Computations for Right and Left Factors

We start with the following problem:

Given an LS representation




x1

...
xn


 = B + A ·




x1

...
xn


 of a regular language E

with A ∈Mn,n(lin(A)),
Compute LS representations of all elements of RF(E).

First we introduce some auxiliary notions. Let X := {x1, . . . , xn}. For every
X ⊆ X and w ∈ A∗ we define the operation Dw : 2X → 2X by induction on the
length of w: Dε(X) := X; and Daw(X) := Dw(

⋃
x∈X rhsa(x)). If W ⊆ A∗ then

we define DW (X) := {Dw(X) | w ∈ W}. For N ⊆ 2X we denote by min⊆(N)
the set of its ⊆-minimal elements. Let σ be the unique solution of the given LS
representation of E.

The following result is straightforward.

Lemma 2. For any w ∈ A∗ and X ⊆ X we have

w−1

[[∑

x∈X

x

]]

σ

=




 ∑

x∈Dw(X)

x






σ

.

11



Let G be the directed graph with set of nodes 2X and set of edges {X → Da(X) |
X ⊆ X , a ∈ A}. Then DA∗(X) coincides with the set of all nodes of G reachable
from X. Since G is finite, DA∗(X) is computable for any X.

F is a right factor of E if and only if there exists a 2-subfactorization (L, F ) of
E where F is ⊆-maximal; that is to say, if and only if F = L B E =

⋂
w∈L w−1E

for some L ⊆ A∗. This shows that the set of right factors of E is

RF(E) =

{ ⋂

w∈L

w−1[[x1]]σ

∣∣∣∣ L ⊆ A∗
}

=





⋂

w∈L

[[
∑

x∈Dw({x1})
x]]σ

∣∣∣∣ L ⊆ A∗


 =





⋂

w∈L

( ⋃

x∈Dw({x1})
[[x]]σ

) ∣∣∣∣ L ⊆ A∗


 =

{ ⋂

N∈N

( ⋃

x∈N

[[x]]σ

) ∣∣∣∣ N ∈ 2DA∗ ({x1})
}

.

If we apply distributivity of intersection over union, we can identify for any
N ∈ 2DA∗ ({x1}) a set δ(N) such that

⋂
N∈N

⋃
x∈N [[x]]σ =

⋃
M∈δ(N)

⋂
x∈M [[x]]σ.

Let MS := {min⊆(δ(N)) | N ∈ 2DA∗ ({x1})}. Note that the equality

⋃

M∈M

⋂

x∈M

[[x]]σ =
⋃

M∈min⊆(M)

⋂

x∈M

[[x]]σ

holds for all M ⊆ 2X . Therefore, we conclude that

RF(E) =

{ ⋃

M∈M

⋂

x∈M

[[x]]σ

∣∣∣∣ M ∈ MS

}
.

Let Z := {zM | M ⊆ X} be a set of fresh variables, and the assignment µ
for Z defined by µ(zM ) :=

⋂
x∈M [[x]]σ.

Suppose M ∈ MS. We start producing an LS representation for the right
factor

⋃
M∈M

⋂
x∈M [[x]]σ as follows:

1. For every M = {xk1 , . . . , xkp} ∈ M and 1 ≤ i ≤ p we have

xki

.=σ Bki,1 +
n∑

j=1

Aki,j · xj .

By intersecting these p equations we obtain

zM
.=µ min{Bki,1 | 1 ≤ i ≤ p}+

∑

a∈A

∑

xl1∈rhsa(xk1 )

. . .
∑

xlp∈rhsa(xkp )

a·z{li|1≤i≤p}.

2. Like in step 1, we continue producing equations for every M ⊆ {x1 . . . , xn}
such that zM occurs in the right side of a produced equation. This process
will eventually terminate because the set Z is finite. In this way we generate
an LS with at least |M| equations and at most 2n equations.
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3. Finally, we construct the first equation of the LS representation of the lan-
guage

⋃
M∈S

⋂
x∈M [[x]]σ:

z =
∑

M∈M

rhs(zM )

with fresh variable z.

