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Preconditions and Postconditions.

Total Correctness

Given the triple
{1} F{O} (Input condition, Function definition, Output condition)

Total Correctness Formula
(vn: I[n]) (F[n] | AO[n, F[n]])

Example
{xeRANEN}

pow|[x,n] = If n=0then 1 else x x pow[x,n — 1]
{x" = pow]x, n]}

(Vx : R)(Vn:N) (pow[x,n] | A X" = pow|[x, n])
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Building up Correct Programs

Basic Functions e.g. +, -, *, etc.

New Functions in Terms of Already Known Functions

e |nput and output predicates;
e Prove total correctness;

Modularity. After proving correctness, use only the specification.
{x € R A n € N} Input condition

pow[x,n] =...

{x" = powl|x, n|} Output condition
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No input condition of an auxiliary function will be violated

Example
F[x] = If Q[x] then H[x] else G[x]
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Building up Correct Programs

Appropriate values for the auxiliary functions

No input condition of an auxiliary function will be violated

Example
F[x] = If Q[x] then H[x] else G[x]

o (vx: Ir[x]) (Q[X] = Inlx])
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Building up Correct Programs

Appropriate values for the auxiliary functions

No input condition of an auxiliary function will be violated

Example
F[x] = If Q[x] then H[x] else G[x]

o (vx: Ir[x]) (Q[X] = Inlx])
o (Vx: Ie[x]) (-Q[xX] = lg[x])



Conclusion and Discussions

[e]

(e]e]

[ Je]

0000000
0000000000000

Coherent Programs

Simple Recursive Programs
F[x] = If Q[x] then S[x] else C|[x, F[R[x]]]
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F[x] = If Q[x] then S[x] else C|[x, F[R[x]]]

Conditions for coherency
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F[x] = If Q[x] then S[x] else C|[x, F[R[x]]]

Conditions for coherency
o (Vx: IF[x]) (Q[x] = Is[x])
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F[x] = If Q[x] then S[x] else C|[x, F[R[x]]]

Conditions for coherency

o (Vx: Ie[x]) (Q[X] = Is[x])
o (Vx: Ie[X]) (—QIx] = IF[R[X]])
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Coherent Programs

Simple Recursive Programs
F[x] = If Q[x] then S[x] else C|[x, F[R[x]]]

Conditions for coherency
o (Vx: IF[x]) (Q[x] = Is[x])
o (vx: Ie[x]) (—=QIx] = IF[RIx]])
o (Vx: Ie[x]) (—Q[x] = Ig[x])
o (vx,y: Ie[x]) (=QIX] A Or[RIx], y] = lc[x, ¥])
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Simple Recursive Program
F[x] = If Q[x] then S[x] else C[x, F[R[x]]]
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is correct if the verification conditions hold
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Verification Conditions Generation

Simple Recursive Program
F[x] = If Q[x] then S[x] else C[x, F[R[x]]]

is correct if the verification conditions hold
o (Vx: [r[x]) (Q[x] = Oflx, S[x]])
o (Vx,y: Ir[x]) (=QIx] A Of[RIx], y] = Or[x, C[x, yl])
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Verification Conditions Generation

Simple Recursive Program
F[x] = If Q[x] then S[x] else C[x, F[R[x]]]

is correct if the verification conditions hold
o (Vx: [r[x]) (Q[x] = Oflx, S[x]])
o (Vx,y: Ie[x]) (—=QIx] A Of[R[x], y] = Of[x, C[x, y]])
o (Vx: Ig[x]) (F'[x]=0)
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Verification Conditions Generation

Simple Recursive Program
F[x] = If Q[x] then S[x] else C[x, F[R[x]]]

is correct if the verification conditions hold
o (Yx: Ie[x]) (QIX] = Oflx, S[]))
o (Vx,y: Ir[x]) (=QIx] A Of[RIx], y] = Or[x, C[x, yl])
o (Vx: Ig[x]) (F'[x]=0)
e where:
F'[x] = If Q[x] then O else F'[R[x]]
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(Program, Specification) ¢ VerificationConditions
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Soundness and Completeness

(Program, Specification) ¢ VerificationConditions

(F[x], {Ie[x], Ok[x, F[x]])) ¢ VerificationConditions
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Soundness and Completeness
(Program, Specification) ¢ VerificationConditions
(F[x], {Ie[x], Ok[x, F[x]])) ¢ VerificationConditions
Soundness

it Ee1AAen
then Vx (I[x] = F[x] | AO[x, F[x]])



Conclusion and Discussions

[e]
(e]e]
(e]e]

