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Preface

Invariant theory has its origin in the 18th and 19th century. Mathematicians
like C.F. Gauss, A. Cayley, J. Sylvester and P. Gordon studied invariant
theory. Then in 1890 D. Hilbert solved the fundamental problem whether
invariant rings are finitely generated as algebras with nonconstructive meth-
ods, which were considered to be “theology” at that time. Hilbert responded
the criticism in 1893 with a constructive proof. Hilbert’s striking results
seem to have killed invariant theory for a long time. But with the rise of
computers, mathematicians and computer scientists again gained interest in
invariant theory.

In this thesis we are concerned with constructive invariant theory of finite
matrix groups over arbitrary fields following the book of B. Sturmfels [43]
an the work of G. Kemper [22], [23]. We provide a theoretical study of the
existing algorithms, present a new algorithm for the intersection of invariant
rings, and a Mathematica implementation of almost all presented algorithms
in the Invariants package.

The structure of this thesis is as follows :

In Chapter 1 we state the required background from commutative algebra
and representation theory. Only those results are proved where the author
was not able to find a direct proof in the literature. For all other proofs
we give a reference. Chapter 2 is an introduction to invariant theory of
finite groups and forms the theoretical heart of this thesis. In Section 2.1 we
treat the symmetric polynomials and in Section 2.2 we give an introduction
to invariant theory from a representation theoretic point of view. Section
contains the finiteness theorems of E. Noether and D. Hilbert. In Section
2.4 we present Molien’s Theorem and in Section 2.5 consider the Cohen-
Macaulay property of invariant rings. All stated results, which will be used
later, are proved. Chapter 3 contains the description of algorithms for
computing invariant rings. In Section 3.1 we describe the algorithms of Dade
and Kemper for the computation of primary invariants, a straightforward
algorithm for the computation of secondary invariants in the nonmodular
case and Kemper’s algorithm for the computation of secondary invariants
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in the modular case. In Section 3.2 we present a new algorithm for the
computation of the intersection of invariant rings. Chapter 4 is devoted
to the study selected topics. In Section 4.1 we study the invariant theory
of complex representations of finite abelian groups and present algorithms
for the computation of primary and secondary invariants and fundamental
invariants without using Grobner bases. In Section 4.2 we study of invariant
theory of the tensor and exterior algebra and prove an analogue to Molien’s
theorem. For the tensor algebra we solve the problem of the finite generation
of the invariant ring for Abelian groups. A summation example from R.
Stanley together with a slight generalization is presented in Section 4.3. In
Section 4.4 we show how the invariant theory of SL;(C) can be used to prove
theorems in projective geometry. Chapter 5 contains a documentation of
my Mathematica package Invariants.

What’s new

Some results of this thesis seem to be new, namely :

Section 3.1.1 : Proposition 18.

Section 3.2 : All results with the exception of Lemma 13.
Section 4.1 : All algorithms.

Section 4.2.1 : All results.

Section 4.3 : The generalization to characters.
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Chapter 1

Preliminaries

In this chapter we state the necessary prerequisites in representation theory
and commutative algebra.

Convention With N we denote the positive integers without 0, with Ny
the positive integers containing 0 and with C the complex numbers.
For n € N the elements of Nj will be denoted with bold letters, i.e.
we write a € N§ and a = (ay, 0, ..., ). For any a we define |a| :=
E?:l a;. If 21,29, ..., 2, are variables then x* := H?:l z;t. With K we
denote an arbitrary field. Any reference to a Theorem (Proposition,
Lemma, ...) in this thesis is of the form Theorem C.S.N which denotes
Theorem N in Section S of chapter C.

1.1 Groups, Rings and Modules.

We present some basic notions of algebra and refer to any algebra book for
more details.

Definition 1 Let G be a nonempty set and - : G x G — G be a binary
operation. GG is a group iff the following 3 conditions are satisfied.

(a) g e G :YoelG lg-0=0-1g =0,
(b))VoeG:IreGo-1=7-0=1¢,Vo e
(c)Vo,T,peG:(c-T)-p=0-(T-p).

The group G is Abeltan (commutative) iff Vo, 7 € G :o-7 =17-0. The set
o] :={7-0-77' | 7 € G} is the conjugacy class of o € G.

Note that the conjugacy classes of G are a partition of G.

Definition 2 Let R be a nonempty set, + : Rx R — R and - : G x G — G
be binary operations. R is a ring iff the following 4 conditions are satisfied.

6
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(a) R is an Abelian group w.r.t. +,

(b) Vr,s,te R:(r-s)-t=r-(s-1),

(¢c)Vr,s,t€ R:(r+s)-t=r-s+r-t,

(d) Vris,te R:r-(s+t)=r-s+r-t.

R s commutative iff Vr,s € R :r-s = s-r. R s a ring with unity iff
dpe R:Vrerlg-r=r. An element r € R is called nilpotent iff there
evists n € N s.t. r™ = 0.

Definition 3 Let R C S be commutative rings with unity. A map 7 : S — R
is a progection iff m is surjective and 7 |p= id. The map 7 is R—linear iff

m(r-s)=r-m(s) forallv € R and s € S.

We will now introduce the concept of group actions which plays an impor-
tant not only in representation theory, but also in many areas of mathematics,
e.g. in algebraic combinatorics. For more details on group actions we refer

to Kerber [25]

Definition 4 Let G be a group and M be a nonempty set. A group-action
of G on M is a map

GxM — M,
(o,m) — oux
s.1.
lem = m,
o(tm) = (o7)m

forallm e M and o,7 € G. M is called a (left) G—set.

Since all rings in this thesis contain a unit element, we define modules
only over rings with unity.

Definition 5 Let R be a ring w.r.t. the operations +r and -r, M be a
nonempty set, and + : M x M — M and - : R x M — M be binary
operations. M is an R—module iff

(a) M is an Abelian group w.r.t. +,

(b)Vr,se€ R:VmeM (r-gs)-m=r-(s-m),

(c)Vre R:YmnéeMr-(m+n)=r-m+r-n,

(d)Vr,s€e R:¥Yme M (r+gs)-m=r-m+s-m,
(e)Vm e M :1gp-m = m.

We say that R acts on M or that M is a left R—module. M s finitely
generated iff there exvists a set my,ma,...,my of elements of M s.t. for all
f € M we have [ = Ele ri -r My for some r; € R (my,ma, ... my) g 1=
{Ele ri-rm; | ri € R}, A submodule I of R, considered as an R—module is
called and ideal. The ideal I is prime ifVr,s€ R:r-sel,r¢ [ = se I
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1.2 Representation Theory

In part one we define basic notions of representation theory of finite groups,
omitting all proofs. We consider only complex representations, because all
properties which we need are invariant w.r.t. complex conjugation, and refer
to Fulton and Harris [14], Sagan [34] or Simon [41] for the proofs and further
details. Part two is devoted to the investigation of invariant subspaces and
we prove some results which will be used in Chapter 2.

1.2.1 Basics

In the sequel let & be a finite group and V' be a finite dimensional C—vector-
space of dimension d. With G L(V) we denote the set of all invertible linear
transformations of V. We write C? instead of V if we have fixed a basis for
V and G'Ly(C) instead of GL(V). If {ey,ea,...,e4} is a basis of V' then the
coordinate representation of v = Ele Aie; is abbreviated by v, i.e. U =
A1
Az
and v; = A;. The coordinate representation of v* € V* is the row
Ad
vector (A1, Az, ..., Ag). By (_,_) we denote the usual inner product of Vii.e.,
for v,w € V we have (v,v) = (0, 0) = Ele vw,. If M € GLy(C) then M;;
denotes the matrix entry in the :—th row and j—th column. M; denotes the
1—th row.

Definition 6 A (complex) representation of (i is a homomorphism

p = G—=GLV)
o — plo).

The integer d is the degree of the representation. If we have chosen a basis
of V then
p:G — GLy(C)

is called a matriz representation.

The trivial representation is the homomorphism p,.;, (o) := lgrvy for all
o € (. In the sequel we do not distinguish between the linear map p(o) :
V — V.o — p(o)(v) and the corresponding matrix representation p(o) :
C! = CLomsp(o)- 7.
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Definition 7 If p and p' are matriz representations of G with degree m and
m’ respectively, then the sum of p and p' is the matriz representation of degree

m -+ m’, defined by
pdp + G — GLyyw(C)

T (p(OU) p’?ﬂ))

We abbreviate the sum p & p & ... & p with np.
—_———
n times

Equipped with the action “ -7 of G on V', defined by

o-v:=po)-v (1.1)
for all ¢ € GG and v € V| the vectorspace V' is called a G—space.

Definition 8 A subspace W C V' is G—wnvariant if for all w € W and
o € G we have p(o)(w) € W. The restriction of p on W, denoted by py,, is
also a representation of G with degree dimW. The representation p is called
reducible if W is nontrivial, otherwise we say that p is irreducible. If there
exists a subspace W' s.t. V=W W' and W and W' are G—invariant then
p is called completely reducible.

Note that all complex representations of finite groups are completely re-
ducible.

With the choice of a suitable basis for V' we can decompose the matrix
representation p into pyy and py, i.e. p = py B Py

Definition 9 Let V, V' be complex vectorspaces of dimension d and ¢ : V —
V' be an isomorphism. Two representations p: G — GLy(V), and p' : G —
G Ly(V') are equivalent, which we denote with p = p', iff for all o € G the

diagram
v o4y
vl vl
v ey
commautes.

From now on we consider matrix representations. For matrix representa-
tions p, p’ we obtain

p=p <= 3IM € GL(C)Vo € G:plo)=M"p'(c)M.

It is one of the aims of representation theory to decompose a given rep-
resentation of (¢ in simpler (irreducible, if possible) ones. Let k denote the
number of conjugacy classes of (.
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Theorem 1 (a) There are only finitely many non-equivalent irreducible com-
plex representations py,...,p, of G. Furthermore each (finite dimensional)
representation p of G can be decomposed uniquely into irreducible ones, i.e.
there exist ay,...,ar € Ng s.1.

p=aip, D ... 0 agp,. (1.2)
(b) Let d; denote the degree of the representation p;. Then

k
Gl = d.
1=1

Let {e, | ¢ € G} be a basis of the |G| —dimensional vectorspace CII,
The linear extension of the group action o * e, := €,, is equivalent to the
regular representation p,., 1= Ele dip;.

Corollary 1 If G is Abelian then k = |G| and d; =1 for 1 <: <|G|. W

A very important tool for studying representations are characters. Let

M € GL;(C) we define trace(M) := 2?21 M;;.

Definition 10 Let p be a matrix representation of G. The mapping x (o) :=
trace(p(o)) is the character of p. A character is linear iff there exists a
representation p of degree 1 s.l. x = x,,.

We omit p if the representation is clear from the context. Note that the
linearity of y, implies that p(o) - v = x,(0)v for all 0 € G and v € V' and
that the representation p is irreducible.

Lemma 1 A character y is linear tff x is a group homomorphism y : G —

C\{0}.

Proof. Let x be linear and p be a representation of degree 1 s.t. x = x,.
So x(0) = x,(0) = p(o). Conversely assume that y is a group homomor-
phism. Then y(lg) =1 and p : G — GLi(C),p(0) := x(o) is the required
representation. W

Since trace(A) = trace(BAB™!) the characters are class functions on G,
i.e. they are constant on each conjugacy class. For two arbitrary characters
X, X’ of representations of GG an inner product (_, _), can be defined as follows

exle = 7 Y x(eN (e,
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This inner product provides a simple test for irreducibility, see, e.g., Fulton
and Harris [14], Sagan [34] or Simon [41].

Let py,pg, ..., pr be the irreducible, non-equivalent representations of &
with p; = p,;, and define x; := x,.. Let p = aip; & ... D axp, be the
decomposition of p : G — G L4(C) according to Theorem 1.2.1.

Theorem 2 (a) The representation p is irreducible iff <XP’XP>G =1.
(b) The degree of p equals x (1), hence d; = x;(1c).

(¢c) We have a; = <X07Xi>g'
Proof. For the proof of (a) and (c¢) we refer, e.g., .to Fulton and Harris |

1
corollary 2.15 and corollary 2.16 respectively. (b) follows from trace(p(1¢))
d.

4]7

For the regular representation we have x,,(e) = Ele d? = |i|. Note
that the characters v, x5, ..., x;, are orthonormal w.r.t. (_,_)., i.e. fori,j €
{1,2, ..., k} we have <XZ», XJ>G = 0, ;. If the characters x4, x5, ..., X} are known
then any matrix representation p can be decomposed according to Theorem
1.2.1 as follows : p = <X07Xi>(;p1 D...P0 <vaXi>GPk- It is sufficient to have
a table of the values of the characters xy, x5, ..., \z on the conjugacy classes
of GG which is called the character table.

As an example we compute the character table of S5. The group S3 =
{e,(12),(13),(23),(123),(213)} is generated by the elements (12) and (123)
and has three conjugacy classes Ky = {e}, Ky = {(12),(13),(23)} and K5 =
{(123),(213)}. We have to find three non-equivalent irreducible represen-
tations of degree dy,dy,ds s.t. d3 + d3 + d3> = 6. Firstly we analyze the
trivial representation p,.;, : S3 — C, m — 1 for all 7 € S3 and the
alternating representation p,, : S35 — C, m +— sign(m). Both are irre-
ducible since (X, Xpi) = gL+ 1+ 1+ 14+ 1+1) =1 and (Xoys Xaur) =
é(l +(=1)* 4+ (=1)*+(=1)*+1+41) =1. So d; = dy = 1. It remains to find

ps of degree 2. As a third one we consider the permutation representation

Pperm Ss — G Ls3(C), (1.3)
010
(12) — [ 10 0],
0 0 1
0 0 1
(123) — | 1 0 0
010

If {e1,eq,€3} is a basis for C? then the space spanned by (e; + €3 + €3) is
an Ss— invariant subspace of C®. Hence p,.,.,,, is reducible (this follows also
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from the fact that the third representation must have degree 2) and we can
split off p; and p, from p,.,.. Since (Xyivs Xperm) = s(3+1+1+14040) =1
and (Xois Xperm) = 5(3—=1—=1—140+0) = 0 we can split off p,,;, and
obtain the representation p; because p; does not contain any of the two
representations p, and p, and has degree 2. Since we know the characters x,
and v, and x5(e) = 2 we can compute the two missing values of y; from the
orthogonality of the characters. The orthogonality yields the equations

1
0 = <Xtrw7 X3> 6(2 —I_ 3X3([X2) —I_ 2X3([X3))

1
0 = (XawsX3)a 6(2—3X3(1&2)+2X3(1&3))

Ss | K1 | Ky | K5
X1 1 1 1
Xo 1] -1 1
X3 2 0|-—1
Note that for permutation groups the regular representation coincides

So S5 has the character table

with the permutation representation.

1.2.2 Invariant Subspaces

Let GG be a finite group with non-equivalent irreducible representations py, ps,
oy and let xq, Xy, ..., Xp be the corresponding characters. Let p : G —
G/'L4(C) be a representation of G with degree d and assume that for the
chosen basis we have p = a1p; & ... & app;, for some a; € Ny. Set V = Ce.

Deﬁnition 11 Let a; # 0. We denote the mazimal invariant subspace of p;
with Vp ) Ifa; = 0 then we set Vp( ) = = {0}.

Proposition 1 Let y; be linear. Then
@ = {veV|VYoeG:plo) T=y(o)5}.

Proof. After a suitable reordering of the pls assume that ¢ = 1 (note that
p; need not be the trivial representation). It follows from the decomposition
that p(o) is a block-diagonal matrix for o € (G and that the block a1p, affects
precisely the first a; coordinates. W

From character theory we obtain the following result.

Lemma 2 Let p; be s.t. x; is linear. Then dimension of prl.(G) equals

<Xp7 Xz> ’ i'e';
dlmVp = pr

UEG
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The computation of a basis for this subspace is an important topic in
invariant theory and can be done by an application of the Reynolds operator

1 _
RE) 1= 177 D xlo ™ v

cEeG

to a basis of V. Note how the action “-” depends on p, cf. (1.1). In Chapter
2 we take V = Klzy, 29, ..., 7,]q and consider the action of a matrix group

G < GL,(C) by linear substitution in the variables. We are interested in the

(@)

computation of a basis for V" for linear characters ;.

Proposition 2 (a) Let x; be linear. Then the Reynolds operator is a pro-
jection onto VX’Z(G).

(b) Let 1 # j and x;, x; be linear. Then we have prl.(G) N VX’;(G) = {0}.

Proof. (a) Let v € VX’Z(G). Then %Q(G)(v) = ﬁZUGGXi(U_I)U cv o=

(@)

ﬁEUeGXi(U_I)Xi(U)U = (v X)gv = v. Now assume v ¢ Vi and con-

sider 7 RED(w) = 7 B oo o v = Y oo ro v =
6 Zoea Xilo ™ 7)o 0 = xilT) i Soeq xi(07)e v = (DR ().

For the proof of (b) we assume v € prl.(G). Since x; # x; there exits o € ¢/
s.t. xi(0) # x;(0), hence x;(0)v = p(c) - v = x;(0)v which implies v = 0. W

1.3 Artinian and Noetherian Rings
Let R be a commutative ring with unity and M be an R—module.

Definition 12 M satisfies the ascending chain condition (ACC) iff every
strictly ascending sequence of submodules

My C M, C ...

is finite. Conversely, M satisfies the descending chain condition (DCC) iff

every strictly descending sequence of submodules
My DM, D ...
is finite.

Definition 13 M is a Noetherian (Artinian) R—module iff M satis-
fies the ACC (DCC). The ring R is Noetherian (Artinian) iff it is a

Noetherian (Artinian) module over itself.
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Note that any ideal I < R is a submodule of the R—module R and vice
versa.

Proposition 3 The following conditions are equivalent :
(a) R is Noetherian,
(b) Every ideal of R has a finite basis,

(¢) Every collection of ideals has a maximal element.

Proof. See, e.g., Zariski and Samuel [49] vol. I, ch. III, Theorem 15 of 10. B

We now state Hilbert’s Basis Theorem, which was the first step in his
proof that the ring of invariants is finitely generated.

Theorem 3 (Hilbert 1890) If R is Noetherian then R[t] is Noetherian.

Proof. See, e.g., Cox et. al. |9] ch. 2, Theorem 4 of § 5 or Eisenbud [13]
Theorem 1.2 of ch. 1. B

Corollary 2 The polynomial ring K[z, xo, ..., x,] is Noetherian.
We present two useful criteria for checking whether a ring is Noetherian.

Proposition 4 (a) The homomorphic image of a Noetherian ring is Noetherian.
(b) If R is Noetherian and M is a finitely generated R—module then M is
Noetherian.

(¢c) M is Noetherian iff each submodule of M is finitely generated.

Proof. (a) See, e.g., Eisenbud [13], corollary 1.3 of ch. 2. (b) See, e.g.,
Eisenbud [13], Proposition 1.4 of ch. 1.

(c) Let 0 # N < M be a submodule and n; be a nontrivial element of
N. We set n; := N\ (ny,n,,....,7;_y) and claim (n,,n5,...,n,) = N for some
n € N. Otherwise the sequence (1) C (ny,n,) < ... is strictly ascending and

=

contradicts the assumption that M is Noetherian. Conversely assume that
Ny € N, € ... is a strictly ascending chain. The submodule N = [ J, N; has
a finite basis and which is contained in N; for some 7 € N.

1.4 Graded Algebras, Modules and the Hilbert
Series

Definition 14 A commutative ring R, which has a decomposition

R= é Ry
d=0
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as abelian groups w.r.t. 4+, that satisfies
RiR; C Ry forallv,j €N

is called a graded ring. An element of Ry for some d € N is called a
homogenous element of degree d.

A simple example of a graded ring is the polynomial ring K[z, 2, ..., 2,].
Let K[zy, 22, ..., 2,]q denote the vectorspace of homogenous polynomials of
degree d, then

o0

Klay, 2g, ..., 2, = @ Klay, za, ..., 2,)4-

d=0

Definition 15 Let R be a graded ring and M be an R—module. M is called
a graded module if it has a decomposition

M= m;
=0
as abelian groups and
RZ'M]‘ g Mi-l—j f07“ all Z,] S N.

Definition 16 A K—algebra is a commutative ring S with unity s.t. the
following two conditions hold :

(a) S is a K—vectorspace,

(b)Vee KVr,s € S:c(r-s)=cr-s=r-cs=(r-s)e

S is graded iff S is graded as a ring and each component Sy ts a K—vectorspace.
S is finitely generated as a K—algebra iff there exists a finite set { f1, ..., fm} C
S s.t. the homomorphism

¥ : K[y17y27"'7ym] _>Sv
p(y17y27"'7ym) = p(f17f27"'7fm)'
is surjective. In this case we denote S with K[ f1, f2, ..., [m]. If we replace K

by a commutative ring R (with unity) and require that S is an R—module,
then S ts called an R—algebra.

Note that any (graded) K—algebra is a (graded) module over itself with
basis {1}.
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Definition 17 Let R be a graded K—algebra and M be a graded R—module.
The Hilbert series of M is defined by

H(M,t) =Y dimg(My) - 1%,
d=0

where dimg(My) denotes the dimension of My as a K—vectorspace. The
Hilbert function of M is the numerical function Hpy(d) := dimg(My).

For details on the Hilbert function and series we refer to Stanley [37] and
Eisenbud [13]. The next result is an important tool for the computation of
the Hilbert series in invariant theory.

Lemma 3 Let 01,0,...,0, € Klxy,xq,...,2,] be algebraically independent,
homogenous elements of degree dy,ds, ..., d, respectively. Then

n

1
H(K (0102, . 0..1) = [] 7=
=1

Proof. See, e.g., Sturmfels [43], Lemma 2.2.3 of ch. 2. &

In the sequel let R be a noetherian commutative ring with unity.

Definition 18 The (Krull-)dimension of R, denoted with dim R, is the
supremum of the lengths of chains of distinet prime ideals of R. The length
of the chain

P.OP_12..2F

is taken to be r. The dimension of an ideal I < R is the dimension of R/I.

The next theorem is a different characterization of the dimension of a
K—algebra R. We denote the maximal number of algebraically independent
elements of R over K with transdegg R.

Theorem 4 Let R be a finitely generated graded K—algebra with no nilpo-
tent elements. Then
dim R = transdegy R.

Proof. See, e.g., Zariski and Samuel [49], vol. II, ch. VIIL. § 7 or Fisenbud
[13], Theorem A in section 8.2.1. W

Proposition 5 Let I < R be an ideal. For any prime ideal P < R which is
minimal over I we have dim R/I = dim R/ P.
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Proof. lLet
P2FP_,2.20P2PD2I (1.4)

be a chain with prime ideals P,..., P. < R of maximal length. If I is not
prime then {0} is not a prime ideal in R/ and the chain (1.4) maps bijectively
to a maximal chain of length r in R/I. Conversely, the assumption that [ is
prime implies that P = I and the length of the chain (1.4) equals . H

Definition 19 Let f1, fo, ..., fm € K[z1, 22, ..., 2,] for some m € N. The set
Vk(fisfor o f) = {v € K" | fi(v) = f2(v) = ... = fulv) = 0} is the
variety of fi, fay ..., fn- A subset 0 C K" is an (affine algebraic) variety
if there exist g1, g2y ..., g € K1, 22, .., 20] s.t. Vk(91,92, ..., gmr) = V.
The ideal Ix (V) = {f € K[z, 22,....x,) | f(v) =0 for all v € B} is the
ideal of °8.

Proposition 6 Let K denote the algebraic closure of K 0 C K be an
affine algebraic variety and I = (f1, fay ..y fn) QL K[1, 29, .., 24] s.t. Vi(f1, f2,
cees Jm) =B, Then the following conditions are equivalent.

(a) U is finite.

(b) R/I is Artinian.

(¢) dim [ = 0.

Proof. For the proof of (a) < (b) we refer, e.g., to Eisenbud [13], corollary
2.15 of ch. 2. The proof of (b) < (c) follows, e.g., from Proposition 1.4.5
and from Theorem 2.14 of ch. 2 of Eisenbud [13]. ®

Definition 20 Let R C S be commutative rings with unity.
(a) f € S is integral over R iff there exists a polynomial p € R[l] s.t.

p(f) = 0.
(b) S is integral over R if R C S and each s € S is integral over R.

Proposition 7 (a) Let R C S be commutative rings with unity. If S is
generated by elements integral over R then S is integral over R.

(b) Let R C S CT be commutative rings with unity s.t. S is integral over R
and T is integral over S. Then T is integral over R.

Proof. (a) see, e.g., Eisenbud [13], Theorem.4.2 of ch. 4.
(b)See, e.g., Bosch [5], corollary 5 of section 3.3. W

Proposition 8 An R—algebra S is finitely generated as an R—module iff S
is generated as an R—algebra by finitely many integral elements.

Proof. See, e.g., Fisenbud [13], corollary 4.5 of ch. 4 ®
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Proposition 9 Let R C S be commutative Noetherian rings with unity s.t.
S is integral over R. Then dim R = dim S.