Example 3. Let E = [[r]] where r = (a? · b + b · b? · a)?. Antimirov’s algorithm
yields the following system of characteristic equations for E:




r1

r2

r3

r4




.=




0 a b 0
b a 0 0
0 0 b a
0 a b 0


 ·




r1

r2

r3

r4


 +




1
0
1
1




where r1 := r, r2 := a? · b · r, r3 := b? · a · r + r, r4 := a? · b · r + r. Note that
r1

.= r4, therefore we can conclude that



x1

x2

x3


 .=




0 a b
b a 0
a 0 b


 ·




x1

x2

x3


 +




1
0
1


 .

is an LS representation of E with solution σ = {x1 7→ E, x2 7→ [[r2]], x3 7→ [[r3]]}.
Let X := {x1, x2, x3}. To compute LSs for the elements of RF(E) we proceed

as follows:

1. Consider the graph G with set of nodes 2X and set of edges {X → D`(X) |
` ∈ {a, b}}. The only edges starting from singleton nodes are {x1} → {x2},
{x1} → {x3}, {x2} → {x1}, {x2} → {x2}, {x3} → {x1}, {x3} → {x3}. It
follows that the set of nodes reachable from {x1} is {{x1}, {x2}, {x3}}, thus
D{a,b}∗({x1}) = {{x1}, {x2}, {x3}}. Therefore

RF(E)=
{ ⋂

N∈N

⋃

x∈N

[[x]]σ | N ∈ 2{{x1},{x2},{x3}}
}

=
{ ⋃

M∈M

⋂

x∈M

[[x]]σ | M ∈ MS

}

where MS = {{∅}, {{x1}}, {{x2}}, {{x3}}, {{x1, x2}}, {{x2, x3}}, {{x1, x3}},
{{x1, x2, x3}}}.

2. At this stage, we can start computing LS representations of the elements
of RF(E). We illustrate only the computation of an LS for the right factors⋃

M∈{∅}
⋂

x∈M [[x]]σ and
⋃

M∈{{x1,x2}}
⋂

x∈M [[x]]σ.

– The right factor
⋃

M∈{∅}
⋂

x∈M [[x]]σ is a degenerate factor, produced by
the computation of an empty intersection of languages. By convention,
this intersection is the regular language {a, b}∗. The computation of an
LS representation for this factor amounts to intersecting 0 equations.
This degenerate case produces the trivial equation z∅ = 1 + (a + b) · z∅.
We end up with the following LS for {a, b}∗

z = 1 + (a + b) · z∅
z∅ = 1 + (a + b) · z∅.
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– The intersection of the equations for x1 and x2 produces the equation

z{1,2} = 0 + a · z{2} + b · z{1,3}.

– The variables introduced by the previous equation are z{2} and z{1,3}.
We produce an equation for z{2} by intersecting the equation of x2 with
itself, and get

z{2} = 0 + b · z{1} + a · z{2}.
The equation for z{1,3} is

z{1,3} = 1 + a · z{1,2} + b · z{3}.

We continue producing equations for the newly introduced variables:

z{1} = 1 + a · z{2} + b · z{3}
z{3} = 1 + a · z{1} + b · z{3}.

– Finally, we add the initial equation for
⋃

M∈{{x1,x2}}
⋂

x∈M [[x]]σ, and
obtain the LS representation

z = 0 + a · z{2} + b · z{1,3}
z{1} = 1 + a · z{2} + b · z{3}
z{2} = 0 + b · z{1} + a · z{2}
z{3} = 1 + a · z{1} + b · z{3}

z{1,2} = 0 + a · z{2} + b · z{1,3}
z{1,3} = 1 + a · z{1,2} + b · z{3}.

Computing Right and Left Factors. Given an LS representation of a
regular language E, we would like to compute LS representations of all ele-
ments of RF(E) and LF(E). For RF(E), we use the algorithm described in this
section. For LF(E), since LF(E) = {Rr | R ∈ RF(Er)}, we proceed as follows:

1. Compute an LS representation of Er from the LS representation of E.
2. Compute the LS representations of the right factors of Er with the algo-

rithm of this section.
3. For every LS computed in the previous step, do:

If the LS represents the language R, compute an LS for the language Rr.

3.3 LS Computation for Product Derivative and Antiderivative

We first address the following problem:

Given LS representations of the languages E and F ,
Compute an LS representation of the product derivative F B E of E with

respect to F .

14



Suppose the LS representations of E and F are



x1

...
xm


 = B + A ·




x1

...
xm


 and




y1

...
yn


 = D + C ·




y1

...
yn


 ,

and let σ and µ be their unique solutions. Let also X := {x1, . . . , xm} and
Y := {y1, . . . , yn}. It is not hard to see that

(F B E) =
⋂

w∈F

w−1E =
⋂

n∈N

⋂

w∈F
|w|=n

w−1E.

We consider the ternary relation y B M Ã N with y ∈ {y1, . . . , yn} and M, N ∈
2{x1,...,xm}, defined inductively by

Di,1 = 1
y B M Ã M

y′ B Da(M) Ã N [y′ ∈ rhsa(y)]
y B M Ã N

.

Intuitively, the relation y B M Ã N holds iff there exists w ∈ [[y]]µ such that
N = Dw(M). This ternary relation is decidable because it is defined inductively
on finite sets.

Lemma 3. If y ∈ Y and M ⊆ X then

(
[[y]]µ B

⋃

x∈M

[[x]]σ

)
=

⋂

yBMÃN

⋃

x∈N

[[x]]σ.