®000000
0000000000000

Soundness and Completeness

(Program, Specification) ¢ VerificationConditions
(F[x], {Ie[x], Ok[x, F[x]])) ¢ VerificationConditions

Soundness

if Eei A App

then vx (I[x] = F[x] | AO[x, F[x]])
Completeness

if vx (I[x] = F[x] | AO[x, F[x]])
then Eot A Aen
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Sum (¥n

Example

. N) (Sum[n] = 2050

Sum[n] =

If n=0then 0
else n+ Sum[n—1].
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Example

Sum (vn:N) (Sum[n] = 221))

Sum[n] =

is coherent if

If n=0then 0
else n+ Sum[n—1].
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Example

Sum (vn:N) (Sum[n] = 221))

Sum[n] =

is coherent if
e (Vn:N)(n#0 = neN)

If n=0then 0
else n+ Sum[n—1].
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Example
Sum (vn:N) (Sum[n] = 221))

Sum[n]= 1l n=0then0
else n+ Sum[n—1].
is coherent if
e (Vn:N)(n#0 = neN)
e (Vn:N)(n=0=T)
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Sum (Vn:N) (Sum[n] =
Sum[n]

is correct if and only if

Example

1
n(n2+ ))

= Hn=0thenO

else n+ Sum[n —1].
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Example
Sum (Vn:N) (Sum[n] = W)

Sum[n|= Ilfn=0thenO
else n+ Sum[n —1].
is correct if and only if

e (Vn:N)(n=0 = 0= 22t)
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Example
Sum (Vn:N) (Sum[n] = @)

Sum[n|= Ilfn=0thenO
else n+ Sum[n —1].
is correct if and only if

e (Vn:N)(n=0 = 0= 22t)
o (Yvn,m:N)(n#0am=U00"0ED gy ;=

n(n+1)

2

)
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Example
Sum (Vn:N) (Sum[n] = @)

Sum[n|= Ilfn=0thenO
else n+ Sum[n —1].
is correct if and only if
e (Vn:N)(n=0 = 0= 22t)
o (Yvn,m:N)(n#0Am= 0D gy gy 02y
e (Vn:N) (Sum’[n] = 0)
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Example
Sum (Vn:N) (Sum[n] = @)

Sum[n|= Ilfn=0thenO
else n+ Sum[n—1].
is correct if and only if

e (Vn:N)(n=0 = 0= 22t)
o (Yvn,m:N)(n#0Am= 0D gy gy 02y
e (Vn:N) (Sum’[n] = 0)

e where:

Sum'[n] = If n=0then 0 else Sum'[n — 1]
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Example

Binary powering (Vx : R)(Vn: N) P[x,n] = x"

Plx,nj= 1fn=0then1
elseif Even[n] then P[x x x, n/2]
else x « P[x x x,(n—1)/2].
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Example

Binary powering (Vx : R)(Vn: N) P[x, n] = x"

Plx,nj= 1fn=0then1
elseif Even[n] then P[x x x, n/2]
else x « P[x x x,(n—1)/2].
is coherent if and only if

o (Vx:R)VN:N)(n#0A ... =T)

e (Vx:R)(Vn:N) (n#0AEven[n = Even[n])

o (Vx:R)(Vn:N) (n# 0A —Even[n] = Even[n—1])

e (Vx:R)(Vn:N) (n# 0AEven[n = n/2 € N)

o (Vx:R)(Vn:N)(n#0A—-Even[n] = (n—1)/2 €N)
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Example

Binary powering (Vx : R)(Vn: N) P[x,n] = x"

Plx,nj= 1fn=0then1
elseif Even[n] then P[x x x, n/2]

else x « P[x x x,(n—1)/2].
is correct if and only if
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Example

Binary powering (Vx : R)(Vn: N) P[x, n] = x"

Plx,nj= 1fn=0then1
elseif Even[n] then P[x x x, n/2]
else x « P[x x x,(n—1)/2].
is correct if and only if
e (Vx:R)(Vn:N)(n=0 =1=x")
o (Vx,m:R)(Vn:N) (n#0AEven[n] Am= (xx*x)"2 = m=x")

o (Vx,m:R)(Vn:N) (n#0A-Even[n] Am= (xx*x)"=1/2 =
Xxm=x"

o (Vx:R)(Vn:N) (P'[x,n=T)
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Counter-Example

Binary powering (Vx : R)(Vn: N) P[x,n] = x"

Plx,n= In=0thenO
elseif Even[n] then P[x x x, n/2]

else x « P[x x x,(n—1)/2].
is correct if and only if
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Counter-Example