Proof. Follows, e.g., from Eisenbud [13], proposition 9.2 of ch. 9 H

Theorem 5 (Noether Normalization Lemma) Let R be a K—algebra of Krull
dimension n which is generated as a K—algebra by finitely many homogenous
elements. Then there exist n algebraically independent homogenous elements
01,0,....,0, € R s.t. R is a finitely generated as a K[01,05...,0,]—module.

Proof. See, e.g., Zariski and Samuel [49], vol. II, ch. VIIL. § 7, Theorem 25,
or Eisenbud [13], Theorem 13.3 in section 13.1. B

Definition 21 Let R and 01,0,....0, be as in Theorem 1.4.5. The elements
01,05...,0, are called a« homogenous system of parameters (hsop) for

R.

Theorem 6 (Krull’s Principal Ideal Theorem) Let R be a graded commuta-
tive ring of Krull dimension n and fi, fa,..., [ € R homogenous elements.

Then
dlmR/ <f1,f2, ,fk> 2 n — k

Proof. See, e.g., Fisenbud [13]|, Theorem 10.2 of ch. 10. B

Lemma 4 Let [ = (fi, fo, ..., fr) < K|x1, 22, ..., 2] be an ideal generated by
homogenous polynomials f1, fa, ..., fx. If b € I then there exist homogenous
polynomials py,pa,...,pp s.t. h = Ele pi fi and degp;, = degh — deg f; or
pi = 0.

Proof. Since h € [ we have h = Ele ri fi for some r; € K|z, zq, ..., 2,)].
Let d = deg f,d; = deg f;.and let m be the largest degree of the monomials
occurring in any of the f;’s. With 7“2('] ) we denote the homogenous component
of r; of degree j. Then we have

k m
h = Z T Z Z i f

=1 deg=d

|
{

Since h is homogenous of degree d all monomials in the second sum must
cancel, therefore h = Ele rl(d_di)fi. [ |
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1.5 Grobner Basics

The ideal operations (comparison, dimension, intersection) in the presented
algorithms are done with Grobner bases. We refer to Buchberger 7], [8],
Becker and Weispfennig [3], Cox et. al. [9] and Winkler [47] for further
details. For this section let R = Ky, x2, ..., 2,].

Definition 22 A product p = [[/_, =" is a monomial of degree || =

=1 "1

Yo 0y (ar, 00,...,04) is called the degree vector of p.

In the sequel we identify the monomials of R with their degree vectors.

Definition 23 Let x* and y? be monomials. x® < y? iff there exists k €
{1,2,...,n} st a; = 3; for 1 <i<k—1and ap < B,. x* <y? iff x* < y”
or X = yP. The ordering < is called the lexicographic ordering.

Definition 24 Let f € R.The leading monomial of f, denoted by LM(f), is
the greatest monomial in f w.r.t. <. The leading coefficient of f, LC(f), is
the coefficient of LM(f). The leading tern of f is LT(f) = LC(f)- LM(f).

Definition 25 Let [ < R be an ideal. {f1, f2,..., [} C [ is a Grébner
basis of I iff (LT(f), LT(fs). .. LT(fu)) = (LT(}) | f € 1).

Note that if { f1, f2, ..., fm } is a Grobner basis of I then [ = (fy, fa, ..., fm) -
The main result was introduced by Buchberger in his Ph.D. thesis, cf. [7].

Theorem 7 (Buchberger 1965) For any ideal I < R there exists a finite

Grobner basts.

Proof. We refer to (loc. cit.). W

1.6 Tensor, Symmetric, and Alternating
Powers

Let K be a field, V and W be K—vectorspaces of dimension m and n with
bases {a1,az,...,a,} and {by,by,...;b,}.

IThe terminus Grobner Basics is due to B. Sturmfels.
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Definition 26 The tensor product of V and W is the K—vectorspace V@
W with basis {a; @ b; | 1 <i<m,1 <j<n} subject to the relations
(a)Vee KiveViweW :cw@w=0v® cw

(b)) Vo, o' eVweW :(v+v)Qw=v0w+v Qw

(c)VveViw,w e W iv@(w+uw)=v@w+oveuw.

For d € N the d—th tensor power of V is defined inductively by

RQv =V
RV =ve® v

Definition 27 The symmetric product of V and W is the K—vectorspace
VoW =VaoW wow-—wev|veV,weW).Ford € N the d—th
symmetric power of V is defined inductively by

Sym'V . =V,

SymV =V o Symi V.

Note that vy 0 vy = v 0 vy for any vy, vy € V.

Definition 28 The alternating product of V and W is the K—vectorspace
VAW =VaW/ (vav|veV,weW).Ford € N the d—th exterior
power of V is defined inductively by

AV =v.
AV =vapANTY

Note that vy A vy = —vy A vy for any vy, vy € V.
For details and properties we refer, e.g., to Appendix 2 of Fisenbud [13]
and Appendix B of Fulton and Harris [14].



Chapter 2

Invariant Theory of Finite
Groups

In the first section we start with the well known symmetric and alternating
polynomials. Section 2 contains basic definitions of invariant theory and in
section 3 we state three finiteness theorems. In Section 4 we present Molien’s
Theorem and in section 5 we introduce the Cohen-Macaulay property.

For a historical account we refer, e.g., to Decker and Jong [11] or Smith

39].

2.1 Symmetric Polynomials

In this section we consider the ring of all symmetric polynomials and demon-
strate a lot of concepts which will be investigated in the latter chapters.
Throughout this section let K be an algebraically closed field of characteris-
tic 0 and let n € N.

Let S, denote the symmetric group of n letters. We define the following
group action “ -7 of S, on the ring K[z, z9,...,2,]. For 7 € S, and [ €
K[y, 29, ..., 2,] we define

T (21,20, ey ) 1= f(Xr1(1)s Tam1(2)s oos Trmi(n))-
We want to describe the ring
Klzy, 2g,..., 2,7 = {f € K[ey, 20, ..ciz,] :Vr €S, i+ f = f}

which is the invariant ring of 5, w.r.t. the action

Definition 29 A polynomial f € K|zy, xq, ..., x,] is symmetric if and only
if for all m € S, we have 7 - f(xy, 29, ..., 2,) = f(ar, x2,..., 2y).

21
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So the ring K[z1, 9, ..., 2,]°" is just the ring of all symmetric polynomials.
We put the usual grading on the ring K[, za, ..., 2], i.e. K[z, 22, ..., 2,]4 :=
{f € K[ay, 22, ...,2,] : [ homogenous of degree d}. We are also interested in
the generating function

HS" ZdlmK 1’171'27---7 n]gn)'td

which is the Hilbert series of the ring K[zy, 9, ..., £,]°".

Definition 30 Let xq, 29, ..., 2, be variables. The polynomials oy, 04, ...,0, €
Klay, 29, ..., 2,] defined by

k
or(X1, oy ey @yy) 1= Z Hl‘ij for1 <k<n

lsil <22<<’Lk Sn jzl

are the elementary symmetric polynomaals. We set og(xy, 29, ..., 2,) =
and o 4i(T1, 22, ..., x,) = 0 for i € N. With o} we denote op(xy, 9, ..., )
the integer n is not clear from the context.

Let f = a® + ba* 4 cx + d with roots ay,az and az, so f = (z — ay)(z —
az)(x — as). Expansion gives

f=a"- (o + a4 as) - z? + (az + agas + azas) - © — agazas.

This means, the coefficients are elementary symmetric polynomials in the
roots of f; namely :

b = —a;—ay—az= —01(04170427043)7
¢ = ajoy+ ajos+ azoas = og(ay, ag, o),
= Q03 = —03(04170427043)-

Proposition 10 (a) Let k € N, k <n. Then o}t = o} + z,1107_,.
(b) Let oy, s, ...,a, € K. Then

n n

[ = a)=> (1) a""oi(ar, a2, ... 00). (2.1)

Proof. (a) Follows from Definition 2.1.30.
We prove (b) by induction on n. For n = 1 we have x —ay = xog(ay)—o1(ay).
So for a fixed n € N assume (2.1). Then we have HnH(:L' — ;) =

Yimo(=D) 2o (w—ang) = Yoe(— 1) @ e =3 (= 1) e a0 =
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E? 0( 1)2 n+l—1 n_l_zn-l-l( )z n+1— ZOén+1U ' —$n+1 n_l_zn—l—l( )2 nt1—i
(0- ‘|‘05n-|—10'2 1) _xn-l—l_l_zn-l-l( 1)2 n+1—1 ?-I—l :E?:-I—Ol( 1)2 n+1—1 ?-l—l‘ m

The next theorem is due to C.F. Gauss, who needed this theorem for
his second proof of the fundamental theorem of algebra. The proof contains
probably the first explicit statement of the lexicographic ordering.

Theorem 8 FEvery symmetric polynomial [ € Klzy, 2o, ..., 2,] can be written
as a unique polynomial in the elementary symmetric polynomials o1, 04, ..., 0,.

Proof. We follow the proof of Theorem 3 of § 1 of ch. 7 in Cox et.
al. [9]. We use the lexicographic order on the variables xy,zq, ..., x,. Let
I € K|z, zq, ..., 2,] be a symmetric polynomial and let ¢ = « - :1;?1:1;32:1;2"
be the leading term of f. Then a3y > ay > ... > «,. Otherwise assume
a; < aipq, set m= (1,04 1) € 5, and consider 7 - f(x1, 22, ..., 2,). The mono-
mial 2{'25?. .2 el a0 is contained in f but it is strictly larger than
xites?.ad a contradiction. Let h = o' 20327 . ... g%, then for the

leading term of i we have

LT(h) = LT(o{" 037" - . o%") (2:2)
LT (o2 ™) LT(0527%%) - .. LT(o%")
= :JciY o (:Eﬂiz)w - ‘(51?151?2 SETT il?n)a" = 51/'?151?32“;2”

The polynomial f; = f —a- h is symmetric since f and a - h are. Clearly we
have LT(f1) < LT(f) and if we repeat the above process we get a sequence
LT(f) > LT(f1) > LT(f3) > .... Since < is a well-ordering, the sequence
terminates at f,, for some m which implies that f,, = 0. So f = ah +
airhy + ... + aphy,. Uniqueness follows if the oq,09,...,0, are algebraically
independent. So assume that there exists a nontrivial p € Kly1,y2, ..., ys)
s.b. ploy,09,..,0,) = 0. Let a -y y3?...yo" be the leading term of p, then
from (2.2) it follows that LT( p(o1, 0y, ..., 0,)) = aytToettonggetetan | gon
Since the map

(o1, @,y cecy ) = (a1 + a2+ oo+ Qpy o + oo+ Qe )

isinjective there is nothing to cancel LT'( p(c1,02,...,0,)), 80 p(01, 09, ..., 0,) #
0 in K[z, 29, ..., 2,], a contradiction. W

The above theorem implies that K[zy, 2y, ..., 2,]°" = K[oy, 09, ..., 0,,] and
that 01,09, ...,0, are algebraically independent. From Lemma 1.4.3 we ob-
tain

n

1
ooty =] —
=1
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Example 1 In the case n = 3 the ring of symmetric polynomials equals
K[y, 24, 903]53 = Klz1 + 22 + 23, 2120 + 2123 + 2973, T12273]

with corresponding Hilbert series

1
H% (1) = — I 22 3P A 55T L O,
(1) (B 120+ 38 A 50+ T+ Ot

2.2 Introduction to Invariant Theory

Many algebraic equations and polynomials have symmetries and according to
F. Klein’s “Erlanger Programm” a polynomial describes a geometric property
if it is invariant under the corresponding transformation group. The group
clearly depends on the geometry e.g. affine and projective geometry have
different transformation groups. In Section 4.4 we study geometric properties
which are invariant w.r.t. SL,(C), i.e. we study projective geometry.

For finite groups with representations over a field of characteristic 0 we
develop invariant theory in the frame of representation theory. If the charac-
teristic of the field is greater than 0 we take a purely ring-theoretic approach.
We start with characteristic 0.

Let K be a field of characteristic 0 and V' be a K—vectorspace of dimen-
sion n. We chose a basis {e1, €a, ..., ¢,} of V and denote the dual basis of V*
with X7, Xs, ..., X,,. We have chosen the isomorphism

L VsV
v (w) = (v,w) forallweV

Therefore we consider the elements v of V' as column vectors and the elements
v*of V* as row vectors. Note that in coordinate representation the map *
corresponds to the transposition. It follows that (v*)* = v. Let p : G —
GL,(K) be a representation of a finite group (. The representation p :
G/ kerp — GL,(K) is faithful and equivalent to p, so it suffices to treat
faithful representations.

Definition 31 The dual representation p* of p is defined as follows.

pt o G —= GLVT),
o = p(o),

P Nw) = (Bpleh)- @)
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We define a group action - of G on V* via

o-fi=p(o)(f)

for o € G’ and f € V*. In the sequel we construct the matrix representation
p which is equivalent to p*. We define

7 G = GL(K),
o = plo)

~ —1\T 1 _ _ —
and from p(or) = p ((or) ') =p(r7'oe™) = (p(r7") - p(e7) =p(o™)"-
p (T_l)T = p(o) - p(7) it follows that p is indeed a representation.

Proposition 11 (a) For o € G and v,w € V we have
(T, p(c™")-@). = <,0(0'_1)T 0,1 .

(b) The diagram

v oy
* ) * )
V* p*(a) V*

15 commutative.

Proof. For the proof of (a) we refer, e.g., to Klingenberg [27], Theorem
3.3.1.

(b) We have to show that (p(o)-0)" (w) = p*(v*)(w) for all v,w € V. Now
(o) - 0)" (w) = (B(o) - 0,®) = (p(o™")" -0, @) = (B,p(c7") - @) = p"(v")(w).
|

It follows from the above proposition that the representation that p is
equivalent to p*, hence it is sufficient to consider the properties of the matrix
representation p.

Definition 32 Let W be a finite-dimensional K—vectorspace and p' : G —
GL(W) be a representation of G. The d—th symmetric power of p' is the
representation

Symp’ G — GL(SymW),
Symi (o) s 0w 0 0ws) = (o)) o (p(0)(w)) o 0 (o))

If p" is a matriz representation we replace p'(o)(w;) with p'(o) - w;.
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We extend the group action - to Sym?V* via
o fi=(Sym’p")(f)

for all ¢ € (. Hence we can use the representation Symfp to study the
properties of the group action - on SymdV*.
We set K[V] := P, Sym?V*, and from the isomorphism

1) Klay, 29, ..., 2,] = K[V],

Z AaX® — @ Aa X ™

aeNY aeNy

we obtain an action of ¢ on the polynomial ring in n variables in the following
way.

G x Kz, 22y tn] — Koy, T2y 2],
o f =670 o).
Lemma 5 For all 0 € G we have o- X; = 37" p(o™"); X
Proof. Let v € V and (0~ X;)(0) = Xi(p(o™") - 3) = S, p(07):j5; =
(Zi oo™ ) (0). m

Proposition 12 For all 0 € G and | € K[xy, 22, ..., 2, we have

(7 Darsaz ) = 1| o™ | 72 ] (2.3)

Proof. Let f = EaeNg axx® and o € (. We obtain
(0 N, 22,020) = &7 (0 (f (21, 22,0, 20)))
_ qb_l o- @ aaxoz — qb_l @ ey (0_ . X)a

aeNy aeNp

= ¢! @ to(0-X1)" 0o(0-X3)?0..0o(0-X,)™"

aeNp

= ¢ | B aa (ZIO(U_I)IJXJ> 0...0 (ZP(U_I)MXJ‘
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aeND j=1 J=1
- f (ZP(U 1)1]3;]7 p(O'_l)zjl'], 7Zp(0-_1)n]$]>
71=1 J=1 J=1

as required. W

Convention : If G is already a matrix group then we consider the identity
representation , i.e. p = id. If we want to emphasize the representation p
of GG we write p(() instead of (. Otherwise we assume that (i is already a
matrix group (the image of p) and neglect the identity representation. If we
emphasize the representation theoretic aspect we denote K|zy, x4, ..., 2,] by

K[V].

Example 2 Let f =2 + 2y +y* € Clz,y] and 07! = == < ! _11 ) . The
variety of f is an ellipse. Applying o= to [ yields

o o) = f((%(} _11>-<§>>T>=f(¢%(w—y),%(x+y))

1 1 1

= —(z—y)’+=(z—ylz+y) +=(z+y)’
9 9 9

. 3, 1,

= 2:1; —|—2y.

So we have eliminated the xy term by rotating the axes 45° degree and the
ellipse is in normal form. Since a circle remains invariant under rotations,
50 does the polynomial x* + y* — 1 which follows from an easy calculation.

If char(K) >0 then we define the group action - via

o- flar, 2 x,) = f <<,0(0_1) - (aq, ...,:L'n)T>T> (2.4)

for o € G and f € K[z1, 22, ..., %)
In the sequel let G be a finite group with a faithful representation p :
G — GL,(K).

Definition 33 A polynomial f € K[xy, 22, ..., x,] is an (absolute) invariant

w.r.t. G iff forall o € G
o-f=1F.
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The set of all invariant polynomials w.r.t. G is denoted by
K[y, 29,2, = {f € K2y, 29, ..., 2,]|Vo € G0 f = f}.

If x is a linear character of G' then f is a relative y— wnvariant w.r.t. G

iff for all o € G
o-f=x(o)f.

The set of all relative x— invariant polynomials w.r.t. G is denoted by
K[xlvx% 7xn]>c<; = {f S K[xlvx% ,xn”\V/O' € G:o- f = X(U)f} .

If char(K) 1 |G| then we speak of nonmodular invariant theory, otherwise
of modular invariant theory

Proposition 13 The set K[z, 29, ..., 2, is a graded ring and K[z, x4, ..., xn]g
is a graded K[x1, g, ..., v,]% module (but not a ring).

Proof. We obtain a grading for K[z, 2y, ..., 2,]“ from (K[zy, 72, ..., 2,]%)q 1=
Kz, 22, ..., 2,]aN K[z, 29, ..., 2,]%. In the same manner we obtain a grading
for K[$1,$2,...,$n]g by defining (K[$1,$2,...,[L’n]g)d = Klzy, 29,y 2p]g N
Klxy, 2, ..., :L'n]f for a linear character y of G.

Let f,g € K[z, 9,...,2,]% and ¢ € . The proof of the first claim follows
from (f+g¢)(x) = f(2)+g(x) and (fg)(x) = f(x)g(x). For a linear character
x of G and h € K[zy, z9, ..., xn]g we have o-(fh)(z) = (0 f(x)) (0 h(x)) =
72 (\(0)h(2)) = x(o)(FH)(x). m

Remark 1 In general K[zy, 24, ..., :L'n]f is not a free K[zy, x9, ..., 2,]9—module

which can be seen from the following example. We set R = K|z, x5]. Let
G =172y ={l,-1}, p: G — GL3(C) be a representation with p(—1) =
(diag(—1,—1)) and x(—1) = —1 be a linear character. The invariant ring

equals R7%2) = Cl2?, 23] @ x12,C[22, 23], Since xy and x4 are relative x in-

variants we have Rf = 11 RY + 29 RY with the nontrivial relation xy - r3 —

Lo L1y = 0.

But we will see in section 2.5 that K[ay, s, ,xn]g is a free K[01,0,...,0,]
module provided that K[z, xq, ..., 2,]% is Cohen-Macaulay and 01,0,...,0, is

an hsop for K|z, xq, ..., 2,]°.

Let x be a linear character of G and d € N. We can use the representation-
theoretic methods from above to study the homogenous components of K[V]“

and K[V]{, namely we consider V= = (K[V]%); (or V* = (K[V]{)1) as a

X
finite-dimensional K—vectorspace. Then for d € N we have SymV* =
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(K[V]%)s with induced representation Sym?p*, which has the same proper-
ties as Sym?p. Let ayp, @ asp, & ...axp, be the decomposition of Sym?p in
irreducible representations , cf. Theorem 1.2.1 ( k is the number of conju-
gacy classes of (7). The number of linearly independent y— invariants equals
the dimension of the invariant subspace of the representation a;p; which
corresponds to y. We define analogous projection operators for this action.

Definition 34 Let x be a linear character of G and char(K) t |G|. The
Reynolds operator of GG is the map

R K[V]—>K[V]G

%G : |ZX (e Ho - f

c€eG

We omit x if it is the trivial character and abbreviate the map RE(f) with
fe.

The map |G| - RE(f) is also called the transfer. If H is a subgroup of
(i then one can also define the relative transfer f +— > _po - f for a set of
representatives B of G/H. This map is useful in modular invariant theory,

cf. Smith [39].
Proposition 14 %S is a K[V]9—linear projection.

Proof. For f € K[V]% and g € K[V] we have R{(fg)(x) = ﬁ Y oea X0
(£9) (%) = i S x(0™) () (071%) = b 5o (0= ) Lo %) g0~
X) = 157 2ovec X0 f(x) - g(07h %) = [(X) 7 Xoea x(07) - glo™! - x) =
(- Rg))(r).

Now let 7 € GG then 7 - %G( )(x) = ﬁzaeG x(e™Hg(o™tn™t - x) =

LS oo gl %) = x(m) Egem Yg(om - x).

Let g' € K[V]. We have R{(g + g )( )= 1 Zoea X0+ g0 - x) =
&1 Lo X(07) (gl - x) + g/ (07" ) 9‘{ (9)(x) + R’ () ().

For f € K[V] we have R (RT(/))(x <|G| UEGX Yo - > (x) =

ﬁZaeGX( 1)|G| ETEGX( )f( “hrt X) = G| EO’EGX( )|1?|276G
Mm% S o (o)) ) ).

We continue the example of the permutation representation from Section

1.2.1.
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Example 3 Let p : S5 — GL,(K) be the permutation representation of Ss
over a field with characteristic 0. Let V* be the dual space of K> with basis
Xy, Xo, X3, hence V* =2 Ky, 22, 23)1. We consider the dual representation
p* on V* and the representation Sym*p on Sym?V.

An arbitrary element f € V* equals a X1 4+ bX5 + ¢ X3 for some a,b,c € K.
So f is invariant w.r.t. p* if

Cle + bX2 + CX3 = le + CLXQ + C)(g7
Cle + bX2 + CX3 = CX1 + CLXQ + ng

From these equations we obtain a = b = ¢. Note that f can be considered as a
polynomials in the variables X1, X5, X5 so the scalar multiplies of X1+ X3+ X3
are the symmetric polynomials of degree 1. In representation theoretic terms
we have computed the invariant subspace of the representation p*, whose di-
mension is 1. The Reynolds map R (%) © f —s Y nes, P(T)(f) is a pro-
jection on the invariant subspace (X1 + Xo + X3) of V*. The dimension of
this subspace is the number of occurrences of the trivial representation in the
decomposition of the representation p*. Since p* = p this dimension can be
calculated with characters, namely

. o™ (S5 1
dim (V )p (%) = <XmmX'p“> = @ Z Xz(”)

7'['653

1
= 6(3+1+1+1+0+0):1'

Now we treat Sym*V* and consider the representation Sym*p on Sym?V
(instead of Sym?*p*). Let {1, 3,23} be a basis of V,then a basis for the vec-
torspace Sym?V is given by B = {x],x179, 7173, 23, x973, 75} . The induced
representation Sym?*p of Ss is given by

000100
010000
000010

12) — 1 1 90000 |
001000
00000 1
00000 1
001000
000010

(123) — | 1 g 00 0 0
010000
000100
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The vector (or polynomial) [ = cix] + caw1a9 + c3x 123 + 473 + cs1273 + 673
is symmetric if

Sym*p((12)) - f =
Symtp(123) - =
If we apply the Reynolds map SR5v™ #(5:) . ]/C\l—> ézﬂess Symzp*(w)-fto all

monomials in B we obtain the set {x} + 3 + 23, x129 + 2173 + x93} Which
is a basis for (Sym2V )5y 2(5) - Gy we have

TRy TR

. 3\ Sym? p* (S5 1
dim <(Sym2V )Sy p*(S )> = <Xtriv7XSym2ﬁ> = @ Z XSymyﬁ(Tr)

7'['653

1
= 8(6+2+2+2+0+0):2.D

According to Sturmfels [43] the following problems are often called the
fundamental problems of invariant theory.

1. Find a set {f1, f2..., [} of generators for the invariant subring
K[z, 29,...,2,] of K[zy, 29, ..., 2,].

2. Describe the algebraic relations among the generators {fi, fa..., fin}
(syzygies).

3. Give an algorithm for rewriting an arbitrary invariant polynomial f €

K(zy, zs,...,2,]% in terms of {f1, far.e, fin } -

4. Given a geometric property P. Find the corresponding invariants (or
covariants') and vice versa. Is there an algorithm for this translation
from geometry to algebra.

We describe solutions for problem (1), (2) and (3). In Section 2.1 we
have solved problems (1),(2) and (3) for the group S,. For problem (4) we
describe a partial solution in Section 4.4

We extend problem (1) to K[x1, 22, ..., xn]g for a linear character y of G.
In the next section we prove certain finiteness statements for K[zy, zo, ..., 2,]
and K[$1,$2,...,$n]§. For all groups (finite and infinite) in this text the
invariant ring is finitely generated. The general case is precisely Hilbert’s
14’th problem, namely : Given G < GL(C"), is K[z, 7, ...,2,]% finitely
generated as a K—algebra. A famous result of Nagata provides a negative
answer, cf. [29]

1We refer, e.g., to ch. 3 of Sturmfels [43] for a definition.
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10 -1 0 I 0 -1 0
Example 4 LetG—V4—{<O 1);( 0 1>7<0 _1>7< 0 _1>}

be a representation of Ziy X Zy. A polynomial [ € Clay, x5] is invariant w.r.L.
G if
f(xlva) = f(_xlva) = f(xlv —1}2) = f(_xlv —1’2).

