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Exercise 53. Compute the pseudo-quotient q(x) and the pseudo-remainder
r(x) for the two integral polynomials

u(x) = x6 + x5 − x4 + 2x3 + 3x2 − x + 2 and
v(x) = 2x3 + 2x2 − x + 3.

Exercise 54. Let R be an integral domain, a, b ∈ R[x], b 6= 0, m = deg(a) ≥
n = deg(b), α, β ∈ R. Prove:

pquot(αa, βb) = βm−nα · pquot(a, b) and
prem(αa, βb) = βm−n+1α · prem(a, b).

Exercise 55. For m ∈ Z let Zm denote the group Z/mZ. Prove the following
statement:

If k, n ∈ Z are relatively prime then Zkn
∼= Zk ⊕ Zn.

Exercise 56. Consider the two polynomials over Z

f(x) = 6x5 + 2x4 − 19x3 − 6x2 + 15x + 9
g(x) = 5x4 − 4x3 + 2x2 − 2x− 2 .

Compute gcd(f(x), g(x))

1. by passing to the quotient field;

2. by a polynomial remainder sequence.

Exercise 57. Consider the two polynomials over Z

f(x) = 6x5 + 2x4 − 19x3 − 6x2 + 15x + 9
g(x) = 5x4 − 4x3 + 2x2 − 2x− 2 .

Compute gcd(f(x), g(x)) by the modular algorithm.

Exercise 58. Let I be a unique factorization domain, f, g ∈ I[x] with deg(f) >
0, deg(g) > 0. Show that there are polynomials a, b ∈ I[x]\0 such that res(f, g) =
af + bg.

Exercise 59. Consider polyomials f, g ∈ k[x] of positive degrees m, n respec-
tively. Let I denote the ideal in k[x] generated by f , and let µ denote the
multiplication map

µ : k[x]/I −→ k[x]/I, h + I 7→ gh + I.

Demonstrate that resx(f, g) = LC(f)deg(g) det(µ).

Exercise 60. Let f, g ∈ k[x] be polynomials whose roots are ζ1, . . . , ζm and
η1, . . . , ηn respectively. Prove that

resx(f, g) = LC(f)deg(g)LC(g)deg(f)
m∏

i=1

n∏
j=1

(ζi − ηj)

Exercise 61. f, g ∈ k[x], divide f by g, f = qg + r with deg(r) < deg(g).
Assuming that deg(g) 6= 0 show that

resx(f, g) = (−1)deg(f) deg(g)LC(g)deg(f)−deg(r)resx(g, r).