Binary powering (Vx : R)(Vn: N) P[x,n] = x"

Plx,nj= 1 n=0then0
elseif Even[n] then P[x x x, n/2]
else x « P[x xx,(n—1)/2].
is correct if and only if
o (Vx:R)(Vn:N)(n=0 =0=x")
o (Vx,m:R)(Vn:N) (n#0AEven[n] Am= (xx*x)"2 = m=x")

o (Vx,m:R)(Vn:N) (n#0A-Even[n] Am= (xx*x)"=1/2 =
Xxm=x"

o (Vx:R)(Vn:N) (P'[x,n=T)
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Counter-Example

Binary powering (Vx : R)(Vn: N) P[x,n] = x"

Plx,n|= 1 n=0then1
elseif Even[n] then P[x, n/2] % but not x = x
else x « P[x x x,(n—1)/2].
is correct if and only if
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Counter-Example

Binary powering (Vx : R)(Vn: N) P[x, n] = x"

Plx,n|= 1 n=0then1
elseif Even[n] then P[x, n/2] % but not x = x
else x « P[x x x,(n—1)/2].
is correct if and only if
e (Vx:R)(Vn:N)(n=0 =1=x")
o (Vx,m:R)(Vn:N) (n+#0AEven[n] A m= (x)"? = m=x")

o (Vx,m:R)(Vn:N) (n#0A-Even[n] Am= (xx*x)"=1/2 =
Xxm=x"

o (Vx:R)(Vn:N) (P'[x,n=T)
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Coherent Recursive Programs

Double (Multiple) Recursion Program Scheme
F[x] = If Q[x] then S[x] else C[x, F[Ri[x]], F[Rz[x]]]



Coherent Recursive Programs

Double (Multiple) Recursion Program Scheme
F[x] = If Q[x] then S[x] else C|x, F[R[x]], F[R=z[x]]]

Conditions for coherence
o (Vx: [r[x]) (QIx] = Is[x])

o (vx: Ie[X) (-QI = R [))
o (vx: fe[X) (-QIX = F[Relx])

(vx: Irlx]) (-QIx] = s, [x])
(vx: Ie[x]) (-QIx] = Ig,[X])

o (V¥ z: Ie[x]) (ZQIXIAOF[Ri[X], YINOF[Re[x], 2] = lelx, ¥, 2]) &%
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Coherent Recursive Programs
Double (Multiple) Recursion Program Scheme
F[x] = If Q[x] then S[x] else C|x, F[R[x]], F[R=[x]]]

Conditions for Partial Correctness
o (Yx: Ie[x]) (QIX] = Oflx, S[]))

o (Vx,y,z: [f[x]) (—=QIx] A Of[Ri[x], y] A Of[Re[x]. 2] =
OF[Xv C[X,y,Z]])
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Coherent Recursive Programs
Double (Multiple) Recursion Program Scheme

F[x] = If Q[x] then S[x] else C[x, F[R1[x]], F[R=[x]]]

Condition for Termination
o (Vx: Ig[x]) (F'[x]=T)
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Coherent Recursive Programs

Double (Multiple) Recursion Program Scheme
F[x] = If Q[x] then S[x] else C|x, F[R[x]], F[R=[x]]]

Condition for Termination
o (Vx: Ig[x]) (F'[x]=T)
e where:

F'[x] = If Q[x] then T else F'[R:[x]] A F'[Ra[x]]
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Fact

Example Factorial
(Vn:N) (Fact[n] = n!)

Factln]|= If n=0then 1
else nx Fact[n — 1].

is coherent if
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Example Factorial
Fact (vn:N) (Fact[n] = n!)

Factln]|= If n=0then 1
else nx Fact[n — 1].
is coherent if
e (Vn:N)(n=0=T)
e (Vn:N)(n#0 =n—-1¢€N)
e (Vn:N)(n#0 =T)
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Example Factorial
Fact (Vn:N) (Fact[n] = n!)
Factln]= Ifn=0then1

else nx Fact[n —1].
is partially correct if
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Example Factorial
Fact (Vn:N) (Fact[n] = n!)

Factln]= Ifn=0then1
else nx Fact[n —1].
is partially correct if
e (Vn:N)(n=0=1=n!)
e (Vnm:N)(n#0Am=(n—1)! =n+m=n!)
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Fact

Example Factorial
(Vn:N) (Fact[n] = n!)

Factfn]|= Ifn=0then 1
else nx Fact[n —1].

terminates if
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Example Factorial
Fact (vn:N) (Fact[n] = n!)

