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Exercise 53. Compute the pseudo-quotient ¢(z) and the pseudo-remainder
r(x) for the two integral polynomials

u(z) = 28425 —2* +223 +322 —2x+2 and
v(z) = 22°+22% — 24 3.

Exercise 54. Let R be an integral domain, a,b € R[z], b # 0, m = deg(a) >
n = deg(b), a, 8 € R. Prove:

pquot(aa, fb) = [ "a-pquot(a,b) and
prem(aa, 8b) =A™ "o - prem(a,b).

Exercise 55. For m € Z let Z,, denote the group Z/mZ. Prove the following
statement:

If k,n € Z are relatively prime then Zy, = Zi, ® Lo, -
Exercise 56. Consider the two polynomials over Z
flx) = 62°+22* —192° — 622 + 1524+ 9
glz) = bzt —4a® 4222 — 20 -2,
Compute ged(f(x), g(x))
1. by passing to the quotient field;
2. by a polynomial remainder sequence.
Exercise 57. Consider the two polynomials over Z
f(z) = 62°+22* —192% — 622 + 150+ 9
g(z) = bat —4a® 4227 — 20— 2.
Compute ged(f(x), g(z)) by the modular algorithm.

Exercise 58. Let I be a unique factorization domain, f, g € I[x] with deg(f) >
0, deg(g) > 0. Show that there are polynomials a, b € I[z]\0 such that res(f, g) =
af + bg.
Exercise 59. Consider polyomials f, g € k[x] of positive degrees m, n respec-
tively. Let I denote the ideal in k[z] generated by f, and let p denote the
multiplication map

klz]/T — k[z]/I, h+I— gh+1.

Demonstrate that res,(f,g) = LC(f)89) det(u).

Exercise 60. Let f,g € k[z] be polynomials whose roots are (i,...,(, and
N1, ..., Ny respectively. Prove that
ves, (f.9) = LO() ™59 LC(g)* =D T T (¢ -
i=1j=1

Exercise 61. f,g € k[z], divide f by g, f = qg + r with deg(r) < deg(g).
Assuming that deg(g) # 0 show that

res; (f, g) = (—1)1eN) 4B LO(g)des e Mres, (g, 7).