So we have

R R PIS SUTEH S S y e
2% i i
<~
aij = (_1)iai,j > a;; =0 fori odd.

With the same computation we obtain f(xy,x2) = f(a1,—12) & a;; =
(—=1)a;; < 7 is odd. So x, and zy appear to an even power in f and
therefore [ can be written as f(xy,x9) = g(ai,x3) for some g € Clyy,yal.
Conversely each polynomial of this form is invariant w.r.t. Vy so we have

C[xlva]V4 = C[l’%,l‘%]

Since 22 and 2 are algebraically independent, the Hilbert series of Clay, 4]

can be computed with Lemma 1.4.3, namely

1

H(C[2%,23],t) = ey

2.3 Three Finiteness Theorems

In his talk at the international mathematical congress 1900 Hilbert posed 21
problems. The fourteenth problem was concerned with invariant theory.

Is the ring of invariants always finitely generated as a C — algebra 7

In general, the answer is negative, which was first shown by Nagata in
1959 (cf. [29]), where he presented a counterexample. But in the case of
linear reductive groups? over C, or finite groups over fields K with charac-
teristic 0 or p > 0, for a prime p, the invariant ring is finitely generated as a
K—algebra. We restrict ourselves to finite groups and present three different
proofs for the finiteness of the invariant ring, each with individual advances
and disadvantages.

In this section we identify the group GG with the image p(G') for a matrix
representation p : G — G'L,(K).

2For a definition we refer, e.g., to Derksen [12].
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2.3.1 Noether’s General Approach

We present E. Noether’s characteristic-free approach for finite groups, cf.

Noether [31]. Let K be a field and ¢ < GL,(K) be a finite group.
Lemma 6 The ring K[xy, 2y, ...,2,] is integral over K[z1, 9, ..., 2,].
Proof. Let : € {1,2,...,n} and consider P;(t) = [[,cq(0 - z; — t). The
polynomial P; is contained in K[xy, 2, ..., ,))[t] and obviously P;(x;) = 0. If
we let G act on the coefficients of P; w.r.t. ¢, which we denote by p;; for
1 <j < deg P,(t), we obtain o - P;(t) = P,(t) for all 0 € (. So the coefficients
of P; are invariant w.r.t. G. Since each x; is integral over K[z, x2, ...,l‘n]G
the claim follows from Proposition 1.4.7. W

Theorem 9 (Noether 1926) The invariant ring K[z, v, ..., 2,]% is a finitely
generated K—algebra.

Proof. Let A be the K—algebra, which is generated from the coefficients of
the P, i.e. A= K][p;j]. It is clear that K[zq, 22, ..., x,] is a finitely generated
A— algebra (take x1,...,2,) and from Lemma 2.3.6 and Proposition 1.4.8 it
follows that K[xy, z, ..., x,] is also finitely generated as an A—module. From
pii € K[y, 29, ..., 2,]% it follows that K[zy,zy, ..., 2,]¢
of K[x1,x2,...,2,]. Since A is the image of a Noetherian ring (take, for in-
stance, yg +— p;;) it follows from Proposition 1.3.4 (a) and (b) that A is
Noetherian and K[zy, zo, ..., 2,] is a Noetherian A—module. Now Proposi-
tion 1.3.4 (c) implies that K[zy,zy, ..., 2,]" is finitely generated as an A—
module, and, since A is a finitely generated K—algebra, K[z, 79, ..., 2,]% is
finitely generated as a K—algebra. B

is an A—submodule

Note that if f € K[z, 29, ..., ,]“ then each homogenous component of f

is contained in K[z, 9, ..., 2,]%. Therefore we can chose a set of homogenous
generators.

Corollary 3 There exists an hsop 01,0,,....0, for K[zy, zq,...,2,]".
Proof. From dim K[z, zs,...,2,] = n, Lemma 2.3.6 and Proposition 1.4.9
it follows that dimK[zy,zs,...,2,] = n. Hence Noether’s Normalization
Lemma (Lemma 1.4.5) implies that there are n algebraically independent
elements 0y,0,,...,0, s.t. K[z, xq,...,2,]% is finitely generated as a module

over K[0;,0,,....,0,]. &

The module in the above proof need not be free. The drawback of this
result is, that it is neither constructive nor gives a degree bound, also it holds
only for finite groups.
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Definition 35 Let 01,0,,...,0, € K[z, 29,...,2,]% be an hsop for K[zy, s,
ey, and let g, 0y, ..., n,, be a minimal generating set of K[z, xq, ..., 2,
as a K[01,0,,...,0,]—module. The elements 01,04, ...,0, are called primary

mvariants and the elements ny,n,,...,n,, are called secondary tmvariants
of K[z1, 29, ..., 2,]%. We call (deg 0y, deg 0y, ...,degh,) the degrees of the hsop
01,05, ...,0,.

2.3.2 Noether’s Degree Bound

The following theorem of E. Noether (cf. [30]) is constructive, but does not
hold over arbitrary fields. Let K be a field and ¢ < GL,(K) be a finite

group. The restriction to the nonmodular case comes from the application
of the Reynolds operator.

Theorem 10 (Noether 1916) Let K be a field of char(K) > |G|! or char(K) =

0. Then K[z1, xg, ..., 2,]% is generated as a K— algebra by at most ('GL‘M) in-

variants of degree not exceeding |G| . In particular
K[xlvx% "'7xn]G = K[%G(X'B) : |6| S |G|]

Proof. We follow the proof of Theorem 5 of § 3 of ch. 7 in Cox et. al.
[9]. Since R is linear it suffices to show that for all & € N” we can express

RY(x*) as a polynomial in the RY(x?) for |3| < |G|. Let & € N be fixed.

(x1 4+ a2+ ...+ l’n)k = Z AaX™ (2.5)

|a|=k

If A; denotes the i—th row of A = (a;;) € G then A" x* = [, (A - x)™.
Let wy, ug, ..., u, be new variables and substitute u;A; - x for @; in (2.5). Then
we obtaln

(u1A1X+u2A2X+...‘I‘unAnX)k = Z G H(Ai-x)a"uo‘ = Z ao(A71x*)u.

lal=k =1 x| =k

Let Ug = ug Ayx + ug Aox + ... + v, A, x. If we sum over GG we get

Spoto=> (Ua)'=>) aa(A™ - x)"u” (2.6)

Aed A€EG |a|=k
= ) ) aa(ATx)u” (2.7)
|o|=k AEG

= |qG| Z aaRE (x*)u.

|ex|=F
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Since Sy is a power sum in the |G| quantities Uy (for A € ) it is a symmetric
polynomial in Uy for A € G. Hence it can be written as a polynomial in the
|G| power sums S, ..., S|g|. So

Sy =P (Sl, ...,S|G|> for some P € K[y1,y2, ..., yja|]-

Substituting in (2.6) we obtain

1G] ) aaRO(x™u* =P | [G] Y apR@(xP )’ ]G] Y ap®RY(x")u’
loe|=k I8l=1 1BI=1G|

Expansion and coefficient comparison yields the desired result. B

Definition 36 Let hy, ho, ..., h,, be homogenous invariants s.t. K[hy, ha, ..., hpy,]
= K[z1,29,...,2,]%. Then hy, ha, ..., hy, are called fundamental invariants
of Klzy, 29, ..., 2,)%.

We have seen that for any finite group G the invariant ring is finitely
generated. Moreover, one can derive a simple algorithm for computing a
generating set of the invariant ring from the above Theorem.

Algorithm Invariants(G) :=
invartants := {};
for all a € N™ with |a| < ('Gl;’”) do
invariants := invariants U {%G(Xo‘)} ;
end for;

The algorithm is not very practical which can be seen from the following
example.

Example 5 The invariant ring of the permutation representation of Ss equals
K(z,y, 2] = K[z + y + 2,2y + 22 + yz, vyz]. But if we compute the gener-
ators with the above algorithm, we obtain the following set with 22 elements
: {:1;—|—y+z,:1;yz,:1;2y222,:1;y+:1:2—|—yz,:z;2+y2—|—22,:1;2y—|—:1;y2+:1;22—|—
y22+:1;22+y22,:1;2yz—l—:z:y22+:1;y22,:1;2y2+x222+y222,x2y22+x2y22+
:I;yzzz,:z;3—|—y3—|—23,:1;3y—|—:1:y3—|—:1:32—|—y3z—|—:1;23—|—y23,:1;3y2—|—:1;y32—|—
T BT RV RN B S B BT DUUDYL B DY BUUS B SO DYpe- T
P b2ty P tay? B Pt P8 ettt ot ety fayt bt 4
y4z—|—:1;24—|—yz4,:1:4yz—|—:1;y4z—|—:1;yz4,:1;4y2—|—:1;2y4—|—:1;422—|—y422—|—:1;224—|—
Yl P S Sy byt ad byt s by S, 2+ yb o+ 25).
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2.3.3 Hilbert’s Approach.

In this Section we present Hilbert’s Finiteness Theorem which is contained in
his landmark paper “Uber die Theorie der Algebraischen Formen” in 1890,
where D. Hilbert proved that for reductive groups G < G'L,(C) the ring
of invariants is finitely generated as a C—algebra, cf. Hilbert [18]. There
he used nonconstructive methods, namely he introduced his Basis Theorem
as a Lemma (Theorem 3 in section 1.3). At this time this was a radical
new approach and P. Gordon, the “King of Invariants” exclaimed “Das ist
nicht Mathematik, das ist Theologie”. Hilbert responded three years later
with his paper “Uber die Vollen Invariantensysteme”, cf. Hilbert [19], where
he presented a constructive proof. This paper is considerably deeper w.r.t.
construction and contains the Nullstellensatz, the Syzygy Theorem and the
Hilbert function. In his Ph.D. thesis H. Derksen was able to make the proof
of Hilbert’s Finiteness Theorem from 1890 constructive, cf. Derksen [12].
Hilbert’s Finiteness Theorem holds for all matrix groups which admit a pro-
jection map that satisfies the Reynolds properties. Note that such matrix
groups need not be finite.

Theorem 11 (Hilbert 1890) Let K be a field and G < GL,(K) be a finite
group s.t. char(K) 1 |G|. Then K[z1,xq,...,2,]% is finitely generated as a
K—algebra.

Proof. Let R = K[z, 22, ..., 2,,] and R{ be the set of homogenous elements
of RY of positive degree. Hilbert’s basis Theorem implies that the ideal
<Rf> < R can be generated by finitely many homogenous invariant polynomi-
als hy, ..., hy. We claim that R = K[hy, ..., hg]. It is clear that K[hy, ..., hi] C
RY. Now assume that this inclusion is strict and take f € RE\K[hy, ..., hi]
homogenous of minimal degree. Since f &€ <Rf> we have f = Ele pih;
for some homogenous polynomials p; € R with degp, = deg f — degh; (cf.
Lemma 1.4.4). The polynomial f is invariant and therefore

F=%9f) = Z%G@M - Z%Gm)hi.

From f ¢ Kl[hq, ..., hi] we conclude that for some j the polynomials p; is
not a constant and % (p;) # 0, so
deg p; = degR%(p;) < deg f,

but R (p;) € RY, a contradiction to the minimality assumption. M
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The above proof implies that any ideal basis of <Rf>, which consists of ho-
mogenous invariant polynomials, is also an algebra basis for K[z, 24, ..., ,].
This property is very important for the intersection algorithm, presented in

Section 3.2.

2.4 Molien’s Theorem

Let K be a field of characteristic 0, G be a finite group and p : G — G L, (K)
be a faithful representation and V' = K”. We are interested in the number of
linearly independent homogenous invariants of deg)ree d € N, i.e., we want to

know the Hilbert series of K[V](%) and of K[V]Q(G for a linear character x of

G, which we denote with H?(%) and Hfz(G) respectively. So we are interested
in the formal power series

HI () = dimg (K[V]I D), - 14,
d=0

If char(K) = 0 we can proceed as follows. From the results in Section 2.2
we know that for a given representation p : G — G'L,(K) it is sufficient to
consider the equivalent representation p(o) = p(c1)T. We compute the di-
mension of the graded component (K[V]E(G))d for each d € N with the aid of
representation theory. Note that dim Sym?V = <n§511> =: N. We transform
the representation Sym<p*, which acts on the N—dimensional vectorspace
K[V]4, to the representation Sym<p, which acts on KV. The dimension of
(K[V]E(G))d equals the dimension of the invariant subspace of the represen-
tation belonging to the character y. Hence

dlmK(K[V]Q(G))d = <XSymd}37 X> .

Lemma 7 Let 0 € G and A = p(o) with eigenvalues Ay, Az, ..., A, and as-
sume char(K) = 0.

(a) If A is of finite order (i.e. A* = E for some k € N) then A can be
diagonalized, i.e. there exists T s.t. TAT™" = diag(Ai, Az, ...y M)

(b) trace(A) = > " A,

(¢) The eigenvalues of Sym®p(c) are the elements [[i_, NS for all a € N
with |a| = d.

Proof. (a) Assume that A is not diagonalizable. Let [ > 1 and B be a [ x [
Jordan-block of the Jordan normal form of A with the eigenvalue A (of order
«) of A in the diagonal and B;;1; = 1 for 1 < ¢ <[ —1. Note that such a
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block exists, otherwise A would be a diagonal matrix. Since A* = I we have

a | kand B¥ =1, but (Bk>1 , =k A1 a contradiction.

(b) follows from (a) and the fact that trace is constant on conjugacy classes.
(c) W.l.o.g. we assume that A = diag(A1, Az, ..., A,). The <n+d 1) monomials

of degree d form a basis of Sym? (C")". If f = H]‘:1 x;; is a monomial, then
p*(o)(f) = H;l:l i, &g, = H;l:l Ai, H;l:l z;, . The claim follows from the
isomorphism * (cf. Proposition 2.2.11 (b)). B

In the sequel we denote the identity matrix of G'L,, (K) with I and identify
G with p(G).

Theorem 12 (Molien 1897) Let x be a linear character of G.
(a) If char(K) = 0 then the Hilbert series of K[V]Y equals

G 1 x(7)
B = @C;; det(l —to)

(b) Assume char(K) = p > 0 for a prime p and p{ |G|. Choose primitive
all |G| —roots of unity {\} in K and {X} in Q. Let X Xe2 N be the

eigenvalues of o € G and set

n

o, (1) = (1 =0,

=1
Then the Hilbert series of K[V]“ equals

HE(t) = % > (1),

| |U€G

The formulation of part (b) is due to Decker and Jong [11]. We present
a proof for fields with characteristic 0. For the general case we refer, e.g., to
Smith [39].
Proof. We denote the eigenvalues of p(o) € G with A, 1, As9,..., Ay n. From
Lemma 2.4.7 (c) it follows that

_ dy do d
X, o, (o) = g Ag Ay e A
ymdp
di4ds..4dn=d

From the previous discussion we obtain

o0

> (Xsymaz X) Z%Z X, (@x(o™h) -1
d=0 d= eG
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- Z DR NCa

UEG

— Z Z > AR LA (o) -t

UGG di+dz...+dn=d

= |G|Z Z )\dfl)\fiz., )\MX( ) - et

celG d1 d2 4.y EN”

1 1
- @%X(”)u - )\Mt) T V) R TR Wy
_ x(o)
N @%det([—ta)' "

Example 6 We compute the Hilbert series of C[V]Y* (cf. Ezample 2.2.4).
We have

1 1 1 1 1
HY () = -
®) 4(1—2t—|—t2+1—|—2t—|—t2+1—t2+1—t2>

- ﬁ = (k+ 1)t

= 1428 4+3 +41°+585 46"+ 71" + 81" + 0(1").

Since HY+(t) = H(C[V]"4,t) we have found a generating set for the invariant
ring in Frample 2.2.4.

Remark 2 For finite groups G,G' < GL,(K) the property HG( )= HG/( t)
is not sufficient for G = G'. Furthermore HE(t) = ], — td for some
d; € N does not imply that there exists an hsop of degree (dy,ds, ...,d,),
cf. Example 4.1.20.

2.5 The Invariant Ring is Cohen-Macaulay

In Section 2.3.1 we have seen that there exists an hsop 64,0,,....0, s.t.
K(zy, 2, ...,2,]% is a finitely generated K[0,, 05, ...,0,]—module. In this sec-
tion we show that if char(K){ |G| then K[zy, 2y, ..., 2,]“ is a finitely gener-
ated free K[01,0,, ...,0,] module, i.e., there exist homogenous n,,1,,...,1,, €
K[z, 2g,...,2,]% s.t.

K[$1,$2, ...,l’n]G = @niK[Gl,GQ, ,Qn]
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This is equivalent to the fact that K[zy, zs, ..., 7,] is a Cohen-Macaulay ring.
For details on Cohen-Macaulay rings we refer to Eisenbud [13].

In the sequel let R be a K—algebra of Krull-dimension n which is gener-
ated by finitely many homogenous elements.

Definition 37 The K—algebra (or ring) R is Cohen-Macaulay iff there
exists an hsop 01,0, ...,0, s.t. R is a finitely generated, free K[0;,0,,...,0,]—
module. Let ny,14,...,n,, be a module basis for R. The decomposition

R = nK[or.0. ... 0,]
=1

is called the Hironaka decomposition of R w.r.t. 6,,05,...,0,.

Note that the Hironaka decomposition is by no means unique. This can
be seen, e.g., from Example 2.5.8.

Definition 38 The elements 01,0,....0, € R are called a regular sequence
in R iff (01,02...,0r) € R and 8; is not a zerodivisor in R/ (61,02, ...,0;_1)
forl <1 <k.

We provide a different characterization of the Cohen-Macaulay property.

Lemma 8 The algebra R is Cohen-Macaulay iff there exists an hsop 61, 05...,0,
which is also a reqular sequence.

Proof. Assume that R is a free K[f1,0,...,0,]—module with basis n,,....n,,
and that 6 is a zerodivisor in R/ (f1,03...,05_1). So there are elements
Pryees o1 € R and pgp & (01,05...,05_1) s.t.

h—1
sz'@i = pubk. (2.8)
=1

Since p; € R for 1 < 1 < k we have p; = E;nzl njq]() for some q() €
K[0:,0,,...,0,]. Furthermore there exists some j* € {1,2,....m} s.t. 0 #
q](f) ¢ (01,0,...,0,_1) (otherwise py € (01, 0;...,0,_1)). Note that this implies
q](k) ¢ K[0:1,0...,0,_1]. Substitution in (2.8) yields EZ L E] 1 154, My, = 0.

Since R is a free module, we have EZ h q]( )(9 —|—q( )Gk =0for1 <y <k.But

J
for 3" we have

q;f)ei = q;fg)ek

EK[@l,eg ..... €n] GK[€k7€k+1 ..... €n]
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which is a contradiction since 8; is not contained in the right-hand side for
1 <1 <k —1. For the proof of the converse we refer to the proof of lemma

3.3 of Stanley [38]|. B

We mention another characterization of Cohen-Macaulay algebras with-
out proof, because we do not make use of it.

Theorem 13 The K—algebra R ts Cohen-Macaulay iff for each hsop 64, 6;...,
0, R is a free K[01,0,,....0,] module.

Proof. See, e.g., Sturmfels [43], Theorem 2.3.1. in ch. 2. W
Corollary 4 The polynomial ring K|z, x4, ..., 2,] is Cohen-Macaulay.

Proof. Obviously the variables zy, xs, ..., 2, are algebraically independent
and K[ay, xa,...,2,] is a free K[x1, 22, ..., 2,]—module with basis {1}. B

Corollary 5 Let R be a Cohen-Macaulay algebra with Hironaka decomposi-
tion R =@~ n,K[0:1,0s,...,0,]. The Hilbert series of R equals

m

theg(m‘) . H(K[017027 ...,(gn],t).

=1

Proof. Follows from Lemma 1.4.3. 1

Lemma 9 Let R C S be finitely generated K—algebras of Krull dimension
n, and w: S — R be an R—linear projection. Then :

(a) ISONR =1 for each I <R.

(b) Each regular sequence 01, ...,0, of S with §; € R for 1 <i <n is already
a reqular sequence of R.

Proof. (a) Let € [ and s € S and suppose zs € R, then s = 7(xs) =
x-m(s) € 1.

(b) Now let 64, 6,,...,0, be a regular sequence in S with §; € Rfor 1 < < n.
Assume that ppf, = Ef:_ll pif; for some p; € R, (1 < ¢ < k). But then
prfi € (01,05...,0,_1) <5, a contradiction. W

The next theorem, which is the main result in this section, appeared

first in Hochster and Eagon [21] although apparently it has been part of the
“folklore” in commutative algebra since long.

Theorem 14 (Hochster, Fagon 1971). Let G < GL,(K) be a finite group
and char(K) 1 |G|. Then the invariant ring K[z, z,...,2,] is Cohen-
Macaulay.
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Proof. It follows from the Noether Normalization Lemma (Theorem 1.4.5),
from Proposition 1.4.8 and from Proposition 1.4.7 (a) that there exists an

hsop 01,0...,0, of Klzy,z9,...,2,]9 s.t. K[zy,29,...,2,]% is integral over
K[01,0,,...,0,]. From Lemma 2.3.6 we know that K[z1, s, ..., 2,] is integral
over K[zy, 2, ...,2,]%, hence Proposition 1.4.7 implies that K[z, zs, ..., 7,]
is integral over K[01,0,,....0,] and 01,05....0,, is an hsop for K[y, 2, ..., 2,].
Since Klzy, 22, ..., x,] is Cohen-Macaulay, the elements 61, 605.... 0, are a reg-
ular sequence of K[zy, xa, ..., x,], therefore it follows from Lemma 2.5.9 that
they are a regular sequence of K[z, 29, ..., 2,]. Now Lemma 2.5.8 implies

that K[z, s, ..., 2,] is Cohen-Macaulay. M

Remark 3 In general, Cohen-Macaulay rings R are defined to be rings with
depth(R) = dim(R), where depth(R) is the maximal integer m s.t. a regular
sequence {01,05...,0,,} exists. It is a basic fact in homological algebra that
depth(R) < dim(R), ¢f. Eisenbud [13]. This is precisely what we have done
in the proof of Lemma 2.5.8 for finitely generated K—algebras, namely if we
have found an hsop {01,0,...,0,} s.t. R is a free K[01,0,,...,0,] module, than
we show that we have found a reqular sequence of length n, hence depth(R) =
n = dim(R).

10 0 1 -1 0 0 -1
Example7LetG—{<01),(_1()),( 0_1>,<1 0)}

be a representation of the cyclic group of order 4.The Hilbert series equals

2 . .
H(C[V]9 1) = u_;{;ﬁ Using the Invartants package (cf. Chapter 5)
we find the primary invariants 07 = x] + 23 and 0, = xir3 of minimal
degrees and the secondary invariants n; = 1 and ny = x3xy — 2125, Hence the

corresponding Hironaka decomposition of Clzy, x9]% equals
Clar, 2] = C[01,05] @ 1,C[6:,05).
A different hsop of degree (4,4) is given in Example 3.1.10.

Once we have found primary invariants 6y,6,,...,0, we can compute the
rank of K[z, 29, ..., 2,]% as a K[y, 0, ..., 0,]—module and the degrees of the
secondary invariants.

Proposition 15 Let G < GL,(K) be a finite group and dy,ds, ..., d, be the
degrees of a set of primary invariants for Klzy, xa, ..., 2,]%. Then
(a) the number of secondary invariants equals

 dyds...d,
@
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(b) the degrees (together with their multiplicities) of the secondary invariants
are the exponents of the generating function

n

me) - [ (1 —).

=1

Proof. We follow the proof of proposition 2.3.6 in Sturmfels [43]. We
equate the formula for the Hilbert series of K[z, z3, ..., 2,] from Corollary
2.5.5 with Molien’s formula (Theorem 2.4.12)

m n

1 1 de(n,) 1
@;det([—ta) :Zt - 'H(l—tdj) (2.9)

=1 7=1

and multiply both sides with (1 —¢)". We obtain

m

¢des(n) . . 2.10
1G] Zde —ta Z E(l—l—t—l—t?—l—...—l—tdrl) (2.10)

We now consider the limit ¢ — 1 in (2.10). All summands % of the left
1"

hand side converge to 0 except which converges to 1. Hence the left

det(I—¢1)
hand side converges to &1 . The right hand side converges to m. Putting
this together we get
1 t
G|~ dids..d,

which proves (a). The proof of (b) follows from (2.9). R

Together with Moliens Theorem the above results lay the theoretical foun-
dation for the computation of invariant rings of a finite groups G < G'L,,(K)
with char(K) t|G|, which we will discuss in the next chapter.

Example 8 [The permutation representation of Dy.]

