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Exercise 17. Let I = {xα | α ∈ A} be a monomial ideal, and consider the set
S of exponents of all monomials in I. For any admissible order <, prove that
the smallest element of S with respect to < must lie in A.

Exercise 18. Determine whether the polynomial f = xy3 − z2 + y5 − z3 is in
the ideal I = 〈−x3 + y, x2y − z〉.

Exercise 19. Use Gröbner bases for solving over C:

xz − xy2 − 4x2 − 1
4

= 0,

y2z + 2x +
1
2

= 0,

x2z + y2 +
1
2
x = 0.

Exercise 20. Consider the polynomials

f1(x, y) = x2y + xy + 1,
f2(x, y) = y2 + x + y

in Z3[x, y]. Compute a Gröbner basis for the ideal 〈f1, f2〉 w.r.t. the graduated
lexicographical ordering with x < y. Show intermediate results.

Exercise 21. Study the literature (e.g. on Gröbner bases) and try to find an al-
gorithmic answer to the following problem: Given two ideals I, J ⊆ k[x1, . . . , xn]
in terms of generators I = 〈f1, . . . , fr〉, J = 〈g1, . . . , gs〉, find generators of the
intersection I ∩ J .


