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m Theory Exploration Versus Theorem Proving

m \Why Automated Theorem Proving Has Little Impact on Mathematics

Automatedtheoremproving is a well establishedsubjectin computerscience.The advancesnadein the algorithmic
techniquesfor automatedtheoremproving are impressive,see the survey paper [Loveland 1996]. Also, automatet
theoremproving has found various important applicationsin computerscience.For example,Robinson’sresolutior
proving method launcheda whole new programmingparadigm,namely logic programming.Amazingly, althougr
proving is the essenceof mathematicsthe advancesof automatedtheorem proving did not have any noticeable
influenceon the practiceof mathematicatesearctandteachingsofar.

We do believe,however thatautomatedheoremproving should,couldandwill haveanimportantimpacton the future
of mathematicsmore preciselyon the way how mathematicds "done". For this to happenwe think that the basic
paradigmmustchangefrom automated theoremproving towardscomputer—supportetieory exploration In fact, in our
view, the paradigmof theory explorationis not only the naturalparadigmfor using automatecbr computer—support
proving systemsut alsofor doingmathematic®y paperandpencil.

In this paper,we will first clarify the paradigmof theory explorationandthen give a coupleof exampleghat should
illustrate the paradigm.The examplesare carriedout in the frame of the Theorema system,a systemdesignedo be a
commonframefor proving,solving,andsimplifying mathematicalormulae,see[Buchbergeetal. 1997,2000].

= A Rough Distinction

We first give a rough distinction betweenthe conceptof (automated}heoremproving and the conceptof theory
exploration.

The two essentiaparametergor a prover arethe goal and the knowledgebaseand the questionis whetherthe goal
follows from theknowledgebase:

?
knowledgebase |: goal

The powerof automatedheoremproversis measuredy the classof goal formulae andknowledgebaseformulaefor
which this questioncanbe decidedand/ or proofscanbe generatedefficiency, naturalnesef proofsgeneratecdktc. are
othercriteriafor assessinthe quality of provers.

In correspondenceith thefundamentaproblemof theoremproving,in Theorema, the basiccall hastheform



Provdgoal using— knowledgebase by — proof-method
(Similarly, in Theorema, we havethecalls

Solvdgoal using— knowledgebase by — solution-method

Simplify[goal using— knowledgebase by — evaluationmethod

In mathematicsproving, solving, and computinginteractintimately. We do not go into detailsaboutthis interactionin
the currentpaper though.)

The main pointwhich we wantto makein this paperis that,usually,in mathematicatesearchteachingandapplication
we do not considerindividual theoremsand, thus, the automatedheoremproving paradigmdoesnot well reflect the
typical situation.Ratherwe normally explorean entire"theory":

e We proceeddy proving"layers"of moreandmorecomplexpropositions.
e |n eachlayer,we consider(try to proveor disprove)the propositionsasanensemblendnotisolated.

e In eachlayer, we prove using the knowledgebase(s)establishedn the (immediately)precedinglayer(s)
ratherthanprovingfrom "first principles".

e In eachlayer, we apply specific proof methodthat are appropriatefor the knowledgebasesused,i.e.
insteadof using one proof methodfor all of mathematicspne appliesspecialproof techniqueghat are
determinedby the knowledgebasesavailablein the various explorationsituations. In otherwords, the
knowledgeavailablein a given explorationsituation migratesfrom the level of being knowledgeto the
level of constitutinga specialinferencetechnique.

o If aspecificproof methodis fixed, the classof goalsthat canbe provedcanbe increasedf goalsthatare
alreadyprovedare addedto the knowledgebase.Furthermore the sequencen which goalsare proved
(and addedto the knowledgebase)may have a drasticinfluence on the classof goals provable.Good
strategiegor "completing"knowledgearethereforeof utmostimportance.
Thethesisof this paperis:
e Organizedtheory explorationinsteadof isolatedtheoremproving hasa drastic,positive,influenceon the
feasibility, power, naturalnessand practical attractivenes®of automatedtheoremproving as a tool for

working mathematicians.

e Hence, future mathematicalsoftware systemsthat integrate theorem proving should support theory
explorationin variousways.As a consequenceaye try to providesuchtoolsin Theorema.

m Exploration Situations

m The Parametersof an Exploration Situation

Mathematicaltheory explorationcan be explainedin termsof the notion of "explorationsituation”.In our view, an
explorationsituationis characterizetby the following parameters:

e acollectionC of knownconcepts

e a collectionK of factsthat (arethought to) "completely"describethe interactions(interrelationsyamong
theknownconcepts



e anewconcepiN
e axioms(e.g.definitions)A thatrelatethe newconceptwith theknownconcepts

e a collectionG of goal propositionsthat (are thoughtto) "completely”explorethe interactionbetweenthe
new conceptandtheknownconcepts.