We know from Section 2.1 that the symmetric polynomials oy = 1 + 9 +
T3+ 24,09 = T1T2+ 103+ 2104+ X223+ XXy + 3%y, 03 = L1203+ 210224 +
XT3y + ToX3T4, 04 = X1T2T3T4 are primary invariants for Dy with degrees
(1,2,3,4). From Proposition 2.5.15 we obtain the number and degrees of the
secondary invariants. There are 3 secondary invariants with generating func-
tion l—l—i‘z—l—t4 and the Invartants package delivers n, = 1,1, = x123+ 2224
and ny = vixi + 22z, With R = Cloy, 09,03, 04],we have the following Hi-
ronaka decomposition of the invariant ring

C[xlv L2, L3 x4]D4 =R & 772R @ 773R
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Note that a set of minimal primary invariants has degree (1,2,2,4). With the
Invariants package we find 61 = xv1 + x5 + 3 + 14,05 = w103 + To04,03 =
X1T9 + Tox3 + X124 + w374 and 04 = xix92314. With these primary invariants
the generating function for the secondary invariants equals 1413, hence there
are only 2 secondary invariants of degree 0 and 3 left. We have 7, = 1 and
Ny = 2 + a5 + a3 + a3. As above we set R = C[0;,0,03,04] and obtain the
following Hironaka decomposition

C[l’l, X2, T3, $4]D4 = R @ /7:]/23

Let ¢ < GL,(K) be a finite group, assume char(K) { |G| and let
01,04, ....0, and ny,n,, ...,n,, be primary and secondary invariants of K[z1, z,
ooy 7,]% respectively.. In order to compute in K[z, 79, ..., 2,]% it is sufficient
to know the representations of the elements 5, for 1 < i < j < m,ie. to
know the structure constants of the algebra Klzy, zo, ..., ,]°.

Example 9 We compute the structure table of the invariant ring K[z1, 25]¢
of Example 2.5.7. We have n3 = %0%02 — %01‘—03, hence we have the following
: L |

structure table : |1 |1 | n,

ny | 1y | 30705 — 301 — 63




Chapter 3

Computing Invariant Rings

We present two different paradigms for computing the invariant ring of a
finite group G, namely the computation of the invariant ring as a finitely
generated module over a subring and the computation of algebra generators
for the invariant ring. For the first paradigm several algorithms have been
proposed, see, for example, Sturmfels [43], Kemper [23], Kemper and Steel
[24] and Decker et. al. [10]. The algorithm of Kemper can also deal with the
case char(K) | |G| . They can be subsumed in the following schemes.

Scheme 1 :
1. Compute primary invariants 6,6, ....0,.
2. Compute module generators of K[z, 9, ..., 2,] as a K[, 04, ..., 0,]—
module.

A description of this scheme can be found in Section 3.1. Also Kemper’s
algorithm is implemented in the Invariants package (with the restriction
to the nonmodular case in step 2) described in the Appendix.

The second paradigm is based on computing a set of algebra generators
for the invariant ring. Examples are the algorithm of E. Noether (algorithm
Invariants in Section 2.3.2) for finite groups in the nonmodular case and
the algorithm of H. Derksen for linear reductive groups G < G'L,(C) (for
a definition of linearly reductive groups we refer, e.g., to Derksen [12]. We
note that any finite group ¢ < G'L,(C) is linearly reductive).

Scheme 2 :
1. Compute algebra generators for K[z, xq, ..., 2,,]°.

A discussion of Noether’s algorithm can be found in Section 2.3.2.
Finally, we present a new method for computing the algebra basis of an
invariant ring for a finite group G = (o1, 03, ..., 0%) in the nonmodular case.

45
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Scheme 3 :
1. Compute algebra generators for K[zy, zs, ..., 2,7,
2. Intersect all K[z, 29, ..., 2,)(" using the algebra generators.

For a description of step 1 we refer to Section 4.1 and for step 2 to Section

3.2.

3.1 Primary and Secondary Invariants

We present two different approaches for the computation of primary invari-
ants which are due to E. Dade and G. Kemper, respectively. For the compu-
tation of secondary invariants we present a straightforward approach in the
non-modular case, and an algorithm from Kemper for the modular case.
For the computation of invariant rings of permutation groups we refer to

Gobel [15].

3.1.1 Primary Invariants

We present two different algorithms to find an hsop 64,60, ..., 68, for the in-
variant ring K[z1, 7o, ..., 2,]9. Tt is clear (from Proposition 2.5.15) that the
degrees of an hsop 61,6, ...,0, should be as small as possible. Following
Kemper we call an algorithm optimal if it computes an hsop of minimal
degree, i.e. ], deg8; is minimal. The first algorithm is due to E. Dade
and is one of the fastest, but has some restrictions on the ground field and
does in general not find an optimal hsop. The second algorithm is Kemper’s
algorithm for computing an optimal hsop, which works in the non-modular
and modular case.

Our presentation is by no means exhaustive. Several other algorithms
are described in the literature. For the successive algorithm from Kemper
we refer to Kemper [22] or to Decker et. al. [10] for an improved version.
Various other algorithms are contained in Sturmfels [43].

Before we can describe the algorithms we need some technical results.

Lemma 10 Let 0,,0,,...,0, be homogenous elements of K[z1, x, ..., x,] and
let K denote the algebraic closure of K. Then

dimK[l’l,sz, ,l’n]/ <01,02, 70n> = 0 <~ Vﬁ(el,ez, ,Gn) = {0}

Proof. Let [ = (61,02,...,0,) be of dimension 0. Proposition 1.4.6 implies
that K[xy, 22, ..., x,)/ [ is Artinian and that the variety U = V(01,0,,...,0,)
is finite. Since the elements 64, 6,, ..., 0, are homogenous, for any p € U and
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¢ € K the product ¢ - p is also contained in 0. But the field K is infinite
(the algebraic closure of any field is infinite), hence W = {0}. Conversely,
assume that Vg (01,0,,...,0,) = {0}. Proposition 1.4.6 implies that the ring
K[z, 22, ..., 2]/ (01,02, ....0,) is Artinian and therefore we have

dimK[l’l,Jfg, ,l’n]/ <01,02, 70n> = 0 [ |

Lemma 11 Let 0,0,,...,0, be homogenous elements of Klxy, s, ..., 2,]°.
Then

01,02, ...,0, is an hsop <= dimKJzq, 22, ..., x,]/ (01,02,....0,) = 0.
Furthermore each set 1|, ., ..., 1. of homogenous elements of K[xy, xs, ..., 2,]°

can be extended to an hsop iff dimK[xy, 2o, ..., xn]/ (1, 0g, s thy) = n — k.

Proof. We denote Kluy,z,...,2,] by R, define I = (0,60,,....0,) for an
hsop 64,05, ...,0, and let P O [ be a minimal prime ideal over [, so R/P is
a finitely generated K—algebra with no nilpotent elements. It follows from
Proposition 1.4.5 that dim R/ P = dim R/I. Now Theorem 1.4.4 implies that
dim R/ P equals the transcendence degree of R/ P over K. Since P contains n
algebraically independent elements, the transcendence degree of R/ P equals
0, hence dim R/1 = 0.

Conversely, assume that dim R/ (01,02, ...,6,) = 0. Since R/ (01,0, ....,0,) is
Artinian, for each x; there exists a power k; s.t. <:1;f’> = <:1;fi+1> .Let k=1
and ks, K3, ..., 5, be homogenous elements of R s.t. their images form a
K —vectorspace basis of R%/ (0,0, ...,0,) o . We claim that &1, k2, ..., K, is
a generating set for the K[f,,0,,...,0,]—module R“. We show via induc-
tion on the degree d for homogenous f € R“ that f can be written in the
form Y " k;0;. For d = 0 there is nothing to prove. Now assume that
deg f > 0 and that f is not a K—linear combination of the x;’s. Therefore
f€(01,02,....,0,) o, ice., f =51 pib; for some homogenous p; € RY with
degp; < d or p; = 0. Since p; € K or p; = 2?21 #r;0; by assumption, the
claim follows.

From Krull’s Principal Ideal Theorem (Theorem 1.4.6) it follows, that each el-
ement ¢, decrease the dimension of R at most by 1,so dimK[V]/ (¢, ...,¢.) =
n—FkF A

We can use the above results for the computation of an hsop in the
following way. Once we have found homogenous elements 64,6, ..., 605 of
K[z, 79, ..., 7,]%, we compute the dimension of the ideal (0;,0,,...,0;) with
the aid of Grobner bases. Then we apply Lemma 3.1.11 to check whether
01,0z, ...,0, is an hsop. If dim (01,03, ...,0,) = 0 then 6;,0,,...,0, is an hsop
for R“. Otherwise we discard the elements 8,0, ....0,. Note that the above
results enable us to perform the ideal computations in K[z, 29, ..., 2,].
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Dade’s Algorithm

Originally described in Stanley [38] for fields of characteristic 0. V. Reiner
and L. Smith have generalized the algorithm to groups G < G'L,(K) over
a field K with |G|"™" < |K|,cf. Reiner and Smith [32] or Smith [40]. This
algorithm is rather fast, but produces in general primary invariants of too
high degree, i.e. they do not form an optimal hsop. We set V' = K" and
denote the orbit of f € K[V] w.r.t. G with G(f) == {o-f | 0 € G}.
Furthermore with spank(vy, v, ..., v;) we denote the subspace of V' which is
spanned by the elements vy, vy, ...,v; € V.

Proposition 16 Let V = K" and G < GL,(K) be a finite group. Suppose
that there exists a basis fi, fa,..., fn € V* s.t.

Jiv ¢ U SPGWK(Ul'f1702'f2---70i'fi) for1 <i<n-—1 (3-1)

01,02...,0,€EG

Then the polynomials F; :=[] seG(/) 9 for1 < i <n form an hsop for K[V]“.

Proof. We first show that F; € K[V]9 for 1 < i < n. For 7 € G we
have 7 - G(f;) = {ro- f|o € G} = G(f), hence F; € K[V]. We claim
that the variety Vg(Fy, Fa, ..., F,) = {0} over the algebraic closure of K.
For each F; the variety V(F;) = |J,.qker(o - f;). Since the linear forms
o1 f1,02 fa...,0, - f,. are linearly independent for any oy, 03...,0; € GG, the
intersection of their kernels equals {0}. Hence

V(Fi,....F,) = ﬂ ﬂ Uker (o;- fi)
= U ﬂker o;- fi;) ={0}.

01,02...,0,€G1=1

From Lemma 3.1.10 and Lemma 3.1.11 it follows that the elements Fy, Fy, ..., F),
are an hsop in K[V] and, since K[V] is integral over K[V]“, they are already
an hsop for K[V]“. ®

We refer to (3.1) as the Dade condition. A basis fi, f2,..., f, of V*
which satisfies the Dade condition is called a Dade basis.

Proposition 17 Let V. = K" and G < GL,(K) be a finite group. If
|G"™" < |K| then there exists a Dade basis for K[V]%.
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Proof. Let fi, fo,..., f, be linearly independent elements of V*. Note that
for 1 <4 < n the cardinality of the subspace spank(cy - fi,02 - fo..c; 00 fi)
is |K|" and therefore the set UglmwgieG spank(oy - fi,09 - fayo0 - fi) has
cardinality |G| |K|'. If i = n — 1 we have |G|"™" |[K["™" < |K|" = |V,

hence one can always find an element f;;; satisfying (3.1). H

10 0 1 -1 0 0 —1
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be a complex representation of the cyclic group of order 4. We start with
fi = and obtain

G(fl) = {—l', Y, =Y, l’},
so Fy = 2?y*. Now we must choose fy s.t. fy is not contained in spanc(x)U
spanc(y). A suitable choice is fo = +y. We get

G(fQ) :{_x_y7_$‘|’y,$—y,$+y},

so Fy = a* — 22 y* + y*. So we have found an hsop of degree (4,4).From

Proposition 2.5.15 we conclude that the rank of K[V]“ as a K[F'1, F'2]—module
equals 4 and the generating function for the secondary invariants is 1 + 2 +

t* 45 . But an optimal hsop has degree (2,4) and the generating polynomial
equals 1 + 1%, ¢f. FExample 2.5.7.

Algorithm Invariants(()
In : a finite group G s.t.|G|" " < K|
Out : a Dade basis Fi, ..., F,
begin
B={0)}
for:=1ton do
select fi s.t. fi & [U,ep b;
= leaq 9
B =UepUseq (0,0 - fi);
end
end;

Kemper’s Optimal Algorithm

This algorithm calculates always a minimal hsop for K[z}, z,...,2,]% and
was introduced in Kemper [23]. We follow closely the presentation in (loc.

cit.).

Theorem 15 (Kemper 1997) Let K be an infinite field, R be a finitely gen-
erated graded K—algebra with dim R = n and Ry = K. Let dy,...,d; be
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elements of N. The following two conditions are equivalent.
(a) There are homogenous elements fi, fa, ..., fr € R with deg f; = d; for
1 <<k, st
dim R/ (f1, f2, ..., fx) =n — k.
(b) For each M C {1,2,....k} we have

dim R/ (3 ,car Rai) < n—|M].

Proof. Let fi, fs,..., fr € R be homogenous with deg f; = d; for 1 <1 <k
s.b. dim R/ (f1, f2y ..oy fr) = n — k. Assume that for some M C {1,2,...,k}
we have dim R/(D ;. Ra;) > n — |M]. From the estimation

dim R/ (fi|i € M)y > dim R/ (Y ;cps Ra;) > n — |M]
and from the fact the dimension of R/ (f; |i € {1,2,...,k}\M) is at least
k—|M| (compare Krull’s Principal Ideal Theorem, Theorem 1.4.6), we obtain

Gim B (fus for o fi) > = M| = (k — [M[) = n — b,

a contradiction.
We prove (b) = (a) by induction on k. For & = 0 there is nothing to prove.
For M C {1,2,...,n} we write

dimgp(M) :=dim R/ (3°,.,; Ra)
Now let k£ > 0 and assume that for each M C {1,2,...,k} we have
dimp(M) <n—|M|.

For N C {1,2,....k — 1} we define the ideal Py in the following way. If
dimp(N) = n—|N| then Py denotes a minimal prime ideal properly contain-
ing (3 ;cn Ra,) with dim R/Py = n — |N|. Otherwise we have dimp(N) <
n— |N|and we set Py = {0}. From the assumption we have dim R/ (R4, ) <n
and therefore dim R/ <ZieNU{k} Rdi> <n— |[N|—=1<n—|N|. Hence Ry,
is not contained in Py, so Py N Ry, is a proper subspace of R4, . Since K
is infinite, there exists f; € K4, not contained in any of the ideals Py for
N C{1,2,....,k—1}. Now let R = R/ {(fi) and note that dim R = n — 1. For
any N C{1,2,....,k — 1} we have

dim R/ (3 ey Ra, + o) = dim B/ (3, ey Ra,) <n—1—|N]|.

The induction hypotheses implies that there exist f; € Ry for 1 < ¢ <
kE—1st. dimR/(fi, fay ..., fx—1) = n — k + 1. It follows from the inclusion

(fi, fas ooy fio1) C <Ef:_11 Rdi> that

dlmR/ <f1,f2, ,fk> == dlmﬁ/ <f1,f2, ...,fk_1> =n—1-— (k‘ — 1) =n—FLt N
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Note that the implication (a) = (b) still holds if the field K is finite.
We obtain a corollary, which is very useful for the computation of primary
invariants.

Corollary 6 Let K be an infinite field, R be a finitely generated graded
K—algebra of Krull dimension n and let d € N. The following two con-
ditions are equivalent.

(a) There exist homogenous elements fi, fa, ..., fx € R of degree d s.t.

dlmR/ <f17f27"'7fk> =n—k,

(t)
dim R/ (Rg) <n — k.

Proof. (a) = (b) follows from the inclusion (f1, f2, ..., fr) C (Ry). For the
converse let d; = dy = ... = dj, = d. Then the claim follows immediately from
Theorem 3.1.15. A

The important point of Kemper’s Theorem is, that one can decide al-
gorithmically whether an hsop of a given degree exists, provided that the
dimension of ideals and bases for the homogenous components of R can be
computed, which is possible in the context of invariant theory. One drawback
is, that in order to check condition (b) one has to perform 2¥ Grébner bases
computations in the worst case. The next proposition reduces the number of
Grobner bases computations to the number of different degrees d;.

Proposition 18 Let K be an infinite field, R be a finitely generated graded
K—algebra of Krull dimension n, and dy < dy < ... < d, withr < n be natural

numbers. Assume that a; = n — dim R/ <E;:1 Rdj> >0 for1l <1 <r and

set k=3 '_, a;. Then the following conditions are equivalent.
(a) There exist a set of homogenous polynomials { f1, f..., fx} which contains
a; polynomials of degree d;, s.t.

dlmR/ <f1,f2, ,fk> =n — k,
(b)
dim R > dim R/ Ry, > dim R/ (Ry, + Ry,) > ... > dim R/ (Y., Ry,) = n—k.

Proof. We prove both directions with induction on r and remark that for r =
0 there is nothing to prove. We start with (a) = (b). Let r > 0 and f1, fa..., fx
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be homogenous polynomials which satisfy (a) and let ¢ = E::_ll a;. From the

hypothesis we know that dim R/ <E::_11 Rdi> =dim R/ (f1, f2, .., fr) = n —1.

Since «, > 0 we have
dim R/ (fi, fars oo frpar) =n—t —a, < dim B/ (31Z] Ra,),

hence dim R/ <E::_11 Ry) > dim R/ (3 , Ra,) -
Let » > 0 and assume that (b) holds. We denote dim R/ <E;:1 Rdj> by

dimp(7). From the hypothesis we know that there exist fi, fa, ..., fi—a, Which
satisfy the degree requirements from (a) and that dim R/ ( f1, f2, ..oy frma,) =
dimp(r — 1) It follows from the assumption dimg(r — 1) > dimg(r) and from
Corollary 3.1.6 that there exist o, polynomials fr_n, _ +1,..., fo, € Ra, s.t.

dlmR/ <f1,f2, ,fk> =n—Fk N
The computation of the dimension of dim R/ <E;:1 Rdj> for 1 <1 <

r can be performed by the following subroutine, which we will describe
schematically.

Dimension (K[xy, 2o, ..o 0]/ (g1, ooy Gmy) s (f1y ooy frna))
In: The basis of a homogenous ideal I <K][x1, 22, ..., x5/ (g1, -y G, ) (each
fi is homogenous).
Out: The Krull dimension of [.
begin
B := Groebner Basis(gu, ..., gmys f1, ooy fro {21, o0y @n}); // any ordering
h(t) := Hilbert polynomial of the ideal generated by B;
return(degh(t));
end;

Algorithms for the computation of the Hilbert polynomial can be found in
.e.g., Bayer and Stillman [1] or Bigatti et. al.[4]. An introduction to Hilbert
polynomials and a different algorithm for the dimension can be found, e.g.,
in Cox et. al. [9], see also Becker and Weispfennig [3].

The enumeration of degree vectors plays a fundamental role and in our
implementation it requires three additional functions, namely InitDegree, Ad-
missible(), and NextDegree. These algorithms can be exchanged by others,
but must fulfill the following specification :
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InitDegree (G, K)
In: a finite matrix group G < G'L,(K), a field K;
Out : -

Initialization of the degree enumeration..

AdmissibleQ (d)
In: a degree vector d.
Out: True, iff there might exist primary invariants, Flalse otherwise.
if char(K) t |G| and |G| | [[\, d; and there are enough invariants of
degree d; for 1 <1 < n, then return(7rue);
else return(False);

end;

NextDegree (d)
In: a degree vector d.
Out: a degree vector d’ satisfying [, &; < [, d.

We now present Kemper’s algorithm for computing primary invariants of
least degree. A rough description of the algorithm is as follows.
In the main loop the algorithm enumerates degree vectors in an increasing
way w.r.t. a multiplicative ordering (cf. the introduction of Section 3.1.1),
and checks if an hsop with the given degree vector might exist. In the non-
modular case simple criteria are the Hilbert series or the Cohen-Macaulay
property (check if there are enough invariants, if H%(¢) times a polynomial
is a polynomial), then it uses condition (b) of Proposition 3.1.18. If all these
requirements are met, the algorithm TryDegrees is called. In the case of an
infinite ground field, TryDegrees always returns an hsop. This is guaranteed
from Proposition 3.1.18. If the ground field is finite, then an hsop might not
exist, and the algorithm does not leave the main loop.
Warning : The enumeration must deliver all possible degree vectors in the
correct order. Otherwise the algorithm does not produce a set of primary
invariants of least degree.
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Algorithm Primarylnvariants(G,K)
In: a finite matrix group G < G'L,(K), a field K;
Out: A minimal hsop.
found := False;
dv ={0,0,...,0};
InitDegree(G, K);
while found = False do
dv := NextDegree(dv);
if AdmissibleQ(dv) then begin
d = Union(dv); // set-theoretic union
1 = 1;dimension = n;loop := True;
while loop do '
dd = dim B/(S\_, Ry):
if dimension > dd then dimension = dd,;
else loop = False;
if © < |d|then i :=¢+1;
else loop = False;
end-while;
if i = |d| then {0,0,,....0,,} :=TryDegrees(d, G);
if {0,,0,,....0,} #1{0,0,...,0} then found := True;
end-if;
end-while;
return({6y,6,,...,0,});

end;

It the field K is infinite and we have found a degree vector, then we
“only” have to find the polynomials 64, 6,,...,0,. In the case that K is finite,
the algorithm tries to find polynomials 84, 8,, ..., 8,. The algorithm performs
a loop over a finite-dimensional K—vectorspace V. The idea of how one can
perform such a loop is due to Kemper (loc. cit.). Let by, b, ..., b, be a basis
of V. We distinguish the two cases:

Case 1 |[K| = oo : Take an injective map ¢ : Ng — K and enumerate
the elements of N{ w.r.t. to a total degree ordering. For any such

(k1,ka..., k) € N§ consider the element > " «(k;) - b; € V.

Case 2 |K| = ¢ < oo : Take a bijection ¢ : {0,1,...,¢ — 1} = K and enu-
merate the elements of {0,1,...,¢q — 1}" w.r.t. to a total degree order-
ing on N7, restricted on {0,1,...,¢ — 1}". For any such (ki,...,k,) €
{0,1,...,¢ — 1}" consider the element » "  «(k;) - b; € V.
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The algorithm below is a simplified version of the algorithm TryDegrees
from Kemper (loc. cit.). The algorithm loops over a finite-dimensional vec-
torspace V. If the ground field K is infinite, termination is guaranteed from
Proposition 3.1.18, and, if |K| < oo, there are only finitely many combina-
tions.

Algorithm TryDegrees( R, G, {d1,ds,....d.},{on, aq,...,a. })
In: a finite matrix group G' < G'L,(K), a degree vector d, o
Out: A minimal hsop, if it exists, {0,0,...,0} otherwise.
if m = 0 then return({});
for (01,0,,....0,,) € Ry, do

k:=1;
while dim R/ ((91, R ES S Rdi> —n—3* o
and £ < rdo
k:=k+1;
end;
if K =r 41 then
E = R/(@l, 02, cees Gal);
{0a1+17 00é1+27 PEEES) 071} =

TryDegrees(R,{dy,dz,...,d. },{az, as, ..., }, G);

end;

if {0,,41,...,0.F #40,...,0} then return({0y, ..., 0,,,0,,41, ..., 0 });
end;
return({0,...,0});
end;

The following example is taken from Rotteler [33] (example 4.3.2)

1 1 1 0
_ 1 :
Example 11 Let G = <—\/5 < | 1 ) , < 0 i >> The group GG is used

in Sloane [36] in order to compute the weight enumeration polynomial of
an error-correcting code, and also to show that a code with certain specific
properties does not exist. For details we refer to (loc. cit.). The order of G
equals 192 and from Molien’s Theorem we obtain

1
(1 —t3)(1 —t24)

The implementation of the algorithm Primarylnvariants in the Invariants
package returns the following hsop :

HE(t) =

01 — $8—|‘14$4y4—|‘y87
¥ - 1288220yt 742921%y" + 74292%y'°  1288x%y* + y*h

0 —
2 3 3 3 3
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Since H(C[01,05],t) = HE(t) the invariant ring equals Cz,y]% = C[0,,05)].

3.1.2 Secondary Invariants

We present two algorithms, one for the non-modular and one for the modular
case, which is due to Kemper (cf. Kemper [22]). These algorithms take as an
input a set 6y,60,,...,0, of primary invariants, and compute a module basis
for the invariant ring over K[, 05, ...,60,]. A different approach is the compu-
tation of the integral closure of K[01,6,,...,0,] in its field of fractions, which
equals the invariant ring K[V]%. For the computation of the integral closure
we refer to Vasconcelos [44]. In the sequel we abbreviate K[z, 22, ..., x,,] with

K[V] (cf. Section 2.2).

Nonmodular Case

Let K be a field and G < GL,(K) be a finite group and s.t. char(K) t|G|.
From the Hilbert series /“(¢) and the degrees of the primary invariants we
can immediately compute the rank r of K[V]“ as a K[0;,0,,...,0,]—module
and the degrees of the secondary invariants, using Proposition 2.5.15. In the
sequel let 0, 0,, ..., 0, be primary invariants of ¢ and r be the rank of K[V]“
as a K[01,0,,...,0,]—module and A = K]lby,...,0,].

