A. Appendix.

A.1 A Proof by the Grébner Bases Method

The Theorem is proved by the Groebner Bases method.

The formulain the scope of the universal quantifier is transformed into an equivalent formulathat isa

conjunction of digunctions of equalities and negated equalities. The universal quantifier can then be distributed over

theindividual parts of the conjunction. By this, we obtain:
Independent proof problems:

(Formula (Test): B1.1)

v
X,y

(X2 4 (=X xY) + X2y +-2+y2+ -24X+xy?2=0)\/ (-3+«X+X2xy #0)\/ (X+y +Xxy #0))

(Formula (Test): B1.2)

V o ((BxXx+X2xy =0)V
XVy

(=25 X2+ =T xXxy + X2y + X35y + -24y2 + 24X xy2+2x%x24y2=0)V
(-3xX+X2xy #0)\/ (X+y +X*y #£0))

We now prove the above individual problems separately:

Proof of (Formula(Test): B1.1):

.... (Here comes the proof of thefirst partial problem. We do not show it here because it is similar and, in fact,
simpler that the proof of the second partial problem, which we show in all detall. ...)

Proof of (Formula(Test): B1.2):
This proof problem has the following structure:
(Formula (Test): B1.2.structure)

v ((Poly[1] #0) Vv (Poly[2] #0) v (Poly[3] =0)Vv (Poly[4] =0)),

X,y

where

Poly[1l] = -3«x+X%2xy

Poly[2] = X+Yy +X=xY

Poly[3] = 3«Xx+X2xy

Poly[4] = -2+X2+ -7 +XxY +X2+y +X3 %y +-2+yY2 4+ -2xX+xy2+24x24y2

(Formula (Test): B1.2.structure) is equivalent to

n
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(Formula (Test): B1.2.implication)
va ((Poly[1] =0) A (Poly[2] =0) = (Poly[3] =0) Vv (Poly[4] =0)).
(Formula (Test): B1.2.implication) is equivaent to

(Formula (Test): B1.2.not-exists)

Xiﬂy (((Poly[1] =0) A (Poly[2] =0)) A ((Poly[3] #0) A (Poly[4] #0))).

By introducing the slack variable(s)
{1, ¢2}
(Formula (Test): B1.2.not-exists) is transformed into the equivalent formula

(Formula (Test): B1.2.not-exists-slack)

» (((Poly[1] =0) A (Poly[2] =0)) A{-1+&1Poly[3] =0, -1+ &2Poly[4] =0}).
X,y €1, &

Hence, we see that the proof problem istransformed into the question on whether or not a system of polynomial
eguations has a solution or not. This question can be answered by checking whether or not the (reduced) Groebner
basis of

{Poly[1l], Poly[2], -1+ &1Poly[3], -1+&2Poly[4]}
isexactly {1}.
Hence, we compute the Groebner basis for the following polynomial list:

{(-1+3XEL+X2y €L, -1+-2%X2E2+-TXYE2+X2y E2+
X3Y E2 4+ -2y2E2 4+ -2xy2E2+2x2y2E2, -3X+X2Y, X+Y+XVY}

The Groebner basis:
{1}
Hence, (Formula(Test): B1.2) is proved.

Sinceall of the individual subtheorems are proved, the original formulais proved.

A.2 A Proof by the PCS Method
Prove:

(Proposition (limit of sum)) . avgb (limt[f, a]Alimt[g, b]=limt[f +g, a+b]),

under the assumptions:
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(Definition (limit)) v |limt[f, a] e v
Y giO n

Zl|

v (1f [n] -al <e) |,
>N

(Definition (+)) v ((f +g) [x] =F [x] +g[x]),

(Lemma (J+]) v (J(Xx+y)-(a+b)}<o+ee=({x-al<sAnly-bl<e)),

X,y,a,b, o, ¢
(Lemma (max)) mI\X,MZ (m=nmax [ML, M2] > m=MLAmM=M).
We assume
() limt[fo, aog]l Alimt[go, bol,
and show
(2 limt[fo+do, ao+bol.
Formula(1.1), by (Definition (limit:)), implies:

@ v 3 ¥ (ffoln]-acf <e).
e>0 n=N

By (3), we can take an appropriate Skolem function such that

(tfo[n] -aof <€),

Formula(1.2), by (Definition (limit:)), implies:

(6 ¥ 3V (Igon] -bof <e).
e>0 n=N

By (5), we can take an appropriate Skolem function such that

® v v (igo(n] -bo}<e),

e>0 n=N; [€]
Formula (2), using (Definition (limit:)), isimplied by:

(M v 3V ({(fo+go)[n] - (a0 +bo)l <e).

S0 nen
We assume
(8 €o0>0,
and show

9 Jv ({1 (fo+9go) [n] - (ap+bo) t <eo).

n=N

Wehaveto find Nj such that
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(10) v (n=Ns= | (fo+go)[N] - (A +Dbo) | <eo).
Formula (10), using (Definition (+:)), isimplied by:

(1) v (n=Ny= | (foln] +go[n]) - (A0 +bo) | <eo).
Formula (11), using (Lemma(|+])), isimplied by:

(12 = v(n=N={fo[n] -aol <oA{go[n] -bol <e€).

S+Ee=€g

Wehavetofind &, €3 and Ns such that

(13 (G+ei=eo) /\V (N=Ns= {fo[n] -0t <65/ {Goln] ~bo} < ei).
Formula (13), using (6), isimplied by:

<56+€i:60)AX (N=N; = {fo[n] —agl <S5A (61 >0AN =N [€1])),
which, using (4), isimplied by:

<56+€I:€0)A§ Nz=Ns = (66 >0ANn=2No[65]) A (ef >0AN =N [ef])),
which, using (Lemma (max)), isimplied by:

(14) (8 + €] = €o) /\nv N=Ns=585>0n¢e;>0ANz=max[No[55], Ni[ei]]).

Formula (14) isimplied by

(15) (55+q:eo>/\55>eri>o/\rY (Nn=Ns>nz=max[No[5], N[€i]]).

Partialy solving it, formula (15) isimplied by
(16) (g +€i=¢€0) NS5 >0nel >0A (Ns =max [No[65], Nifef]l]).
Now,
(6 +€1=€0) NSg>0ne; >0
can be solved for 54 and €3 by acall to Collins cad—method yielding the solution
0 < &g < €o,
€] « €0+ -1x6¢.
Let ustake
N5 « max [No[55], Ni[eo+-1x685]11].

Formula (16) is solved. Hence, we are done.

e e o o o I O 1 |