Note that, here, the notion of a "complete"knowledgeon conceptsis not meantto be a formal notion. In certain
contexts,for examplein rewriting, "complete" knowledgemay well be conceivedas a "completedsystem"in the
technicalsensewhich entailsthat the truth of sentencesanbe decidedw.r.t. to sucha system.However,althoughwe
do not give aformal definition of "completeness'theintuitive ingredientof the notionof "completeknowledge'is that,
as with formally completesystems, it shouldbe "relatively easy"(i.e. by "symbolic computing”and not by handling
quantifiers)to prove or disproveall other statement®n the given notionsas soonas we have "completeknowledge'
aboutthem.We will makethis clearerin the exampledelow.

= The Proof Method Appropriate for an Exploration Situation
We believethat

e the parameter€ (knownconcepts)K (knownfactson knownconcepts)N (newconcept) A (axioms),and
G (goals) of an explorationsituationdeterminean "appropriate"proof methodfor proving the "routine"
propositionsn G and

e "often”, theappropriatgroof methodcanbe derivedfrom the syntacticaktructureof C, K, N, A, andG.

Accordingly, one can imagine increasinglevels of sophisticationin (presentand future) computer—supporteitieory
explorationsystems:

e For manytypical explorationsituations,the systemprovidesan appropriateproof methodin a library of
proof methodswhich the usermay chooseaccordingthis his analysisof the explorationsituation.(This is,
in fact, whatwe providein the currentversionof Theorema.)

e For any explorationsituation,the systemallows the userto formulate,in an easy"prover programming
language", using also basic proof methodsfrom a library, his proposalfor what he believesis an
appropriateproof methodfor the given situation. (We intend to work on such a prover programming
languagan the nextphaseof the Theorema project.)

e The systemprovidesa "proof method composer“that composesfor (m)any explorationsituations,an
appropriateproof methodautomaticallyfrom a library of basicproof methods Although this approachin
its mostgeneralform, is unrealistic-both theoreticallyandpractically—it is well possibleto developproof
methodcomposergor certaincontexts(An easyexample:As soonascertainof the operationsnvolvedin

the explorationsituation satisfy the ring axioms —a fact that can be determinedby a purely syntactica
analysis—,polynomialsimplificationcanbe appliedasa specialinferencemethod.)

= An Example of an Exploration Situation
Hereandin the subsequergxamplesve useTheorema syntax,see[Buchbergesetal., 1997,2000].

Knownconcepts'0’ (zero),” o™’ (successofunction).

Fact(s)aboutknownconceptsinductionaxiom(s)

v ((A[O] A v (AX] =>A[x+]))=~\xf A[x])



Newconcept’+ (addition).
Axioms(definition)that relate the newconceptwith theknownconcepts:

Definition ["Addition", any{m, n],
m+0=m " +0"
m+nt =(m+n)* " +sucd

|

Goal propositionsall formulaeof theform

v L=R

X1,.-:Xpn

wherelL andR aretermsin '0’, 'o*’, '+, andthevariables x;’, ..., " X,'.

= An Appropriate Proof Method

In principle, goal propositionsin the aboveexplorationsituationcould be provedfrom the known factsandthe axioms
by any completepredicatdogic proof method.However,instead more naturallyandefficiently, the knownfactscanbe
"lifted" from their level of beingknowledgeexpressedn termsof formulaeonto the level of beinga specificinference
methodandthis methodcanbe usedfor provingthe goal propositionsrom the emptyknowledgebase Hereis a rough
descriptionof this specialproof method:

Take all x4, ..., X, "arbitrary but fixed" andtry to prove’L=R' by rewriting both L and R modulo the
assumeckqualitieqin the definition).

If this proof succeedseportsuccesgandshowthe proof).
If this prooffails, organizeinductionon x :

Theinductionbaseis a proof situationof the sametype butwith onevariableless.
Hencecall the proof methodrecursively.

Theinductionstepis a proof situationof the sametype butwith onevariableless.
Hencecall the proof methodrecursively.

In Theorema, this proof methodhasthe name’NNEgqIndProver’.(Note that, in fact, the power of this method,i.e. the
classof formulaethatcanbe provedby this method heavily depend®n the specificmethodusedfor rewritingL andR.)

m Examplesof Proofs

For provingthefollowing proposition

Proposition["Addition of Zerofrom Left", anyn],
O0+n=n]

we executehefollowing Theorema call:

Prove[Proposition["Addition of Zerofrom Left"],
using— Definition["Addition"],
by - NNEgIndProvey

This call, without settingany additionaloptions,appliesan elementaryleftmostoutermostsimplification techniquefor
rewriting. It generates proof of the proposition(in an easy—to—reddatural” style). Similarly, proofsfor the following
propositionscanbe generatecdutomaticallyby the abovemethod. Theproofis shownin [Buchbergeetal.1997].



