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(1) Let K be a field, and F a subset of R = K[x1, . . . , xn].
(a) What is 〈F 〉, the ideal generated by F in R?
(b) What does it mean for a subset B of R to be a basis of an ideal I in R?
(c) Suppose you have finite bases for the ideals I and J in R. How can you determine

finite bases for I + J and I · J ?
(d) Suppose you have finite bases for the ideals I and J in R. How can you determine

a finite basis for I ∩ J ?

(2) Let K, R and F be as in (1). Let −→F the reduction relation on R induced by F .
(a) What do the following statements mean?

−→F is Church-Rosser
−→F is confluent
−→F is locally confluent

(b) Show: −→F is Church-Rosser if and only if −→F is confluent.

(3) (a) Give a definition of a Gröbner basis for an ideal in K[x1, . . . , xn].
(b) Describe an algorithm for transforming a finite basis F of an ideal in K[x1, . . . , xn]

into a Gröbner basis for 〈F 〉.

(4) Are the following Gröbner bases? Why, or why not?
(a) {x4 + x3 + 2x2 + x + 1, x4 + x3 + x + 2} in Z3[x] w.r.t. the graduated ordering.
(b) {y2 − x + 1, x2 + y + x} in Q[x.y] w.r.t. the graduated lexicographic ordering

with x < y.

(5) (a) What is the Elimination Property of Gröbner bases?
(b) Give a proof of the Elimination Property of Gröbner bases.

(6) Can we use the Euclidean Algorithm for computing greatest common divisors in Z[x]?
Which other methods do you know for computing gcds in Z[x]?