The next two propositions are of technical nature and will be needed in
the algorithm.

Proposition 19 The elements n,,1,....n, € K[V]% are an A—module basis
Jor K[V iffny,ng, ..., n, are a basis of K[V]9 /A, K[V]Y as a K—vectorspace.

Proof. Assume that 7;,7,,...,7, is a basis of K[V]“ and there exists a re-

lation >0 Aoy + >0 azh; = 0 for some X; € K, a; € A} and h; € K[V]e.

Each h; can be written as h; = 3 7., njpy), 8O D iy Aty Dy njaipy) =
0, which would imply that K[V]“ is not a free module.

Conversely, we assume that the elements n,,n,,...,n,, are a K—vectorspace

basis of K[V]9/A,K[V]Y. We show that M = > " m,A = K[V]% via in-

duction on the degree. Let f € K[V] be a homogenous element of degree

d > 0. The image of f in K[V]9/A;K[V]“ equals

f= Z Ain; + Zaihi
i=1 i=1

for some \; € K,a; € A, and h; € K[V]%. Now deg(a;h;) = d, hence
deg(h;) < d, which implies h; € M, hence each h; is of the form h; =

2 =1 771‘“;2)' u
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Proposition 20 The elements 1,1, ....,n, € K[V]9 are a A—module basis
for K[V iff their images are linearly independent in K[V]/ (01,0, ...,0,)
(w.r.t. K).

Proof. Let 1,,7,,....,n, be an A—module basis of K[V]%. We claim that
the canonical map ¢ : K[V]9/A,K[V]Y — K[V]/(0,...,0,) is injective.
If p(p) = 0 for some p € K[V]“/A,K[V]“ then p € (0;,....0,), 50 p =

* ki for some h; € K[V]. Now p = RY(p) = >, RY(h;)0;, hence
p € A,K[V]Y. This implies that the elements n,,7,,...,n,, are linearly in-
dependent. Conversely assume that n,,n,,...,n, are linearly independent in

K[V]/ (01,04, ....0,) . In particular they are linearly independent in the vec-
torspace K[V]9/A, K[V]9. But dim K[V]9/A,K[V]% = r, hence they form
a basis. W

Proposition 21 Let B be an A—module basis of K[V]. Then the set RY(B) =
{R(b) | b € B} contains an A—module basis for K[V]%.

Proof. It follows from the Reynolds properties, that S8 is an A—module
homomorphism. But B is also a projection. W

Now we can state an algorithm for computing secondary invariants. Kem-
per and Steel [24] give a refined version of this algorithm, which computes a
subset of irreducible secondary invariants, where a secondary invariant is irre-
ducible if it cannot be written as a polynomial in the primary invariants and
the remaining secondary invariants. The set of primary invariants together
with the irreducible secondary invariants form a minimal set of fundamental
invariants. For details, see (loc. cit.).

Algorithm Secondarylnvariants(G, (01,0s,...,0,))
In: The group G, an hsop 64,0, ..., 0, for K[V]
Out:Secondary invariants {1, n,...,7,} of K[V]
begin
p=HO) I, (1=t /) p=14 20, eit™
B = an A—module basis of K[V];

m =1
for : =2 to d do

select ¢; linearly independent elements i, of RY(By,);
end;

return(ny, 1y, .., 1,);
end.

G
G

Example 12 (The permutation representation of C5) An optimal hsop
has degree (1,2,2,3,5) so the generating function for the secondary invari-
ants equal 1 + 3t> + 4t* 4 3¢5 + 8. The invariants package delivers the
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following primary invariants for Clzy, xa, x3, T4, 5]

0, = a1+ 23+ 23+ x4 + 5,

0y = w113+ 2124 + T224 + T2x5 + T35,

O3 = w122+ 2ox3 + T304 + 125 + T4,

04 = x12204 + 10304 + T12325 + 2235 + TaT4Ts,
05 = X1T2X3X4T5.

and 12 secondary invariants :

2 2 2 2 2 .2 2 2 2 2
{l,a]xy+ a5as+ x5 a4 + xjvs + @y 25, 0 3 + w5 x4 + 1 25 + 2525 + 29 25,

3 3 3 3 3 .3 3 3 3 3
]t oy a3+ x5, 0] T2+ 503+ T304 + Ty Ts5 + Ty T,

:1;:1)’:1;3 —|—:1;:2)’:1:4—|—:1;1:1;2—|—:1;§:1;5 —|—:1;2:1;§,:1;1:1;§ +:1;:1)’:1:4—|—:1;2:1;2—|—:1;§’:1;5 +x3x§,
:Jc‘ll—l—:Jc;1 —I—:zjg—l—xi +$g,$11$2 +$3$3 —|—:1;§:1;4 —|—$il’5 —I—:zjlxg,
:1;‘11:1;3 +x§x4+x1xi+x§x5 +x2x§,x1x§ —|—:1;‘11:1:4—|—:1;2:1;i—|—:1;‘21:1;5 —|—:1;3:L'§,
28+ 25 4 2 4 2+ 2l
If we denote the secondary invariants with 1,1y, ..., 1, respectively, we o0b-
tain the Hironaka decomposition
12
R = €D 1:C[01,0,, 05,04, 05).
i=1
If we had taken the symmetric polynomials as primary invariants then we

would have been forced to compute 25 secondary invariants w.r.t. the gener-

ating function 1 4+ 12 + 3t + 4t* 4 615 + 45 + 3t7 + 5 + 110,

Modular Case
We follow Kemper [22]. In this section K denotes a finite field, G < GL,(K) a

finite group and 601, 05, ..., 8, primary invariants of G. Furthermore we assume
that char(K) | |G|. Set A = K[0y,0,,...,0,] and let B be a generating set of
(. We reduce the problem to the non-modular case by choosing a subgroup
H < G s.t. char(K) {1 |H|. A good choice would be a p'—Sylow subgroup
with a prime p’ # p. Note that the trivial group {1gz, (k) } always fulfills the
requirement. Then we compute an A—module basis {b;, b, ..., b, } of K[V]H
with the algorithm SecondarylInvariants. Finally we impose (G—invariance
conditions on the elements of K[V], which leads us to a system of linear
equations. We have h € K[V]H NK[V]“ = K[V]“ iff 0 - h = & for all o € G.
Let h =>""_ bj(x)pi(01,02,....0,). Then o - h = h iff

> (bi(x) — o - bi(x)pi(01,0s, ..., 0,) = 0.

=1
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So we solve the system of |B| linear equations over K[V/]

r

> (bi(x) — o -bi(2))z =0, for 0 € B (3.2)

=1

and intersect the solution module M with A”.

Proposition 22 With the notation from above let {c1,ca,...,cn} be a basis
of M N A" and set

nk:Zbi'ck,ia forl <k <m.

=1

Then 1,,0y, - 1,, form a module basis of K[V,
Proof. For 1 < k < m we have ¢;; € A and from (3.2) we obtain
Yo bi(x)er: =i, obi(x)er,;. Conversely, let f =71 a;b; € K[zy, xa, ...,
z,]% for some a; € A. Since f* = f it follows from (3.2) that (a1, as, ...,a,) €
M N A", so (a1,az,...,a,) = Y v, a;c; for some @; € A and we have [ =

The computation of the basis {¢1, ¢a, ..., ¢} of M N A" can be done with
the following Lemma, which appears in Kemper (loc. cit.).

Lemma 12 (Kemper 1996) Let R = Klxy, @9, ..., 2, ),M =>" R-b; < R’
be a submodule, S = K[xq,...,x,, 11, ....1,] and T = K|[t1,ta,...,t,]. Set

M:i5-6i+i(ti—0i)-Sr§Sr
=1 =1

and - -
Mr=MnNT".
Then with ¢ : T" — A", 1; — 0;, we have

H(Myp)=MnN A"

Proof. We denote ty,...,t, with t and 6, ...,0, with 8. Let 7 : R" — R"/M
be the canonical projection and ¢ : S” — R’ the induced homomorphism
from ¢. We claim that the kernel of the homomorphism ¢ = 7 o 1 equals
M. For f = 3" si(x,t) - b + Y0 (t: — 0;) - 8. € M we obtain (f) =
S si(x,0) - b; € M, hence 7o ¢(f) = 0. We show the other inclusion in

two steps. Firstly, let p be a monomial in 7" and ¢; be a basis element of
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S”. We show via induction on the degree d of p(1,...,¢,) that (p(t1,...,t,) —
p(01,...,0,)) - e, € M. For d = 0 there is nothing to show. If d > 0 then
p(te, .o tn) = tp'(t1, ..., t,) for some j and p’ € T with degp’ = d — 1. It
follows from the induction hypothesis that (p'(¢1,...,%,) — p'(61,...,0,)) - € €
M. So
(p(t) —p(0))-ei = (L;p'(t) —0;p'(8) +0;p'(t) = 0;p(t)) - e
= ((t; = 0;) - P'(t) + 0, (p'(t) = p'(0))) - ei € M.

Now a monomial s € S can be written as s = r(x)p(t), and we obtain

(r(x)p(t) — r(x)p(8)) - e = r(x) - (p(t) — p(B)) - e; € M.

So for each (sq,s9,...,5,) € 5" we have

(8150y8,) = (51 ;20,552 ;20,5 s 9r |t,=0,) € M. (3.3)

If ¢ (51, 82, ..., 8,) = 0, then (s1, 89, ...,5,) € M, and it follows from (3.3) that

(51 e;=6,+52 ;20,5 s 50 |t,=6,) € M C M, which proves the claim.
Now we obtain ker(¢|r:) = ker(¢p) N T" = MT, and we have

p(T")=A"/(A" N M)
The the first homomorphism theorem implies that
17 /My = A" /(A" (M),

which is an isomorphism induced by ¢, hence gb(]\AjT) =A"NM 1

The following algorithm for computing the intersection of M and A" uses
Grobner bases of modules, which were introduced by Méller and Mora [28],
who also extended the Buchberger algorithm to this case.



CHAPTER 3. COMPUTING INVARIANT RINGS 61

Algorithm Module-Ring-Intersection(B, R)

In: module generators by, ..., bs for M, algebra generators for A.
Out: Module generators ¢y, ...,¢,, € A" for M N A".

begin

Si= Ky, oy Tyt ey Ll

{e1, ..., €.} :=canonical basis of S";

M := the module generated by b;,i € {1,...,s} and (t; — 8;) - ¢;,i €
{1,..on}, e {l,..,r}

<:= a term order on M with x; greater than any monomial in the ¢;;
B:= GroebnerBasis(]\Aj, {21,y Ty 1, ey b}, <)

Br := BN (K[t1, 12, ..., 1))

{e1,ceryem} = O(Br);

return({cy, ..., ¢, });

end;

We can now present Kemper’s algorithm for the computation of secondary
invariants.

Algorithm Secondarylnvariants(B, (61, ...,0,))
In: A generating set B of the group G, an hsop 64, ...,6,,.
Out:Secondary invariants {n,...,n,, }.
begin
let H < G s.t. char(K) {|H|; // default H := {1}
{b1, ..., bs} :=Secondarylnvariants(H, (01, ...,0,)); // non-modular
Let M < K[zy, x3, ..., 2,]" be the solution module of the following linear

system

Z(m(l‘) —o-n(x)) -z =0, for o € B;
=1
This amounts to the calculation of a syzygy module;
{e1, ..., e} := a basis of M NK[b4,...,0,]
fori:=1tomdon;:=37_, ¢ bj; end;
return(n,, ..., 7, );
end.

Remark 4 For the computation of syzygy modules we refer, e.q., to Becker
and Weispfennig [3] or Winkler [47].
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3.2 Fundamental Invariants

In this section we present an new algorithm for computing the intersection
of invariant rings of finite groups G, Gy < G'L,(K) which are given in terms
of fundamental invariants in the nonmodular case. The result is a set of

fundamental invariants for the ring K[z1, 2o, ..., 2,]%" N Kz, 29, ..., 2,]72.
This leads to a new approach for computing the invariant ring of a finite group
G = (01,...,01) < GL,(K) in the nonmodular case. First one computes
fundamental invariants for the invariant rings K[z, 4, ..., 2,] for 1 <i <

k, which can be done for K = C with the algorithms from Section 4.1. Then
it is clear that the invariant ring equals

k
K[z, 2q, ..., 2,]% = ﬂ K[z, 2g, ..., 2], (3.4)

=1

Also the algorithm can be used if the fundamental invariants of several in-
variant rings of some groups Gy, Gy, ..., G, are already known, and one wants
to compute the invariant ring of the group G = (G4 U Gy U ... U G).

3.2.1 The Intersection Algorithm

Let R = Klxy, 22,...,2,),G1, Gy and G be finite subgroups of G'L,(K) s.t.
G = (G1 U Gy), where (Gy U Gy) denotes the group generated by the el-
ements of GGy and (3, and assume char(K) t |G]. Suppose that the two
invariant rings Rt = K[fi,..., fm,] and R = K]gi, ..., gm,] are given in
terms of fundamental invariants. We present an algorithm which computes
the algebra basis {hy, ha, ..., hm } of the intersection of Rt and R, i.e.

R 0 R% = K[hy, hy, ..., h,] = R,

The restriction to the nonmodular case comes from the fact that the algo-
rithm is based on the proof of Hilbert’s finiteness Theorem (Theorem 2.3.11)
and holds therefore only for a field K with char(K) 1 |G]. The following
theorem is the key to the algorithm.

Theorem 16 Let G < GL,(K) be a finite group with subgroups Gy and
Gy s.t. G = (G UGyY). Let <Rf> < R denote the ideal generated by all
homogenous elements of positive degree from RY. Let I = (fi,..., fm,) =
(G1s ey Gmy) < R be a proper ideal in R for homogenous elements f; € R
and g; € R respectively, then

[D(RY)=1=(R{).



CHAPTER 3. COMPUTING INVARIANT RINGS 63

Note : In general, [ C <Rf>
Proof. If G4 = G then G = Gy and RY = R . If 1 D (RY) then I = (RY)
because <Rf> is the largest ideal which can be generated from the invariants
of positive degree. Therefore we may assume R # R, We denote the
Reynolds operator of the groups Gy by ** for k£ = 1,2 and of the group GG
with *. Suppose [ D <Rf> and let h € I\ <Rf> be a homogenous element
of minimal degree. Then, according to Lemma 1.4.4, we can write & in the

following form :
h = Zpifi
=1

for some homogenous polynomials p; with degp; = degh — deg f;. At least
one of the p; ’s is a nonzero constant, otherwise each f; is contained in <Rf>
because of the minimality of h. W.l.o.g. we may assume h = f;. Since [ is
also generated by ¢1, ..., gm, we have

ma M2 2
i = 9i=) AN g + ;g -
DL DN SN

g<R¢> T e<R{>

for some homogenous polynomials r; with deg r; = deg f; —deg ¢; (cf. Lemma
1.4.4). Note that any ¢g; with deg(g;) < deg(f1) is contained in <Rf> because
of the minimality of the degree of f;. It follows that all A\; are contained in
K and at least one is nonzero. An application of the Reynolds operator to
fivields f72 = 3772 XNigi+ Y2 s7%g; and we have

m2

Ji= 1= (si—s7)gi € (RY),

i=1
so fi = f{?mod <Rf> . Note that the ideal <Rf> is G— invariant.
Now choose generators GG; = (0y...,0,) and Gy = (71...,7). We show via
induction on the length [ of products of the elements from {oy...,0,,71,..., 75 }
that fi = v fi = fi2 = v f{?mod (RY) for all v € G. The case [ = 0 is
trivial. So assume that v € G is a product of [ — 1 elements from the set
{o1...,04,7T1,..., 7} and

hi=y - i=f2=7 [{*mod (R]). (+)

For yo; we have yo; - (fi— fi?) = v- fi—70; fi*, 50 yo;- fi* =7 fi and the
induction hypothesis implies that f; = yo; - fi = vo, - f{? mod <Rf> Also
for 97 we have 74+ (fi— f12) = 17k fi— 7+ [, 50 774 i =7+ 2 = 7+
Thus we have

1 1
== o-f1 = — L mod (RS .
/ m% fi = 157 2 frmod (RS)

c€eG
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Hence

fi = fymod (R{).
The polynomial f7 is contained in R, in particular f; € <Rf> so i = f7 =
0 mod <Rf> which implies f; € <Rf>, a contradiction. W

It is sufficient to know an ideal basis for <Rf> containing only homoge-
nous elements, because the Reynolds images of the generators are a set of
fundamental invariants for G.

Lemma 13 Let (hy, ha, ..., hy) be a set of arbitrary homogenous generators

of the ideal (RG)Y < R. Then R® = K[hi, b}, ..., h%).

Proof. It is sufficient to show that each homogenous invariant of degree > 0
is contained in (h7,...,h% ). Assume the converse and let h = Y " ph €
(hi,hay .oy b)) \ (hT, R3, ..., k%) be a homogenous invariant of minimal degree
for some p; € K[xy,z3,...,2,]. Note that for a homogenous f € R of with
deg(f) < deg(h) we have f € (hi,hay.c,hm) < f € (BRI, RS, .. RY) . As
in the above proof we write h = > 7" XNhi+ > =, s;h; for A, € K and
si € Klxq,29,..., 2, with s; = 0 or deg(s;) > 0. Now the minimality of h
implies that > sk € (i, RS, ... h%), s0 Y 0 sihy = > " s;h¥ for some
Si. But b = h* =377 Nhi+ >0 5h7, a contradiction. Hence the ideal

(hi,h5, ..., h% ) contains all homogenous invariants of positive degree, and we

have (hy,h%, ..., h%) = <Rf> = (h1,hay ..., hy) . M

For a different proof see Derksen [12] Lemma 2.2 of ch. 1.

We can now state the intersection algorithm. The algorithm computes
a basis for the ideal <Rf> and applies the Reynolds operator to each basis
element.

Algorithm Intersection({f1, fa, ..y finy) (91,92, ey Gy ) » *)

In: Algebra generators fi, fo, ..., frm, for RE' and g1, ga, ..., gm, for RE2.

The Reynolds operator * for the group (G4 U G3) .

Out: Algebra generators hy, ha, ..., hy, for R{G1YG2),

begin

[1 = <f17 f27 ) fm1> )

[2 = <917927 "'7gm2> )

while /; # I, do

1= [1 N [2,

I, ;== {IN R // Intersection of I with the subring R!.
I = 2] N RGZ); : // Intersection of I with the subring R%2.
end;
return(/;); // Apply the Reynolds operator to each basis element.
end Intersection.
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For comparing two ideals and for the computation of their intersection we
refer to Cox et. al.. [9] and Becker and Weisspfennig [3]. The computation
of the intersection of an ideal with an invariant ring is described in section
2.6 of Sturmfels [43].

The termination and correctness of the algorithm follows from the next
two theorems.

Lemma 14 [In each iteration of the while loop the ideal <Rf> is contained
in [1 N [2.

Proof. Follows from the inclusion of ideals (fi, fa, ..., fm,) 2 <Rf> and
(91,925 ooy Gmy) 2 <Rf> and the equality R = R N R%>. W

Theorem 17 The algorithm Intersection terminates.

Proof. Consider the residue class ring B = R/ <Rf> Since R is zero-
dimensional it is Artinian, hence each strictly descending sequence {jk} of

ideals must stabilize, i.e. Jy = jN+k for some N € N and all £ € N. Let J,
be the intersection [; N I in the n—th iteration of the while loop and denote
the image of .J, in R with .J,,. We obtain a strictly descending sequence of
ideals in R, hence after a finite number of steps the sequence stabilizes. The
proof follows from the fact, that the ideals in R correspond uniquely to ideals
in R containing <Rf> [

Theorem 18 The algorithm Intersection is correct.

Proof. It follows from Theorem 3.2.17 that [; = [, after a finite number
of iterations of the while loop. Now Lemma 3.2.14 implies that [; and I
satisfy the condition of Theorem 3.2.16. Let hy, ho, ..., h,, € RS be a set of
homogenous generators for the ideal Iy, then we know from Lemma 3.2.13

that RS = K[k}, h3,....h5]. B

Example 13 Let K = F5,0, = (il,) 421)’02: <(1) g) and G = (01, 03).

Note that |G| = 96. The subgroup (o) has order 8 and RV is generated by
the fundamental invariants

Fyo= {at a2y oyt 2ty 4 daty? o+ dey’ + 3y,
a8+ 22%y° 4+ 4a%y® + 3ay” + 205, 2Ty + 22%y° + 22%y° + 22y + 4y8}

The subgroup (o4) has order 4 and RY"?) is generated by the fundamental
invariants

Fy = {2® + 32y + 4%, 2° 4+ 3zy* + ¢°, 2* + 32%y* + day® + v}



CHAPTER 3. COMPUTING INVARIANT RINGS 66

The fundamental invariants Fy and Iy have been found with the implemen-
tation of Kemper’s algorithms in the computer algebra system Magma (cf.
[6]). Now we call Intersection(Fy, Fy,RY) (from the Invariants package)
and obtain fundamental invariants for RY namely

hy = 3:1:12+:1:11y—|—3:1:10y2—|—:1;8y4—|—4:1;7y5—|—
2x5y7+x4y8+2x2y10+3xy11 _|_3y127
he = 2% + :1;7y + :1;6y2 + 2:1;5y3 + 3:1;4y4 + 4:1;3y5 + 4:1;2y6 + 3:1;y7 + 2y8.

Hence

F5[$79]G = F5[h17h2]-

3.2.2 Computation of Fundamental Invariants

From the observation (3.4) we can derive a simple algorithm for the computa-
tion of the fundamental invariants of the invariant ring of G = (o, ..., 04) <
G'L,(K) in the nonmodular case. An algorithm for the computation the fun-

damental invariants of a cyclic group (o) < G'L,(C) can be found in section
4.1.

Algorithm [InvariantRing(oq, ..., o)

In: Generators oy, ..., oy, for the finite group G < G L, (K).

Out: Algebra generators hy, ..., h,, for K[V].

begin

Compute a generating set H for K[V]1);

for 1 :=2to k do
Compute a generating set B for K[V](7:);
Compute the Reynolds operator * for (o1, ..., 0;);
H :=Intersection(H, B, );

end;

return(H);

We conclude with two examples.

Example 14 Let G; = <<_(1) (1)>>,G2 = <<(1) _(1)>> and G =

(G1 U Gy) be subgroups of GL,(C). Now C[V]“1 = Cla? + y*, z* +y*, 2%y —
zy®] and C[V]“? = Clx,y?*]. Using the algorithm Intersection we obtain al-
gebra generators for Clz,y]% = Cla? + y?, $(a* + y*)]. In the last step of the
algorithm, the Reynolds operator is applied to the generators {y*, x? + y*} of
the ideal (Clz,y]¥) .
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0 1 0 0 01
Example 15 Let 07 = -1 0 0 and o9 = 1 0 0 |. From
00 —1 010

Fxample 5.4.37 we obtain fundamental invariants for Gy = (o1) , namely
Fy= {2+, 2% ayz, 2’z — gz, 2%y? 2%y — ay)

Fundamental invariants for Gy = (o2) can be easily computed, we take pri-
mary and secondary invariants (without 1) of G, i.e.

Fy={z+y+z,oy+az+yzayz, oy +a2® +y*z}.
We set G = (01, 03) and call Intersection( [, Iy, R”) and obtain

hl = 1'2 + y2 + 227
hy = xyz,
hys = 22+ :1;2y2 + 2y4 + 2222 4+ y222 + 224,

Since HE(t) = H(C[hy, hy, hs],t) the result is correct.

It is an interesting question whether the algorithm Intersection can be
generalized to linear reductive groups. If so, it might be an alternative to
Derksen’s algorithm.



Chapter 4

Selected Topics

In this chapter we deal with various aspects of invariant theory. In the first
section we present specialized algorithms for Abelian groups. In section 2
we study the induced action of the dual representation on the tensor and
exterior algebra. In section 3 we present Stanley’s summation example and
in section 4 we how one can prove theorems in projective geometry with
invariant theory.

4.1 Abelian Groups

In this section we present a Grobner bases free algorithm for the computation
of the invariant ring of a finite Abelian group. For a different approach (with
one Grobner basis computation) we refer to Sturmfels [43], section 2.5.

Let G be a finite abelian group and p be any n—dimensional faithful

representation of (G. Since each irreducible representation of an abelian group
is one-dimensional (cf. Corollary 1.2.1), the matrices p(o) € GL,(C),0 € GG
can be diagonalized simultaneously and contain roots of unity in the diagonal.
This additional structure information can be used for the computation of the
invariant ring of p(G).
Convention : We only consider faithful representations. It G = Z,,, x ... X Z,,
and p : G — G'L,(C) has non-trivial kernel H, then we consider the induced
representation p’ : G/H — GL,(C),gH — p(g). Since the roots of unity
play such an important role we need an abbreviation for them.

Definition 39 For k € N we define £, := exp(2mi/k).

In the first two sections we study faithful representations of finite cyclic
groups, which are generated by diagonal matrices, in section three we treat

63
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arbitrary finite cyclic groups. In section four we show how one can com-
pute the invariant ring of arbitrary faithful representations p of finite abelian
groups Z,, X ... X Z,, from the knowledge of Pz, for1 <y <k.