Proof. For every p ∈ N we define the ternary relation

y B M Ãp N :⇔ there is a derivation of length p of y B M Ã N

and note that
(

[[y]]µ B
⋃

x∈M

[[x]]σ

)
=

⋂

p∈N

⋂

w∈[[y]]µ
|w|=p

w−1

( ⋃

x∈M

[[x]]σ

)
,

⋂

yBMÃN

( ⋃

x∈N

[[x]]σ

)
=

⋂

p∈N

⋂

yBMÃpN

( ⋃

x∈N

[[x]]σ

)
.

Thus it is sufficient to prove that
{

w−1

( ⋃

x∈M

[[x]]σ

)∣∣∣ w ∈ [[y]]µ ∧ |w| = p

}
=

{ ⋃

x∈N

[[x]]σ
∣∣∣ y B M Ãp N

}

holds for every y ∈ Y, M ⊆ X , and p ∈ N. This fact can be proved easily by
induction on p. ut

We end up with the following algorithm for the computation of an LS repre-
sentation of F B E:
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1. Compute the finite set N := {N | y1 B {x1} Ã N}. By Lemma 3, we have
F B E = [[y1]]µ B [[x1]]σ =

⋂
y1B{x1}ÃN (

⋃
x∈N [[x]]σ) =

⋂
N∈N

⋃
x∈N [[x]]σ.

2. Apply distributivity of intersection over union and identify a set M0 ⊆ 2X

such that
⋂

N∈N

⋃
x∈N [[x]]σ =

⋃
M∈M0

⋂
x∈M [[x]]σ.

3. Compute M := min⊆(M0) and note that F B E =
⋃

M∈M

⋂
x∈M [[x]]σ.

4. Compute an LS representation of
⋃

M∈M

⋂
x∈M [[x]]σ as shown in Sect. 3.2.

Computing Product Derivatives and Antiderivatives: Given LS rep-
resentations of the languages E and F , we would like to compute an LS
representation of F B E and E C F . For F B E, we use the algorithm de-
scribed in this section. For E C F , since E C F = (F r B Er)r, we proceed
as follows:

1. Compute LS representations for F r and Er.
2. Compute an LS representation for F r B Er by the algorithm presented

in this section.
3. Compute an LS representation for (F r B Er)r.

3.4 LS Computations for the Factor Matrix

If E is a regular language with LF(E) = {L1, . . . , Ln} then the factor matrix of
E is the n× n matrix F whose element at position (i, j) is Fi,j := Li B Lj .

Given an LS representation of E, we can compute LS representations of the
elements of the factors matrix of E as follows:

1. Compute the LS representations of the elements of LF(E), as indicated
at the end of Sect. 3.2.

2. Compute LS representations of Li B Lj for all i, j ∈ {1, . . . , n}.

4 A Regular Language Reconstruction Algorithm

In this section we consider the problem mentioned in Sect. 2.1:

Given L ∈ Reg(A) and s ∈ T (A, {x1, . . . , xk}),
Find all <-maximal tuples (L1, . . . , Lk) of languages over A such that [[s]]σ ⊆ L

holds for the assignment σ = {x1 7→ L1, . . . , xk 7→ Lk}.
We show that the solutions of this problem are made of regular languages, and
they are finitely many. Moreover, we propose an algorithm that finds all solutions
of this problem by exploiting the properties of the factor matrix of L. Let’s denote
this problem by s ¿ L and let

Sol(s ¿ L) := {(L1, . . . , Lk) | (L1, . . . , Lk) is solution of s ¿ L}.

Our algorithm for solving s ¿ L proceeds in 3 stages.
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In stage 1 we compute the factor matrix F of L, and the constants l, r char-
acterized by property (f3). Suppose F is a matrix of dimension n× n.

In stage 2 we make use of a function

A : Reg({x1, . . . , xk})× Facts(L) → 2(A?)k

such that Sol(s ¿ Fi,j) ⊆ A(s,Fi,j). The function A is defined as follows:

1. A(0,Fi,j) := {(A∗, . . . ,A∗︸ ︷︷ ︸
k times

)}.

2. A(1,Fi,j) :=
{

A(0,Fi,j) if ε ∈ Fi,j ,
∅ otherwise.

3. A(xp,Fi,j) := {(P1, . . . , Pk)} where Pl := A∗ if l 6= p and Pp := Fi,j .
4. A(s1 + s2,Fi,j) := A(s1,Fi,j) ∪A(s2,Fi,j).
5. A(s1 · s2,Fi,j) :=

⋃n
p=1 (A(s1,Fi,p) uA(s2,Fp,j)).