Proposition["Addition from Left", anyim, n],
m" +n=m+n)*]

Prove[Proposition["Addition from Left"], using— Definition["Addition"], by - NNEgIndProvey

Proposition["Associativityof Addition", anyim, n, p],
Mm+n)+p=m+((n+p)

Prove[Proposition["Associativityof Addition"], using— Definition["Addition"], by - NNEgIndProvey
Thefollowing propositioncannotyet beenprovedby this proof method.

Proposition["Commutativityof Addition", any{m, n],
m+n=n+m]

Prove[Proposition["Commutativityof Addition"], using— Definition["Addition"], by - NNEqIndProvey

It canbe proved,however,if the knowledgebaseis expandedy the propositionsalreadyproved,i.e. if the following
call is executed:

Prove[Proposition["Commutativityof Addition"],
using— (Definition["Addition"],
Propositiof” Addition of Zerofrom Left"],
Propositionf” Addition from Left"]),
by - NNEqgIndProvey

Expansion("completion”) of knowledgebasess discussedn the next sections (Alternatively, the proof methodcould
be mademore powerful by applyinga more sophisticategimplification method.However,this is not the issuein this

paper. Rather, the issue is discussingstrategieshow fixed proof methodsshould be applied in the context of
investigatingentiretheoriesnsteadof consideringsolatedtheorems.)

m Complete Exploration: Bottom-Up

m Observation

o A fixed proverdeterminesof coursefor everyfixed knowledgebasea fixed setof provableformulae.

e However,without changingthe prover,the collectionof provableformula canincreasedrasticallyif we
add provedformulaeto the knowledgebase.Similarly, the length of proofs may decreasalrasticallyby
the samemeasure.

e Also, the orderin which formulae are proved (and, if proved,are addedto the knowledgebase)may
drasticallyinfluencethe proving powerof theprover.

Hence,we shouldadda mechanisnto the proof systemthat automaticallyaddsprovedformulaeto the knowledgeif

sequencesf goal propositionsaregivento a proverof the systeminsteadof isolatedgoal propositionsin Theorema,
this mechanisnis implementedasanoption 'ExpandKnowledge'thatcanbe setin the Provecall.

m An Example of Adding Proved Formulae to the KnowledgeBase

Let usfirst formulatea coupleof possiblegoalsin the aboveexplorationsituation:



Propositions["EquationaPropertiesof Addition", anyim, n, p],
O+n=n "o+ "
m* +n=(m+n)* AT ]
m+n=n+m "+
Mm+n+p=m+MN+p) "(+)+"

By settingthe option’ExpandKnowledge True’ (which forceseveryprovedgoalto be addedto the knowledgebase)in
the Prove-callfor eachof the above propositionsthe prover is called and, if a proof is generatedsuccessfullythe
propositionis addedto the knowledgebase.In the above example,by this simple strategy,all propositionscan be
provedwithoutincreasinghe powerof the proof method.In particular,alsocommutativitycanbe proved:

Prove[Propositiong'EquationaPropertieof Addition"],
using— Definition["Addition"],

by - NNEqgIndProver
ExpandKnowledge»> True]

= Which and How Many Formulae shouldwe Prove for a"Complete" Exploration?
Our answetto this questionis heuristic:

o All propositiongin our case equalities)thatdescribeall interactionsof the new conceptwith the known
conceptgandwith itself) areinterestinggoals.

e Interactionsthat can be describedin the form of rewrite rules are particular useful becausethey
"algorithmize" the branch of mathematicsunder exploration. (I think that, in fact, most part of
mathematicaknowledgeis of thiskind.)

¢ Only the"immediate"interactionsneedto be exploredbecausehe compoundnteractionsareiterations
of immediateinteractions.The proof of compoundinteractionsshouldbe easy(and, consequentlythe
propositionsformulating theseinteractionsneednot be storedin the knowledgebase)as soonas the
intermediaténteractionsarecompletelyexplored.

Note thatthe aboveheuristicsdoesnot yet give any hint abouthow to invent propositionson theimmediateinteractions
of thenewconceptswith theknownonesWe will speakaboutinventionin the nextsection.

In the aboveexplorationsituation,where’'+’ is the new conceptand’0’ and’* * arethe known conceptsandall goals
areequalitieswe havethefollowing possiblemmediateinteractions:

0+0=7?

O+n="7?

m+0="7?

m+m=7?

m"+n="?

m+nt=7?

m+n+p)=7?
m+n)+p=7?

All otherinteractionsfor example,

m+@©O+nt)=7?



arecompound.

m One Syntactical ClassAt A Time

In explorationsituationswherethe axioms(definitions)that describethe dependencef the new concepton the known
concepts,syntactically, have a more complex structure(e.g. involve nestedquantifiers),we suggestto proceedby
decomposinghe explorationsituationin a sequencef explorationsituationsreflectingthe layeredcompositionof the
axioms.Roughly,this correspondso the principle of "structuredporogramming'in softwareengineering.

