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Exercise 12. Prove the following theorem.
Let F ⊆ k[x1, . . . , xn]. The ideal congruence modulo 〈F 〉 equals the reflexive-
transitive-symmetric closure of the reduction relation −→F , i.e., ≡〈F 〉 =←→?

F .

Exercise 13. Consider the partial order ≤π on Nn defined as

(a1, . . . , an) ≤π (b1, . . . , bn) ⇐⇒ ai ≤ bi ∀i ∈ {1, . . . , n}.

Prove that any set X ⊆ Nn contains a finite set Y ⊆ X such that

∀x ∈ X∃y ∈ Y with y ≤π x.

Exercise 14. An ideal I ⊆ K[x1, . . . , xn] is called a monomial ideal, if it has a
system of generators consisting of monomials. We write monomials in multiindex
notation xα = xα1

1 · · ·xαn
n . Prove the following statement:

Let I = 〈xα | α ∈ A〉 be a monomial ideal. Then a monomial xβ lies
in I if and only if ∃α ∈ A such that xα|xβ .

Exercise 15. Let I ⊆ K[x1, . . . , xn] be a monomial ideal and f ∈ K[x1, . . . , xn].
Prove the equivalence of the following statements.

1. f ∈ I

2. Every term of f lies in I.

3. f is a K-linear combination of monomials in I.

Exercise 16. Prove the following statement:

Two monomial ideals are equal if and only if they contain the same
monomials.


