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Exercise 36. Let I1, . . . , Ir, J ⊆ K[x1, . . . , xn] be ideals. Show the following:

1. (I1 + I2)J = I1J + I2J

2. (I1 · · · Ir)m = Im
1 · · · Im

r (m ∈ N)

Exercise 37.

1. For ideals I, J prove that
√

IJ =
√

I ∩ J .

2. Give an example to show that the product of radical ideals1 need not be
a radical.

3. Demonstrate that
√

IJ can differ from
√

I
√

J .

Exercise 38. Let I, J, K ⊆ k[x1, . . . , xn] be ideals. Prove the following:

1. I : k[x1, . . . , xn] = I

2. IJ ⊆ K ⇐⇒ I ⊆ K : J

3. J ⊆ I ⇐⇒ I : J = k[x1, . . . , xn]

Exercise 39. Let f = (x + y)2(x− y)(x + z2) and g = (x + z2)3(x− y)(z + y).
Compute generators for 〈f〉 : 〈g〉.

Exercise 40. Let I, J be ideals. Prove that if I is a radical ideal, then I : J is
a radical and I : J = I :

√
J .

Exercise 41. Let I ⊆ K[x1, . . . , xn] be an ideal, and let f ∈ K[x1, . . . , xn].
Define the saturation of I w.r.t. f as

I : f∞ = {g ∈ K[x1, . . . , xn] | ∃m > 0 with fmg ∈ I}

1. Prove that I : f∞ is an ideal.

2. Show that there is an ascending chain of ideals

I : f ⊆ I : f2 ⊆ I : f3 ⊆ · · ·

3. Prove that there is an integer N ∈ N with the property I : fN = I : f∞.

1An ideal I is called radical or a radical ideal if it coincides with its radical, that is√
I = I.