As anexamplewe considerthe definition of "limit" in analysis:

Definition ["limit", any{f],
limit[f] :=ae¥ 3 V [f[n] - & <¢]
a e N n

0 n=N

We alsodefinethe correspondinginarypredicatéhas-limit’ (is convergent):

Definition ["haslimit", any{f],
haslimit[f]:=3 V 3 v [f[n]-a <¢|
a e N n

e0 n=N

Explorationsituation:

knownconcepts!+', "=, ||, '<’, ...onnumbers,’®’, '&’, ...onsequences,
knownfacts:"complete"knowledgeaboutthe mutualinteractionof theseoperations,
newconceptsilimit’, *haslimit’,

axioms:theabovedefinition,

goals:all interactionof 'limit’ with'&’, '&’, ....

Exampleof agoal:

Proposition["limit of sum$, anyff, g], with[haslimit[f], haslimit[g]],
limit[f & g] = limit[f] + limit[g]]

Accordingto the abovesuggestionwe first split the definition of the new notion so that, in eachpartial definition, we
introduceonly onequantifieratatime:

Definition|"1-arylimit", any{f],
limit[f] := aelimit[f, a] |
a

Definition ["2-ary limit", any(f, a,
limit[f, a] : < ¥ limit[f, & €]|

0

Definition ["3-ary limit", any{f, a €],
limit[f, a €] : < Jlimit[f, a € N]|

Definition|"4-ary limit",

limit[f, & € N]: = :/ If[n] — &l <€

n=N

Let usassumehatthefollowing formulaearepartof the "complete"knowledgeon the knownnotions:

Definition["sumof sequencés anyf, g, x],
(@ gxD) = (F[x] +glxD]



Proposition["distanceof sunt', any[x, y, a b, ¢, €],
(IX—a <dAly-bl<e=(X+y)—(a+b) <d+e)]

Proposition["max’, any{M, m, n],
M z=maxm, nN)=M =mAM = n)]

Now we exploreeachof the"layers"separately:
Explore LowestLayer:

We first composethe appropriateknowledgebasefor the lowest explorationsituation,i.e. the onein which the 4-an
predicatelimit’ is thenewconceptin Theorema, this canbe doneby thefollowing instruction:

Theory["4-arylimit",
Definition["4—ary limit"]
Definition["sumof sequence$
Propositiofi"distanceof suni'] ]
Propositiofi"max']

Now, we formulatethe propositionthatcorrespondso thefinal goalpropositionin the lowestlayer:

Proposition["4—ary limit of sund', any[f, a 6, M, g, b, €, NJ,
((imit[f, a, 6, M] Alimit[g, b, €, N])
= limit[f &g, a+ b, 6 + ¢, maxM, N]])]

Prove[Propositiofi*4—ary limit of suni'], using— Theonyf"4-arylimit"], by —» PredicateProvér

By this call, which refers to one of the Theorema provers for predicatelogic, a proof is generatedcompletely
automatically.The proof andthe subsequenproofscanbe foundin [Buchbergeretal., 1997,2000]. In the sameway we
could"completely"exploretheinteractionof the 4—arypredicatélimit’ with all knownconcepts.

Explore Next Layer:

We now entera new explorationstage whosenew conceptis theternarypredicatelimit’. The 4-arypredicat€limit’ is
now consideredo be "known". The proposition"4-arylimit of sum"is now partof the "known facts". We may know
proceedwith exploringtheternary’limit’:

Theory["3-arylimit",
Definition["3—-ary limit"]
Propositiofi"4—ary limit of surﬂ']]
Proposition["3-ary limit of sunt’, any[f, &, §, g, b, €],
((limit[f, a 6] Alimit[g, b, €])
=limit[f &g, a+ b, ¢ + €])]

Prove[Propositiofi*3—ary limit of sunm'], using— Theonf"3-arylimit"], by -» PredicateProvér
Explore Next Layer:
Let's assumehatthefollowing variantof the proposition"3—arylimit of sum"is alsopartof the newknowledgebase:
Proposition["3-ary limit of sum variant, any(f, a, g, b, €],
((limit[f, a, €/2] Alimit[g, b, €/2])

= limit[f @ g, a+ b, €])]

Theory["2-arylimit",
Definition["2—ary limit"]
Propositiofi"3—ary limit of sum variant‘]]



Proposition["2—-ary limit of suni', any{f, a, g, b],
((limit[f, a] A limit[g, b])
= limit[f &g, a+ b))]

Prove[Propositiofi*2—ary limit of suni'], using— Theonyf"2—-arylimit"], by —» PredicateProvér
Explore Next Layer:

Theory["1-arylimit",
Definition["1—ary limit"]
Definition["haslimit"] ]
Propositiofi"2—ary limit of suni']

Proposition["limit of sunt', with[haslimit[f], haslimit[g]],
limit[f & g] = limit[f] + limit[g]]