None of the presented algorithms use Grobner bases, but use only simple
ideas from linear algebra.

4.1.1 Cyclic Groups - Diagonal Form (1)

We start with the simplest non-trivial case, namely with irreducible repre-
sentations.

Proposition 23 For n € N the invariant ring of Z,, w.r.t. any irreducible
representation p is simply the polynomial ring K[zVP1], . where |p| denotes the
order of the group p(Z,). A

In the sequel we study reducible (faithful) representations of . We be-
gin with cyclic groups where all elements are diagonal matrices of the form
diag(&y,, €4, - €q,) Tor some dy, ds, ..., d, € No.

Example 16 Let G = {1,—1,—1,i} be the cyclic group of order 4. Consider
(—1)* 0 0
the representation p(i*) = 0 (=) 0 | forke{0,1,2,3}.
0 0 F
A monomial z%y*2¢ is invariant w.r.t. p(G) if and only if p(i) - 2%y’2° =
x%yP e It suffices to look al the exponents of this equation, hence

(—2) (=)’ - 2)° = 2%y’ &
2m1 2m1 2m1
exp(7a) exp(7b) exp(Tc) = l&
T

exp(?(Za—l—Zb—l—c)) = 1l&
20 +2b+ ¢ = 0mod4.

Therefore we consider the solution set of the equations
2a +2b+ ¢ = 4p for p € Ny. (4.1)

Forp =1 we have the solutions (2,0,0),(0,2,0),(0,0,4),(1,1,0),(0,1,2) and
(1,0,2). From the first 3 solutions we obtain primary invariants z*,y?, z* (cf.
Lemma 3.1.10) and set R = Clz? y* 2. From the remaining solutions we
obtain secondary invariants xy, xz* and yz?. In the case p = 2 we obtain the

solutions (0,1,6),(0,2,4),(0,3,2),(0,4,0), (1,0,6), (1,1,4),(1,2,2),(1,3,0),
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(2,0,4),(2,1,2),(2,2,0),(3,0,2),(3,1,0),(4,0,0). For each such solution (ay,
az,a3) it holds that ayor ay > 2 or ag > 4. So each monomial vy 2
can be expressed as a product of the primary and secondary invariants from
above. The Hilbert series of the ring obtained so far can be computed with
Proposition 2.5.5 and equals

H(R@xyR@xZQR@yzz,t) = a _1 ;)22.—';1%_3 e (4.2)

It remains to show that there are no more secondary invariants left, which
can be done by comparing (4.2) with H”(t). The Hilbert series H* (1)
can be evaluated with Molien’s Theorem (Theorem 2.4.12) equals (4.2).

We can generalize the observation from the preceding example. Let m €
N and G = Z,, with generator o, i.e. G = {o'|0<7<m—1}. In the
sequel we consider faithful representations p : Z,, — GL,(C) with p(o) =
& 0 .0

5?2 0 . We have lem(dy, ..., d,) = |p(G)| = m. A monomial
0 0 ... &
IT;-, 3’ is invariant w.r.t. p(G) iff
plo™") - IT =5 [Lsz =TI [T = 115" (43)
j=1 7=1 7=1 7=1 j=1

Oé]"m

d;

<
"L .
ZZW@-I = 2w - p for some p € Z.
j=1 /

<

m - p for some p € Z. (4.4)

J=1

Definition 40 In the context from above the equation
" m
Z 74 =mep for some p € Z (4.5)
j=1 "

is called the characteristic equation of p(G) w.r.t. p.

We do not drop m from both sides of the equation because we want to
have equations over the positive integers.
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Definition 41 Let n € N and p(G) = <diag(§dl,§d2,...,§dn)> for some
di,...d, € N. We denote the order of p(G) with m. For p € Ny we de-
note the set of solutions of the characteristic equation of p(G) w.r.t. p with
Sp(p(G), (dv,ody)) = {1, .oy an) € Ng | 300 agl:n =m-p, each o < d;
for1 < j <n}, and we define S(p(G), (dy,...d,),t) == . _, Sp(p(G), (dy,...d,)).

p=0

Furthermore we set S(p(G), (d1,...d,)) := ;;3 Sp(p(G), (dy,...dy),n —1).

For a cyclic group, which is generated by a diagonal matrix of the above
kind, the invariant ring can be easily computed.

Theorem 19 Letn € N and p(G) = <diag(§dl,§d2,. ,fd )> for somedy, ...d,

€ N. The primary invariants of p(G) are given by :1; Lonaims A set of sec-
ondary invariants is given by the monomials H - ;YJ wzth a € S(p(G),(dq, ...,
d,)).

Proof. The monomials z{', ..., 2% are invariant w.r.t. p(G) and the set

of their common zeros equals {0}. Now Lemma 3.1.10 and Lemma 3.1.11
imply that they are primary invariants of p(G). We claim that there are no
secondary invariants missing. From (4.4) we know that a monomial [["_, )
is invariant iff a satisfies the characteristic equation for some p € N. Suppose
that H] 1 :1; 1s an invariant and aj > d; for some £. Now we set ﬁj =

and v; =0 1f o < d and 3; = a; —d; and v, = d; otherwise, and obtain
[T, =7 = [ % | g % with 3, < dg. The monomial []’_, ) is a

J=1"7 j=1"j L
product of primary mvarlants which proves the claim. We substltute d; —1

for a; in the left hand side of (4.5) and obtain the estimation

n

Z%(dj—1)<m-n.

j=1 "

Therefore the elements of S(p(G), (dy, ...dy)) correspond to degree vectors of
a set of secondary invariants. H

Note that the number of equations to solve equals
1
{Z —(d; — 1)J < n. (4.6)
d;

i=1

4.1.2 Cyclic Groups-Diagonal Form (2)

We extend the above theory to all representations of cyclic groups, which are
already diagonalized. Let (¢ = (o) be a cyclic group of order m and p : G —
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g0 ... 0

: ko :
G'L,(C) be a faithful representation with p(o) = 5?2

0 0 ... ¢&r

for some dy,dy,...dy, k1, kay ..ok € N with ged(kj,d;) =1 for 1 < 5 < n.
It follows with the same calculation as in (4.3) that a monomial []’_, :1;?] is

invariant w.r.t. p(G)iff 30 kjjjm = s-m for some s € N. The characteristic
=14,

equation of p(G) w.r.t. p equals

e
k]"m

d;

a; =m:-p.
J=1
The following example shows that the estimation (4.6) is no longer valid,

so in general we have to solve more than n — 1 equations.

Example 17 Let G = <diag(§§,§§)> (and take p = id). The characteristic

equations of G w.r.t. p equals
2a +3b=5-p.

We have the solutions (1,1) for p = 1,(2,2) for p = 2,(3,3) for p =3 and
(4,4) for p = 4. Hence the invariant ring K[z, y]“ is generated as a K[z°, y°]
module by the monomials 1, xy, x%y%, 2%y>, 2ty*. But we were forced to solve
4 equations, not 1 as one would expect from (4.6).

For computational purposes it would be nice to reduce the problem of
finding the solutions S(G, (dy, ds, . .., d,)) to a cyclic group from Section 4.1.1
because for such groups we have at most n — 1 equations to solve. The above
example shows that this bound is not longer valid if we consider arbitrary
cyclic groups.

Theorem 20 Let G = <diag(§§1,§§§, ,552» < GL,(C) be a cyclic group
of orderm s.t. ged(kj,d;) =1 for1 <j <nandset' = <diag(§dl,§d2, ...,fdm)>.
The map

vo + S(G) = 5(G)

(1y ey @) = (g - k7' moddy, ..., ap, - k' modd,,),

where the inverse of kj is taken in Zg;, is a bijection.

Proof. Assume Y."_, La; = p for some p € No. Then 7 % (ajkt) =

i=1 4, j=14d;
n 1 L
E]‘:1 1,9 =P u
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Example 18 We consider the same group G = <diag(§§, §§)> as in Frample
17. The characteristic equations of G' w.r.t. s equals

at+b=>5-s.

We have the solutions (1,4),(2,3),(3,2) and (4,1) for s = 1. From Theorem
4.1.19 we know that these are all solutions. We transform the solutions w.r.t.
the map pq and obtain (1,1),(2,2),(3,3),(4,4) as required.

4.1.3 Cyclic Groups-General Case

Let (G be a cyclic group with generator o and p, p' : G — G L, (C) be faithful
equivalent representations of G s.t. p(c) = p'(0) = diag(fz,fs; . &gm) for
some k,d € N" with ged(k;, d;) = 1. Firstly we examine the eigenvectors of
the dual action p* on (C™)*. If v* € (C™)* then v denotes the image of v*
under the isomorphism * (cf. Section 2.2).

Proposition 24 For v* € (C")* and A € C\ {0} we have
P (0)(v*) = W* = p(a™HT -5 = )0
Proof. From definition 2.2.31 we obtain

po)v") = M <=VoeC": (0,plc7!) ®)=(\7,)
— Ve C :{(plc™")-5,®) = (\v, )
— ple™H-5=2o.m

Let vy, vy, ..., v, be the eigenvectors of p(o)T with eigenvalues 551 , 552, s fsz

respectively. From Proposition 4.1.24 and the above discussion we obtain

d
d _* — * * * kj, * * *
Sym“p*(o 1)(Uj1 ovi 0...00; )= | | fdjr(vjl ovi o...0v; ). (4.7)
r=1

If we chose the basis 1,29, ..., 2, of (C")*we can consider the elements of
Sym?(C™)* as homogenous polynomials of degree d in the variables 1, z3, ..., Z,.
It follows from (4.7) that v¥ owi o... 0w} is invariant w.r.t. p(G) iff

Ef_l kg[—'m = m - p for some p € N. For the computation of the in vari-
=14,

ant ring K[V])/(9) it suffices to compute the eigenvectors of p(a)” and form
the products of them, considering the elements of S(() as degree vectors.
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Theorem 21 The polynomials (U?)dﬂ and H?Zl (W)aj a € S(G), in the

J

variables x1, x2, ..., &, are primary and secondary invariants for p(G) respectively..
Proof. Since vy, vs, ..., v, are linearly independent, the common zeros of the
linear forms v}, v}, ..., v, considered as polynomials in 1, x4, ..., ¥, equal {0}.

The proof follows from the fact that for a € S(G') the products H?Zl (U*)aﬂ

J
are linearly independent and the Hilbert series of K[V](%) equals the Hilbert

series of K[V]”(¢). m

A set of primary and secondary invariants of p(() can be constructed
from the solution set S(p’(()) and the eigenvectors of p(c)T.

Algorithm [Invariants({(o))
In : The generator o € GGL,,(C) of a cyclic group G.

Out : Primary invariants 8y, 05, ..., §,, and secondary invariants 1, 7, ..., 1,..
begin

<§§175527 s fﬂ) := the eigenvalues of o71;

(v1,V2, ..., V) := the eigenvectors of (=17

The eigenvectors are written w.r.t. the basis x1, zo, ..., ,.

for j:=1tondod; = (v]*)dj end;

m = 1;

for a € S(G) do
. nm: ?:1 <U]> ];
m:=m+ 1;

end;
return({6y,0,,...,0. 1 {0y, ngs s, });
end.
0 1 :
Example 19 Let o0 = ( 10 ) and G = (o) be the cyclic group of order

4. The eigenvalues of o are i and —i. The corresponding eigenvectors of o’
are 07 = ( 1Z ) and 0y = ( _li ) . The primary invariants are

0, = (iz+y)'=z"—4iz’y — 622y + dizy® + y*,

0, = (—iz+y) =2 +4iz’y — 62%y? — dizy® +y*.
The solution set S(G)equals {(0,0),(1,1),(2,2),(3,3)}. Hence secondary in-

variants are given by

m = 1

n, = (iz+y)(—ir+y),
ns = (iz+y)(—iz+y)?,
ny = (iz+y)*(—iz+y)°.
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We have the Hironaka decomposition

K[z, y]“ = K[01,0,) & n,K[01,05] & n;K[01,05] & n,K[0:,05).

4.1.4 Abelian Groups

We extend the results of the previous two sections to all faithful represen-
tations of finite abelian groups. In the sequel let G = (o4, ..., 0¢) be a finite
abelian group and p : G — GL,(C) be a faithful representation and set
V = C". Since ( is abelian, there exists a matrix T' s.t. Tp(o)T™! is
a diagonal matrix for each o € G. Let p/(0) := Tp(o)T™ with p'(a;) =

0 ) W) , .
d@ag(fdij) , fd;) s fd%)) be the corresponding representation of (.
Proposition 25 Let ey, e, ..., ¢, be the canonical basis of V and let T be a

matriz, which diagonalizes p(G) simultaneously. Then, for 1 < j <n, T™'e;
is an eigenvector for o € G.

Proof. From
TO'kT_l t€j = A €

for some eigenvalue of oy, it follows that
O'k(T_l . 6]‘) = )\(T_l . 6]‘).
Hence 77! - ¢; is an eigenvector of o) with eigenvector A. B

The main result is contained in the next theorem.
. A s () (r)
Theorem 22 Assume p'(o,) = dzag(fd(lr),fdfr) \ ...,fdf’;)) with ged(k;,d;)7) =
1 2 m

1, and let m; = lcm(dgl),...,dgt)) for 1 <t < r. If d;r) = 1 then set
” n k(r) .
kl() = 0. Set ul") = LE “=(m; — 1)J and SU) = {99(d(1r),...d£f))(a) | o €

=1 4(r)
J d]

Sy, {mi,ma,cymyt uY. Then with

the monomials "', x3%, ...x7"" are primary invariants and {H?:1 )’ o€ M}
is a set of secondary invariants for K[V].

Proof. Follows using the same argumentation as in the proof of Theorem
4.1.19. 1

One could also compute the intersection of the invariant rings K[V])
with the algorithm Intersection in Section 3.2.
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Algorithm [Invariants({oq,...,00),T)
In : The generators o; € GL,(C) of an abelian group ¢ in diagonalized
form, a matrix 7" which diagonalizes oy.

Out : Primary invariants 04, ..., 8, and secondary invariants n,,...,n, of
K[V]e.
begin
for j:=1tondovi=T""-z; end // consider v} as polynomials in
X1, X9y eeny Ty
for j:=1ton dom; := lcm(dgl), ...,dﬁ));ej := (v;)™ end
M = mi:1 S(f’);
for o € M do
7701 = H?:l <U;>a] ’
end;
return({0y,....0,} . {n, | @ € M});
end.

Example 20 Let G = (diag(—1,—1,1),diag(1,1,2)). We have m; = 2,my =
2,m3 = 4, so u®) = L%—I—%—I—OJ =1 and u® = LO—I—O—I—%J = 1.50 =
{(0,0,2),(1,1,0)} and S® = {(1,1,0)}. We obtain 0, = 22,0 = 22,0 = %
as primary invariants and n, = 1,1, = x1x5 as secondary invariants. Note

that the Hilbert series equals

Grn 1+ ¢ 1
W) = 0= ~ a— ey

but an hsop with degree (2,2,2) does not exist.

4.1.5 Fundamental Invariants

Let GG be a finite abelian group and p : ¢ — GL,(C) be a faithful rep-
resentation. We assume that the solution set M according to Theorem
4.1.22 of the preceding section has already been computed and we set ' =
MU{(m4,0...),(0,m2,...),....(0,...,0,m,) }. We call @ € F irreducible iff «
cannot be written as the sum of two elements from F. Note that the primary
and the secondary invariants form a set of fundamental invariants.

Proposition 26 The set of all irreducible elements of F' correspond to a set
of fundamental invariants.

Proof. Follows from the definition of fundamental invariants. W

Example 21 In Frxample 4.1.19 the elements 01,02, n, are fundamental in-
variants for G.
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We obtain the following algorithm for the computation of fundamental
invariants of a finite abelian group G' = (o4, ...,04) < GL,(C).

Algorithm Fundamentallnvariants({oq,...,0¢),T)
In : The generators o; € GL,(C) of an abelian group ¢ in diagonalized
form, a matrix 7" which diagonalizes oy.
Out : Fundamental invariants hy, A, ..., by, of K[V]%.

begin
for j:=1tondowv=T"" z; end // consider vias polynomials in
Ty, Ty eeny Ty
for j:=1ton dom; := lcm(dgl), ...,dgf)); end
M=, 57
F' = the set of all irreducible o of M; k :=1;
for a € F' do
hi =TI (7)™ 5
. ki=k+1;
end;
return({hq, ha, ..., hi});
end.

4.1.6 Relative Invariants

We want to compute the module of relative invariants of abelian groups w.r.t.
their characters. Let G = (o) be a cyclic group of order m with representation
p:G = GL,(C),s.t. p(o) = diag(&y,,&y,, -, &y, ) and let x : G — C\{0} be
a character of a one-dimensional representation of G. A monomial H?Zl :1;?]
is a relative y invariant iff

plo™")- H 27 =x(o) [ =5 (4.8)

Let x(o) = £, then (4.8) is satisfied iff

n

Zajlm:p-m—l—sfor some p € Z. (4.9)
: J

J=1

We call this equation the characteristic s equation of G w.r.t. k. It follows
from the estimation

n

Z%(dj—1)<m-n<m-n—l-s
j=1 "
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that it is enough to solve n — 1 such equations. In the sequel let p :
G — GL,(C) be a representation s.t. p(o) = diag(fﬁi,fs;...,fdz) with
ged(ky, dj) = 1.

Definition 42 For p € Ny we denote the set of solutions of the charac-
teristic s equation of G w.r.t. p with S, (G, (dy,...d,)) = {(ag,....,qy) €

Ny | 2?21 ajlj'n =m-p+ s,each a; < d; for 1 < j < n}, and we define

So(G (dyyody) 1) = Uy Spos(G (o oody)

Proposition 27 Let p’ be a representation of G s.t. p'(o) = <diag(§dl,§d2, v fdn)>.

Then the set M = {[]’_, l’f] | (B, s B,) = 0ty ooy a) for (ag, ..., o) €
Sy(G, (dy, ..dy),n—1)} is a Clz, 22, ..., 2% —module basis of Clzy, Ty, ..., 7,5

) n X

Proof. Follows with the same arguments as the proof of Theorem 4.1.19. R

Example 22 Let G = {1,0,0% ¢} with representation p(c) = diag(—1,1,—1i)
and character x(o) = i. Primary invariants of G are given by x*, y* and 2*, so
we set R = Clz?, y*, z%]. We compute the R—module of relative x invariants.
So we have to solve the equations

2a1 + az +3as = 3,
200 +az +3a3 = T,
2@1 —|—Cl2—|—36l3 = 1I.
The solutions are (0,0,1),(0,3,0),(1,1,0),(0,1,2),(1,2,1),(1,3,2),(1,1,3).

Hence
Cla,y, Z]S = 2RO yP°RDayR D yz>R @ ay*zR D vy’ 2> R xyz°R.

The generalization to abelian groups is analogous to Section 4.1.4.

4.2 A Glimpse of Noncommutative Invariant
Theory

So far we have considered the induced action of a finite group G on the
symmetric powers of V* for a representation p : G — G'L(V). In this section
we investigate the induced action of GG on the tensor and alternating powers
of V* for a complex vectorspace V of dimension n. In the first section we
consider the action of G on the tensor algebra. In the second subsection we
treat the exterior algebra.
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4.2.1 Invariants of the Tensor Algebra

Let (@ be a finite group and p : G — G'L,(C) be a faithful complex represen-
tation. For d € N we define the d—th tensor power of p* by

@'p*(0)(v] @03 @ .. @ vp) = p(o)(v]) @ p(0)(v5) @ ... ® (o) (v7).
We define a group action analogously to Section 2.1, namely

o : (G x eV — @iV,
ce(v;Qv;R..Quv)  =p(o)(v]QV; D ... V).

Definition 43 Let @1, 23, ..., 2, be a basis of V*. We define the finitely gen-
erated noncommutative C—algebra C (V') as

C(V):=Patv-
d=0

If we want to emphasize the selected basis, we denote C (V) by C (a1, X2, ..., 2y) .
The elements of C (V') are called noncommutative polynomaals. We set
C(V), = @V*. If f is of the form z;, @ x;, @ ... @ x;, then f is called
a monomaal of degree d. We abbreviate v @ v @ ... @ v with ve. The degree

d— times
vector of f is the degree vector of f considered as a commutative monomial.

If it is clear from the context we omit the word ‘noncommutative’.

Definition 44 Let G < G'L,(C) be a finite group and be x a linear character
of Gi.

C<:1;1,:1;2,...,:1;n>f ={feC(x1,...,xn) | o0 f=x(0)f forall c € G}.

The elements of C (x4, x, ...,$n>G are called relative-y moncommutative
mvariants w.r.t. G. We omit y if it is the trivial character.

Since noncommutativity destroys the symmetry among the ’variables’
Ty, %9, ..., T,, We use an exponential generating function for the Hilbert series.

Definition 45 The Hilbert series of C <V>S is the exponential power series

HC (VY 1) 1= Y dima(C(V)F), - %.
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As in Chapter 2 we need some knowledge of the eigenvalues of the tensor
power.

Lemma 15 Let Ay, ..., A\, be the eigenvalues of p(e™1). Then the eigenvalues
of @%p(o) are the elements H] LA Jor (an, . an) st 2?21 a; = d with
multiplicity d! - []"

J=1 oz]'
Proof. From Lemma 2.4.7 we know that the eigenvalues are given by

? LAY ;7. The multiplicities follow from the permutation rule of elementary

combinatorics. B

Theorem 23 Let GG < GL,(C) be a finite group and be x a linear character
of G. The Hilbert series of C <V>S is given by

H(C(V)" .t |G|ZX Hexp i)

c€eG

where A\, ; denotes the 1-th eigenvalue of o € G.

Proof. From the previous discussion we obtain

o] d d
H(C<V>G7t) = Z <X®dp,X> 7 Z TE ZXW E %
d=0 celG

td
- Z PR
UEG

- Z PIDS H ,AiaAdQ o AT X (o) -

CTEG d1+d2 -|—dn—d2 1
n d;

= Z Z X(O-) )C\[l tditdz.tdn

G (dyda,...,dn) ENT
= | Z x(o H exp(Ayi-1) M
cEeG

Example 23 Let G be the 3 dim. permutation representation of Ss (cf. the
example in section 2.1). The Hilbert series of C <V>G is given by

é<2—|—3et—|—63t>.

If we expand HE(t) in a Taylor series we obtain

H(C(V)? 1) =

2 3 4 5 6 7 8 9

10
1+t+221 +5§+14E+415+1225 +3657+1094§ +3281 +O(t ).
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Figure 4.1:

Definition 46 A subalgebra S of C (V') is finitely generated iff there exists
a finite set f1,..., f € 5, s.t. for each element f € S there exists a polynomial

pc C<y17y27"'7ym> s.t. f :p(f17f27"'7fm)'

In the sequel we examine the problem whether C <V>G is finitely generated
as a C—algebra.

Example 24 Let G = (diag(—1,—1)). The commutative invariant ring of
G equals C[V]% = Cla?, 22 & z,2,Cla2, 22]. The Hilbert series of C (V)"
equals %(ezt—l— e~?") = cosh(2t), with Taylor expansion 1—|—4§—|— 16%1 —|—64é—? +

256;—?—%1024%—%0@11) The linearly independent noncommutative invariants

of G of degree 2 are x1 @ x(,x2 @ T9, 21 @ Ta, 23 @ 1. We claim that C <V>G
is generated by the noncommutative invariants of degree 2. As in the proof of
Noethers Finiteness Theorem (Theorem 2.3.10) is suffices to show that each
monomial can be generated by the invariants of degree 2. Let f € C <V>G be
a monomial of degree d > 2, 50 f = xi1 @ 240 @ f for some i1,y € {1,2} and
fecC <V>G of degree d — 2. Since x;1 @ x;9 is tnvariant, the claim follows
with induction on the degree.

Example 25 Let G = (diag(I,—1I)). We have H(C (V)% 1) = L2 + ¥ +
e~?"), which Taylor expansion 1+ 2% + 8% + 322—? + 128;—? + 512% +O(t").
The solutions of the characteristic equation w.r.t. 1 are (4,0),(1,1),(0,4).
We claim that the noncommutative invariant ring C <V>G is not finitely gen-
erated. The monomial 725 is a commutative invariant of G. We claim

that for n € N the noncommutative monomial

[i=20 2 Q12 @2 @ 9.7y @ 223 Q Tg

n—times
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is an invariant, which cannot be written as a product of invariants of lower
degree. In figure 4.1 a point with coordinates (a,b)corresponds to the com-
mutative monomial x%y®, and the points “ o7 correspond to the commutative
invariants. We consider the monomial fi as a path in figure 4.1. With
x1 we denote a step to the right, while x4 denotes a step to the left. The
path of fi is indicated with “ o ”. Since f; meets (commutative) invariants
only at the beginning and at the end, there exists no invariant in between,
hence fi cannot be written as a product of invariants of smaller degrees. The
same holds for fy, since the noncommutative invariant monomials are just
permutations of commutative invariant monomials w.r.t. the position of the
variables x1, T3, ..., x,.

We can generalize the observation from the preceding examples.