Factfn]|= Ifn=0then 1
else nx Fact[n —1].
terminates if

o (Vn:N) (Fact'[n]=T)
e where:

Fact'[nj]= W n=0thenT
else Fact'[n —1].
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Example Sum
sum  (vn:N) (Sum[n] = 221)
Sum[n]= K n=0then0

else n+ Sum[n—1].
is coherent if
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Example Sum
Sum (Vn:N) (Sum[n] = 2%0)

Sum[n]= K n=0then0
else n+ Sum[n —1].
is coherent if
e (Vn:N)(n=0 =T)
e (Vn:N)(n#0 =n-1¢N)
e (Vn:N)(n#0 =T)
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Example Sum
Sum  (Vn:N) (Sum[n] = %20

Sum[nl= 1fn=0thenO
else n+ Sum[n—1].

is partially correct if
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Example Sum
Sum (vn:N) (Sum[n] = 22
Sum[nl= 1fn=0thenO
else n+ Sum[n—1].
is partially correct if
e (Vn:N)(n=0 = 0= 22H))

o (Yvn,m:N)(n#0Am= 0Ny gy — 0y
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terminates if

Example Sum
Sum (vn:N) (Sum[n] = 221))

Sumin] =

If n=0then0
else n+ Sum[n—1].
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Example Sum
Sum (vn:N) (Sum[n] = 221))

Sum[nl= Ifn=0thenO
else n+ Sum[n—1].

terminates if
e (Vn:N) (Sum'[n]=T)
e where:

Sum’[nl= Kn=0thenT
else Sum'[n—1].
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Neville’s Algorithm

Specification
Given afield K, two non-empty tuples x, a over K of same length
nst. (Vi,j)(i,j=1,....,nNi#]= Xi # X))

Find a polynomial p € P[K], s.t. deg[p] < n— 1 and
(Vi)(i=1,...,n= Evallp, x| = a)



Neville’s Algorithm

Specification
Given afield K, two non-empty tuples x, a over K of same length
nst. (Vi,j)(i,j=1,....,nNi#]= Xi # X))

Find a polynomial p € P[K], s.t. deg[p] < n— 1 and
(Vi)(i=1,...,n= Evallp, x| = a)

Algorithm

p[x,al = If |a|| < 1 then First[q]

(X — First[x])(p[Tail[x], Tail[a]]) — (X — Last[x])(p[Bgn[x], Bgn[a]])
Last[x] — First[x]

else
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Neville’s Algorithm

is coherent if

W,
£
«0O>» «F)»r « =

DA

<
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Neville’s Algorithm

is coherent if
o (Vx, a)(IsTuplela] A IsTuple[x] A ||al| > 1A

(Vi) j=1..llal AT #j = xi # xp)Allal <1 = IsTuple[a]Al|al] = 1)
o (Vx,a)(IsTuple[a] A IsTuple[x] A ||a]] = 1A
(Vi) =1 alAi#j=xi#x) A =(lal <1) =

IsTuple| Tail[x]|A\IsTuple[ Tail|a]| A || Tail[a]|| = || Tail[x]||A|| Tail[a]|| > 1
AL =1 | Tailla]|| AT # j = Tail[x]; # Tail[x];)
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Neville’s Algorithm
is partially correct if and only if
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Neville’s Algorithm

is partially correct if and only if

(X —First[x])ps — (X — Last[x])pZ]
Last[x]— F/rst[x]

A IsPoly[p1] A IsPoly[p2] = IsPoly|

AV =1... || Tail[x]||)(Evallps, Tail[x];]) = Tail[a];
AV =1...||Bgn[x]||)(Evallpz, Bgn[x]i]) = Tailla];

X — First[x])p1 — (X — Last[x])p2

= ()i =1 ) (Evall = O

, Xi] = aj)

e ---Ndeg[pi] <|Tailla]|| — 1 A deglpe] < ||Bgn[a]|| — 1

(X — First[x])p1 — (X — Last[x])p2

= deg| Last[x] — First|x]

<lall -1
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Neville’s Algorithm

terminates if and only if
o (Vx,a: IsTuple[a] A IsTuple[x] A |la|| = ||x]]) P'[x,a =T
o Where:

p'lx,a= MHja|<1thenT
else p'[Tail[x], Tail[a]] A p'[Bgn[x], Bgn|a]].
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Conclusions and Discussion

e The problem of proving program correctness is translated into a
problem of proving first order formulae;

e Prove by hand;

e Prove by an automatic theorem prover.
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