Prove[Propositiofi*limit of suni'], using— Theory{"1-arylimit"], by —» PredicateProvér

m Complete Exploration: Top—-Down

= Disadvantageof the Bottom—-upApproach

The bottom-umpproactfor "completing"knowledgefor a new concepthasthe major drawbackthatthe conjecturegor
factsaboutthe newconcepipartly haveto beinventedby a human.For exampletheright-handgideof theinteraction

m+Mn+p)=7?

mustbe guessedy the userof the system Also, in the exampleof the layeredapproachof provingfactsaboutthe limit
concept,non-trivialinventionhadto go into the formulationof the propositionson eachof the levels.We could either
try to comeup with a more powerful proof methodfor the goal classat hand(in fact, in [Buchbergeret al. 2000], we
describea powerful new proverfor conceptsjike the’limit’ concept,nvolving "alternatingquantifiers"that allows to
provefactsabout’limit’ andsimilar conceptdrom analysiswithout decomposindghe explorationsituationin fine—grair
layers)or we cantry a differentapproactthat, sometimesmay be ableto prove new factsfor a new conceptwithout
inventinga morepowerful proof method We call this approactthe"cascade'approach.

m The CascadeMethod for Theory Generation

Given a prover P, a fixed knowledge base K, and a statementG which we want to prove, the function
"Theory-Generation Cascade"producesa theory consistingof statementghat compriseall statementsof K plus
possibly some (hopefully many) other statementghat are provablefrom K by P including the goal G. Roughly,the
method(whichis nowimplementedn Theorema) worksasfollows:

Theory-Generation-Cascade[ G,K,P]:

ProveG, using- K, by - P].
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If proofsucceeds

then resultingtheoryis K | {G}

else(i.e. if prooffails) analyzethe points wherethe proof fails
andderiveaconjectureC suchthatG mightbeprovableby P usingK (U {C}.

T := Theory-GeneratiorCascade, K, PI.

If T =K (i.e noadditionattheoremsvereprovableby P usingK)
then resultingtheoryis K
else ProvdG, using— T, by — P].

If proofsucceeds
then resultingtheoryis T U {G}
else resultingtheoryis T.

In otherwords,the cascadeanbe "challengedhy someconjecture On the way to provingthe conjectureit may detec!
that certain lemmata, which would make the proof possible, are not yet proved. It conjecture these lemmate
automatically provesthemandtriesto continuewith the mainproof.

If we have an algorithmic failure analyzerfor P then the theory generationcascadeturns the prover P into a more
powerful prover P* which in fact, in addition to being a automatedtheoremprover, is also a automatedtheorern
generator.

An examplefor theinductivetheoryof equalitieson naturalnumberds givenin [Buchbergeretal. 2000].

m The Transfer of Knowledge to the Status of Inference Rule

m A Subtle Point

We believethat,in manyexplorationsituationswhenwe movefrom a given explorationsituationto a nextexploratior
situationthat addsa new concept,it is very importantto "stream-linethe proverin the following precisesenseThe
result of the applicationof a certainpart of the knowledgeof the previousphaseleadsto "predictable"results.This
observationcanbe usedin orderto inventa new proof techniquethat shouldbe addedto the proof methodusedso far
andshouldbe appliedwhenevethis particularpart of the previousknowledgebaseis applicablein provingfactsfor the
new concept.The new proof techniqueshouldbe appliedas one, coarse—grairinferencestepin the next exploratior
situation.Only the resultof thesecoarse—graistepsshouldbe shownbecausehowingthe intermediatestepswould be
"boring", i.e. the are not any more interestingbecausehe pertainto the "completely explored" previousexploratior
situation.In otherwords,with this technique partsof the knowledgebaseof the previousexplorationstepis "lifted" into
the statusof a specialproof methodin the contextof the new explorationsituation.We tendto believethat exactlythis
techniqueis a major ingredientinto successfulnd naturalhumanproving and, thus, shouldalso be implementedn
automatedheoremproving(or, in our view, theoryexploration)methods.

This point is subtle.In this paper,we canonly try to makeit clearin an easyexample.A more thoroughand genera
formulation of this principle of "lifting knowledgeinto the statusof a specialproof method"will be givenin a future

paper.

m Let's Analyze a SuccessfuProof
Considerthefollowing scenario:
e Completeexplorationof '+' over’0’, 'o*’: Done.
e Nextexplorationsituation:™ inductivelydefinedover’+'.

