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Exercise 48. Let I = 〈f1, . . . , fr〉 and 〈g1, . . . , gs〉 be ideals in K[x1, . . . , xn].
Prove the following statements.

1. I + J = 〈f1, . . . , fr, g1, . . . , gs〉.

2. I · J = 〈figj | 1 ≤ i ≤ r, 1 ≤ j ≤ s〉.

Exercise 49. Preliminaries as in Exercise 48

1. I ∩ J = (〈t〉 · I + 〈1− t〉 · J) ∩K[x1, . . . , xn], where t is a new variable.

2. I : J =
⋂s

j=1(I : 〈gj〉) and I : 〈g〉 = 〈h1/g, . . . , hm/g〉, where
I ∩ 〈g〉 = 〈h1, . . . , hm〉.

Exercise 50. Consider Polynomials f1, . . . , fr, f ∈ K[x1, . . . , xn] over the alge-
braically closed field K. Prove that

f ∈ radical 〈f1, . . . , fr〉 ⇐⇒ 1 ∈ 〈f1, . . . , fr, zf − 1〉

where z is a new variable.

Exercise 51. Let F = (f1, f2, f3) with polynomials

f1 = x + y + z
f2 = z2 − 2
f3 = y2 + zy.

Compute a basis for the module Syz(F ).

Exercise 52. Let f1 = xy + 1, f2 = xz + 1 f3 = y2 − yz be polynomials in
Q[x, y, z]. Compute a generating system of the module of syzygies Syz(f1, f2, f3) ⊆
Q[x, y, z]3.


