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Exercise 27. Compute the normed reduced Gröbner basis w.r.t. the lexicogra-
phic ordering with x < y for the ideal generated by

f1 = xy2 + x2 + x
f2 = x2y + x

in Z3[x, y].

Exercise 28. Compute the normed reduced Gröbner basis for the ideal

I = 〈xz − 3x2 + x + 6x3 + 1, x2 + y2 − 2, x5 − 6x3 + x2 − 1〉

in Q[x, y, z] w.r.t. the lexicographic ordering with x < y < z. What is dim Q[x, y, z]/I?

Exercise 29. Let I be the ideal in Q[x, y, z] generated by

f1 = x4 − 2x + z + 1
f2 = x2 + y2 − 2
f3 = x5 − 6x3 + x2 − 1

1. How many solutions does the system f1 = f2 = f3 = 0 have?

2. Give a basis for the vector space Q[x, y, z]/I over Q.

Exercise 30. Let F ⊆ K[x1, . . . , xn], I = 〈F 〉 the ideal generated by F and
< a fixed admissible ordering. Prove that the following statements are pairwise
equivalent.

1. F is a Gröbner basis for I.

2. f −→?
F 0 for every f ∈ I.

3. f −→F for every f ∈ I \ 0.

4. ∀g ∈ I ∀h ∈ K[x1, . . . , xn]: if g −→?
F h then h = 0.

5. ∀g, h1, h2 ∈ K[x1, . . . , xn]: if g −→?
F h1 ∧ g −→?

F h2 then h1 = h2.

6. 〈in(F )〉 = 〈in(I)〉.