Let’s prove,for exampleassociativityof "*', knowingalreadysomefactsabout'+' and™’:
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Propositions["EquationaPropertieS)f Addition", anyim, n, p],

m+0=m " +0"
m+nt =(m+n)* " A
O+n=n "0+ "

m* +n=(m+n)* A" |
m+n=n+m "

M+m+p=m+Mn+p) "(+)+"

Propositions["SomeEquationaPropertiesaf Multiplication”, any{m, n],

m=0=0 " 0"
m=nt =(M=xn)+m " A"
0xn=0 "0x" ]

mtsn=Mxn)+n " "

Proposition["Associativityof Multiplication”, anyim, n, p],
(M=) =p=m=(N=p) "(=)=*"]

Prove[Propositiofi* Associativityof Multiplication"],
using—
(Propositiong'SomeEquationaPropertief Multiplication"], Propositiong'EquationaPropertieof Addition"]),
by - NNEgIndProvey

The automaticproof, including explanatorynaturallanguagetext, of the abovepropositionis a coupleof pageslong.
Now we analyzethelongestpartof the proof:

Simplificationof thelhsterm:
(3™ + My +ng®)*pg™ = by (* ")
(N3™ + My «n3™)=pg + (N3* +my=n3™)= by ((*)*.IS.S.IS.IH)
(N3™ s P + (Mg % N3™) % Pg) + (N3™ + My xn3™) = by (* "+)
(N3 % Pg + (Mg N3 + M)+ Pp) + (N3* + My xnz™) = by (* "+)
(N3 % Pg + (Mg % Ng + M)+ Pp) + (N3* + (M + N3 +1My)) = by ("+%)
((N3 % P + Pg) + (Mg # Nz + M) Pe) + (N3* + (My + N3 +My)) = by ("++)
((Ng % P + Pe) + (Mg % N3 + My ) * Pg) + (N3 + (Mg % N3 + M) = by (+"+)
((N3 % Pg + Pe) + (My N3 +My) % Pg) + (N3 + (M« N3 +My)))" = by (+)
((Ng + (My N3 +My)) + (N3 % Pe + Pe) + (My %Nz + M)+ Pg))” = by (+)
((Ng + (Mg + My % Ng)) + (N3 Pe + Pe) + (My %Nz +My) % Pg))” = by (+)
((Ng + (Mg + My % Ng)) + ((Pe + N * Pe) + (My N3 + My )+ Pg))” = by (+)
((Ng + (Mg + My % Ng)) + ((Pe + Ng # P) + (Mg + My xN3)+ Pe))” = by ((+) +)
(N3 + (My + My % N3)) + (Pe + Ng * Pg)) + (My + My % N3) * Pp)* |
Simplificationof therhsterm:

Ns™ s« Pe® + (M =n3™)«ps* = by (* ™)
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(3" % Pe +N3™) + (M *nN3™)=ps™ = by (* ")

(N3" + P +Ng™) + (M xN3 ™)+ Pg + My xNg™) = by (* *+)

(N3 % Pg +Ng™) + (M1 *Ng + My) x P + My xNg™) = by (* "+)

(N3* % Pg +N3™) + (Mg % Ng + My) % Pg + (Mg =Ng +My)) = by ("+*)

(N3P + Ps) + N3 *) + (Mg %Nz + My) « Pe + (My =Nz + M) = by (+~+)
((Ng# P + Ps) + Ng)" + ((My %Nz + My ) % P + (My Nz +My)) = by (M++)
(N3 * P + Ps) + Ng) + (Mg % N3z + My) % Pe + (M x Nz +My)))" = by (+)
((Ng + (N3 % Ps + Ps)) + (Mg %Nz + My) % P + (M xNz + My)))" = by (+)
(N3 + (Pe + N3 % Pg)) + (Mg %Nz + My) % Pe + (M xNz +My)))" = by (+)
(N3 + (Pe + N3 * Pg)) + ((My % N3 + My) + (My +Ng + My ) % Pg )™ = by (+)
(N3 + (P6 + N3 * P)) + (M + My % Ng) + (My +Ng + My )+ Pg))” = by (+)
(N3 + (Pe + N3 # Pp)) + (Mg + My 5 Ng) + (Mg + My % N3) % Pg))” = by ((+)+)
(N3 + (P + N3 * Pe)) + (Mg + My % N3)) + (Mg + My xN3) + Pg)” = by (+)
(Mg + my %N3) + (N3 + (Pe + N3 % Pg))) + (Mg + My %N3) Pg)" = by ((+) +)

by (+)

((((My + My % Ng) + Ng) + (Ps + N3 * Pe)) + (M + My %Nz ) * Pg) ™
(((Ng + (M + My xN3)) + (P + N3 * Pg)) + (M + My xN3g) = Pg) ™ |

We seethat, in fact, mostof thetime is spentin applyingassociativityandcommutativityof +. Furthermore?'it is clear"
what the outcomeof theseAC-simplificationstepsis, i.e. we canpredictthe outcome.n otherwords,we caninventan
easyalgorithmthatproduceghe outcomeof theseAC-simplificatiorstepsa priori:

e view thetermascomposedf '+ onthehighestievel and’elementaryterms’thatstartwith a symbol
otherthan’+’

e putall parentheset® theleft
e ordertheelementaryermsaccordingto somefixed ordering.