Theorem 24 Let n > 2 and G < GL,(C) be a finite abelian group. Then
C <V>G is finitely generated as a noncommutative C—algebra iff there exists
AeCst. G=(X-1).

Proof. Let G = (A-1) for some A € C and let d € N be minimal s.t.
A% = 1. The solutions of the characteristic equation 2?21 a; =dof G w.r.t.
1 form a hyperplanein N*. If f = 21 ®2;,®...®z;,, € C <V>G is an invariant
of degree m > d, then the degree vector of z;1 @ x;, @ ... @ x;, satisfies the
characteristic equation of G w.r.t. 1. Hence, x;, @ z;, ©...@x;, is an invariant
of degree d < m, and the claim follows from induction on d.

In order to show the converse we distinguish 2 base cases. In the first case G =

<< (1) §2 >> with ged(k,d) = 1 and d > 1. For any ¢ € N the monomial
d

y @ 2t @ y?! cannot be written as a polynomial in the invariants of smaller
degree since y and y?~! are not invariant. In the second case we assume
k1 0
that G = << fd(l) ek >> for some d;,k; € N with k; > 1,ged(d;, k;) = 1
2
for j = 1,2 and dy # dy or dy = dy and ky # kEmodd;. Let (ay,az) be the
greatest solution w.r.t. lexicographical order of the characteristic equation
of G wat. 1 st (oq,09) < (dq,0). Set

/ dx—1 et et et et et et
=27 @' Q2 Q2] ®ar? @ ... Q] @xy? .

n—times

We claim that the monomial

fn:f7/z®x2
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is an invariant of degree n(ay + az) 4 dy which cannot be written as a poly-
nomial in the invariants of smaller degrees. The degree vector of f, equals
(n-ag,n-az+ dg), hence f is an invariant of degree n(a; + az) + ds. Since
(a1, a2) and (0,dy) are solutions of the characteristic equation of G w.r.t. 1,
the elements (a; — 3, a9 — 3,) for 8; < a; and (n-ay,n-ay+dy —1) are no
solutions of the characteristic equation w.r.t. 1. Hence for any n the mono-
mial f/_; is not invariant and, if we multiply from the right the monomials
xrjand x5 in such a way that we get f, we never obtain an invariant before
reaching f,. It is clear that we have considered all possible cases for 2 x 2
matrices.

Let G = (01,09,...,0%) < GL,(C) be a finite abelian group which is al-
ready in diagonal form and let m; denote the order of the roots of unity
(o1)us (0r)its ey (k). W.loo.g. assume that oy = diag(fix,fz, ...) with dy #
dy or dy = dy and ky # kmod d;. If we replace d; with m; and dy with my and
take a as the lexicographic largest solution of all characteristic equations of
(o;) w.r.t. 1, then f, is an invariant of degree n(oy + a3) + ms which cannot
be written as a polynomial in the invariants of smaller degree. B

4.2.2 Invariants of the Exterior Algebra

We proceed in a similar way. Let (G be a finite group and p : G — G L,(C)
be a complex representation. For d € N we define the d—th exterior power
of p* by

N ()T A 05 Ao AT = p7(0)(3) A 97 (0)(03) A e A g7 () (0
We define a group action analogous to chapter 2, section 1, namely
1 G x AV AV
ox(VIAV; A LAYt =p (o) (V] AV A LA D))

Definition 47 Let x1, 23, ..., 2, be a basis of V*. We define the finitely gen-
erated C—algebra C* (V) as

C (V) = P AV
d=0

The elements of C*" (V) are called skewsymmetric polynomials. We sct
CU(V), = NV*. If we want to emphasize the selected basis, we denote
CH (VY by C {2y, ..., 2,) .
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Definition 48 Let G < G'L,(C) be a finite group and be x a linear character
of Gi.

Cilt <V>G = {f e C" (VY |o* f=x(o)f foralloc G}.

The elements of C*' (V) are called relative-y skewsymmetric invari-
ants. We omit x if it is the trivial character. The Hilbert series of C** <V>G
is the power series

H(C(V)E 1) = dimg(C (V)9) - 1%,
d=0
Note that the algebra C** (V') is a complex vectorspace of dimension 2",

therefore the invariant ring C" <V>G is always finitely generated.

Lemma 16 Let Ay, Ag, ..., A, be the eigenvalues of p(c™') and d < n. The
eigenvalues of Ap(a) are given by H;l:l Aiy Jor 1 <y <o <ig <m

Proof. Follows from Lemma 2.4.7 and from the fact that v A v = 0 for any
velV. i

Theorem 25 Let G < GL,(C) be a finite group. The Hilbert series of
C“”<V>G equals

1
H(C (V) 1) = e > det(1 + ot)x(0)
| | c€eG
Proof.
a G - | B
H(C . <V> 7t) = Z <X/\d'/37X> : td = Z @ ZX/\d'/;(O')X(O' 1) . td
d=0 d=0 oced
n 1 d
N ﬁ X(U) Z H )‘Uviﬂtd
d=0 ocedG 1< <. <g<n j=1
1

Example 26 Let GG be the 3—dimensional permutation representation of S
(cf. Example 4.2.23). The Hilbert series of C*! <V>G equals

H(CM (VY 1) =1+t

A basis of CH* <V>G as a vectorspace is given by 1,x1 4+ 9 + 3.
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Example 27 Let 0 = ( _(1) (1) ) and G = (o). The Hilbert series of
Calt <V>G equals 1 4 t%, and a basis of C** <V>G is given by 1 and x1 A\ x,.
Note that o™  x 2y A2y = —x9 Ay = 21 A 9.

Example 28 Let G = (diag(i,i)). We have H(C* (V) 1) = 1, hence
ct(V)¥ = C.

4.3 Stanley’s Summation Example
We follow the presentation of Stanley [38]. Let g € N, and define {, :=

exp(2mi/g). We set ,
St0) =Y

5
= 1 - &
This is essentially the sum asked for in Hemperly [17]. Before we show how

a closed form of S(g) can be computed using invariant theory, we consider
an example.

Example 29 For g = 4 we obtain S(4) =Y ,_, ﬁ =2,
Since
’ 1
S(9) = -
; (1= =&

we consider the sum

1< 1
o= a0

k=1

which is the Hilbert series of the group G' = << % f_(l) >> Then we have
g

S0) = tim (- 1900~ 5 ). (1.10)

We need some additional information about H%(t) to evaluate the above
limit. With the results of Section 4.1 we can compute the invariant ring of
G, namely

g—1
C[l‘,y]G = @ xkyk : C[xgvyg]‘
k=0
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From Proposition 2.5.15 we know that the Hilbert series of C[z,y] equals

-1

EQ

1 —19)?
k=0

Now we can evaluate (4.10), namely

g—1
. 1

k:O
_ gt
12
For ¢ = 4 we obtain % = %, as expected.

We can generalize the above sum and consider
- 1
Sul9) =) ——m
k=1 ‘1 - fg‘

Then the corresponding group (' is generated by the matrix M, which is
defined as follows : Let o = ( & (1) ) , then M := diag(o,...,0). E.g.
S —

0 & )
n—times
Solg) = (¢* —1)(g* +11)/2* - 3% .5,
Ss(g) = (¢° — 1)(2¢" +23¢° +191)/2°-3%. 5.7,

cf. Stanley [38] for more details.

Generalization to Characters. We extend Stanley’s approach to sums

of the form , gk
S(g) =) —2L—
o h-¢l

With X(f’;) = fg, we can proceed as above, and consider

1 X(€})
Blot)= 5; (1—€ -5

which is the Hilbert series of the group G = << % f_(l) >> w.r.t. the
g
character y. i.e. HG( )= F\(g,1). Hence

So) = tim (- 1200~ 3 ).
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With the results of Section 4.1.4 we can compute the module of relative y
invariants of (¢, namely

g—2
C[xvy]g = @ xk-l_lyk ) C[xgvyg] D yg_l ) C[xgvyg]‘
k=0

So the Hilbert series equals

(SHh e+ o)

HE(t) =
X( ) (1 . tg)2
Hence we have
9—2 ;2k+1 -1
(it 4+ 97 1
— 1 . k=0 —_
S(g) = lim (9 (1 _ 1) (1_t)2>

1

Remark 5 By the same token one can find a closed form for the sum

St =Y

-

ck

for ¢ € N. The corresponding character is X(f;k) = fg

4.4 Theorem Proving in Projective Geome-
try

Basically there are two different kinds of methods for proving geometric the-
orems, namely coordinate dependent and coordinate independent methods.
The article of D. Wang [45] provides a very good overview. We show how
one can use invariant theory for proving theorems in projective geometry in
a coordinate-free manner.

Invariant theory should not only be seen as a special case of represen-
tation and ring theory, as we have done it in the first three chapters, it
should also be seen under the point of view of the “Erlanger Programm”
of F. Klein (cf. Klein [26]). In this paradigm a geometric property is a
property which is invariant under the corresponding transformation group.
A polynomial in the coordinates corresponds to a geometric property if it
is invariant under the action of the transformation group belonging to the
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geometry on the coordinates. Therefore invariant theory describes precisely
the geometric properties which can be expressed by polynomials. It also pro-
vides a coordinate free notation for geometric facts which will lead us to the
Grassmann-Cayley algebra. The Grassmann Cayley algebra can be seen as a
systematic translation table for geometric facts given in synthetic form into
algebraic expressions. According to Sturmfels (in the preface of the reprint
Hilbert [20]), a nineteenth-century mathematician would consider invariant
theory as the bridge between algebra and geometry.

We will introduce the Grassmann-Cayley algebra as a tool for describing
suitable facts and theorems in projective geometry. There are two operations
in the Grassmann-Cayley algebra, namely the join, denoted by “V” and the
meet, denoted by “A”. Under a suitable geometric fact we understand a fact
which can be expressed in the Grassmann-Cayley algebra. So we have the
following diagram:

Admissible Geometric fact (theorem)
+
Grassmann-Cayley algebra
i
Bracket algebra

Polynomials

In section 1 we introduce the bracket algebra and the straightening algo-
rithm, a necessary technical tool, then in section 2 we present the Grassmann
Cayley algebra with the join and the meet. Finally, in section 3 we demon-
strate the use of the Grassmann Cayley for geometry theorem proving.
Notation : By P(C?) we denote the d — 1 dim. projective space over C.
For the sake of simplicity we only treat the case, where the ground-field is
C.

We follow the presentation in Sturmfels [43] and refer to (loc. cit.) for
all proofs.

4.4.1 Bracket Algebra

Let X = (x;) be a generic n x d matrix and Clz,;] be the ring of polynomials
on X. The matrix X is a configuration of n vectors in C? or of n points in
P(C?). We let the group SL4(C) act on X via right multiplication and denote
the action by “o”. Which polynomials correspond to geometric properties
in the spirit of F. Klein’s "Erlanger Programm?”, i.e. properties that are
invariant under the action “o” of SL4(C) 7
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Definition 49 Let A(n,d) := {[A1,... ] : 1 < A < Xy < oo < Ay < n}.
We abbreviate [y, ..., \g] with [X]. The map ¢, ; : C[A(n,d)] — Clz],

l’/\ll l’/\lg l'/\ld

l’/\21 l’/\22 Cee l’/\2d
[A] — det ) ) )

l’/\dl l’/\dg l'/\dd

is called the generic coordinatization. The bracket ring *B, 4 < Clz;;] is
the ring generated by all d x d minors of X.

T11 T12 113
T21 Taz T23

Example 30 Let X = . . . be a configuration of 6 points in
Te1 Tez2 Te3

P2. Then

¢6,3([17 4, 6]) = T11%42%63 — T11T62%43 — T41T12T63 T T41T62%13 + T61L12T43

—T61L42713
vanishes iff the points 1,4,6 are collinear.

Note that the image of ¢, ; coincides with B, 4, and, since the map ¢, ,
is in general not injective, we have B, 4 ~ C[A(n,d)]/I,.4,where I, 4 denotes
the kernel of ¢,, ;. The ideal I, 4 is called the ideal of syzygies. In order to
compute in B, ; we need an algorithm for normal-form computation modulo
1.4, 1.e. we need Grobner bases !

Straightening Algorithm

This algorithm from A. Young is an important tool in representation theory.
It provides the computation of a Grébner basis for [, 4 in a purely combi-
natorial way. We use lexicographic order on brackets, i.e. [A] < [p] iff [}]
is lexicographic smaller than [p]. E.g. [1,2,3] < [1,2,4]. We denote the in-
duced degree-reverse-lexicographic order on C[A(n,d)] also by < and call it
the tableaux order.

Definition 50 Let [A\Y], ... [\®] € C[A(n,d)] s.t. MY] < .. < DP]. We
|

write the monomial T = [NV] - .- [AW)] as follows
A

T AT Ag
)\(.k) )\(.k) )\(.k)
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The tableau T is standard iff all columns of T are sorted.

Let [AD] = [123],[A\?] = [145],[A®] = [234] and [\Y] = [356] be
monomials. Then the tableau [AMA®[A®] is standard while [AV]AP[AG)]

is a non-standard tableau.

Definition 51 For 7 € A(n,d) we define the complement of T to be the
unique tuple 7 € A(n,n —d) s.t. U TS = {1,2,...,n} (where we consider
the tuples as sets).

Definition 52 Let s € {1,2,...,d},a € Aln,s —1),8 € A(n,d+ 1) and
v € A(n,d — s). The van der Waerden syzygy

[ B 4] = Z sign(7,77) - [ar..os1 BB

TEA(d+1,s)

1B Br v1e7s)-

(4.11)

"
Tad41—s

It is called a straightening syzygy = o, < B,4, and 3, < 7.

Example 31 Let n = 6,d = 3 and s = 2. Therefore o € A(6,1),5 €
A(6,4),y € A(6,1). Let « = [1],8 = [2345] and v = [6], hence we ob-
tain a straightening syzygy. The sum in 4.11 is taken over the set A(4,2) =
{[12],[13],[14],[23],[24],[34]}. The corresponding van der Waerden syzygy

equals

[[123456]] = [145][236] — [135][246] +[134][256] — [125][346]
+[124][356] — [123][456].

The underlined tableau is the non-standard one.

Theorem 26 The set S, 4 of all straightening syzygies s a Grébner basis
forl,,. N

We present the first part of the proof of the following corollary because
it provides useful information for the computation of 5, 4. For a complete
proof we refer to Sturmfels and White [42].

Corollary 7 The standard tableaux form a C—wvector-space basis for the
bracket ring *B,, 4.

Proof. (First part). It is sufficient to show that each bracket polynomial
is congruent to a linear combination of standard tableaux modulo [, 4. Let
k€ N and T = [M][A?]...[\*] be a non-standard tableau. Since there are
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only finitely many tableaux smaller than 7" we can use induction and assume
that T is the smallest tableau which is not contained in the span of the
standard tableaux. There exist i € {2,....k} and s € {2,...,d} s.t. A" > AL
Let a = (AT AT AL B = AL AT AT and y = (AL L AL
Then the initial tableau of [[a 3 ~]] = [N'"'][\] and the polynomial F = T —
AN M) [a 3 4] s congruent to T modulo 1, 4. Since F' < T,
F' can be written as a linear combinations of standard tableaux. We omit
the proof that the set of standard tableaux is linearly independent. B

With «, 8 and v as in the above proof we have

LT([fa 3 A)]) = AT AT AT AT NI AL AL AL

.

a ﬁs+1...d+1 Bi..s vy

Thus we get the two conditions o,y < 3, and 3, < v, that are satisfied by
straightening syzygies. Note that s > 1 since there cannot be a non-standard
tableau with a violation of the ordering in the first column. Since [\'7'] <
[\'] we can derive another condition which is important for computational
purposes. We have )\;_1 < )\; for 1 < 3 < s —1 and there exists a j* €
{1,2,...,s — 1} s.t. )\;:1 < )\;* We call a 3-tupel (a, 3,7) of brackets which
satisfies all these three conditions a straightening tupel.

Corollary 8 Let M, 4 = {[[a [3 Y]] : (o, B,7) is a straightening tupel w.r.t.
n and d}. For n,d € N with n > d we have

M, 4= 95,4

Proof. Theset M, 4 contains all possible non-standard quadratic tableaux. B

Note that in general this Grobner basis is not reduced.

Definition 53 The normal form reduction w.r.t. S, 4 is called the straight-
ening algorithm.

Example 32 Let n = 4 and d = 2. In this case the ideal I, 4 is principal.
For s = 1 we have a € A(4,0),0 € A(4,3),y € A(4,1) and for s = 2 we
have o € A(4,1),5 € A(4,3) and v € A(4,0). Without any conditions on the
brackets o, 3 and v we would have to compute 32 van der Waerden syzygies
but only one is non-trivial (i.e. nonzero). Taking only the first two conditions
into account we were forced to compute 22 van der Waerden syzygies with
the same result as above. If we apply all conditions we have to compute
only one van der Waerden syzygy, which turns out to be the non-trivial one,
namely [[1 234]] = [14][23] — [13][24] + [12][34]). The underlined tableau is

non-standard.
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Now we consider the invariant subring Clx;;]"(©) = {f € Clay] | f =
fooforall o € SLy(C)} w.r.t. the induced action of SLy(C) on Cla,;].

Theorem 27 (First Fundamental Theorem of Invariant Theory)
C[l’ij]SLd(C) == C[A(n, d)]/[n,d == %nd‘ |

From the above theorem we see that precisely the bracket polynomials
correspond to geometric properties.

4.4.2 The Grassmann-Cayley Algebra

Originally it was developed by H. Grassmann as a calculus for linear varieties.
It is an invariant algebraic formalism for expressing statements in synthetic
projective geometry. We will show how one can prove and guess theorems of
projective geometry using the Grassmann-Cayley algebra. For more details

we refer to Zaddach [50].

Definition 54 Let V be a d—dimensional C—vectorspace.

d

where A*(V) denotes the k-fold exterior product of V.. We denote the exterior
product (the “join”) by “V 7 instead of “ N 7. In the sequel the symbol “ N7
will be used for the “meet”. This notation has geometric reasons and will
become clear later.

Let {e1,...,eq} be a basis of V. Then the set {e;, V...Ve;, |1 <j1 < ... <
Ja < d} is a basis for A¥(V).

Definition 55 Lel ay,...,ap € V, a; = Z;l:l ajje;. The jown of ay, ..., ay
equals

A1 A1z -+ Qig,
@95, Ce e Oag,
ap V.. Vap= E , : : , e, V.. Ve,
1</ << ja<k ’ ’ ’
Akgy  Qkjy -+ Qkgy

An element A € A*(V) is an extensor of step k. The extensor A of step
k s decomposable if it can be written in the form ay V ...V ap for some
ayy...,ap € V. Furthermore A = spanc{as, ..., ax}.
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Grassmann called the join the “Progressive Product”. The important
property of the join is contained in the next theorem.

Theorem 28 Let A=ay V...V a,, B=0b0V..Vb; be lwo extensors. Then
the extensor AV B is non-zero if{ar, ..., ar, by, ..., b;} is linearly independent.
Then we also have A+ B = AV B = span{as, ..., ax,b1,...,0;}. W

The decomposable non-zero elements of A*(V) correspond to k—dimensional
subspaces of V. Let A denote such an element and consider the subspace
A*={w eV :AVw =0} All elements of A are contained in A*. If w is not
contained in A then the set {ay, ..., ap, w} is linearly independent and from

Theorem 4.4.28 we derive that AV w # 0. So we have A* = A.

Definition 56 Let A=a;V..Va; and B =10,V ...V by be two extensors of
step 7 and k with j + k > d. The join of A and B is

ANB = sign(m)[as() @r) - au(ior) b o br] - trfappn) V- -V gy
WGShCS]

with Sh = {r € S; :n(l) < 7(2) < ... < 7w(d—Fk) and n(d —k +1) <
m(d—Fk+2)<..<w(j)}. These permutations are called shuffles. A useful
notation for signed sums over shuffles is the dotted notation. One puts dots
over the shuffled vectors, with the summation and sign implicit. So the meet

of A and B is equal to
ANB= [61.1 61.2 Cld._k bl bk] ad_.;H_l VeV Cl.]‘ .

Grassmann called the meet the Regressive Product. It corresponds to
intersection of subspaces provided that they span the whole space V.

Theorem 29 Let A =a,V ..Va; and B = b_l\/ % by be two extensors.
Then ANB is_an Extensor and ANB #0 iff A+ B =V. Furthermore we
have ANB=ANB and ANB = (—1)(d_k)(d_j)B ANA 1

Example 33 Let ay,as,b;,by € P(C?) be distinct points (and not coordi-
nates). We have j =k =2 with j +k >3 and Sh = S;.

(ay Vag) A (by V by) = Z Sign(w)[aw(l) by by] - Ur(2) =

7'['652

= [Cll bl bg] sl — [GQ bl bg] cdq.
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Definition 57 The algebra (A(V),V,N) is the Grassmann-Cayley alge-
bra of V. An element of (A(V),V,A) involving only V and N is called a
stmple Grassmann-Cayley expression.

Remark 6 For proving theorems we are interested in Grassmann-Cayley ex-
pressions of step 0 or d, where d is the dimension of the vector-space V.
If a Grassmann-Cayley expression C(a,b,...) has step k, 0 < k < d, then
C(a,b,...) =0 is equivalent to the following universal quantified statement of
step d :

Var,.,aq-r €V :Cla,b,..)Vay...Vagy =0. (4.12)

It is sufficient to take xq,...,xq_k from a basis of V, so (4.12) is equivalent to
a finite conjunction of bracket statements.

Algorithm GCtoBrackets(C(a,b...))
Input : Grassmann-Cayley expression C(a,b...) of step 0.
Output : bracket polynomial for C'(a,b,...).
1. Replace each occurrence of a subexpression (a1 V...Va;)A(byV...Vby)
in C by [Clol, ...,ad._k,bl, ,bk] ad_.;H_l V...V Cl.]‘ .
2. Simplify using associativity of V and A, write C'(a,b,...) as linear
combinations of simple Grassmann-Cayley expressions.
3. Extract bracket factors from each expression. For the remaining
factors return to step 1.

It is time to apply these techniques in a concrete example.

Example 34 Let V = P(C?). Consider the points a = (1,0,0),d = (0,1,0
and let vy = (1,2,3) and vy = (2,1,3). We define b =a+ vy = (2,2,3),¢c =
a+2- v = (3,4,6) and e = d+ 3 - vy = (6,4,9). Note that b = d + vs.
We want to express the fact that b is the intersection point of @e and de
(or,equivalently, that b lies both on ac and de, cf. the next section). We get
the following Grassmann Cayley expression :

((aVe)A(dVe)Vb=D0.
Step 1 of GCtoBrackets yields
([cde]a — [ade]e) V b.

With step 2 we get
[cde]aVb—[ade]leV b.
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The bracket [cde] evaluates to —9 and [ade]evaluates to 9. We have

10 10 0 0
aVb = ‘2 9 61\/62—|-‘2 3 61\/63—|-‘2 3 €V es =
2'€1V€2—|—3'€1\/€3
and
cVb=—-2-¢e;Ves+—-3-¢ Ves
50

—9-aVb—(9-¢VvVb)=0.

Applications of the Grassmann-Cayley Algebra

We can transform a Grassmann-Cayley expression in a bracket polynomial
(algorithmically) which expresses a property. Since bracket polynomials are
invariant w.r.t. SL4(C) they express a geometric property (according to F.
Klein). We have the diagram :

(1) Suitable Geometric fact (theorem)
J
(2) Grassmann-Cayley algebra
J
(3) Bracket algebra

J
(4) Polynomials

The translation (1) < (2) is done by hand, (3) — (4) is obvious (ap-
ply &,4). The translation (4) — (3) is the statement of Theorem 4.4.27,
(2) — (3) is done by the algorithm GCtoBrackets. The remaining transla-
tion (3) — (2) is the only difficult one and is called Cayley factorization.
Here an algorithm exists only for a special case (the multilinear one), see

White [46]

Cayley Factorization Problem : Find an algorithm which satisfies the
following specification.
Input : A homogenous bracket polynomial P(a,b,...).
Output : A tableau T" of minimal degree s.t. P-T = (' for some simple
Grassmann Cayley expression C'(a,b,...).

We demonstrate this by two applications from Sturmfels [43] in the pro-
jective plane P(C?). From Theorem 4.4.28 and from Theorem 4.4.29 we ob-
tain the following translations of geometric facts into the Grassmann Cayley
algebra. For a,b € P(C?) we denote the line through a and b with ab.
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Translation Let a,b,c¢,d be distinct points in P(C?). The line a__b is repre-
sented by a V b. The intersection point of the lines ab and ed is repre-
sented by (a Vb) A (cVd).

Conditions Let a,b, ¢, d be points in P(C?). The points a,b, ¢ are collinear
iff avbVe = 0. The point ¢ is contained in the line ab iff (a V b)Ae = 0.
The points a,b are equal iff « V b = 0.

In the sequel we abbreviate a V b with «b.
Example 35 Let a,b,c,d, e, f be distinct points in P(C?).

The lines ab, cd and ef are concurrent
i
(aVbO)A(cVd)N(eV f)=0
'

[abe]lde f]—[abf]ldce] =0

1
arbyescids fs + arbyesdicafs + ... =0

Without Cayley factorization we can use the following scheme for proving
theorems in projective geometry.

