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Exercise 42. Find a rational parametrization of the algebraic set
V(y— 2% z—2%) CR3.
Exercise 43. Given f € K|[z], find a parametrization of V(y — f(x)).

Exercise 44. The equation sin?(t) 4 cos?(t) = 1 shows that the map t —
(sin(t), cos(t)) provides a parametrization of the circle C: 2% + y? = 1 by tran-
scendental functions. Try to find a rational parametrization of C.

Exercise 45. A polynomial in K{z1,...,z,] is called homogeneous if all its
terms have equal degree. For example the polynomial z2y% — 17xy* + %y5 is
homogeneous in Q[z,y] of degree 5. The polynomial z2y? + xy? is not homoge-

neous. Euler’s formula says that if f € K[z1,...,2,] is homogeneous of degree
d, then

- 0

i=1 Oz

1. Verify this for the polynomial 2% — y2?2 + 2yw?.
2. Prove Euler’s formula.

Exercise 46. Each polynomial f € K[x1,...,x,] of degree d has a unique
presentation

f=f+fi+-+fa

with f; homogeneous of degree i. The homogeneous polynomial f; is called the
i*" homogeneous component of f. In order to obtain it one merely has to
collect all terms of degree i. We say that f vanishes at the projective point
a= (a1 :ag: - : ap) iff f(Aay,Aaz,...,Aa,) = 0 VA € K \ 0. Prove the
following proposition.

Let the field K have infinitely many elements, and let a = (a; : as :
: an) be a projective point. Then f € K[x1,...,z,] vanishes at
a iff all homogeneous components of f vanish at a.

Exercise 47. Let K be a field, f, g € K[z, y] relatively prime. Show that there
are only finitely many points (a1, as) € K? with f(a1,a2) = g(ai,az) = 0.