Note that this algorithmis not just a reformulationof the AC-steps:Predictionalgorithms"canbe arbitrarily far away
from the inferenceruleswhoseeffectis predictedand may involve somehigh—levehontrivial mathematics(Examples
Groebnerbasessimplification for booleancombinationof equalitiesover the complexnumbers;Collins’ algorithmfor
arbitraryformulaeof thetheoryof realclosedfields; etc.)

m ConsequenceTransfer of Knowledgeto the Statusof an Inference Rule

Consequencdn this explorationsituation,an appropriatgrovershouldusea special'black box" inferencerule for '+’
applying the above prediction algorithm and not show details of applying this inference rule becausethis is
"uninteresting'in the presentexplorationsituation,in which our attentionis on exploring™'. In contrast,+ is already
supposedo be"completelyexplored™.
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Hencewe cancelAC for '+ in theknowledgebase

Propositions["EquationaPropertieS)f Addition", anyim, n, p],

m+0=m " +0"
m+nt=(m+n* " +"+"]
0+n=n "0+ "

m"+n=(m+n)* "A+4+"
and,instead addAC of additionasa specialinferencerule:

Prove[Propositiofi* Associativityof Multiplication"],
using—
(Propositiong'SomeEquationaPropertief Multiplication"], Propositiong'EquationaPropertieof Addition"]),
built-in —> (Property+ — {Associative Commutativ¢]),
by - NNEgIndProvey

Of courseaddingAC for additionasan inferencerule needsextraprogrammingwork in the prover,it doesnot "come
for free". Thecritical partof the proof now looks asfollows:

Simplificationof thelhsterm:

Ps* + (M + (N3 + My xN3)) = Ps* = by (SpecialSimpl)

(M + (M3 + My «M3))«pPs™ + ps* = by (* ™+)

((My + (N3 + Mg #N3)) = Ps + (Mg + (N3 + My xN3))) + Ps™ = by (SpecialSimpl)
(Mg + (N3 + (Mg % N3 + (Mg + (N3 + My xM3)) % Ps))) + Ps* = by (+7+)

((My + (Ng + (Mg = Ng + (Mg + (N3 + My = N3)) = Ps))) + Ps)” = by (SpecialSimpl)

(Mg + (N + ((Ps + (Mg + (N3 + My %N3)) * Ps) + My xN3)))" = by ((*)* .IS.S.IS.S.IH)
(Mg + (N3 + ((Ps + (N3 Ps + (M + My % N3) % Ps)) + My %N3)))" = by (SpecialSimpl)
(My + (N3 + (Ps + (Mg % Ng + (N3 % Ps + (Mg + My % N3)  Ps))))) " |

Simplificationof therhsterm:
Pst + (N3 = ps™ + (M + My «N3) = pPs™) = by (SpecialSimpl)
N3 Ps™ + (Mg + My #Ng)xPs™ + Ps™) = by (* ")
(N3 Ps +N3) + (ML + My = Ng) = ps™ + ps™) = by (SpecialSimpl)
N3 + ((Mg + My «N3)# Ps™ + (Ps™ + N3+ Ps)) = by (* ")
Nz + (Mg + My % N3) % Ps + (Mg + My +N3)) + (Ps™ + N3 = ps)) = by (SpecialSimpl)
(Mg + (N3 + (Mg N3 + (N3 * Ps + (Mg + Mg % N3) * Ps)))) + Ps™ = by (++)
((My + (N3 + (Mg # N3 + (Ng = Ps + (Mg + My % Ng) * Ps)))) + Ps)” = by (SpecialSimpl)
(My + (N3 + (Ps + (Mg % Ng + (N3 % Ps + (Mg + My % N3)  Ps)))))" |

One seesthatlong sequencesf AC-stepgor additionhavebeenreplacedby one invocationof the AC-simplifierfor
addition(markedby '(SpecialSimpl)’). The proof becomedaster,shorter,easierto readand"moreinteresting"becaus:
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it concentratesn the proof stepsfor the new concept* andomit detailsaboutusingfactsaboutthe known concept:
1+1, 14 and!oll

m This Transfer Principle is Ubiquitous in Human Practical Proving

If oneananlyzedots of "real-life"explorationsituations pnedetectshatthis lifting principleis notanexoticandspecia
happeningbut, rather,the main principle by which humanexplorationof entire theoriesin the definition—propositior
proof stylebecomegpracticallyfeasible.