Proof Scheme :

o Express all conditions in Grassmann Cayley expressions Cf, ..., Ck.
o Transform C4,...,C} into bracket polynomials Py, ..., P, in normal
form.

e Compare P; with P;, if necessary, find non-degenerate conditions.

Theorem 30 (Desargues). The following 2 conditions are equivalent :

(a) The corresponding sides of 2 (non-degenerated) triangles meet in collinear
points.

(b) The lines spanned by the corresponding vertices are concurrent.

Proof. Let a,b,c and d, e, f denote the two non-degenerate triangles. We
express part (a) in terms of the Grassmann-Cayley algebra and obtain

((aVO)A(dVeNV((BVe)A(eV )V ((aVe)A(dV])).

With the algorithm GCtoBrackets we transform the above expression into a
bracket polynomial. Step 1 yields

([adelb — [bde]a) V ([beflc — [cef]b) V ([adf]c — [cdf]a).
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Expansion gives

([ade]bV[befle—[ade]bV]ce flb—[bde]aV]be flc+[bde]aV[ce f1b)V ([adf]e—[edf]a)

([ade][bef1bVe—[ade][ce f]bVb—[bde][be flaVc+[bde][ceflaVvb)V([adf]e—[edf]a)

[ade][bef][adf]bV ¢V ¢ — [bde][bef]ladf|aV ¢V ¢ + [bde][ce flladf]laV bV ¢ —
[ade][bef][cdf]bV ¢V a — [bde]lbef]ledflaV ¢V a + [bde][ce f][edf]aV bV a.

From Theorem 4.4.28 we know that bVeVe = aVeVe =aVeVa = aVbva = (.

For the remaining 2 extensors we have a V bV ¢ = [abc]e; V ey V e3 and
bV ¢V a=[bcale; V ey V e3. Since we have identified e; V e5 V e3 with 1 we
obtain
[bde][ce f][adf][abc] — [ade][be f][edf][bea). (4.13)
The application of the straightening algorithm to (4.13) yields
[abc][ab][de f][de f] — [abc][abe][cdf][de ] (a)
—labc][ach][be f][de f] + [abe][ace][bdf][de f]. (4.14)

For part (b) we proceed as above obtain the Grassmann-Cayley expression
(avVd)yn(bVe)A(cV )
which transforms in the bracket polynomial
[ac][bde] — [abe][cdf]
with normal form
[ace][bdf] — [acd][be f] — [abe] edf] — [abe][de f]. (1)

At the moment we have (4.14) # (4.15), so there is something missing. Note
the monomial [abc][def] vanishes iff one (or both) triangles are degenerated,
which we have excluded by assumption.. We have

[ace][bdf] — [acd][be f] — [abe][cdf] — [abe][def] = 0
—
[abelldef] ([ace][bdf] — [acd][be f] — [abe][cdf] - [abe][def]) = O

[abe[abc][de f][def] — [abe][abel[cdf][def] — [abc][ach][be f][de f]
+ [abc][ace][bdf|[def] = 0

which is the same as

(aVOAdVe)V(bVeneV fIV(aVeAdV f) =0 < (aV AV e)A(eV f) =0. 1
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If a Cayley factorization were available, then bracket polynomial (4.14)
could be rewritten as

[abe][def]- ((aVd) N (BVe)A(eV [)).

We would get the condition (b) from the theorem and the degenerate con-
dition from the algorithm. This means that with a Cayley factorization one
could construct new theorems in the following way :

Theorem Construction
e Starting from a configuration of points a, b, ..., construct a Grassmann
Cayley expression C(a,b,...) for the condition.
e Transform C(a,b,...) with the GCtoBrackets and the straightening
algorithm in a bracket polynomial P which is in normal form.
o Apply Cayley factorization to P.

Example 36 Discovering and proving geometric theorems :
Let a,b,c,d, e, f € P(C?). Under which "geometric” condition lie a,b, c,d, e, f

on a common quadric ¢ A quadric Zi-l—j-l—k:? vty 2Mis determined by the
coefficients vi;,. So we can reformulate our problem as follows. Find a syn-

thetic interpretation or construction for the algebraic condition :

3(v200, V020, Yooz, V1105 V1015 Vo11) € CG\{O}i

2 2 2
V20007 + V02005 + Vo203 + V1100 ay + Vio1a a5 + Vor1aya3 = 0,

Uzoofl2 + Uozofz2 + Uoozfg2 +viofifo +vionfifs Fvonnfofs = 0.

Qur goal s to compute a simple Grassmann-Cayley expression . In the first
step we eliminate the coefficients v;j;.

2 2 2
a; 4y d3z 4.4y @43 dols

b% b% b% ble ble 6263

det = 0. (4.15)

VAR S I PR EF P O
The resulting polynomial has degree 12 and 720 monomials and is invariant
w.r.t. SLy(C). It follows from Theorem 27 that it can be written as a bracket
polynomial. Using the straightening algorithm we find that (4.15) is equivalent

to
[abe][ade][bdf][cef] + [abd][ace][bef][de f] = 0. (4.16)
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Now we have to find a simple Grassmann-Cayley expression C(a,b, c,d, e, f),
whose expansion equals (4.16) . In our example Cayley factorization yields (in
a non-algorithmic way !) :

(VB A(dVe)V((bVe)A(eV )V ((eVd)A(fVa))=0.

This Grassmann Cayley expression is equivalent to the following synthetic
statement :

The intersection points abNde,bcNef,cd N fa are collinear.

This is precisely the contents of Pascal’s Theorem.

4.4.3 The GCAlg Package

GCAlg is a Mathematica package for the bracket and Grassmann Cayley
algebra. It provides algorithms for the construction of Grassmann Cayley
expressions, for the transformation of Grassmann Cayley expressions into
bracket polynomials, and for the manipulation of bracket polynomials, e.g.
the straightening algorithm. It can be used for proving theorems of projective
geometry with the proof scheme of section 4.4.2.No Cayley factorization is
implemented.

Bracket Algebra

Data Types
BracketT[iy,12,...]
Represents the bracket monomial [i1 i3 ...].
BracketPolynomialT
Denotes the fact that a polynomial in BracketT can be used. Not imple-
mented.
Algorithms
BPrint [B_BracketPolynomialT]
> returns the bracket polynomial. In order to print
a bracket polynomial B in an compound statement, use Print [BPrint [B]];
Bracket [{i1, 12, ... }]
Constructs the bracket [i1 i ...].
Bracket [ B BracketPolynomialT]
Sorts the brackets of B, i.e. [2 1 3] is transformed to —[1 2 3].
Phi[n,d] [B_BracketPolynomialT,x]
Application of the generic coordinatization map ¢, 4(B),
cf. definition 4.4.49. x is a variable.
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StraighteningSyzygies[n,d]
> a list of all straightening syzygies w.r.t. n and d.
VdWSyz[n] [a_BracketT, (3_BracketT, 7y_BracketT]
Computes the corresponding van der Waerden syzygy, cf. definition

Grassmann Cayley Algebra

Data Types
ExtT[i{,19,...,1%]

Represents the extensor 77 Vi3 V ... V 1. of step k.
JoinT[A,B]:

Denotes the join of the simple Grassmann Cayley expressions A and B.
MeetT[A,B]:

Denotes the meet of the simple Grassmann Cayley expressions A and B.

Algorithms
GCPrint [A]

> returns the Grassmann Cayley expression A. In order to print

A in an compound statement, use Print [GCPrint [A]];
Extensor[i;,1s,...,1%]

The exteonsor formed from the points 11,15, ... ,1.
JoinGC[A,B]

The join of of the simple Grassmann Cayley expressions A and B.
Meet [A,B]

The meet of of the simple Grassmann Cayley expressions A and B.
GCtoBrackets[d] [A]

Transforms the simple Grassmann Cayley expression gec to a bracket

polynomial. The entries in the brackets are the integers occuring in ge.

4.4.4 A Semi-automatic Proof of the Theorem of De-
sargues

We show how one can prove the Theorem of Desargues with the Mathematica
package GCAlg. Compare the proof below with the proof of the Theorem in
section 4.4.2 (Theorem 4.4.30).

We load the package and define the 6 points (labelled as 1,2,3,4,5,6).

<<GCAlg.m
a = Extensor[1];
b = Extensor[2];
¢ = Extensor[3];
d = Extensor[4];
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e = Extensor[5];
f = Extensor[6];
We form the corresponding lines.

ab = JoinGC[a,b];
ac = JoinGC[a,c];
bc = JoinGC[b,c];
de = JoinGC[d,e];
df = JoinGC[d,f];
ef = JoinGCl[e,f];

Now we compute the intersection points.
p1 = Meet[ab,de]; GCPrint[p;]
(1V2)A(4V5)
p2 = Meet[ac,df]; GCPrint[ps]
(1V3)A(4V6)
ps = Meet[bc,ef]; GCPrint[ps]
(2V3)A(BV6)
We now formulate the condition C; that p;,p2,ps are collinear (condition
(a) in Theorem 4.4.30).
tcy = JoinGClpy,p2l;
Cy = JoinGC[tcy,psl; GCPrint[Cy]
(1V2)A(4V5)V(1V3)A(4V6)V(2V3)A(BV6)
We transform C; in a bracket polynomial.
bp; = Bracket[GCtoBrackets[3][Cy|; BPrint[bp;]
[123][145][256][346][123][146][245][35 6]
We compute a Grobner bases and apply the straightening algorithm to
bp;.
gb = StraighteningSyzygies[6,3];
vars = Brackets[6,3];
B; = Straighten[gb] [bpj,vars]; BPrint[B;]
-[123][135][246][456]+[123][134][256][456]+[123][1
25][346][456] +[123])°[45 6]°
Now we formulate the condition that the lines spanned by the correspond-
ing vertices are concurrent.
ad = JoinGC[a,d];
be = JoinGC[b,e];
cf = JoinGC[c,f];
de = JoinGC[d, e];
df = JoinGCI[d, f1;
ef = JoinGC[e, f];
tcy = Meet[ad,bel;
Cy = Meet[tcy,cf]; GCPrint[Csl]
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(1Vv4)A(2V5))A(BVE6)
We transform C, in a bracket polynomial.
bpy = Bracket[GCtoBrackets[3] [Cy|; BPrint [bp,]
[136][245]-[125][346]
We apply the straightening algorithm to bps.
By = Straighten[gb] [bpy,vars]; BPrint[B,]
[L35][246]-[134][256]-[125][346]-[123][45 6]
We construct the factor F and check if By equals FxB,.
F = Bracket[{1,2,3}] * Bracket[{4,5,6}];
B; == Expand[F * B,]
True

4.4.5 Grassmannians

In section 1 we have constructed a Grébner basis for 1, 4 in a purely combina-
torial way, but we mention that there is a rich geometry associated with 7, 4.
The variety of the ideal [, 4 is called the Grassmann variety or Grassmannian
G4 which corresponds to the set of k—dimensional subspaces of C”. We
briefly describe the first non-trivial Grassmannian, which turns out to be
Gla2. As we will see a point on (4 corresponds to a decomposable extensor
of step two (this generalizes to all Grassmannians (7, 4, i.e. the points corre-
spond to decomposable extensors of step d). The vector space A*C* has di-
mension six and a basis is given by {e1Vea, e1Ves, e1Vey, e2Ves, eaVey, e3Vey}
provided that {ey,...,e4} is a basis of C*. Let a,b € C*, then a V b # 0 iff
the subspaces (lines) generated by a and b have only the trivial intersection,
namely the zero vector. It is then clear that they represent a line in P(C?).
If we multiply @ and b by (different) non-zero scalars we get back the same
line, so a V b should be the "same” as A-aV b. According to definition of the

join, @ V b has coordinates (xy, ¢, ..., xg), namely
1 = arby — asby,
xy = arby —azby,
x3 = arby — asby,
x4 = azby — azby,
T5 = agby — asbs,
Tg = Clgb4 — Cl4bg.

This is exactly the condition which an extensor x € A?C* has to fulfill if it is
simple. Since multiplication by scalars does not affect points in a projective
space we construct a map from the set of lines in P(C*) into P(A?C*).

¢ : {lines in P(C*} — P(A*C?),
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(a,b) — a V b.

The map ¢ is called the Pliicker embedding. The above equations can
also be seen as a parameterization of the projective variety G4 in P(A?C*).
We compute a Grobner basis G for by G4z by implicitation and obtain

G == [1’11'6 — T25 + 1’31'4].

The monomial x1x6 corresponds to the bracket [12][34], —x2x5 corresponds to
—[13][24] and @324 corresponds to [14][23]. This is exactly the Grobner basis
for 14> in C[A(4,2)] produced by the straightening algorithm as we have
seen in Example 4.4.32. The straightening algorithm uses the additional
structure information of the ideal I, 4 for constructing a Grobner basis in a
purely combinatorial way.



Chapter 5

My Invariants Package

This Mathematica package provides an environment for computing examples
in invariant theory of finite groups. It provides basic tools for working with
finite matrix groups, polynomials and contains implementations of Kemper’s
optimal algorithm and the intersection algorithm. Almost all examples in
this thesis have been computed with this package.

Limitations :
e The field K can be a finite extension of Q or a field with p elements
for a prime p.
e The order of the matrix groups should not be too large (> 1000).
e Roots of unity can cause restrictions in practical computations (due
to Mathematica).
e The algorithm SecondaryInvariants is only implemented in the
nonmodular case.

5.1 Variables and Trace

VARIABLES

Stores a set of variables. If an algorithm from below is called without
variables, then it will use VARIABLES.
Profile[AlgName]

Shows a profile of the running time for the algorithm AlgName.

See the description below for the algorithms, which provide this feature.
Reset [AlgName]

Before Profile[AlgName] is used, Reset[AlgName] must be called to
reset the counters.
SetVariables[{xi, x,,....x,}]

Assigns {x1, %,, ..., %, } to VARIABLES.

104
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ShowTrace[AlgName]
Enables/Disables the trace for the algorithm AlgName.
See the description below for the algorithms, which provide this feature.

5.2 Data Types

Matrix Groups :
MatrixGroupT[{M;M,,... My}, p,finite]

Represents the matrix group with the elements {M;,My, ... M} < G L, (K).

p is the characteristic of the field K. Note that this is already a group.
MatrixGroupT[GenT[Gy,Gy, ...,Gr], p, finite]

Represents the matrix group which is generated by .the matrices Gy,G,, ...,.G €
GL,(K).

p is the characteristic of the field K.

5.3 Algorithms

Invariant Theory :
DegSecInvars[G_MatrixGroupT,{6:,0,,...,0, } ,{x1,%,,....x,} :{},t_Symbol]

> the polynomial H%(t)/H(K[0;,0,,...,0,],t).

The generating function for the secondary invariants of G. The coefficient
of 1¥ equals the number of linearly independent secondary

invariants of degree d.
DegSecInvarslhs_,{6;,0,,....,0, } ,{x1,%,,....%, } : {},t_Symbol]

> the polynomial hs/H (K6, 0z, ...,0,],1).

hs is the Hilbert series of the invariant ring with primary invariants
{01.,0,,...,0,}.
HilbertSeries[G_MatrixGroupT,t_Symbol]

> the Hilbert series H“(t).

The characteristic of K is 0 or relative prime to |G|.
HilbertSeries[G_MatrixGroupT, x,t_Symbol]

> the Hilbert series HC(1).

Only for characteristic(K) = 0.
HilbertSeries[G_MatrixGroupT,t_Symbol,NC]

> the Hilbert series of the noncommutative invariant ring K (zq, 22, ..., ,

Only for characteristic(K) = 0.
HilbertSeries[G_MatrixGroupT,t_Symbol, ALT]

> the Hilbert series of the noncommutative invariant ring K (1, 2y, ..., z,,)

Only for characteristic(K) = 0.

)<

G
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HomogenousInvariants [G_MatriXGroupT ,d_Integer,vars_Li st]
> a basis of the K—vectorspace <K[$1, To, ..., l’n]G>d.
If G contains an element list, then the Reynolds operator is applied (non-
modular case). If G is represented by generators the algorithm does not
use the Reynolds operator. This is recommended for matrix groups with
more than 50 elements (and mandatory in the modular case).
HomogenousInvariants [R_,d_Int eger, vars_List]
> a basis of the K—vectorspace <K[$1, To, ..., l’n]G>
R is the Reynolds operator of G.
HomogenousInvariants [G_MatriXGroupT ,d_Integer,vars_Li st]
> a basis of the K—vectorspace <K[$1, To, ..., l’n]G>d.
If G contains an element list, then the Reynolds operator is applied (non-
modular case). If G is represented by generators the algorithm does not
use the Reynolds operator. This is recommended for matrix groups with
more than 50 elements (and mandatory in the modular case).

d-

Invariants[G_MatrixGroupT,{xi,x,,...,x, }:{}]

> {f17f27 7fm}

A set of fundamental invariants for the ring K[zq, 22, ..., 2,
Works only in the nonmodular case. This is an implementation of

.

Noether’s algorithm.
InvReset
Resets the timer to zero.
InvRingIntersection[{f,f2, ..., £, },{81:82, - s&m,ts{1X1, %y, .0, X, }]

> {hy,hyy ., by}

Fundamental invariants for the ring K[z, zg, ..., 2,]“* NK [z, 2, ..., 7,]
{f1,f2,...,n,} and {g1,82,...,8m,t are fundamental invariants of
K[z, 29, ..., 2,]9" and K[z, 29, ..., 2,]9? respectively.

Works only in the nonmodular case.
NumSecInvars[G_MatrixGroupT,{6:,0,,...,0, } ,{x1,%,,....,x, } : {}]

> the rank of K[z, 2y, ...,2,]% as a K[y, 0,, ..., 0,]—module.

Works only in the nonmodular case.
PrimaryInvariants[G_MatrixGroupT,{xi,X,,..., %, }:{}]

> {01,0,,...,0,}

A set of minimal primary invariants for the group G.
PrimaryInvariants[G_MatrixGroupT,hs,t,order,{x, %, ..., %, }:{}]

> {01,0,,...,0,}

G is a finite matrix group, hs is the Hilbert series H%(¢) and order= |G| .

A set of minimal primary invariants for the group G.
PrimaryInvariants[G_PermGroupT,{x, %y, ..., %, }: {}]

> {o01,04,...,0,}

The elementary symmetric polynomials. Requires the PermGroup.m
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package, cf. Bayer [2].
ReynoldsOperator [G_MatrixGroupT] [F,{x1,x%,,...,x, } : {}]

> RY(F)

F is a polynomial in {xy,%,,...,%, }. Works only in the nonmodular case.
ReynoldsOperator[G_MatrixGroupT] [F, \,{xi,%,, ..., %, } : {}]

> RY(F)

F is a polynomial in {xy, %,, ..., %, }.Works only in the nonmodular case.
RF[rList_List,F,{xy,xy,...,%, }: {}]

> RY(F)

F is a polynomial in {x;,%,,...,x, },rList is a list of rules for SR“.

Works only in the nonmodular case.
RFM[G_MatrixGroupT,F,{x1, %y, ..., %, } : {}]

> tomomy R (F)

F is a polynomial in {xy,%,,...,%, }. Works only in the nonmodular case.
RFM[G_MatrixGroupT]

> (F,{x1,%,,...,%,}) —RFM[G_MatrixGroupT,F,{x1, x,, ..., x, }]
RFM[rList_List,F,{xy,%,,....x, }:{}]

> tomemy R (F)

F is a polynomial in {x;,%,,...,x,}. rList is a list of rules for ;R“.

Works only in the nonmodular case.
RFM[G_MatrixGroupT, ] [F,{x1,%,,....x, }:{}]

S———

F is a polynomial in {xq,%,,....%, }.

Works only in the nonmodular case.
Rules[G_MatrixGroupT,{x,xy,...,%, }: {}]

> {ry,r9,. .., Tt

A set of rules for the action of the group on Klzy, zg, ..., x,].
Rules[G_MatrixGroupT, x,{X1, Xy, ..., X, } 1 1]

> {ry,r9,. .., Tt

A set of rules for the action of the group on Klzy, zg, ..., x,] w.r.t.

the character y.
SecondaryInvariants[G_MatrixGroupT,{0;,0,,....0, } {x1,%,,....x, }:{}]
> {7717 7727 tey 777’}
A module basis for K[z, 29, ..., 2,]% as a K[0;,0,, ..., 0,]—module.
Works only in the nonmodular case.
TotalDegree[F,{x, x,,....%, } : {}]
> the total degree of F as a polynomial in {x;,x%,,...,%,}.
Matrices :
Add[mi1_List, m2_List]
> diag(ml,m2)
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Del[M_List, i_Integer, j_Integer]

deletes the i-th row and j-th column of M.
ToMatrix[perm_List]

> the permutation matrix of the permutation perm in list representation.
trace[M_List]

> 3 i Mi

The trace of M.

Matrix Groups :
Act[M,F,{x1,%,,...,%,}]

> FM %, %y, ..,%, })

The action of the matrix M on the polynomial F.
Characterisitc[G_MatrixGroupT]

> the characteristic of the field K of ¢ < G'L,,(K).
Conj[MatrixGroupT[g_GenT, finite] ,M_List]

> conjugates each generator with M.
Degree[G_MatrixGroupT]

> niff 6 < GL,(K).
Element [G_MatrixGroupT] [i_Integer]

> the i-th element of G.
Elements[MatrixGroupT [{M;,M;,....My},0rd,finite]]

> (M My, .. M}
Enumerate[G_MatrixGroupT,F:id]

> {F[o] : o € G} iff G contains a list of all elements.

> Nil otherwise.
TypeOfRep[MatrixGroupT[elem_List, ord_, finitel]]

rtypel : G contains an element list.

rtype3 : G contians only a generating set.
Generators[G_MatrixGroupT]

> {Gy,Gz, ...,G } iff G contains a list of generators

> Nil otherwise.
MatrixGroup[gens_List,generate_:True]

> G

The linear group generated by {G1,Gz, ...,Gx }-

<generate == True>

G contains a list of all elements

<generate == False>

G contains a list of the generators.
MatrixGroup [PG_PermGroupT]

> G

The corresponding matrix group G to the permutation group PG
Map [F,G_MatrixGroupT]
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Maps the function F to all elements of G. G must contain a list of all
elements.
Orbit [G_MatrixGroupT,p_,Action_]

> {Action[o,p]: 0o € G}
Order[G_MatrixGroupT

> |G|
Print[G_MatrixGroupT]

Prints the group G.
Transform[MatrixGroupT[elem_List, ord_, finite], set_, Action_]

Partitions

Taken from Skiena [35].
Partitions[n_Integer]

> all partitions of n
Partitions[n_Integer,maxpart_Integer]

> all partitions of n where all summands are <maxpart.
NextPartition[p_List]
ReducedPartitions[n_Integer]
ReducedPartitions[part_List] ]

Polynomials :
DegVec[M_,{x1,x%,, ..., %, }]

> the degree vector of the monomial M.
HeadTerm[f_,{xy,x,,...,%,},ordering:PTotal]

> the head term of the polynomial £.

PTotal is the total degree ordering and PLex the lexicographic ordering.
Monomials[{x,%,,...,%,}:{},d_Integer]

> a set of all monomials in x4, x,,...,x, with degree d
PLex[11_List,12_List]

> True if 11 is lexicographical smaller or equal than 12. False otherwise.
PolyToFun[f_,{x,%,,...,%,}]

> Transforms the polynomial £ in a Mathematica function with n para-
meters xj,X9, ..., X

ceg B

SymmPoly [{x1,%,,..., %, }]

> The elementary symmetric polynomials in the variables x;,%,, ..., %,.
5.4 A sman Demo
0 1
Example 37 We compute the Hironaka decomposition of G = < -1 0
00

G has order 4.
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m = {{0,1,0},{-1,0,0},{0,0,-1}};
G = MatrixGroup[{m}];
Print [G]

Order 4 , characteristic 0

100 01 0 0 -1 0 ~1 00
0otol),{-1to0o o},[1t oo}, o-10
000 00 —1 0 01 0 01

hs = HilbertSeries[G,t];

—14t—t2—¢°
(—141)7 (14)” (1+£2)

Series[hs,{t,0,10}]
1+ 202 + 263 4 5t + 465 + 8t° + 87 4+ 13¢% + 127 + 18¢1° + O(¢)!!

{pi,p2,ps} = PrimaryInvariants[G,{x,y,z}]
{a? + 92, 2% 2%y%}

SetVariables[{x,y,z}];

NumSecInvars[G,{p:i,p2,ps}]

4
DegSecInvars[hs,{pi,p2,ps}t,t]
1+ 2t 4t

gb = GroebnerBasis[{pi,p2,pst,{x,y,2}];
{s4,83} = HomogenousInvariants[G,3]

{zyz, 2%z — y*2}

hom4 = HomogenousInvariants[G,4]
{222, 2%y — oy, 2t oyt 2L 2t 4 y2e?)

Map [PolynomialReducel[#,gb,{x,y,z}]1[[2]] &,hom4]
{0, —22y>,0,0,0}

sq4 = hom4[[2]];

Let R = C|p1,p,, ps)- We have obtained the Hironaka decomposition

Clz,y,2]" = R® s,:R @ ssR@ s4R.
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