6. A (s?,Fi,j) := A(1,Fi,j) uA(s,Fi,j)u(⋃n
p=1 (A(s,Fi,p) uA(s,Fp,p) uA(s,Fp,j))

)

where E u F := {(E1 ∩ F1, . . . , Ek ∩ Fk) | (E1, . . . , Ek) ∈ E, (F1, . . . , Fk) ∈ F}.
Note that A(s,Fi,j) is defined recursively on the structure of s and that it

yields a set of tuples made of finite intersections of A∗ and factors of Fi,j . Since
regular languages are closed under finite intersection, it follows that A yields
finite sets of k-tuples of regular languages.

The fact that Sol(s ¿ Fi,j) ⊆ A(s,Fi,j) can be proved easily by induction
on the structure of s and using properties (f1)–(f3) of the factor matrix. Here
we explain only the proof case Sol(s? ¿ Fi,j) ⊆ A(s?,Fi,j), which is the most
interesting. Suppose L = (L1, . . . , Lk) ∈ Sol(s? ¿ Fi,j) and let σ := {x1 7→
L1, . . . , xk 7→ Lk} and F := [[s]]σ. Then F ∗ ⊆ Fi,j , therefore {ε} ⊆ Fi,j , F ⊆ Fi,j ,
and F ∗ = (F ∗)n ⊆ Fi,j . ¿From F ⊆ Fi,j we learn the existence of L1 ∈ Sol(s ≤
Fi,j) with L ≤ L1. From F ∗ = (F ∗)n ⊆ Fi,j we learn by (f3) that there exist
u1, . . . , un+1 ∈ {1, . . . , n} such that u1 = i, un+1 = j, and F ∗ ⊆ Fui,ui+1 for all
i ∈ {1, . . . , n}. Since {u1, . . . , un+1} ⊆ {1, . . . , n}, there exist 1 ≤ l < m ≤ n + 1
and 1 ≤ p ≤ n such that ul = um = p. Thus

[[s]]σ = F ⊆ (F ∗)m−1 ⊆ Fu1,u2 · · ·Fum−1,um ⊆ Fi,p,

[[s]]σ = F ⊆ (F ∗)m−l ⊆ Ful,ul+1 · · ·Fum−1,um ⊆ Fp,p,

[[s]]σ = F ⊆ (F ∗)n−l ⊆ Ful,ul+1 · · ·Fun,un+1 ⊆ Fp,j ,

hence there exist L2 ∈ Sol(s ¿ Fi,p), L3 ∈ Sol(s ¿ Fp,p), and L4 ∈ Sol(s ¿
Fp,j) such that L ≤ Lv for 2 ≤ v ≤ 4. Let L′ = (L′1, . . . , L

′
k) := L1uL2uL3uL4

and σ′ := {x1 7→ L′1, . . . , xk 7→ L′k}. Then L ≤ L′ because L ≤ Lv for 1 ≤ v ≤
4. Also [[s?]]σ′ ⊆ {ε} ∪ [[s]]σ′ ∪ [[s]]σ′ [[s]]∗σ′ [[s]]σ′ ⊆ {ε} ∪ Fi,j ∪ Fi,p F∗p,p Fp,j ⊆ Fi,j

where the last inclusion follows from (f2) and the observation that {ε} ⊆ Fi,j .
Since L is <-maximal such that [[s?]]σ ⊆ Fi,j , we learn that σ = σ′, hence L = L′.

By induction hypothesis, we have L1 ∈ A(s,Fi,j), L2 ∈ A(s,Fi,p), L3 ∈
A(s,Fp,p), and L4 ∈ A(s,Fp,j). Since ε ∈ Fi,j we have L0 := (A∗, . . . ,A∗︸ ︷︷ ︸

k times

) ∈
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A(1,Fi,j) and therefore L = L′ = L0 u L1 u L2 u L3 u L4. It follows that
L ∈ A(1,Fi,j) uA(s,Fi,j) uA(s,Fi,p) uA(s,Fp,p) uA(s,Fp,j) ⊆ A(s?,Fi,j).

In stage 3 we filter out the elements of A(s,Fl,r) which are not <-maximal.
Since Sol(s ¿ Fl,r) ⊆ A(s,Fl,r) and Sol(s ¿ Fl,r) consists of <-maximal
elements, the outcome of this step is Sol(s ¿ Fl,r).

5 Conclusion

We proposed linear systems of equations as a new representation of regular lan-
guages. The main advantage of this representation is that it can be used for
various operations over regular languages without converting to other repre-
sentations (e.g. automata, grammars, or regular expressions). We demonstrated
this advantage by designing algorithms for computing language reversal, left and
right quotients, left and right factors, product derivatives and antiderivatives,
and factor matrix. All these algorithms work on LS representations and pro-
duce LS representations. We also demonstrated an application in the language
reconstruction problem.
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