Otherexamples:

e In fact, we alreadytacitly appliedthis principle right at the beginningof this paperwhenwe formulatec
inductionasa proof methodinsteadof puttinginductionaxiomsto the knowledgebaseandusinga genera
predicatdogic prover.

e Explorepropertief 'Y’ asafunction,thenintroduce’Y’ asa quantifierandtransferthe propertiegproved
aboutthefunction’Z’ into specialinferencerulesfor the quantifier’ =’

e Proceedurtheranddevelopanalgebraictheoryanda correspondinglgorithmfor checkingthe identity of
'¥’—expressionsseethe Zeilberger—Pauléheory, see[Paule xxxx ]. Call to this algorithm "whenevei
appropriate"seeanexamplein [Buchbergeretal. 2000].

e Explorerewrite propertiesof ’lim’, ’df/dx’, ’ | first for thesefunctions.Thenintroducethe correspondin
guantifiers and transferthe propertiesproved about the functionsinto specialinferencerules for the
quantifiers.

e Proceedfurther and develop an algebraic theory and a correspondingalgorithm for checking the
integrability of certainclasse®f functionsdefinedby certainclasseof expressionssee[Rischxxx] . Call
to this algorithm"whenevemppropriate".

e Developa theoryof polynomialideal membershiganda membershigcongruence,..) algorithmbasedon
it, seethe author’'sGroebnebasegheory.Call this algorithm"wheneverappropriate"seethe demoof this
methodin [Buchbergeetal. 2000].

e Developa theoryof "cylindric algebraicdecompositionsdf the real spacew.r.t. systemsof polynomials
and developan algorithm basedon it for checkingthe truth of arbitrary formulae of the theory of real
closedfields, seg[Collins xxxx].Call this algorithm"whenevemappropriate".

Thereis a seamlesdransitionfrom near—at—hargpecialinferencerulesto gigantic black box decisionproceduregor

specialclasse®of formulae.However, the logics of integratingspecialinferencemechanismsyhichwe briefly describe
in the nextsubsectionis alwaysthe same.

= A Logically Soundintegration of Speciallnferencing

We startfrom one logic system,e.g. a variant of higher order predicatelogic. For this systemwe havea semantica
notion of logical consequence.

Whenevewe establisha specialproverP, we mustspecifytwo essentiathings:
o theclassof knowledgebase andgoalsG for whichP canbeapplied
e the"tacit (implicit, built-in,...) theory"T underwhich correctnessf P is guaranteed.

In moredetail: ForacorrectspecialproverP for thetheoryT thefollowing correctnessheoremfor T mustbe proved:
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If P provesG from K, thenG mustbealogical consequencef K andT.

The correctnessheorentor T is ameta—theorem.

For many importantspecialprovers(variousspecialsimplifiers, Collins’ method,GroebnerBasesmethod,Zeilbergel
method....) thecorrectnessheoremis well establishedh the mathematicaliterature.

Theseproofs could alsobe given usinga formalizationof (partsof) logic within the proof systemitself. (A challenge
Example:Formalproof of Groebnetbasegheoryis oneof the motivationsfor Theorema.)

However,notethatthe proof of the correctnessheoremfor the specialproverP will normally be muchharderthenthe
proofsof thetheoremghatareautomaticallyprovedby P. ("A practicalversionof Goedel’ssecondheorem™.)

= Avoiding CorrectnessProofsfor SpecialProvers

Formalproofsof the correctnessheoremfor provers(asfor any otheralgorithms)-andtheirimplementatiort — maybe
difficult.

Most peoplejust "trust” the correctnesof specialproof techniqueproved"manually” in the literatureand "carefully
implemented'Usingtheliterature.

One can, however,also considera specialproof techniqueas a "conjecturegeneratingolack box". For each"proof"
generatedy a proverrelying on the specialproof techniqueonewould thenhaveto checkthe correctnessf eachblack

box stepby provingit by a proverthatdoesnot rely on the specialprooftechniquebut on a generalproof techniquewith
the correspondingmplicit theoryT in theknowledgebase.

m Conclusion
We arguedthat, for "real-life"applicationof proving/ solving/ simplifying systemsthesesystemsshouldsupportthe
"theory exploration"paradigmratherthanconcentratenly on the "isolatedtheoremproving" paradigm. (Example:At
the annual CADE conferencetraditionally, a "single theoremproving" competitionis organized.Instead,l think one
shouldratherhavea "Computer—supportédeoryexploration“"competition!)
We discussedomestrategieandapproacheto facilitate theoryexploration:

e Practicalfacilities for manipulatingargeamountsof formaltext.

e Establishingproversthatare"appropriate'for a givenexplorationsituation.

e Complete exploration by bottom-upanalysis of all possible interactions(hopefully in the form of
algorithmicformulae) of newconceptswith givenconcepts.

e Decompositiorof goalswith nestedalternatingguantifiers.

e Top-dowrconjecturegyeneratiorby challengingproversand (automatedpnalysisof failing proofs (the
"cascade").

e Transferof knowledgeto the statusof proof methodsasthe main principle for "human-like'exploratior
andgeneratiorof shortproofs.

We are currently working on a next version of Theorema that enablesthe userto apply thesestrategiesfor theory
exploration.
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