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Exercise 22. Fix an admissible ordering and consider an ideal I C KJx1,...,zy].
Suppose that f € K[z1,...,2z,].

1. Show that f can be written in the form f = g+ r with g € I and no term
of r is divisible by any element of 1pp(I).

2. Given two expression f = g +r = ¢’ + 7' as in part 1, prove that g = ¢
and r = r'.

Exercise 23. Show that the result of applying the Euclidean Algorithm in K[x]
to any pair of polynomials f, ¢ is a reduced Grébner basis for (f, g).

Exercise 24. Consider linear polynomials in K|x1, ..., 2]
fi=anr1+ -+ a;, v, 1<i<m

and let A = (a;;) be the m x n matrix of their coefficients. Let B be the reduced
row echelon matrix determined by A and let g1, ..., g, be the linear polynomials
coming from the nonzero rows of B. Use lex order with xy > - -+ > x,, and show
that g1, ..., g, form the reduced Groebner basis of (f1,..., fm).

Exercise 25. Let K be an algebraically closed field, n a positive integer, H
a hypersurface in A™(K), the affine space of dimension n over K. Let f €
K[z1,...,2,] \ K be a defining polynomial of H, i.e.,

H={(a1,...,an) | flay,...,a,) =0}

Let f = f{™ -+ ™ be the factorization of f into irreducible factors. Let I be the
ideal of polynomials in K[xz1,...,,] vanishing on H. Show that I = (f1--- f).

Exercise 26. Use Grobner bases to find the implicit representation of the
parametrized surface

r = 1+4+s+t+st
= 24 s5+st+1t2
s+t+ 52

N <
[



